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Abstract:
The Liapunovmethodfor establishingstabilityhasbeenusedin a varietyof fluid andplasmaproblems.For nondissipativesystems,this stability

methodis relatedto well-known energyprinciples.A developmentof theLiapunovmethodfor Hamiltoniansystemsdueto Arnold usestheenergy
plus otherconservedquantities,togetherwith secondvariationsand convexity estimates,to establishstability. For Hamiltonian systems,a useful
classof theseconservedquantitiesconsistsof theCasimir functionals,which Poisson-commutewith all functionalsof thegivendynamical variables.
Suchconservedquantities,whenaddedto theenergy,helpto provideconvexityestimatesboundingthegrowth of perturbations.Theseestimates
enableoneto prove nonlinearstability, whereasthecommonlyusedsecondvariationor spectralargumentsonly prove linearizedstability. When
combinedwith recentadvancesin the Hamiltonian structureof fluid and plasmasystems,this convexitymethod proves to be widely and easily
applicable.This paperobtainsnew nonlinearstability criteria for equilibriafor MHD, multifluid plasmasand theMaxwell—Vlasov equationsin two
and threedimensions.Relatedsystems,suchasmultilayerquasigeostrophicflow, adiabaticflow and thePoisson—Vlasovequationare alsotreated.
Other relatedsystems,such asstratified flow and reducedmagnetohydrodynamicequilibria are mentionedwhereappropriate,but aretreatedin
detail in otherpublications.

1. Introduction

The aim of this work is to establishexplicit sufficient conditions for the nonlinearstability of
equilibrium solutionsof a variety of fluid andplasmaproblemsin one,two, and threedimensions.As
we shall explain below, many of the results in the literatureonly establishconditionsfor linearized
stability or instability. The methodweuseis a variantof the Liapunovtechniquedueto Arnold [1969a].
Recent advancesin the Hamiltonian structure of field theories have set the stagefor the new
applications.

For example,the GradShafranovsolutionsof the Straussequationsfor reducedMHD in the low /3
limit are shown in section5 to be nonlinearly stableif the equilibrium current is a strictly monotone
decreasingfunctionof theequilibrium vectorpotential(seealsoHazeltine,HoIm, MarsdenandMorrison
[1984]).

Another example is three-dimensionaladiabaticmultifluid plasmas.Here the nonlinearstability
conditionsincludetherequirementsthat eachfluid speciesbesubsonic,andthat thevelocity, thegradients
of specificentropyandgeneralizedpotentialvorticity form aright-handedtriad; seesection10for details.

The classicalLiapunovmethodfinds criteria for stability of an equilibrium solutionof a conservative
dynamical system by seekinga constantof the motion with a local maximum or minimum at the
equilibrium. In manyexamples,theconstantof motion is the energy.An importantdevelopmentfor the
applicability of the Liapunovmethodto fluid dynamicsis Arnold’s [1965a,1969a]nonlinearanalysisof
the stability of planarideal incompressiblefluid motion,providingnonlinearstability resultsthat extend
the classical linear theory of Rayleigh [1880].Arnold adds to the energyH a conservedquantity C
which correspondsto thesymmetryunderLagrangianrelabelingof fluid particles(in geometriclanguage,
the systemin Lagrangianrepresentationis right invariant on the cotangentbundle of the group of
area-preservingdiffeomorphisms).Underlying this method is the fact that the Eulerian equationsof
motion are Hamiltonian with respect to a certain noncanonicalPoisson bracket, now called a
Lie—Poissonbracket. The addedconstantsof the motion are kinematicin the sensethat they will be
conservedfor any systemwhich is Hamiltonian with respectto the Lie—Poissonbrackets;in fact, C
Poissoncommuteswith all functionals; as such, it is calleda Casimir. Thefunctional C is chosensuch
that H + C hasa critical point at the stationarysolution. Arnold employedconvexity propertiesof
H + C to find an explicit norm and a priori estimatesneededto limit the departure of finite
perturbationsfrom equilibrium. In this way, nonlinearstability was established.

In this paper,we apply the sametechniqueto a numberof other conservativesystemsarisingin the
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physicsof fluids andplasmas.Eachexamplewill be treatedaccordingto the generalprocedurealluded
to aboveandwhichis detailedin section2. The resultin eachcasewill be thatif certaininequalities(the
stability criteria) are satisfied for an equilibrium solution, then a priori estimateswill guarantee
Liapunov stability relative to an explicitly constructednorm for as long as the solutionsof interest
continueto exist.

Fourinterrelatedconceptsof stability, often encounteredin the literature,will be of concernto us.

(1) Neutralorspectralstability.Foradynamicalsystemt~= du/dt = X(u), anequilibriumpointUe satisfying
X(Ue) = 0 iscalledspectrallystable,providedthespectrumof thelinearizedoperatorDX(Ue) hasno strictly
positive real part. A specialcaseis neutral stability, for which the spectrumis purely imaginary. This
correspondsto the time evolutionof normal modesbeingpurely oscillatory. For Hamiltonian systems
spectralstability andneutralstability coincide.

(2) Linearizedstability. The equilibrium solution u~is called linearizedstableor linearly stable relative
to a norm II~uIIon infinitesimal variations ~iuprovided for every s >0 there is a 3 > 0 such that if
I!~uIl< 3 at t = 0, then II~uII< e for t>0, where~u evolvesaccordingto (au) = DX(Ue)~ ~U.

Linearizedstability impliesspectralstability (since,if thespectrumhadastrictly positiverealpart,there
would bean unstableeigenspace).The converseis not generallytrue (e.g., the equilibrium solution (Pe,

q~)= (0,0) for the dynamicsgeneratedby the Hamiltonian H = p2+ q4 is neutrally,but not linearized
stable). In finite dimensions,a sufficient condition for linearizedstability is that DX(Ue) havedistinct
eigenvalueson theimaginaryaxis.In infinitedimensions,it issufficientforDX(Ue) to haveacompletesetof
eigenfunctionswith purely imaginaryeigenvaluesof multiplicity one.In thecaseof repeatedrootson the
imaginaryaxis, instabilitiescanoccurwith linear growth ratesof aresonancetype.Thereis an extensive
theorydealingwith this casegoingbackto Krein [1950](seealsoArnold [1978]);this theory givesprecise
spectralconditionsfor linearizedstabilityin finite dimensions.SeealsoLevi [1977].In finite dimensions,the
spectralapproachmayencounterfunctionalanalyticdifficulties requiringconsiderableeffort to overcome,
andtheresultsin theliteratureareoftenonly indicativeof linearizedstability,with norigorousproofgiven.
See,for example,Penrose[1960],Jackson[1960],Chandrasekhar[1961],Drazin andReid [1981],and
Friedberg[1982].Anothereffectivemethodto prove linearizedstability is to look for a positivedefinite
conservedquadraticquantity,which servesas the squareof a norm.This leadsto what we call “formal
stability”.

(3) Formal stability. We say that an equilibrium solutionU~of a systemt~= X(u) is formally stable if a
conservedquantity is foundwhosefirst variation vanishesat the solutionandwhosesecondvariation at
this solution is positive (or negative)definite. Sincethe secondvariation providesa norm preservedby
thelinearizedequations(seeappendixA), formalstabilityimplieslinearizedstability. Againtheconverseis
not generallytrue (e.g.,the equilibriumsolution(Pie, q

5~,P2e, q2~)= (0,0, 0, 0) for thedynamicsgenerated
by the HamiltonianH = (p~+ qf) — (p~+ q~)is linearizedstablefor theEuclideannorm in R

4,but is not
formally stable).

Formalstability of fluids and plasmashasbeenconsideredby a numberof authors,such as Fjortoft
[1946] Eliassen and Kleinschmidt [1957], Bernstein et al. [1958], Kruskal and Oberman [1958],
Newcomb(see Appendix I of Bernstein[1958]),Fowler [1963],Gardner[1963],Rosenbluth[1964,p.
137ff.], Dikii [1965a],Herlitz [1967],andDavidsonandTsai [1973].More recently,formal stability has
been establishedby several authorswho employ some aspectsof Arnold’s method (but not the
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convexity analysis).See for exampleBlumen [1968],Zakharov and Kuznetsov[1974],Sedenkoand
ludovich [1978],Benzi et al. [1982]andGrinfeld [1984].

(4) Nonlinearstability. An equilibrium point Ue of a dynamicalsystemis said to be nonlinearlystable if
for everyneighborhoodU of Ue thereis a neighborhoodV of Ue such that trajectoriesu(t) initially in V
neverleaveU. This definition presupposeswell-defineddynamicsanda specifiedtopology.In termsof a
norm ~,nonlinearstability meansthat for every r >0 thereis a 6 > 0 suchthat if Ju(0)— Uell < 3, then
llu(t) Ueii < e for t >0.

Many authorsusethe term “stability” in oneof the weakersenses(1), (2) or (3) above;herewe will
subsequentlyusethe term stability to meannonlinearstability, in the senseof (4).

For conservativesystems,it is well-knownthat evenin finite dimensions,spectralstability is necessary
for nonlinearstability, but is not sufficient (since, if the spectrumhad a strictly positivereal part, the
nonlinear dynamics would have an -unstablemanifold; see, e.g., Marsden and McCracken [19761).
However,neitherformalnorlinearizedstabilityis necessaryfor nonlinearstability. (Both counterexamples
abovearealsononlinearlystable.)Linearizedstabilitydoesnot imply nonlinearstabilityeitherasshownby
thefollowing counterexamplediscussedby Pollard[1966,p. 77] (seealso,SiegelandMoser[1971,p. 109]).
The dynamicsgeneratedby the Hamiltonian

r_r_1i 2 2\ j 2 2\ 1 / 2 2\
—

2~qI-’-pt)—~.q2Tp2,-T-2p2I~pi—qt)—qiq2pl

has equilibrium(Pie, qie, p~,q2~)= (0,0, 0, 0) whichis linearizedstablein the Euclideannorm of W. A
one-parameterfamily of solutionsfor this systemis, for any fixed valueof the parameterr,

— sin(t — T) sin2(t — r) — cos(t— r) cos2(t — r)
pt=V2 P2 , q1=—\/2 , q2=

tr tT tT t—T

The distanceof time t from the equilibrium is \/3/(r — t), which by choosingr, can be madeas small as
desiredat t = 0 andwhichblowsup att = r. Thus,theequilibriumsolutionof thissystemis linearizedstable,
but nonlinearlyunstablein the EuclideanR

4 norm. Also, for a Hamiltoniansystemwith at least three
degreesof freedom,anequilibriumsolutioncanbelinearlystablebut nonlinearlyunstable,becauseof the
phenomenonof Arnold diffusion; cf. Arnold [1978,Appendix 8], Chirikov [1979]andLichtenbergand
Liebermann[1982].Thus,for a Hamiltoniansystem,spectralanalysiscanprovidesufficientconditionsfor
instability, but it can only give necessaryconditionsfor stability. In this paper we provide sufficient
conditionsfor stability.

