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unperturbed Hamiltonian system. Thus the obvious candidate for a homo-
clinic orbit fails. The existence of homoclinic orbits for higher mode
approximations to the original partial differential equation or for the
infinite-dimensional problem itself remains an open problem.

3. SPATIAL CHAOS IN EQUILIBRIUM CONFIGURATIONS

In this section we consider the effects of small spatially periodic thermal
variations on the equilibrium configuration of a van der Waals fluid. We
once again constitute the stress (now Cauchy stress) according to the
van der Waals-Korteweg theory as

= —p(w,0) - Aw” (3.1)

where p is as given in (0.1), w(x) is the specific volume, 8(x) is the absolute
temperature, 4 > 0 is a constant, and ‘' = d/dx. In the absence of body
forces the balance of linear momentum is 7’ = 0 which upon integration
yields 7 = B = constant ( B is the stress at |x| = o). Substitution into 3.1
yields

Aw” + p(w,8) = B, -0 < X < 00. (3.2)

Hence for solutions possessing limits as |x| = oo, B represents the ambient
pressure at the “ends” of the tube.
Denote by w,,, w, the values of w that determine the Maxwell equal

area construction, i.e.,

fw"_'";{p(w,ﬂo)-p(w;,ﬂo)}dw=o (3.3)

(see Fig. 5).

Equation (3.2) describes a one-degree-of-freedom Hamiltonian system
with independent variable x.

For any fixed 8 = 6, < 6,;, (3.2) will yield three different types of
portraits in the w — w’ phase plane. These are given as follows:

Case 1. The constant B is such that P(w,..6,) < B < p(B,8,). In this
case the w — w’ phase portrait of (3.2) for B fixed is shown in Fig. 4 while
the values w,, w,, w; so that P(wy,8,) = p(wy,8,) = p(wy,8,) = B are shown
in Fig. 5.

Case 2. The constant B is such that p(a,8,) < B < p(w,.,0p). Again
in this case the w — w’ phase portrait is shown in Fig. 6 while the values
Wi, Wy, w3 so that p(wy,8;) = p(w,, 6y) = p(w;,6,) = B are shown in Fig. 7.
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F1G. 4. The w — w’ phase plane for Case 1.

Case 3. Here B is the Maxwell stress B = p(w,,8,) = p(w,,,0;). In
this case the w — w’ phase portrait is shown in Fig. 8 while the values
wy, Wy, Wy such that w, =w,, wy=w,., and p(w,,8)=p(w,,6)=
p(wy, 8,) = B, are shown in Fig. 9.

In all three cases w,, w; are saddles and w, is a center with respect to the
(m\ differential equation (3.2).
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F1G. 5. The p(w.6,) isotherm, 8, < 8, for Case 1.
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FI1G. 6. The w — w’ phase plane for Case 2.

If we consider the van der Waals-Landau-Ginsburg potential (see
Widom [35])

. " . def
f {A‘zv —/ p(s,8,)ds + B(w — Wl)} dx=(w),
— 00 w

the following is true: In Case 1, w(x) = w, is the absolute minimizer of @,
w(x) = w, is unstable in that the second variation of ® is positive there,
w(x) = wy is a local (metastable) minimum. Case 2 is the same as Case 1 if
we reverse w; and wy. In Case 3 the solutions w(x) = w, and w(x) = w, ™
both minimize ®, and w(x) = w, is unstable. Also in Case 1 there is a
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Fi16. 7. The p(w, &) isotherm, §, < 4., for Case 2.
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Fi6. 8. The w — w’ phase plane for Case 3.

homoclinic orbit W(x) connecting the metastable state w, to itself, i.e.,
W(x)— wy as x = +o0, W'(x) — 0 as x = +oo0. A similar homoclinic
orbit exists in Case 2. In Case 3 there is a heteroclinic orbit Z(x)
connecting the states w; and wy, i.e.,, Z(x) > w, as x = —o0, Z(x) = wy
as x = +o0, Z'(x) = 0 as x = +o0; Z(x) is the van der Waals solution
representing the interfacial transition from one phase to a second coexisting
phase.

Now we consider the effect of a small spatially periodic perturbation in
the absolute temperature of the form

6(x) = 6, + ecosgx.
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FiG. 9. The p(w,0,) isotherm for 8, < 8_,,, for Casc 3.
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According to the van der Waals equation of state (0.1),

eRcosgx
p(w,0) = p(w,8) + 20 (3.4)
and (3.2) takes the form
Aw” + p(w,0,) + %‘ﬁcfs;’x = B. (3.5)

But this equation is a perturbed Hamiltonian system of the type consid-
ered by Holmes [16, 17]. In fact, Lemma 2 of Section 2 immediately applies
where we replace R* by R 2. (In this one-degree-of-freedom case we have no
higher modes to consider so standard Mel'nikov theory applies.) The
Mel'nikov function in all three cases is of the form

