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volume) as D. We let N denote the space of all such pairs (L,v).
The Hamiltonian approach to hydrodynamic problems was
introduced in the fixed boundary case by Arnold [1966] and
developed by Marsden and Weinstein [1974,1982,1983]. The free
boundary case has also been studied by Sedenko and Iudovich
[1978].

The equations of motion for an ideal fluid with a frec
boundary E with surface tension T are

v . ( 9 v
Z iy Dy =-—

a p»
or

57 = {y,v?,

divv=20 and p|C = Tx,

where v is the unit normal to the surface E, k is the mcan
curvature of £ and T is the surface tension coefficicnt, a numerical
constant.

The Poisson bracket will be defined for functions F, G: N = ™
which possess functional derivatives, defined as follows:

i) 8F/6v is a divergence free vector ficld on Dy such that

oF
D F(Lv)-6v = J' (—, Bv)dA
DB Sv

where the partial (Fréchet) derivative D F is computed with L
fixed.
ii) 6F/6¢ is the function on T with zero integral given by

(The symbol ¢ represents the potential for the gradient part of v in
the Helmholtz, or Hodge, decomposition.)

iii) 6F/86L is a function on L determined up to an additive
constant as follows. A variation 8L of [ is identificd with a
function on T representing the infinitesimal variation of L in its
normal direction. It follows from the incompressibility assumption

/’%\
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that 8L has zcro integral. Let 8F/8L be the function determined up
to an additive constant by

5F
~— 8L ds = DpF(L,v) - SL.
L 6L

We now dcfine a Poisson bracket on N as follows. For
functions F and G mapping N to R and possessing functional
derivatives as defined above, sct

8F &G §F 6G  8G BF
(FG) = | <u,——x—>dA+J'[——-——] s,
Dp &V BV t{6L 8¢ BE B¢

where w = curl v. This Poisson bracket on N is derived from the
canonical cotangent bracket on 7* , where, in the two-dimensional
case, C = Embvol(D,Rz) is the manifold of volume-preserving
embeddings of a two-dimensional reference manifold D into R?, by
reduction by the group G = Diff_ (D), the group of volume-
preserving diffeomorphisms of D (ie. the group of particle
&glabelling transformations). (See Lewis, Marsden, Montgomery and

atiu [1986a] for details.)
We take our Hamiltonian to be

H(Lv) = ID UviPda + 1 J'Eds.
> ,

The functional derivatives of H are computed to be

8H
sv
8H 8H
— = {(—,v> = {v,»),
69 bv
a & vz + T

an — = 4y K,

8L 2

where 8H/SL is taken modulo constants. For this H and the
Poisson bracket defined above, the equations of motion for the free
boundary fluid with surface tension are cquivalent to the relation
F= (F,H} for all functions F on N possessing functional derivatives.
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This explains the Hamiltonian structure for the free boundary
problem. It is used in the following two ways:

1. Stability. The circular planar drop is nonlincarly stable
provided

3% > (0/2)%
.

where Q is the rotation rate of the circular drop. Formal stability
is proved using the energy-Casimir method, taking H + C to be the
encrgy plus a multiple of the angular momentum. (See Lewis,
Marsden and Ratiu [1986b].) To prove nonlinecar stability
rigorously requires some more work, analogous to using the
convexity cstimates. Here it is the Weierstrass theory in a version
due to Hestenes that does the job. Sce Lewis [1987] for details.

2. Bifurcation. If the parameters T, r or Q are varied to violate
the stability condition, one can prove that a bifurcation occurs, so
in this sense the stability condition is sharp. The result, due to
Lewis, Marsden and Ratiu [1986c] uses the bifurcation theory for
Hamiltonian systems with symmetry (see Golubitsky and Stewarm
[1986]).