In finite dimensions,formal stability implies stability, a classicalresult of Lagrange.(Indeed,if the
equilibriumXe = 0is anondegenerateminimumof theconservedquantity F, theset{xi lxi <s,F(x)< ~},
where~t is theminimumof F on thesphereof radiuse, is invariantundertheflow; e ischosensuchthatfor
all x satisfyinglxi < we haveF(0)< F(x); Seealso Siegeland Moser [1971,p. 208]). However, in the
infinite dimensionalcaseof concernto us here,formalstability neednot imply stability; indeed,physically
realisticexamplesfromelasticityshowthatanequilibriumsolutioncanhavepositivesecondvariationof the
energyandstill havean infinite numberof unstabledirections(seeBall and Marsden[1984].)Formal
stability is asteptowardstability, but afurtherargumentis needed.Arnold [1966b]providedaframework
for suchargumentsbasedon convexityestimatesusingseveralquantitiesrelatedto the degeneracyof the
Poissonbracketsdescribingthe system(or, equivalently, to the symmetry of the system written in
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Lagrangiancoordinatesunderrelabelingof fluid particles).The papersof whichwe areawarethat actually
prove nonlinearstability for conservativefluid andplasmasystemsare Arnold [1969a],Benjamin[1972],
Bona[1975],McKean[1977],LaedkeandSpatschek[1980],HoIm et al. [1983],Bennetet al. [1983],Wan
[1984],WanandPulvirente[1984],Hazeltineetal. [1984],HoIm [1984],HoIm etal. [1985],Abarbanelet al.
[1985]andthe presentwork.

For dissipativesystems,thereis a numberof generalresultsthat show that linearizedstability implies
stability; seefor example,MarsdenandMcCracken[1976]and referencestherein,and for bifurcation
resultssee,e.g., Crawford [1983]andreferencestherein.In the limit of zerodissipation,thesemethods
seemto give little, or no information on the stability of the correspondingconservativesystem.Since
conservativesystemsarethe concernof this paperwe shall not discussdissipativesystemsfurther.

The main resultsof the papergive sufficient conditionsfor stability of equilibria for varioustwo- and
three-dimensionalmodels of plasma physics: magnetohydrodynamics(MHD), multifluid plasmas
(MFP), the Poisson—Vlasov,and Maxwell—Vlasov equations.In section 2 we start by explaining the
generalprocedurewe shall employ for proving stability. To illustrate this procedure,we presentin
section3 four known examples:the free rigid body, the Lagrangetop (seealso Holm et al. [1984]),
two-dimensionalplanar incompressibleEuler fluid flow (Arnold [1965,1969a]),and planarbarotropic
fluid flow (Holm et al. [1983b]).The first two examplesareclassical,andthe knownstability conditions
are rederived using the stability algorithm presentedin section 2. Next the example of planar
incompressiblehomogeneousfluid flow is given, following Arnold’s papers,which were crucial in our
understandingof the generalprocedureand the geometricideasunderlying it. Theseideasare applied
to planarbarotropicfluid dynamicsin the fourth example.

PartI of the paperconcernsvarioustwo-dimensionalfluid systems.Due to its similarity to Arnold’s
original exampleand relative simplicity, we begin in section4 with the study of multilayer quasigeo-
strophictwo-dimensionalincompressiblefluid flow. We refer the readerto Abarbanelet al. [1985]for
the casesof two- and three-dimensionalinhomogeneousincompressibleflows, including a Richardson
numbercriterion for the stability of shearflows. Sections5, 6 and 7 deal with magnetohydrodynamics
(MHD) andmultifluid plasmas(MFP) in the plane.

The secondpart of the papertreatsthree-dimensionalexamples.We start with adiabaticfluid flow.
This is thengeneralizedin two different manners,to MHD andMFP. Finally, the third partof thepaper
discussesthe Poisson—VlasovandMaxwell—Vlasov plasmaequationsin one,two, andthreedimensions.

We havenot been exhaustivein our choice of models. In the first two parts, treating fluid-like
systems,we shall always present,where appropriate,an incompressibleand compressiblemodel, but
emphasizethe incompressiblehomogeneouscase(i.e., constantdensity)over the inhomogeneousone,
and we leave out completelythe Boussinesqapproximation.The inhomogeneouscasescan be treated
by introducingcertainmodifications,as in Abarbanelet al. [1985].Therearenumerousothermodelsto
which themethodsapply. Forexample,Hazeltine,Holm andMorrison[1985]usethesemethodsto discuss
stationarysolutionsfor the Hasegawa—Mima—Hazeltinemodels.Onecan alsousethemethodshere,with
someadditionalhelpfrom Sobolevinequalitiesto provethestability of asingleKdV soliton(seeBenjamin
[1972]and Bona[1975]),or of the N-soliton (seeMcKean [1977].

In manyof the examples,the methodsof thispaperarecapableof establishinga priori estimateson
some,but not all, of the variables.For example,in three-dimensionaladiabaticflow, stability estimates
are obtainedonly as long as solutionsremain smooth, the density remainsbounded:0 <~mj~ � p ~
Prnax < ~,andthe gradient of perturbationsof the entropyis boundedin termsof the perturbationsof
the entropy itself. This is consistentwith the fact that shockscould form from initial data near a
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“stable” equilibrium, and that when this occurs, the density and entropy gradients can develop
singularities.This kind of stability is calledconditionalstability; it requiresthat one “monitors” someof
the dynamicvariables.As long as thesemonitoredvariablesremainundercontrol,the equilibriumwill
be stable.As we shall see,the methodenablesoneto identify thesevariablesexplicitly in eachcaseand
determinetheir stablerange,in termsof equilibrium values.

2. The stability algorithm

We now presentthe algorithm that will be used in eachof the examples.Some of the stepsare
facilitatedandput into a largercontextby the useof a Hamiltonian structure(Poissonbrackets);this is
explainedin remarksfollowing eachstep.

A. Equationsofmotionand Hamiltonian
Choosea (Banach)spaceP of fields u andwrite the equationsof motion on P in first-orderform as

u=X(u) (EM)

for a (nonlinear)operatorX mappinga domain in P to P. Find a conservedfunctional H for (EM),
usually representingthe total energy;that is find a mapH:P—~Rsuch that dH(u)!dt=0 for any C’
solution u of (EM).

RemarkA. Often P is a Poissonspace,i.e. alinear space(or moregenerallya manifold) admittinga
Poissonbracketoperation{, } on the spaceof real valuedfunctionson P which makesthem into a Lie
algebra,andwhich is a derivationin eachvariable.Therearesystematicproceduresfor obtainingsuch
brackets;theseproceduresare not reviewed here,althoughwe shall give referencesrelevant to each
example.*The equations(EM) can then beexpressedin Hamiltonianform for such abracketstructure:

(PB)

where H is the Hamiltonian,F is any functional of u E P, and F is its time derivative through the
dependenceof u on t.

B. Constantsofmotion
Find a family of constantsof the motion for (EM). That is, find a collection of functionalsC on P

such that dC(u)Idt= 0 for anyCi solution u of (EM).
RemarkB. Unlessa sufficiently large family is found, the next step may not be possible.A good

way to find conservedfunctionalsis to usethe Hamiltonian formalismin RemarkA to find Casimir**
functionalsfor the Poissonstructure,i.e. functionals C such that {C, G} = 0 for all G. One may find
additionalfunctionalsassociatedwith symmetriesof the given Hamiltonian.

* As noted in weinstein[1982],thegeneralnotion of a Poissonmanifoldgoesback to SophusLie around 1890.
~ This term wasused in thesamecontextas hereby SudarshanandMukunda[1974].
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C. First variation
Relate an equilibrium solution Ue of (EM) to a constant of the motion C by requiring that

Hc: = H + C havea critical point at u~.
Note: C mayor maynot be uniquelydetermined.KeepingC as generalas possiblemaybe usefulin

step D. Moreover, if C retains somefreedom at this stagein terms of unspecifiedparametersor
functions,critical pointsof H~ will correspondto classesof equilibria.

RemarkC. If RemarksA and B arefollowed, thensuch a C can oftenbe expectedto exist. Indeed,
level setsof theconstantsof motion definecertain“leaves” in P; if C isa Casimir,theyarethe“symplectic
leaves”of the Poissonstructure{, }. Equilibrium solutionsarecriticalpointsof H restrictedto suchleaves.
If the Casimirsarefunctionally independent,the Lagrangemultiplier theoremimplies that H + C hasa
critical point at u~for an appropriateCasimirfunction C. Onecannotguaranteethat suchfunctionscanbe
found explicitly in all cases:however,they are found in the exampleswe consider. Thesepoints are
discussedfurther in appendixB.

D. Convexityestimates
Find quadraticforms 01 and 02 on P such that*

Q,(Au) � H(ue+ z~u) — H(Ue) — DH(Ue)~~U, (CH)

Q2(~u)�C(ue+~u)—C(ue)—DC(Ue)~~U, (CC)

for all ~suin P. Requirethat

Q,(1~u)+ Q2(z~u)>0for all zXu in P, L~u� 0. (D)

RemarkD. Formal stability — secondvariation. As a preludeto checkingconditions (CH), (CC) and
(D), it is often convenientto seewhetherthe secondvariation D

2H~(u~)is definite, or when feasible,
whether D2H(~e)restrictedto the symplectic leaf through Ue is definite. This property, called formal
stability, is a prerequisitefor stepD to work, but it is not sufficient (seeRemark(2) below).

If formal stability is established,thenthezerosolutionof theequations(EM) linearizedat u~arestable
sinceD2Hc(u~)providesa conservednorm underthe linearizeddynamics(seeappendixA).

E. A priori estimates
If stepsA through D havebeencarriedout, thenfor any solution u of (EM), we havethe following

estimateon z~u= u — ue:

Q,(~u(t))+ Q
2(z~u(t)) ~ Hc(u(0))— H~(Ue) (E)

(this is provedbelow).

* HereLSu — u — u, denotesafinite variationof thesolution. To avoidconfusion,weshall useV
2u for theLaplacian of u.
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F. (Nonlinear)stability

Stability theorem.Supposethat stepsA through D havebeencarriedout. Set

11v112 = Qi(v)+ 02(v)>0 (for v � 0) (N)

so lvii definesa norm on P. If H~is continuousin this norm at Ue, and solutionsto (EM) exist for all
time, then u~is stable. Should solutionsto (EM) not be known to exist for all time, we still have
conditionalstability: stability for all timesduringwhich C’ solutionsexist.

A sufficient conditionfor continuity of H~is the existenceof positiveconstantsC
1 and C2 suchthat

H(Ue + Au)— H(u~)— DH(ue) AU ~ CiliA ul~, (CH)’

C(ue+ Au)— C(u~) DC(Ue) AU � C2liAuii
2. (CC)’

In this casetherefollows the stability estimate:

ilAu(t)1l2 = Qi(Au(t))+ Q
2(Au(t))< (C~+ C2)llAu(0)11

2, (SE)

for all Au in P (theseassertionsareprovedbelow).

Proof ofa priori estimate(E). Adding (CC) and(CH) gives

Q
5(Au)+ Q2(Au)� HC(Ue + Au) — Hc(u~)— DH~(u~)~Au = Hc(u~+ Au) — Hc(ue),

sinceDHc(ue)= 0 by stepC. BecauseH~is a constantof the motion, Hc(U~+ Au)— H~(Ue)equalsits
valueat t = 0, which is (E). I

Proof ofthe assertionsin stepF We prove (Liapunov)stability of u~,as follows. Givens >0, find a 3
such that lv — Ueli < 6 implies IHc(v) — Hc(Ue)I <e. Thus,if llu(0) — uell < 6, then (E) gives

llu(t) — u~~ H~(u(0))— Hc(ue)l <~.