= Y'{x — x4)cosgx
—oo (Y(x = xp) - b)

where Y(x) denotes either the homoclinic or heteroclinic orbit. So we see
immediately that

dx

M(xo) =

M(x,) = —RLcosgx, + RNsingx,
where

_ [ Y'(x)cosgx _ (= Y(x)singx
lLam-a® ML oo™ ™
If L+0, N+0, M(x,) has a simple zero at gx, = arctan (L/N); if
N =0, L+#0, M(x,) has a simple zero at gx, = 2m + D#/2, m any
integer; and if L =0, N # 0, M(x,) has a simple zero at 9xg=mam, m
any integer. Hence M(x,) always possesses simple zeros and in Cases 1 and
2 the perturbed system (3.5) has transversal intersections of the stable and
unstable manifolds given by the Poincaré iterates P;. In Case 3 the
transversal intersection will be of Poincaré iterates of a stable manifold
originating near w; and an unstable manifold originating near wy. In all
three cases Theorem S and Corollary S apply when ¢ is sufficiently small. In
fact the earlier Mel'nikov theory as given in Guckenheimer and Holmes [12),
Greenspan and Holmes [10], and Holmes [16] yields the transverse intersec-
tion and Smale’s [32] theorem proves the existence of horseshoes. We
summarize in the following theorem.

THEOREM 2. Consider the equilibrium configurations of a van der Waals
fluid undergoing thermal variations 8(x) = 8, + €cos gx, 0, < 8,,;,. Then for
an applied stress B, p(a,8,) < B < p(B,8,), an equilibrium configuration
will exhibit spatial chaos in the sense of possessing horseshoes.
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We also note that the results of Greenspan and Holmes [10] show that the
periodic orbits surrounding the center undergo subharmonic bifurcations
with the addition of the perturbation and that these subharmonic bifurca-
tions accumulate in a complex way in the horseshoe chaos found near the
homoclinic orbit by Mel'nikov’s method in Theorem 2.

One possible implication of the above result falls within the realm of the
classical theory of interfaces. According to the 1893 van der Waals theory
(and many others since), the heteroclinic orbit Z(x) represents the profile of
the specific volume joining coexisting phases. We see from the above result
on the existence of horseshoes that small spatially pericdic perturbations in
temperature drastically change the interface profile Z(x). Specifically, for
large values of |x| the solution of (3.5) can have chaotic behavior. The
physical meaning (if any) of W(x) is less obvious. Aifantis and Serrin [1]
have termed such solutions “thin films” as their profile in x resembles a
thin film. In any case we see that small spatially periodic perturbations in
temperature destroy the film solution and the perturbed solution exhibits
spatial chaos.

4. APPLICATION TO THE ERICKSEN BAR

Consider the extension of a one-dimensional isotropic thermo-viscoelastic
bar. Assume the bar is of length 2#/¢ and unit density in its deformed
reference configuration, 0 < X < 27 /9. We let x( X, 1) denote the point in
the deformed configuration which was originally at X at time ¢ = 0.

As a model for a “shape memory” material, Ericksen [6] suggested
choosing the Piola-Kirchoff stress of the form

o= —p(xx,0)+p(1,0)

where p has a graph similar to the one shown in Fig,. 1, i.e., p satisfies (0.2).
If we assume the total stress is the sum of o, a small viscoelastic contri-
bution proportional to x,y, and a higher gradient term proportional to
X yxx» We recover (1.5) from the balance of linear momentum. Also if we
deform the bar so that its deformed length is 27w,/q (a “hard” loading
device), then the integral constraint on w(X, 1) = x,( X, ) is recovered.
Hence the results of Section 2 are directly applicable to Ericksen’s bar.
Specifically we can state the following theorem.

THEOREM 3. Consider the thermo-viscoelastic constitutive relation T =
—p(x%0)+ p(1,8) + epox y, — Axyxx for a material in a “hard” loading
device, i.e., fixed length 2ww,/q, undergoing thermal variations 8( X, t) = §,
+ eycoswqrcos gX, 0, < 8., w, such that p,, (w,,6,) = 0. Then if (H.1),
(H.2), and (2.14) hold and if € > O is sufficiently small, the two-degrees-of-
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freedom approximation to the balance of linear momentum given by (2.6)
possesses temporal chaos in the sense of having horseshoes.

Similarly, the results of Section 3 are applicable to an infinite bar with a
prescribed stress B as | X| — 0.

THEOREM 4. Consider the equilibrium configurations of the material de-
scribed in Theorem 3 undergoing thermal variations 0( X)) = 6, + ecos qX,
0y < 8., Then for p(a,8,) < B < p(B,8,), an equilibrium configuration will
possess spatial chaos in the sense of having horseshoes.

Finally we make three observations regarding Ericksen’s bar. First, unlike
the van der Waals fluid, there is little doubt about the validity of the
continuum mechanical balance laws in describing the evolution of the bar.
Secondly we note that Dr. L. Zapas [36] of the National Bureau of
Standards has observed a spatially distributed “sickening” of certain poly-
meric materials at what he believes is the load yielding coexistence of
phases. Such a sickening may be related to the spatial chaos predicted at the
coexistence Maxwell load. Finally, we note the role of stabilizing higher
gradient terms in elasticity has been considered by Ball, Currie, and Olver
[2] and Coleman [4].
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