








second variation of the augmented potential energy
and M~ to the inertia matrix.

Now to get the linearized dynamics we need the
corresponding symplectic form for the linearized dy-
namics, which is given by

L c 0
Q=| T s 1 (3.2)
0 ~1 0

where S is skew-symmetric. We remark that in (3.1)
and (3.2) the upper block corresponds to the “rota-
tional” dynamics (L is in fact the co-adjoint orbit
symplectic form for G) while the two lower blocks
correspond to the “internal” dynamics. In (3.2) C
represents coupling between the internal and rota-
tional dynamics, while S gives the Coriolis or gyro-
scopic forces.

The corresponding linearized Hamiltonian vec-
tor field is then given by Xy = (Q~)TVH =
(QY)T62H,, which a computation (that we omit
here) reveals to be

—IL-14 0 —L-iCM-
Xg = 0 0 M-t
-CTL 4 —A -SM~!
) (3.3)

where S = S+ CTL-1C.

To add damping to the “internal” variables (but
not the rotational variables) we add a term —RM !
to the (3, 3) block. This R is the Rayleigh dissipation
matrix.

We restrict ourselves here to consideration of the
case G = S, an abelian group, in which case the
(1,1) block A vanishes. This corresponds, for exam-
ple, to the analysis of planar rotating systems, such
as in Oh et. al. [13]. The general case will be dis-
cussed in a forthcoming paper.

Taking M = I, we obtain the linear system

T=v

v = —Az — Rv + Sv (3.4)
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where R = RT > 0 is the Rayleigh dissipation ma-
trix and S = —S7 gives the gyroscopic forces in the
system. Note that for

H= -1-1)2 + l.’L'TASL‘

2" T3
dH 15
= =R, R=3v" R

(3.5)
(3.6)

where R is the Rayleigh dissipation function.

Systems of this type were analyzed by Chetaev
and Thompson (Lord Kelvin) and we shall call this
the Chetaev-Thompson normal form.

Two questions of interest to us that were analyzed
by Chetaev are: a) if the system (3.4) is stable for
R =8 =0, does it retain stability for S # 0, R > 0;
and b) if the system is only gyroscopically stable, i.e.
it is unstable for R = S = 0 and neutrally stable for
S # 0, does it become unstable for R > 07

The answer to both these questions is in the affir-
mative, and we shall concern ourselves here with the
latter question.

This question is of interst to us because it indeed
shows that by examining the A-block of 62 H; one can
deduce instability for the linearized system without
finding the spectrum of the system.

It is instructive to examine first the two degrees-
of-freedom system

E—gy+ve+az=0
G+ge+6y+pPy=0 (3.7)
with ¥ > 0, 6§ > 0. Here g represents the intensity of
gyroscopic forces, v and § the damping, and o and g
the stiffness. (See also Baillicul and Levi [3].)

The characteristic polynomial for the system is

PA) = X2+ X3¢y 4+ 6) + 23(% + a + 4+ 6)
+A(YB + ba) + ap. (3.8)

For v = é = 0, it is simple to calculate the eigen-
values and one deduces that
(i) for a, 8 > 0 the system is spectrally stable
(ii) for @ > 0, B < 0 the system is unstable (a
special case of Oh’s lemma — see later)
(iii) for o < 0, B < 0 the system is spectrally stable
for g% + (a + B) > 2|v/afB|, unstable otherwise.
To analyze the dissipative case we employ Routh’s
scheme as in section 2. We can show in fact

Proposition 3.1. For o, < 0 and one of v, § > 0
the null solution is unstable for system (3.7).

Proof. Write the characteristic polynomial as

A+ 1A% + pad? 4 p3d + py



as before.

The number of right half plane eigenvalues then
equals the number of sign changes in the sequence

P1P2 — P3
19 y T T
{ P 14!

P3p1pz — pi — papi p4} )
p1p2 — p3 ’

(3.9)

From the assumptions of the theorem p; = (y +
8) >0, p2 = (¢°+a+B+78) > 0 p3 = (y8+ab) <0
and ps = af > 0. This yields the sign sequence
{+,+,+, —, +}, giving the result. O

Consider now the general case. We have the fol-
lowing result, which is due to Chetaev. Qur proof is
a slight modification of his which extends to infinite
dimensions (see below).

Proposition 3.2. Suppose A has one or more eigen-
values in the left-half-plane. Then the system (3.4)
is unstable. ‘

Proof. We use a Lyapunov instability argument. Let

W=H+pBz-v

1 £B
1 v
= (7 7) (2), 60
gp A

B and § to be determined. Then

W= %(UT.’!ZT)
R-fB $(R+5)B
v
' (V) 6w
E(R+95)B BAB

Now choose B = A~1. Then, for 8 sufficiently small,
W is negative definite, but W has at least one nega-
tive eigendirection. Hence by Lyapunov’s instability
theorem we have nonlinear instability. O

Remark. The proof goes through for (3.4) defined
on a separable Hibert space for A~! compact and
(R + S)A~! bounded.

We note however that the above result proves non-
linear instability of the linear system (8.4), not spec-
tral instability. It is easy to construct an example of
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such a system without dissipation (i.e. when R = 0)
which is nonlinearly unstable but has eigenvalues on
the imaginary axis. In such a case we have no infor-
mation on the stability of the nonlinear system which
has (3.4) as its linearization. Spectral instability will
be discussed in a forthcoming paper.

However, if A has odd index we can deduce spectral
instability by the following argument (see Chetaev [6]
and also Oh [12]).

The characteristic polynomial of the system (3.4).
is

AX) = det(A2I+A(S ~ R)+ )).

For A = 0 we have A(0) = det(A) < 0. Now as A —
00, A(A) — A%] — 400, Hence there exists a positive
(real) A* such that A(A*) = 0, i.e. there exists a right
half plane eigenvalue and we have spectral instability.
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