Thus,u(t) neverleavesthe r-ball about Ue if it startsin the 3 ball, so Ue is stable.To seethat (CH)’ and
(CC)’ suffice for continuityof H~at Ue, addthem to give, as in the proofof (E),

Hc(ue + Au) — Hc(u~)� C,liA ulI
2 + C

2IIAuII
2 = (C, + C

2)llAull
2,

which impliesthat H~is continuousat u~.This provesthe stability estimate(SE). U

Further remarks
(1) In someexamples,Q~and 02 areeachpositive (so H and C areindividually convex). Then(D)

is automatic.However,asalreadynotedby Arnold [1969a](and recalledin section3), therearesome
interestingexampleswhere0~is positive, 02 is negativeandyet the sum 01 + 02 is positive and (D) is
valid. If the sum 0~+ 02 is shownto be negative,thenonecan replaceH~by —H~to obtain (D).
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(2) It hasbeenpresumedthat P carriesa Banachspacetopology (althoughonecould merelyassume
P is a Fréchetspace)relative to which the symbols i.~andDH(Ue) aredefined,andstepsA, B andC are
admissible.The norm found in stepF is usually not complete; relative to the functions H and
C neednot be differentiable.(This fact is relatedto thedifficulty oneencounterswhentrying to deduce
stability from formal stability.)A sufficient conditionfor (CH) is that inequality

0i(v)~ D2H(u).(v, v) (CHy’

holds for all u and v in P. The sufficiency of (CH)” follows from the meanvalue theorem.Thereare
similarassertionsfor C andH~.Notethat

11v112 � D2Hc(u)(v,v) (CH~)”

is considerablystrongerthanformal stability: D2Hc(ue)(v,v) positivedefinite. Indeed,(CHcY’ is a global
convexityconditionwhich reflectsthe additionalhypothesesinvolved in stepD.

(3) As alreadynoted, in systemswith a finite numberof degreesof freedom,formal stability implies
stability. This fact was usedby Arnold [1966a]to reproducethe well-known resultson stability of rigid
body motion; see section 3.1. See Marsdenand Weinstein[1974] for the relationshipof the formal
stability ideas to the stability of relative equilibria and reduction. (Seealso Abrahamand Marsden
[1978], Sections4.3 and4.4 and Arnold [1978], Appendices2 and5.)

(4) In many examples,such as compressibleflow, thereis no global existenceof smoothsolutions.
This paperdoesnot addressweak solutionsor solutionswith shocks.The results will apply only to
sufficiently smoothsolutions.Moreover,oneor moreof the stepsmayrequireassumptionsaboutsome
of the variables.For example, in two-dimensionalcompressibleflow, (section 3.4), we obtain our
estimatesonly under the assumptionthat the densitysatisfiesO<Pmin� p � Pmax <°° for constants~
andPrnax. (Thenecessityof suchassumptionsis revealedby the convexityanalysis;formal stabilitydoes
not revealthis andwould temptone to makeunjustified claims in this regard.)This typeof stability,
which requiresoneto monitorsomeof the variableswill becalled conditionalstability.

(5) For Hamiltonian systemswith additional symmetries,therewill be additional constantsof the
motion besidesCasimirs.Theseareto be incorporatedinto the functional C in stepB. This is neededin
fluid exampleswith a translationalsymmetry,for example,andin the stability analysisof a heavytop;
see section3.

Scheme:The energy-Casimirstabilitymethod

A. Equations of motion and Hamiltonian. Write theequationsof motion (EM) on P andfind theconservedenergyH.
[DeterminethePoissonbracketandHamiltonian on P.]

B. Constants of motion. Findas manyconservedquantitiesC aspossiblefor (EM).
[DeterminetheCasimirsof P.]

C. Firstvariation. Let Hc : = H + C and u~beastationarysolutionfor (EM). RelateC and u~by thecondition DHc(uo) = 0. KeepC asgeneralas
possible.

D. Convexity estimates. Find quadraticforms Qi and 02 on P and conditionson u~suchthat (CH), (CC), and (D) hold.
[For,nalstability. Show that D2Hc(u~)is definite andconcludelinearizedstability.]

E. A priori estimates. Write out theestimate(E).
F. Stability. Find sufficientconditionson u~to guaranteethat Hc is continuousin thenorm(N), or prove theestimates(CH)’, (CC)’, andconclude

conditionalstability of Ue subjectto theseconditions.In thepresenceof a long.timeexistencetheorem,concludestability.
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(6) For two-dimensionalincompressibleflow, the appropriateCasimir function is the generalized
enstrophy. This suggests,following Leith (cf. Bretherton and Haidvogel [1976]),that the Casimir
functionsmayplay a role in the “selectivedecayhypothesis”when dissipationis added.

For the convenienceof the reader,we summarizeschematicallythe procedurejust explained,with
the optional but useful stepsin squarebrackets.In all examples,we shall follow this procedureand
carry out eachstepexplicitly.

For finite dimensionalsystems,formal stability implies stability. Thus,the energy-Casimirmethodin
this caserequiresonly stepsA, B, C, and the formal stability argumentin stepD.

3. Background examples

In this sectionwe discussfour examplesto illustratethe stability algorithmgiven in section2. These
are:section3.1 the free rigid body,section3.2 theLagrangetop,section3.3 ideal incompressibleplanar
flow andsection3.4 ideal barotropicplanarflow. Theresultsfor the first two examplesarewell-known,
althoughtheyarenot usually provedby this method.We follow Hoim et a]. [1984].The third example
follows Arnold [1969a]andthe fourth is basedon Holm et al. [1983b].

3.1. Thefreerigid body

A. Equationsofmotionand Hamiltonian

The free rigid body equationsof motion are
,ñ=dm/dt=mXw, (3.1EM)

wherem, co E R3, co is the angularvelocity and m is the angularmomentum,both viewedin the body.
The relationbetweenm andco is given by m = I~w

1,i = 1, 2, 3, whereI = (I,, ‘2, 13) is the diagonalized
moment of inertia tensor,Ii, 12, 13>0. A conservedquantity for (3.1EM) is the kineticenergy,

H(m)=~m.~ =~m~/I,. (3.1H)

Remark A. This systemis Hamiltonianin the Lie—Poissonstructureof R
3 consideredas the dualof

the Lie algebraof the rotation groupSO(3). Explicitly, for F, G: R3—*R,

{F, G}(m)= —m .(VF(m)x VG(m)), (3.1PB)

where V, = 3/8m
1 in (3.1PB). With respectto thisbracket,(3.1EM) is easilyverified to be Hamiltonian

in the sensethat (3.1EM) is equivalentto F = ~F,H} whereH is given by (3.1H).*

* The first referencewe know of where this is explicitly written is Sudarshanand Mukunda [1974].The result is suggestedin Arnold

[1966a].
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B. Constantsof motion
Foranysmoothfunction ~ : R -~ R, the function

C,,,(m)= 4(imi2/2) (3.1C)

is a constantof motion for (3.1EM), as is easilyverified.
RemarkB. In fact, using(3.1PB)it is easilyseenthat C.,, areCasimirfunctions.Theseareseento be

all the Casimirs,since their level setsdeterminethe symplectic leaves of R3, which are concentric
spheresand the origin.

C. First variation
We shall find a Casimir function C,,, such that H~:= H + C,,, has a critical point at a given

equilibrium pointof (3.1EM). Suchpointsoccurwhen m is parallelto to. We shall assume,without loss
of generality,that m andto point in the x-direction.Then, after normalizingif necessary,we mayeven
assumethat the equilibrium solution is me= (1,0, 0). The derivativeof

Hc(m):~ m~/Ij+cb(~jmi2)

is

DHc(m) ~m= (to + m~’(lm2/2)). ~m. (3.1C1)

This equalszeroat m~= (1, 0, 0), provided that

ç6’(~)=—1/It. (3.1C2)

Thus qS andme arerelatedby (3.1C2).

D. Secondvariation
Sincethesystemis finite dimensional,it sufficestocheckthesecondvariation.Using(3. 1C1)and(3.1C2),

the secondderivativeat the equilibrium me= (1,0, 0) is

D2Hc(m~)(~im)2= Fim + ~5’(lm~l2/2)i~mJ2+ (me~~m)2~”(ImeI2/2)

= (&mj)2/Ij - ~m12/li + ~~l(~mi)2

= (1/12— 1/Ii)(~m
2)

2+(1/13— 1/I
1)(~m3)

2+/“(~)(~mi)2. (3.1D1)

This quadraticform is positivedefinite if andonly if

tj”(~)> 0, (3. 1D2)

‘1>12, 1i>13. (3.1D3)
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Consequently,4(x) = (—2/I,)x + (x — ~)2 satisfies (3.1C2) and makes the secondderivative of H~at
(1,0, 0) positivedefinite, so stationaryrotationaroundthe longestaxisis stable.

The quadraticform (3.1D1) is indefiniteif

11>12, 13>1i or Ii>13, 12>1i. (3.1D4)

This methodcorrectly suggests(but doesnot prove)that rotation aroundthe middle axis is unstable.

This maybe shown by a linearizedanalysis. Finally, the quadraticform is negativedefinite, provided

(3.1D5)

and

11<12, Ii<13. (3.1D6)

It is obvious that we may find a function 4 satisfying the requirements(3.1C2) and (3.1D5); e.g.,
~x) (—2/11)x — (x — ~)2.This provesthat rotationaroundthe short axis is stable.

We summarizethe resultsin the following well-known theorem.

Rigid body stability theorem. In the motion of a free rigid body, rotationaroundthe long or short axis
is stable.

Remark (1). It is important to keepthe Casimirsas generalas possible,becauseotherwise(3.1D2)
and (3.1D5) would be contradictory.Had we chosen4(x) = —(2/I~)x+ (x — ~)2 for example, (3.1D2)
would beverified, but not (3.1D5). It is only the choiceof twodifferentCasimirsthat enablesus to prove
the two stability results,eventhoughthe level surfacesof theseCasimirsarethe same.

Remark(2). The samestability theoremcan also be provedby working with the secondderivative
along acoadjointorbit in R

3 i.e. atwo-sphere;seeArnold [1966a].This coadjointorbit methodhasthe
deficiencyof being inapplicablewherethe rank of the Poissonstructurejumps (seeWeinstein[1984]).

3.2. TheLagrangetop

A. Equationsofmotionand Hamiltonian
The heavytop equationsare

dm/dt = m x w + Mgé’y X (3.2EMa)

dy/dt= yXw, (3.2EMb)

wherem, y, to, x E R3. Herem and to are the angularmomentumand angularvelocity in the body,
= I,w,, I, >0, i = 1, 2, 3, with I = (I,, ‘2, 13) the momentof inertia tensor.The vector y represents

the motion of the unit vectoralongthe z-axis as seenfrom the body,andthe constantvectorx is the
unit vector alongthe line segmentof length ~‘ connectingthe fixed point to the center-of-massof the
body; M is thetotal massof the body, andg is the strengthof the gravitationalacceleration,which is
alongOz,pointingdownward.The total energyof this systemis
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H(m,y)=~mco+Mgty’x, (3.2H)

as can be easilyverified.
RemarkA. This systemis Hamiltonian in the Lie—Poissonstructureof R3x R3 regardedas the dual

of the Lie algebraof the Euclideangroup E(3)= SO(3) ® R3 (® denotessemidirectproduct).The
Poissonbracket is given by

{F, G}(m, y)= —m ~(VmFX VmG) y(VmFX V.~G+V~FX VmG). (3.2PB)

The Hamiltonian is given by (3.2H) above. (See Sudarshanand Mukunda [1974],Vinogradov and

Kupershmidt[1977],Ratiu andVan Moerbeke[1982]and HolmesandMarsden[1983]).