5. COMMENTS ON GENERAL RELATIVISTIC FLUIDS

The Poisson structure given in Section 2 has been shown to be
relevant for general relativistic fluids by BMW (Bao, Marsden and
Walton) [1985]. They show that the evolution equations in a
general lapse and shift (not necessarily comoving with the fluid)
have the form F = (F,H) where H = NE + X-J (N = lapse, X = shift,
# = superhamiltonian, J = supermomentum) and where { } is the
canonical bracket for the ADM variables (g,n) plus the Lic-Poisson
bracket for the fluid variables. This is the Poisson bracket form
which corresponds to the adjoint form of the ADM cquations
(Fischer and Marsden [1979)).
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Remarks and Open Questions:

1. Does the free boundary bracket of §4 also carry over to the
general relativistic case?

2. The energy-Casimir method has been used for fluids in a
fixed background by Holm and Kuperschmidt [1984, 1986]; is it
uscful in the coupled case as well?

3. Is the bifurcation theory with symmetry useful for
studying general relativistic gravitating masses, fission, etc? We
point out, as a curiosity, that the bifurcation that occurs in the
liquid drop example is to a shape with "galactic symmetry" or
"propcllor symmetry", i.e. symmetry under rotation by 7, but not
under reflections.

4. The Hamiltonian structure can surely be generalized to
include electromagnetic cffects, following Marsden and Weinstein
[1982] and Marsden, Weinstein, ct. al. [1983), for both fluids and
plasmas.

5. The Hamiltonian structure of Bao et. al. is useful for

(" earization stability. Recall that the main result of the
| tinearization stability program is that a spacetime (with a compact
Cauchy surface of constant mean curvature) is linearization stable
if and only if it has no Killing fields; if it does, then obstructions
to perturbation expansions are the second order Taub conditions.
(See Fischer, Marsden and Moncrief [1980], Arms, Marsden and
Moncriefl [1982), Isenberg and Marsden [1982).) For fluids, this
result appears to be true as well, provided one imposes constraints
on the perturbations corresponding to, for example, preserving
baryon number - these constraints are, mathematically, preserving
the coadjoint orbit structure and are closely related to "Lin
constraints" (see Cendra and Marsden [1986)).

6. COVARIANT REDUCTION

Finally, I wish to point out some interesting open issues in
classical relativistic field thcory which arc suggested by the
preceding sections.

™
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First of all, onc should notec that there is a beautiful covariant

version of the multisymplectic formalism adapted cspecially for the
linearization stability program, and which incorporates momcntum
maps, called the "GIMMSY project”; see Gotay ct. al. [1987]. This is
a covariant analogue of the formalism linking Lagrangians on 7Q
(Q = configuration space) with Hamiltonians on T*Q via the
Legendre transformation.
PROBLEM 1. Develop a covariant theory of reduction, starting with
the Gimmsy setup and producing, after 3 + ling, the BMW bracket
for GR fluids. The work of Kunzle and Nester [1984] and Holm
[1985] suggests this is rcasonable.

On the other hand, it seems that there is also a covariant
version of Poisson brackets (where the bracket does not depend on
any hypersurface and involves intcgration over spacetime). In this
formalism, due to Marsden, Montgomery, Morrison and Thompson
[1986] (M3T), the Euler-Lagrange ficld cquations take the form
(F,S} = 0 where S is an appropriate action integral. It does work
for general relativistic fluids and plasmas, including:
electromagnetic effects. One obtains covariant analogues of Lic
Poisson brackets.

A more grandiosc project is:

PROBLEM 2. Make a commutative diagram of the following sort:

Covariant
Covariant Multisymplectic Reduction Covariant Lic Poisson
Formalism for GR fluids ——> Formalism for GR

(GIMMSY) Fluids (M37)
3+1 3+1
procedure procedure
Standard

material to
3+1 GR fluids in material spatial reduc- 3+1 GR fluids in

(Lagrangian) or inverse —————> spatial representation
matcrial representation tion (Holm (BMW)
(Kunzle and Nester) [1985], Holm,

Marsden and
Ratiu [1986]
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Bits of this scheme are known (see the quoted references); it would
greatly clarify classical field theory if the whole picture were
known in detail for fluids in particular and for GR fluids more
generally.
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