B. Constantsofmotion
It is easyto seethat the functionsm y and I y 2 are conservedfor (3.2EM). Consequently,for any

smoothfunction 1, the quantity

C(m, y) = ‘IJ’(m . I v 12) (3.2C)

is also conserved.
We shall be concernedhereonly with the Lagrangetop. This is a heavytop for whichI, = ‘2 (i.e. it is

symmetric)and the centerof masslies on the axis of symmetry in the body, i.e. ,i’ = (0, 0, 1). This
assumptionimplies from the third equationof motion in (3.2EMa)that dm

3/dt= 0. Thus m3 andhence
any function ~(m3)of m3 is conserved.

RemarkB. Using the Poissonbracket (3.2PB) it is easyto check that (3.2C) is a Casimir of the
Poissonstructure. In fact, the family describedby (3.2C) forms all the Casimir functions, since their
level sets determine the generic four-dimensional orbits {(m, y) E R

3 X R31 m = constant, and

I v 2 = constant}.

C. First variation
We shall studythe equilibrium solutionme= (0, 0, /113), Ye= (0, 0, 1), whichrepresentsthe spinningof

a symmetric top in its upright position. To begin, we look for conservedquantitiesof the form
H~= H + ‘P(m I ~ 2) + d?(m

3) which havea critical point at the equilibrium.*
The first derivativeof H~is given by

DHc(m, y)~(sm, ~iy)= (to + tJ.(m y, ivl
2)v) ~m+ [MGex + <b(m . y, lvi2)m

+ 2~’(m. y I v 12)7] . ~y + t/’(m
3)6m3, (3.2C1)

wheredot andprimedenotedifferentiationwith respectto the first andsecondargumentsof Z~.At the
equilibrium solution me, Ye, the first derivativeH~vanishes,provided that

(1)3+ ~(in3, 1)+ ~‘(th3)= 0; (S)3— /123/13, Mgé+ th(th3, 1)th3+2~’(ffz3,1)= 0.

* We couldhavechosentheforms H + k(m . 2’ I v 2, m3) or H = ~1(m.y) + ‘~2(I72) + ~3(m3)for Hc just aswell. The form we use,however.
is Casimir plus conservedquantity, consistentwith thephilosophyof thegeneralenergy-Casimirmethod.
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(The remaining equationsinvolving indices 1 and 2 are trivially verified.) Solving for d(th3,1) and

~‘(th3, 1),we get the conditions:

~(in3,1)= - (-~-+~(th3))Pn3, ~(lfl3, ~ (3.2C2)

Thus P, 4, andthe equilibrium m~,Ye arerelatedby (3.2C2).

Ii Formal stability. Sincethe systemis finite dimensional,it suffices to verify formal stability. We shall
check for definitenessof the secondderivativeof H~at the equilibrium point me= (0, 0, /113), Ye =

(0,0, 1). To simplify notationwe shall set

a = ~I~”(tñ3), b = 4P”(th3, 1), c = ~(1fl3, 1), d = 2~’(th3,1).

With this notation, (3.2C1),and(3.2C2),we find that the matrix of the secondderivativeof H~at me,
Ye ~5

1/Is 0 0 ~(rn3, 1) 0 0
0 1/12 0 0 t~(rn~,1) 0

0 0 (1113)+ a + c 0 0 ~(th3, 1) + 2th3c+ d
P(rn3, 1) 0 0 2’P’(rn3, 1) 0 0

0 d’(ni3, 1) 0 0 2~’(th3,1) 0
0 0 d(~n,,1) + 2,ñ3c+ d 0 0 2P’(th3,1) + b + in~c+ 2rn3d

(3.2D1)

If this form is definite, it must be positive definite, sincethe (1, 1) entry is positive. The six principal
subdeterminantshavethe following values,(recall that Ii = 12):

1/It, 1/If, (1/I3+a+c)/I~,

~- (~-+a + c) (~-~‘(in3, 1)- ~(rn3, 1)), (~- ~‘(in3, 1) ~(lfl3, 1)2)(y+ a + c),

(~ ~‘(th3, 1)— ~(th3, 1)2)[(2~’(th3, 1)+ b + iñ~c+ 2th3d)(~+a + c) - (~(in3,1)+ 2iñ3c+ d)2].

Consequently,the quadraticform given by (3.2D1) is positivedefinite, if andonly if

1/13+a+c>0, (3.2D2)

(2/I1)~’(rn3,1)— d(~n3,1)2>0, (3.2D3)

(2~’(th3,1) + b + ,ñ~c+ 2th3d)(~-+a + c) — (~(th3,1) + 2th3c+ d)
2 >0. (3.2D4)
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Conditions (3.2D2) and (3.2D4) can always be satisfied if we choose the numbersa, b, c, and d
appropriately;e.g., a = c = d = 0 and b sufficiently largeand positive.Thus, the determiningcondition
for stability is (3.2D3). By (3.2C2), this becomes

~-[(~-+~‘(in3))in~- Mgt] - (~-+~‘(th3))
2in~>0. (3.2D5)

We can choose4 ‘(in
3) so that 1/13+ 4’(in3) = e hasany value we wish. The left side of (3.2D5) is a

quadraticpolynomial in e, whoseleadingcoefficient is negative.In orderfor this to bepositivefor some
e, it is necessaryand sufficient for the discriminant

(rii~/I~)
2— 4rii~Mg[/I

1

to be positive;that is,

in ~> 4Mgt’11,

which is the well-known stability condition for a fast top. We haveprovedthe following.

Heavy top stability theorem. An upright spinningLagrangetop is stable provided that the angular
velocity is strictly larger thanI~’\/4Mg/’I1.

Remarks.(1) The methodsuggestsbut doesnot prove that one hasinstability whenin ~<4Mg�1~.In
fact, an eigenvalueanalysisshowsthat the equilibrium is linearly unstableand henceunstablein this
case.(2) When 12 = I~+ for small ~,the conservedquantity q5(m3) is no longer available.In this case,
a sufficiently fast top is still linearly stable,but true stability can only be establishedby KAM theory.
(3) In HolmesandMarsden[1983]it is shownthatif ‘2 = .1~+ ewith ~ sufficiently small, thephaseportrait
of (3.2EM) hasPoincaré—Birkhoff—Smalehorseshoes(seealsoZiglin [1980,1981]).

3.3. Two-dimensionalincompressiblehomogeneousflow (Arnold [1965a,1966b, 1969a])

A. Equations of motion and Hamiltonian
Let D be a domain in thexy planeboundedby smooth curves(3D),, i = 0,. . . , g. We may take

(3D)0 to be the outerboundary,so (3D)~,...,(ÔD)g must encircleg holes in D. Denoteby v the
spatial velocity of the fluid moving in D. If the fluid is incompressibleand homogeneous,and v(x, t)
denotesits spatial velocity, the equationsof motion areEuler’sequations:

+ (v. V)v = — Vp, div v =0, v(x, 0) = vo(x), (3.3EM)

wherethe initial condition v0(x) is a given divergencefree vectorfield on D, and the pressurep is a
real-valued function on D determined(up to a constant) by the condition that (v~V)v + Vp be
divergencefree and tangentto 3D. In fact, this conditionon p is equivalentto the Neumannproblem

V
2p = —div((v. V)v), ôp/3n = —n (v• V)v, (3.3A1)

wheren is the outwardunit normal to 3D.
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The conservedenergyfor (3.3EM) is

H(v)=~J vj2dxdy. (3.3H)

The spaceP = .~dIV(D),consistingof smoothdivergencefree vectorfields v on D that are tangentto 3D
can be given severaltopologies.Onechoice suitable for boundedregionsis W, s> 1 as in Ebin and
Marsden [1970];anotheris C’~”, k � 0, 0<a <1 as in Kato [1967].Correspondingweightedspaces
can be used if D is unbounded,as in Cantor[1975,1979]. (The topology chosenon P must be strong
enoughso that the differentialcalculusmethodsemployedin stepsB andC are justified. This meansin
effect herethat the vorticity w mustbe continuousand vanishat infinity. In particular,vorticities that
are merelyin L~requirea modified treatment,asin WanandPulvirente[1984]andTang[1984]).

RemarkA. If F, G:P-+R, definetheir Poissonbracketby

~F8G
{F, G}(v) = — f v~[—, —] dx dy, (3.3PB)

6v Fiv
D

wherethe functionalderivative~FI~vE P is definedby

DF(v) = ~ ~ = J !~. ~ dx dy

for any6vE P, and

16F ~iF] — 1~Fv~~G (~GV~6F

E~~’~,i — ~ ) ~, k,~, ) ~

is the Lie bracketof the vector fields ~iFThvandSG/&v. (Thebracket(3.3PB)is the Lie—Poissonbracket
for the group of volume preservingdiffeomorphismsand comes from the canonicalbracket in the
Lagrangianrepresentation;seeArnold [1966aJand MarsdenandWeinstein[1983].)The equationsof
motion (3.3EM) areobtainedfrom the Poissonbracket(3.3PB)in the following manner.First notethat
6H1&v = v. Integrating by parts and taking into account v fl

1SD = 0 (where n is the unit vector
normal to the boundary)and the L2-orthogonalityof 6FThv with the vector spaceV~(D)of gradient
vectorfields, we get

{F,H}r_J v.[~,v]dxdy =_-J {v.(~. V) v—v•(v•V)~Jdxdy

~F v12 6F
~rr_J {_. V—~--+~-—(v~Vv)}dxdy=_(~—,P((v.V)v)),

whereP maps~f(D) the spaceof all vectorfields on D to P by L2 orthogonalprojection.Thus the
equationsof motion defined by H via (3.3PB) are v + P((v• V)v)= 0. To determine P((v~ V)v)
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explicitly, write (v~ V)v = F ((vj V)v) — Vp, takethe divergenceof both sidesandthe dot productwith n
to get eqs. (3.3A1). This saysthat p is the pressureand that F((v~ V)v) = (v~ V)v + Vp, thus yielding
eqs. (3.3EM).

There is anotherway to describethe Hamiltonian structureof the incompressiblehomogeneous
two-dimensionalEulerequations,startingwith the vorticity equation

(3.3VE)
at

wherew = 2 . curl v is the scalarvorticity. We shall denoteby 2 the unit vectorof the z-axis, pointing
upward.The vorticity equationis obtainedby applyingthe operator2 . curl to (3.3EM). For regionsin
the xy plane, any v which is divergencefree and parallel to the boundarycan be written uniquely as

v = curl(~(i2)

where cli is constanton (3D), andzeroon (3D)0 cli is called the stream function. To show the existence
of t/,, we notethat the integralof i~(dxA dy) aroundeach(3D), is zerosince v is tangentto 3D; since
div v = 0, one concludesthat the integral aroundany closedloop is zero. Henceby elementaryvector
calculus,i~(dxA dy)= dcli for some i/i. Since v is tangentto 3D, cli is constanton each(3D),; addinga
suitable constantto ~limakes it zero on (3D)0. The following argumentshows that v is uniquely
determinedby w and by the circulations Ft,. . . ,

1g~ Indeed, it suffices to show that if the stream
function /‘ satisfies V2~= 0, /.iI(3D)o = 0, 41(3D)

1= c,, a constant for i = 1,. . - , g and
~(.9D)~(3~I3n)ds= 0, then v = 0. But this follows from Green’sidentity:

r g ~- 34~ r
0j t~V

2~dxdy=~c~~ —ds--J IV4’I2dxdy.
1=0 3n

0 (3D) D

Thus the spaceP can be identified with ~(D) xR~’= {vorticities} x {circulations}. This point of view,
adoptedin Marsdenand Weinstein [1983],is especiallyuseful for simply connecteddomains. The
Hamiltonianis seento be

H(w,Fi,...,Fg)~~J~iwdxdy+~c
1F1,

where c, are the constantvalues of cli on (3D)1 note that if D is simply connectedthe last sum is
omitted.

For simply connectedD, the Lie—Poissonbracketin terms of vorticity equals (see Marsdenand
Weinstein[1983])

{F, G}(o)= J ~ dxdy, (wPB)

0

where{, }~is thecanonical(x, y)-Poissonbracket.The symbols~F/& in this formulamustbeinterpreted
with care, asin MarsdenandWeinstein[1983].If ~FI6wis interpretedasthe usualfunctional derivative,
(wPB) is incorrect;to correctit a boundaryterm must be addedas in Lewiset al. [1985].
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B. Constants of motion
For anysmoothfunction ~ : R ~ R the vorticity integrals

C~J ~3(w)dxdy (3.3C)

areeasilyseento be conservedusingthe vorticity equation(3.3VE). Here C,b is regardedas a function
of v for (3.3PB)andof ta for (wPB). Let 3D consistof g + 1 components(3D)1, i = 0,.. . , g andlet

v’d~. (3.3T)

(SD),

Conservationof T, is Kelvin’s circulation theorem.
RemarkB. The coadjointaction of Diff~01(D)on ~dIV(D)is given by

v = (T~)~ovoi~’,

where(T~~is the adjoint of Tn_i pointwiseon D, with respectto the Euclideanmetric on R
2. It is

easily verified that both C~andF, areinvariant under this action, i.e., are Casimirfunctions.If D is
simply connectedthen the Poissonbracket(3.3PB)of C~with any functionalof ta vanishes.We hasten
to add,however,that if D is not simply connected,the functionalderivativesof C~andT~involve delta
function distributions,so one hasto interpret the bracket of C~and F

1 with any other function on
~dIV(D) with care. Also note that velocity fields correspondingto point vorticesandvortex patchesare
not representableas smoothelementsof ~‘dI~(D).

C. First variation
Let a = (ao,. . . , ag) be a vectorof constantsandlet

H~(v)=H(v)+ C.~(v)+~ a,T1(v)

= J [~jvj
2+~(u.~)]dxdy+~a

1 ~ vd(.

D (SD),

(ThetermsC,~and~ a,T1 arenot all independent,but this form provesto beconvenienthereandin
laterexamplesas well.) The first variationis

DH~(v~)~6v= J [v~~6v+ I3’(w~)2.curl~v]dxdy+~a14 ~v~d�.

D
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Integratingby partsthe secondterm in the first integral gives

J ~‘(We)
2 curl 6v dx dy = —J div(~’(we)ix ~v)dx dy + J ~iv-curl(~’(we)2)dx dy

~‘(we)~v~de+ J ~v~curl(~P(w
5)i)dxdy.

(3D), D

Thus,sinceWe is constanton everycomponent(3D),, i = 0, 1 g, we get

DH~(Ve) = J [v~+ curl(~’(w~)2)]~vdx dy + ~ (a1 + P’(w~I(0D)~)) . d~.
D (3D),

Thus DH~(Ve)= 0 provided

a1 = ~~‘(~eI(3D)i), i = 0, . . . , g, (3.3C1)

Ve + curl(~’(we)i)= 0. (3.3C2)

The relations(3.3C1)give the numbersa~, oncek is determinedby (3.3C2).In orderfor (3.3C2)to yield
a differentialequationfor ~,oneneedsa functional relationbetweenv~,andWe which can be found in
the following manner.(Here we usea methoda bit different from Arnold’s, to facilitate the subsequent
exposition.)The equationsof motion (3.3EM)can alsobe written as

V(p+Iv~
2I2), (3.3C3)

so that applyingthe operator2 . curl gives the vorticity equation

3w/3t = —v Vw. (3.3C4)

For stationary flows we thus have from (3.3C4) and (3.3C3)

Ve VWeZO, (3.3C5)

W~ZX Ve = — V(j VeI2/2 + Pc). (3.3C6)

Taking the dot productwith v~gives

~ V(Iv~J2I2+p~)= 0. (3.3C7)

A sufficient condition for (3.3C5)and(3.3C7)to hold is the functionalrelationship(Bernoulli’s Law)
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IVeI2/2 + Pc = K(~e), (3.3C8)

where K is called the Bernoulli function. Taking the crossproductof (3.3C6) with 2 on the left and
taking into account(3.3C8)gives for w~� 0

Ve = 2 X VK(~e). (3.3C9)

Thus J is determinedvia (3.3C2)and (3.3C9)by

— We curl(~’(w~)I)= 2 X VK(~e). (3.3C9)

This holdsif

WeW’(~e)= K’(~e), (3.3C10)

i.e.,

~i(A)= (J K(t))

Wehaveprovedthe following.

Proposition. StationarysolutionsVe ofthe two-dimensional,homogeneous,incompressible,Eulerflow with
w~� 0 are critical pointsof H + C~b+ O a

1F,, where

tJ)(A)= (JK(t))

K is the Bernoullifunctionfor the stationarysolutionVe, and

a, =

If cl’ denotesthe streamfunction for v, i.e. v = ~ —~),then proceedingas before,the condition
Ve V~e= 0 becomes{cl’~,w~}= 0 which holdsif cl1e andWe arefunctionally related.Thus,if ta,.� 0, there
existsa function !P such that tile = ‘P(We). On the otherhand, Ve is a critical point of H~(g= 0 in this
case)if cite+ ~P’((Ue)= 0, i.e., if P’ = — 1t’ andonecould now statethe aboveproposition in this case,in
the form given by Arnold [1965a,1969a].

RemarkD. Formal stability. The secondvariation of H~= H + C, + ~f~o a,F, is

D
2H~(v~)’(8v,~v) J (l~vI2+cP”(We)(bw)2)dx dy.
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If the domain is simply connected,this expressionequals

J [~W(V~)~W + qY’(We)(3W)
2] dx dy,

where —si/i = (V2)~bw denotesthe unique solution of the problem —V2~i= ~w, ~4iI(3D)o= 0. This
quadraticform is positive definite if P”(We) > 0. If ~P”(We)is sufficiently negative(as determinedfrom
the Poincaréinequality for the domain D), this form is negative definite. (In the latter case,the
conditionsfor formal stability are weakerthan thosegiven by the convexity analysis,as noted in the
final remarkof Arnold [1969a].)Linearizedstability follows now from definitenessof D2Hc(tIe) (6v,~v)
wheneither P”(W~)> 0, or ~P”(We)is sufficiently negative.As will be clearbelow, this linearizedstability
condition slightly generalizesRayleigh’sresult [1880]that a plane-parallelincompressibleshearflow
requiresan inflection point in its velocity profile in order to be linearly unstable.

D. Convexityestimates
SinceH is quadratic,condition (CH) from section 2 is trivially satisfiedwith Q~= H. For (CC), we

require

Q
2(L~W)~J [~(We+ ~W) 0~(We) ~‘(We)~~W] dx dy.

This holdswith Q2(/.~W)— c2 SD (~w)
2dx dy, wherec

2 is a constant,provided c2 ~ ‘1”(A) for all A.
Condition (D) requires

J k~vI2dxdy+c2J(z~W)
2dxdy>0

for all z~v� 0. This holds, for example,if c
2> 0. This quadraticform can benegativedefinite in certain

caseswherec2 <0 becauseof the Poincaréinequality, asshownby Arnold [1965a].Thus, therearetwo
casesto consider for stability: P”(A) � c2 >0 and —~“(A)>—c2>0. By (3.3C9) and (3.3C10) these
conditionstranslateinto conditionson the flow velocity profile at equilibrium, since

2
~ (We)K(We)IWeVe~ZX VWe/IVWeI

For example,plane-parallelincompressibleflows alongthe x-axis in the strip 0 � y~ Y have

Ve Iu(y), We ~4’(y), VeZX VWe/I VWeI
2 u(y)/u”(y).

Consequently,for suchflows the requirementfor stability in the first caseabovebecomes~b”(we(y)) =

u(y)/u”(y)� c
2>0. Thus,whenthe sign of u is everywherethe sameas the sign of u”, all flows having

no inflection pointswill be stable.Existenceof an inflection point, however,doesnot necessarilyimply
instability. Considerstationaryplane-parallel flows in the secondcase,with — u(y)lu”(y) � —c2> 0.



Darryl D. Holm et al., Nonlinear stability offluid andplasma equilibria 23

Thenonebounds—H~to find

— (Qi + Q2) � J [(~W)(V
2)~(~W)— c

2(~W)
2] dx dy � J (-k~~— c

2)(AW)
2dx dy,

where~ is the minimum eigenvalueof minus the Laplacian(—V2) in the domainD. Consequently,
stationary flows with mm kP”(W~)I > k~,and thus, (Q~+ Q

2) negative definite, will be stable. For
example,sinusoidalplane-parallelflows u(y) = sin(ky) with k

2> k;~ are stable.(This statementis a
bit imprecise:if the region is a strip 0 � y � d and periodic in x, thenone must confine oneselfto
perturbationswhich preservethe circulationsand flow ratesin the x-direction.The reasonis that it is
only for such perturbationsthat the kinetic energyhas the form ~fD W(V2) 1W dx dy; see Holm,
MarsdenandRatiu [1985]for details).

E. A priori estimates
For c

2 >0, the estimate(E) from section2 gives the following estimateon the growth of pertur-
bations:

J I~vI2dxdy+c2J(i~W)2dxdy�~J~voJ2dxdy+J ~(Wo)dxdy_~J Iz~veI
2dxdy

— J ti~(We)dx dy, (3.3E)

wherew
0 = wI,o and h~W= 0) — ~e dependson time.

F. Nonlinearstability
For c2 > 0, weset

IIAvII
2 = J I~vI~dx dy + c

2 J (~0))2 dx dy. (3.3N)

This norm is equivalentto theWnorm on 1kv, sowe get stability estimatesfrom (3.3E) that areHi in
v. [If c2<0, the estimatesareonly L

2 in v, as notedby Arnold [1969a].]With c
2 >0, (CH)’ holds, and

(CC)’ holds providedK’(A)/A = ~“(A) � C2 for someC2<ce. If oneworks in termsof a streamfunction
for the velocity field, this conditionbecomes

Resultsof Wolibner [1933],ludovich [1963]and Kato [1967]show that global solutions exist in the
spaceP. Thus we can statethe following resultof Arnold [1969a]:
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Rayleigh—Arnold stability theorem.Stationary solutions Ve of the two-dimensionalhomogeneous
incompressibleEuler flow with ~e � 0 are (nonlinearly, Liapunov) stablein the norm (3.3N) provided
the equilibrium solution satisfies

0< c2� K’(~e)I~e~ C2 < ~.

whereK is the Bernoulli function. Equivalently,this condition can be replacedby

Ve •2 x VWe
0<c2� 2 ~C2<cc.

IVWeI

Example(Kelvin—Stuart cat’s eyes).* In addition to the shear flow examplealready discussed,we
shownow that the methodscan be applied to a stationaryflow dueto Kelvin [1880]in the linearized
caseand Stuart [1967] in the nonlinear case.The linear stability analysisfor this example and an
analysisof nonlineartermsweregiven by Stuart[1971].

The stationarysolutionof the two-dimensionalEulerequationswe consideris given in the xy-plane
by

We = —exp(—2~r~)= —[a coshy + (a
2 — 1)1/2cosx12, a � 1.

The streamlinesarethe familiar patternin fig. 1. In this casew~<0 and ‘I”(We) = (

2WeYi <0, soQi and
Q2 haveoppositesign. To get stability we usethe Poincaréinequality andrequire mm IW’(~e)I> k~n
(seethe discussionin remarkD above).This requiresa boundedregion, so we limit our flows to be 2ir
periodic in x and boundedby streamlinesin y, as in fig. 1. One finds that below a critical value of
a <1.175...,the region can be chosento contain the separatricesin fig. 1 andso producesnonlinear
stability for the cat’s eyes, as long as perturbationsareinitially chosento havethe samecirculation as
the catseyes,andzeronet flow ratein the x-direction.SeeHoIm, MarsdenandRatiu [1985]for further
details.

Fig. 1.

3.4. Two-dimensionalbarotropic flow (Holm et al. [1983b],Grinfeld [1984])

A. Equationsof motionand Hamiltonian
Let D be a domain in R

2 with smooth boundary.The evolution equationsfor the velocity field
v(x, y, t) and densityp(x, y, t) are

- V)v = — Vh(p), div(pv)= 0, (3.4EM)

We thankJohn Gibbon for pointing out this example.
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where v is parallel to 3D and h(p) is the specific enthalpy, a given function of p >0, satisfying
p’(p) = ph’(p), wherep is the pressure.

We chooseP to be a spaceof v andp that are Ci (say Hs, s> 2) andtendingto a fixed vectorfield
anddensityat if D is unbounded(in the weightedspacesas in example3.3 say), or with v parallel to
3D. We shall alsoneedto excludefrom the beginning of the discussioncertainimportant featuresover
which the presentmethodshaveno control.Theseare as follows, takenas part of ourdefinition of P;

(a) shocks;solutionsconsideredareC1
(b) cavitationandextremecompression:the densitysatisfies0<~ � p � Pmax<co, wherePmin and

Pmax are constants(that will shortly be requiredto satisfycertaininequalitiesinvolving otherconstants
in the problem).

The conservedenergyis

H(v,p)J [~p~vI2+e(p)]dxdy,

where r(p) is the internalenergyper unit area,relatedto the specific enthalpyby e’(p) = h(p).
RemarkA. The equationsof motion (3.4EM) are Hamiltonian.The configurationspaceof com-

pressible fluid motion is the group of diffeomorphismsof D whoseLie algebraconsistsof the space
~1’(D)of all vectorfields on D. ~(D) is representedon the vector space~(D) of functionson D by
minus the Lie derivative,i.e.,

X.f:=—X[f]=—df(X), for XE~(D),

fE .~F(D).On the dual of the semidirectproduct~‘(D)® ~(D) with variablesM = pv andp, the eqs.
(3.4EM) areHamiltonian (i.e. (PB) section2 holds) relativeto the Lie—Poissonbracket

c ri~G \ ~F i8F \ 6G1
{F,G}= iMI(—VI——(———~V)---——Idxdy

J L\~M 16M \~M /~MJ
D

+J p{~(V~)~(v~)]dxdy.

This bracketis found in Iwinski andTurski [1976],MorrisonandGreene[1980]andDzyaloshinskyand
Volovick [1980]; see also Dashenand Sharp [1965]and Bialynicki-Birula and Iwinski [1973].The
bracket was derivedfrom Clebsch variablesby Enz and Turski [1979],Greene,Holm and Morrison
[1980],by Morrison[1982]andHolm and Kupershmidt[1983].This bracketis the Lie—Poissonbracket
for a semi-directproduct.This is noted in Marsden[1982],whereit is alsopointedout that the bracket
could be obtainedas an instanceof the abstractresultsconcerningthe Lagrangeto Eulermap of Ratiu
[1980]and Guillemin and Sternberg[1980].Holm andKupershmidt [1983]also showedthat other
interestingsystems,such as MHD areLie—Poissonfor semi-directproducts.Theseandrelatedbrackets
are derived from canonicalbrackets in Lagrangian representationin Marsden, Weinstein et al.
[1983],HoIm, Kupershmidtand Levermore[1983a]andMarsden,RatiuandWeinstein[1984a,b].
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B. Constantsofmotion
From (3.4EM) onefinds that 0)/p is advectedby the flow, i.e., 3(w/p)/3t+v~V(w/p)= 0. Thus, for

anyfunction P:R —~R,the quantity

C~(v,p) = Jp~(w/p)dx dy

is aconstantof the motion,where0) = 2 . (V x v) is the scalarvorticity. Similarly, by Kelvin’s circulation
theoremthe quantities

vd~, i=0,. .

(3D)~

are conserved,where (3D)1 are the connectedcomponentsof the boundary.
RemarkB. The functions C, are Casimirs for the Poissonstructure in remark A. This can be

checkeddirectly, or it can be provedby noting that C~,as a function of (M, p), is invariant underthe
coadjointactionof Diff(D) ® PF(D) (semidirectproductof thegroupof diffeomorphismsandfunctions)
on P. For (,~,f) E Diff(D) ® ~(D), thisaction is

(~,f).(Mp)(~M—dfØn~p, ?7~p)

wherep is regardedas a density.Similarly, all F, areinvariant under the coadjointaction, but theydo
not have functional derivativesin the usual senseof the formal calculus of variations. Thus, their
bracketswith arbitraryfunctionalsrequirecare in interpretation;seeLewis et al. [1985].

C. First variation
Let (Ve,Pc) be an equilibrium solution of (3.4EM). Then H~(v,p) = H(v, p)+ C~(v,p)

+ ~ a,T1(v,p) hasa critical point at (Ve,Pc), provided the following holds for all ~v,~ip(suchthat
(Ve + 6v, Pc + 8p) lies in P):

0 = DH~(Ve,Pe) (~v,~p)

= J [peve ~v+ ~‘(We/Pe)I - (Vx nv)] dx dy + ~ a1 . d�

D (aD)~

+ J ~
2 Pc Pc Pc

D

Integratingthe secondterm in the first integral by parts gives
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0 J {[H2 h(p~)+~ ~‘(~)]~+ [Peve_z~ v~’(~)]. ~v}ix dy
2 Pc Pc Pc Pc

D

(3.4FV)

~ ~‘(~)~v.d~+±at ~

(3D), (3D)

1

For stationary solutions, We/pc is constantalong streamlines,so the 2(g + 1) boundarytermscancel,
provided a, = — 1’((w~lp~)I(3D)1).From(3.4EM), stationaryflows satisfy

V~ V(IVeI
2/2+ h(pc)) = 0, Ve V(~eIpc)= 0. (3.4C1)

This is consistentwith assuminga Bernoulli Law

v~I2/2 + h(p~)= K(~-~), (3.4C2)

for K a smooth function of a real variable. The condition 0 = DHc(v~,pe) (6v,~p) holds if the
coefficientsof ~ipand~v vanish.For~p this is

K(~)+P(~)—~‘(C)=0,

which uniquelydetermines‘P (up to a constant):

K(t)
q~(~-)=~(J—j---dt+const.).

An importantpoint is that the coefficient of ~v in (3.4FV) alsovanishesby virtue of the expressionfor
‘P. Indeed,from Bernoulli’s Law,

V(IVeI2/2+ h(pe)) = VK(We/pe),

so that for stationarysolutions,(3.4EM) gives

0 = av~/3t= — V(!Vc12/2+ h(pc))+ VeX W~Z,

and hence

VeX WcZ = VK(~) or PcVe = 2 x VK(~~!)= Lx

usingthe relationK’(~)— ~W’(~)betweenK and ‘P. Consequently,we havethe following.
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Proposition. Stationary solutions (Ve, Pc) of two-dimensionalbarotropic Euler flow with Pc> 0 are
critical points of H + C, + ~f..0a,T,, where ‘P is given in termsof the Bernoulli function K for the
stationarysolutionby

‘P(~)= (JK(t)) a~= ‘P’(We/pc)I(ÔD)i.

Remark D. The secondvariation of Hc(ve,Pc) is computedto be

D2Hc(ve,P~)(aV,~) = J {I&(PV)I2~[E”(Pe) — i!~i2](6p)2 + ~ K’(~)[~(~)]} dx dy, (3.4SV)

where~(pV) : = VebP+ Pc~VandS(w/p) : = (p~bW— We&P)/Pe2.

Expression(3.4SV), suggeststhat conditionsfor stability are Pc > 0 and E”(Pe)Pe> t-1e12 (the latter
meaning that the stationary flow is subsonic),and (1/~e)K’(~c/pe)>0. This is the condition for
linearizedstability, but the nonlineartheory requiresmore stringentconditions. (Thesecondvariation
calculationhasalsorecentlybeendoneby Grinfeld [1984].)

D. Convexityestimates
We have,after a short computation,

H(Vc+ ~v, Pc + Ap) — H(Ve, PeY DH(Ve, Pe) (~v,L~p)

= J {IA(PV)L ~~)+[~(p~+ ~p) E(Pe) ~‘(Pe)~P]}dX dy,

2 p
D

where ~(pV): = (Pc + L~p)(v~+ ~v) — PcVe. Assume r”(r) � c~jn/rfor all r and a constantcmj,. (the
minimumsoundspeed).Thenwe get (CH) with

Qi(~(pv),E~p)= ~J {k~(P1’)I2+ [f~!n_ i~L](~~P)
2}dx dy,

Pmax Pmax Pmin
D

where0< prnin sp ~ Pmax <2~. Note that 01 is a quadraticform in the variables(pv,p) ratherthan
(v,p).

If the Bernoulli function K satisfies

a�~K’(~)=‘P”(C)~
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thenonefinds (CC) with a quadraticform in ~(W/p):

Q2(~(pv),isp) ~apmin J [i~(w/p)]2 dx dy, (CC)

wherez~(WIp) : [We + ~W)/(Pe + Ap)— We/Pc]. Thus,(D) holdsprovided

a >0 and c~jn/pmax>JVeI
2IPmin.

E. A priori estimates
The estimate(E) of section2 holdswhere01 and 02 areas above.

F. Nonlinearstability
If we have

e”(r) � c~,ax/pmjn for all r, ~ � r ~ Pmax

and

then (CH)’ and (CC)’ hold for argumentssimilar to thosegiven in stepD. Thus, with this hypothesis,
and for solutionsin P satisfyingPmin � P ~ Prnax, we haveLiapunovstability in the norm 1112 = 01+ 02

as long as solutionsremain in P. (The existencetheory for solutions to theseequationsis not well
established,exceptfor short-timesolutions— see Courantand Hilbert [1962,Vol. II] — so thereis little
moreonecan expectin the presentcircumstances.)

We summarizeourresultsas follows.

Stability theorem. Stationarysolutions (va,Pc) of the two-dimensionalbarotropic Euler flow which
satisfythe conditions

0< Pmin ~ Pc ~ Pmax ~ (3.4SC1)

(3.4SC2)

c~,jn/pmax� e”(r) � c~,ax/pmjn, (3.4SC3)

whereK is the Bernoulli function for (va,Pc) areconditionally stablein the norm on (pv,p) given by
01 + 02, that is, perturbationsfrom equilibrium area priori boundedin time in the norm determinedby
01+ 02 as long as the solutionssatisfyPmin � P ~ Pmax.

ExampleA. Shearflow. A stationarysolutionof (3.4EM) in the strip {(x, y) E R21 Yi � y � Y
2}, is given
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by theplaneparallelflows with arbitraryvelocity profile ve(x,y) = (u(y),0) andconstantdensityPc = 1.

We can allow x to be unrestrictedin R or to be periodic. In the former case,we requirethat the
perturbationsallowedbe initially squareintegrable.Note that (We/pe)(x, y) = —u’(y). Let c,. denotethe
soundspeedof this stationarysolution. By our earlier analysisthis flow is formally hencelinearized,
stableif andonly if c~—u(y)2>0 and u(y)/u”(y)>O.

The hypothesison the existenceof the Bernoulli function K is in this caseu”(y) ~ 0. In otherwords,
plane parallel flows with constantdensity and velocity profile with no inflection point are formally,
hencelinearly, stable.This is analogousto Rayleigh’s theoremfor the incompressibleproblem.

We turn now to the studyof our a priori estimatesfor thisshearflow. For this, wemustcomputethe
Bernoulli function K from its defining relation (3.4C2) under the hypothesis V(We/Pe)= u”(y )j � 0.

Denote by / the inverse of U; we get K(~)= u[4(~)]2/2+h(1) and thus K’(~)=
—u(~(~))u’(4(fl)/u”(~))= ~u(4(~))/u”(4(~)), so that condition (3.4SC2) becomes 0< a �

u(y)/u”(y)_<A <GoP To get the a priori estimate (E), one imposescondition (3.4SC3), which bounds
e”(r). Condition (3.4SC3),for example, is satisfiedfor an ideal gas with y = 2, i.e., a monatomicgasin
two dimensions.The a priori estimate(E) then results,with Pc = 1 andvelocity profile u(y), satisfying
(3.4SC2)but arbitraryotherwise.

For the Mie—Grüneisenequation of state c(r) = Ar + Bir + C, with constantsA = ap ~/2,B =

E’(Pc) + apc/2, C = e(pe) — PeE’(Pe)— ap~, where the constant a satisfies C~,in/pmax� a � C~axIPm,n,

condition (3.4SC3)is sufficient for the a priori estimatefor the “elastic fluid”, againwith Pc = 1.

Parallelshearflows with oneinflection point taking placeat y = 0 [u”(O)= 0] can alsobe considered,
under the assumptionthat the equilibrium velocity profile is antisymmetricabout the inflection point:
u(—y)= —u(y). For the casein which the ratio u(y)/u”(y) is positive and bounded,as in (3.4SC3),
oneagainobtainsa priori bounds.For example,onemaytake u(y)= arctanhy, ~I < 1.

Compressibleshearflow in theplanecan alsobe stationaryif ve(x, y) = (u(y), 0) andPe(X, y) = f(y),
for arbitrary functions u(y), f(y). In this case,w~(x,y)/p~= u’(y)/f(y) and the assumptionon the
existence of the Bernoulli function K is [u’(y)/f(y)]’ � 0. This flow is formally stable provided
c~(y)—u2(y)>0 and ~~‘K’(~)>0, wherece(y)is the soundspeed.Thus, the stationaryflow mustbe
subsoniceverywhere,andK(~)mustbeincreasingas afunction of ~2/2. The a priori estimate(E) holds,
if r andK satisfy the inequalitiesin the theorem.

ExampleB. Circularflows.To illustrate the effect of barotropiccompressibilityon stability,we consider
circularflow in an annulardomain,so in polar coordinates(r, 0), v,. = OVe(T) where0 is a unit vector in
the azimuthaldirection,andPc = pe(r). Becauseof circular symmetry,thereare additional conserved
quantities:namely, the angularmomentumSD (pv x r). 2 dx dy and moment of inertia SD pr2 dx dy.
Hence,we take

H~=J dx dy[~p~v~2+E(p)+p’P(W/p)+~Qpv X r~i+~2pr2+Q]+ v~d�,

D (3D)~

where11 = constantand (3D), are circularly symmetric.This can be rewritten as

H~=J dxdy[~plñ~2+E(p)+p’P((~+fl)/p)]+ J ñ•d~
D (aD)~
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whereV = V + lflr x z is the fluid velocity relativeto a framerotating with angularvelocity 11/2, and
= 2 curl ñ — 11. Since H~in thesevariablesretains its previousform, the stability condition

‘P”(We/Pe)> 0 can bewritten as either

where ~e = r_id(rie)/dr, or, equivalently, using the equilibrium condition dpe/dr= pc5e(i3e + 11r)/rc~
wherec~ peh’(pe), as

(~+ 12)— (ñ~+ flr)(o5e + Q)z3e/rc~]> 0 (3.4BSC)

for stability.* Thus,compressibilitycan be either stabilizingor not, dependingon the relativesignsand
magnitudesof ü~/r,Z~,and11, and the magnitudeof c~.In the limit that c;2 tendsto zero, the second
term in the denominatorvanishesin (3.4BSC) and it becomesthe counterpart for circular in-
compressibleflow of Rayleigh’sinflection point criterion. Of course,this incompressiblecasecould also
be donedirectly in the contextof section3.3.

For rigidly rotating flows, 5e = t~rI2,(~e= const,andcondition (3.4BSC)becomes

(211+ C~ie)(t~e+ 12) <0

for stability, which is satisfied when ~eQ<0 and 21121>jtz5el>1111,independentlyof the domain
considered.For 12 = 0, homogeneousflows with ve(r) = vo(r/r

0)~ for constantsn, v0, r0, and v~/c~=

dlogpjd log r = m
2= const,are stableaccordingto (3.4BSC)for either n > 1 + m2, or n <—1, also

independentlyof the domain.
Remark.The barotropicequationsin a rotating frameare

3i5/3t= —(t5. V)i5 — Vh(p)+111 xL, 3p/0t= —div pt~,

which imply

(3/at+ j~.V)[(~ + Il)/p] = 0,

and their correspondingstability criteria discussedhere havecertainmeteorologicalapplicationsand
also apply to large-scaletopographicalplanetarywaves in the oceanwhen h (p) = gp 2/2 and p is
identified with theheightof a watersurfaceovera flat bottom(see,e.g.,LeBlondandMysak[1978]).In
the absenceof circular symmetry, the nonlinearstability analysis for the barotropicequationsin a
rotatingframeis an obviousmodificationof what is presentedearlier in this sectionfor the casewithout
rotation.

* For the homogeneouscase,nonlinearstability of circular, elliptical and annularpatchesof vorticity is studiedtheoreticallyby Wan [1984],

Wan and Pulvirente[19841andTang [19841,andnumericallyby Dntschel [19841.
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Part I. Two-Dimensional Fluid Systems

The examplespresentedin the introductory sectionsincluded two-dimensionalincompressibleand
compressibleflow. In this first part we study quasigeostrophicflow, planarMHD, andplanarmultifluid
plasmas.The secondpart will deal with analogousthree-dimensionalproblems.

Theexamplespresentedcan be readindependently.Becauseof the differentnatureof the Casimirs
for differentproblems,approximateequationsandtwo-dimensionalequationsarenot necessarilymore
tractablethanmoreexactequationsor three-dimensionalones.

4. Multilayer quasigeostrophicflow

In this section we shall apply Arnold’s methodto the study of a widely usedmodel in physical
oceanographyand astrophysics:multilayer quasigeostrophicflow. This a straightforwardextensionof
the examplesin sections3.3 and 3.4. (See especiallythe discussionin example B of section 3.4 of
planetarytopographicwavesat the end of section3). This typeof example has beenof considerable
interestin the literature (seefor example,Dikii [1965a,b],Blumen [1968],Pierini and Vulpiani [1981],
Benzi et al. [1982]andAndrews[1983]).However,the stability analysesof stationaryflows so far have
only beenfor formal stability. Here we complete the proofs by providing convexity estimates.This
sectionalso providesa transitionbetweenthe easierexamplesin section3 and the morecomplicated
caseof planarMHD consideredin the ensuingtwo sections.

A. Equationsof motionandHamiltonian
Considera stratified fluid of N superimposedlayers of constantdensitiesPi < . <PN, the layers

being stackedaccordingto increasingdensity, such that the density of the upper layer is Pi. The
quasigeostrophicapproximationassumesthat the velocity field is constantin the vertical direction and
that in the horizontaldirection the motion obeys a systemof coupled incompressibleshallow water
equations.We shall denoteby v, = (— 3ifr1/3y, 3t/i,/3x) the velocity field of the ith layer, where~ is its
streamfunction. Let

Wt~V2~+aI~TiI~j+fi, i1,...,N (4A1)

be the generalizedvorticity of the ith layer,where

a, = f~/g[(p~+i— p,)/po]D,, i = 1, . . . , N

f1=fo+$y, i=1,...,N—1

fN—fO+f3y+fod(y)/DN,

fo=2Qsinq5o, f3=(2llcosq5o)/R,

and
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—1 10

1-21
, i,j=1,...,N.

1—2 1o
01—1

The Nx N tensorT,,, is the second-orderdifference operator: T,1cli1 = (t/i,..~— ~)—(t/i~— ~ g is the
gravitationalacceleration,Po= (1/N)(pi+ + PN) is the meandensity,D1 is themeanthicknessof the
i-th layer,R is the Earth’s radius,12 is the Earth’s angularvelocity, tj~ is the referencelatitude,and
d(y) is the shapeof the bottom.With thesenotations,the motion of the multilayeredfluid is given by
(seePedlosky[1979]):

aw1/8t+{tii~,w~}~~0,i1,...,N (4EM)

where { , }~denotesthe usual xy-Poissonbracket in R
2. The boundaryconditions in a compact

domainD with smoothboundary

U(3D)
1

are lfrj(SD), = constant,whereasin R
2 theyare

lim V~=0.
(x, y)-.±oo

The space P consistsof N-tuples (Wi,. . . , W~) of real-valued functions on D (the “generalized
vorticities”) with the aboveboundaryconditionsandcertainsmoothnesspropertiesthat guaranteethat
solutionsare at leastof classC1.

The Hamiltonianfor (4EM) is the total energy

(4H)
i=i

D

with çl~determinedfrom w, by the elliptic equation(4A1) with the boundaryconditions discussed
above.

RemarkA. The eqs. (4EM) areHamiltonianwith respectto the Lie—Poissonbracketon the dualof
~ ~(D) given by

dxdy, (4PB)
1=1 ~Wi ~Wt

D
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if D is simply connected.If D is not simply connected,onecan proceedas in example3.3, considering
v, asthebasicdynamicvariablesand~F/~w1is interpretedwith care(MarsdenandWeinstein[1983],Lewis
et al. [1985]).

B. Constants of motion
It is easy to see that the material time derivative of W(t, x, y) along the flow of (4EM) is zero.

Consequently,for everyfunction 45,: R —* R the functional

C~(Wi)=-’_J ‘P,(W1)dxdy (4C1)

is a conservedquantity for the system(4EM), provided the integralsexist. (The constanta, is inserted
for laterconvenience).By Kelvin’s circulation theorem,thefollowing integralsareconserved

Vifr,~nds, (4C2)

(SD)1

wheren is the outward unit normal.
RemarkB. As in example 3.3, the functionals C1 and 17,, are preservedby the push-forwardof

functionsby area-preservingdiffeomorphisms.Thus C1 and F,, are Casimirs.

C. First variation
Stationarysolutionswill be soughtas conditionalextremaof the energyH at fixed C: = ~ C and

F~by meansof a constrainedvariationalprinciple.LetH~:= H+ C+ ~,, A1,I’1, whereall the ‘P~andA11
will eventually be chosen such that the first variation DH~vanishes at a stationary solution
we: = (W~, . . ., W~). After integrationby parts, onefinds

DH(w~)&w J [~ -~-V~b7~V~t/~+ (ti’~- ±i)(ati~- ~÷~) + ~ -~-‘P~(W~Wj]dxdy
,=~ a, ,=~ i=1 a,

D

V~ii/i,~nds

(3D)j

= J [~ iV2~(’P(W~) - c~)+ ~ (~V~- ~ti’~±1)(ti~- ‘P~(W~)- cfr~÷i+ ‘P~÷i(W~+i))] dx dy
l=i

D

+ ~ [&~aD)i — A11 V~ n ds]. (4FV)

(3D)1
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In thesecalculations,we usetherelationsbetweenw• and~, theform of thematrix T~,andthe fact that
~ is constanton each (3D)1.

The equilibrium solutionsof (4EM) satisfy

{ti’~,w~}= 0, i = 1, . . . , N, (4S1)

i.e. Vtfr~ andVw~arecollinear. Sufficient conditionsfor thisto happenarethe functional relationships

= ~P,(u)~), i = 1, . . . , N, (4S2)

for somereal-valuedfunctions~P.(Notethat thisis possiblesinceW~is constanton theboundary(3D),.)
From(4FV) and (4S2) it follows that at a stationarysolution ~ DHc(t/icc) = 0 if andonly if fr~‘P(W~),

= 1,. . . , N and hence‘P~= W~,i = 1,. . . , N. We haveproved the following.

Proposition.A stationarysolutionof (4EM) is a critical point of H~= H + C+ ~ A1J’11 where

C=~C1, Ci=(1/al)J’Pt(Wi)dxdy, ~ i=1,...,N, Aj1=tii~I(3D)1/at.

RemarkD. Formal stability. Thesecondderivativeof H~at We equals

D
2H(w~)(6w)2 = J [~ -~-(~~ 2 + ‘P~(W7)(8W1)2) + ~ (~- ~)2] dx dy. (4SV)

11 a
1 1=1

D

Thus,if ‘P”(W~)= ~I’~(W~)> 0, the secondderivativeis positivefor anyperturbation~iW1.This provesthe
following result of Pierini and Vulpiani [1981]:Thestationarysolutionsof (EM) are formally stable, if
~P~)>0, for all i = 1,. . . , N. Similar resultsfor specialclassesof flows can be found in Blumen [1968]
and Andrews [1983]. In particular, the conditions !P~(~)> 0 for all i = 1, . . . , N imply linearized
stability.

D. Convexityestimates
Since H is quadratic,condition (CH) from section2 is trivially satisfiedwith Q~= H For (CC) we

require

Q2(~w)~~ J ‘P~(w~+ ~W~)— ‘P~(4)—‘P~(W~)aW]dx dy.

Thisholds with

Q2(i~W) = ~c2~ J (~~)2dx dy, wherec2 is a constant,provided c2� ‘P~(C) for all ~
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Condition (D) requires

J ~
i=i a, i=i j=i

D

for all ~ ~ 0. If c2> 0 this condition is satisfied.This meansthat for all i = 1,. . . , N and ~ we have

‘P~(~)�c2>0,i.e., ~P(fl�c2>0.

From ç17 = V~(w7),it follows that Vçli
7 = !P~(w7)VW7so that

~I1(W7)= VçIJ~/VW7.

Thus condition(D) holdsif

Vçfr7/VW7�c
2>0

for alli= 1, .. . , N.

E. A priori estimate
Let W,0= WjI,o, ~/~,O= ~ i~, = W1— w7, and ~ = ~/i~ — ~i7. Then for ~P(~)� c2>0 we have

the following estimate:

~J ~

j~i a ~ a,
D

�~ J [~ ~I V~frj,oI
2+~ (j,o ~fri+i,o)2] dx dy

i=1 a,
D

+ J ~ i[’PI(0)7+~WIo) ‘P~(W7)-‘P~(w7)~W
1,o]dxdy. (4E)

i~,1a,
D

F. Nonlinearstability
Forc2>Oweset

II V~
2= J [~ -~-I VL~~ 2 + ~ (~~ - ~ti~±i)2 + C2 (~o~)2] dx dy. (4N)

i=i a
1 i=i j~1a1

D

Then (CH)’ and(CC)’ holdprovided
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~)� C2<+co

for all ~.Thenwe get the following.

Stability theorem. Assumethat

Go>C2�W~(~)�C2>0,i—l,...,N,

for all values of ~‘. Then the stationarysolution ‘fre of (EM) is Liapunov stable(as long as solutions
remainCi).

Example.Shearflow in a two-layersystem.ConsiderN = 2 in (4EM) andthe steadysolution

ti’7= LT,y, i= 1,2, whereU,>Oisaconstant,

studiedby Pierini andVulpiani [1981]with periodic boundaryconditionsin a finite x andy interval. The

derivatives~ ç1r areeasilyseento equal

çit~Ui/[ai(U2— U1)+/3], ~ U2/[a2(U1— U2)+/3+fod’(y)/D2].

Hence,the hypothesesof the stability theoremaresatisfiedandthe two-layer flow is stableif

U2—U1>—f3/a1,

and the shapeof the bottomis such that

— U2)+/3+fod’(y)/D2>c2 >0,

for someconstants C2andc2 >0.

The casewhen both U1, U2<0 can be treatedsimilarly, by passing to a moving referenceframe
x= x’+ kt, y = y’, t= t; fork> — U1, —U2.

Remark.The same considerationsapply for the Liapunov stability of a uniform one-layerquasi-
geostrophicmotion consideredby Benzi et al. [1982].The rigorous convexity argumentalters their
sufficient conditionby placinga positivelower boundon the derivativeof ~‘. With this modification,the
applicationsgiven in the aforementionedpaperhaveobviouschanges.

5. Planar MHD with B in the plane

In the barotropic (resp. incompressible)magnetohydrodynamics(MHD) approximation, plasma
motion in threedimensionsis governedby the following systemof equations:
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3p dv 3B
—=—div(pv), p-~j--=—Vp+JxB, —=—curlE, and divB=0, (3dMHD)

where

p=p(p) [resp.divv=0], J=curlB and E= —vXB.

In the barotropiccase, the pressurep is a given function of the mass density p: p = p(p). In the
incompressiblecasep is determined,as usual,by the condition div v = 0. In (3dMHD), E is the electric
field, v the fluid velocity, B the magneticfield, J the electric currentdensity,d/dt: = 3/3t+ v~V is the
materialderivative, andthe equationsarewritten in rationalizedGaussianunits. The conditionsunder
which theseequationsare an appropriatephysical model are discussedby Bernsteinet al. [1958]and
Freidberg[1982].Theboundaryconditionswe assumearethoseof a fixed, ideallyconductinginterface;
i.e. the velocity v, andmagneticfield B, aretangentialto the boundary.

In this sectionwe considertwo-dimensionalincompressibleand barotropicMHD taking place in a
domain D in the xy planewith B parallel to the plane. We shall beginwith the incompressiblecase.
This case is of interest since it correspondsto the equationsof reducedmagnetohydrodynamics
(RMHD) in the low /3 limit and with a helical symmetry imposed. In particular, we determinethe
stability of Alfvén solutionsand Grad—Shafranovequilibria.

5.1. Homogeneousincompressiblecase
Someof the key featuresof this examplearediscussedin the context of RMHD in Ha.zeltineet al.

[1984].Stability analysesfor the morecomplexmodelsoccurring in HazeltineandMorrison [1983]are
found in Hazeltine,HoIm andMorrison [1984].

A. Equationsofmotionand Hamiltonian
We shall assumethat the domain D containingthe fluid hasa smoothboundaryand lies in the xy

plane.Sincethe Eulerianvelocity field v andmagneticfield B arein the xy planeandsatisfydiv(B) = 0,
B n = 0, div(v) = 0 and v • n = 0 (n is the unit outwardnormal to 3D), thereexist functionsA and cli
on D (the scalarmagneticpotential andstreamfunction) such that B = curl(A2), v= curl(cli2) andA
andcli areconstanton connectedcomponentsof 3D. Thus,the currenthasthe expression

J = 2 .(Vx B)= —V2A.

To simplify matters, we shall assumethat D is simply connected,so we can takeA andcl’ zeroon 3D.
Theequationsof motion (3dMHD) become

0) = {cl’~W}~~+{J, ~ A= {~,~ (5.1EM)

where{ , }~is the canonicalPoissonbracketin the xy plane.The spaceP consistsof pairs of functions

(0), A) on D with appropriatesmoothnessproperties.The total energy

J (1V12+ B12) dx dy
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has the expression

H(W, A) = ~ J [w(—V
2)~W + A(—V2)A] dx dy, (5.1H)

andrepresentsthe conservedHamiltonian for the eqs. (5.1EM).
The eqs.(5.1EM)coincidewith the RMHD equationsin the low /3 limit with a helical symmetry;see,

for example,MorrisonandHazeltine[1984].
RemarkA. Poisson bracket. The eqs. (5.1EM) are Hamiltonian with respect to the following

semidirectproductLie—Poissonbracket

c r iSF 5G iiSF SG rSG 5F ‘~i
{F, G} = J [~1—’ —~ + A(~,

1—,—J — j~—,—J )j dx dy; (5.1PB)
.1 50) SW xy S~SA ~ S~SA ~
D

the functional derivativesSF/SW andSF/SA mustbe interpretedcarefully asin MarsdenandWeinstein
[1983]andLewiset al. [1985].TheverificationthatF = {F, H} for anyF with { , } given in (5.1PB)usesthe
following integrationby partsformula:

J{fg}hdxdy=Jf{g,h}dxdy+~ fhXgnds,

whereX~= Vg x i is the divergencelessvectorfield with streamfunction g. The Poissonbracket (5.1PB)

coincideswith theLie—Poissonbracketon thedualof thesemidirectproductLie algebraof the Lie group
Diff~01(D)® .~(D).The Poisson bracket (5.1PB) is obtainedfrom canonicalbracketsin Lagrangian
coordinatesunderreductionandan assumptionof helical symmetry(seeMarsdenandMorrison [1984]).

B. Constantsofthe motion
For arbitraryreal valued functions‘P and !P of onevariable, the functional

C,,~(W, A)= J (w’P(A)+ ~P(A))dx dy

is preservedby the equationsof motion.
RemarkB. These functions are Casimirs for the Poissonbracket (5.1PB). This may be checked

either by direct verification, or by checking that C,, ~ is invariant under the coadjoint action of
Diff~01(D)® .~3~(D):

(~,f). (0), A) = (~w + {,~A, f}, j A).
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C. First variation
The derivativeof Hc: = H + C, ~ at an equilibrium (We, Ac) is given by

DH~(~e,Ae)(S~,SA) = JJ[4~e + ‘P(Ae)]8~+ Jf [Je+ We’P’(Ae) + ~P’(Ae)] SA

where~/‘c= (V
2Y~We andJc = V2Ae. Thus (We,A~)is a critical point when

~11c+ ‘P(Ae) = 0, (5.1FV)
1

and

Je+ We’P’(Ae) + ‘P’(Ae) = 0. (5.1FV)2

From the secondequationof (5.1EM), it follows that V~fr~and VA~are collinear in the plane. A
sufficient conditionfor this to hold is the functional relationshipcl’~= cli(Ae) which, in turn, determines
‘P = —cl’ from (5.1FV)1.From the first equation of (5.1EM) we have

{çl’~,We}xy + {Je, ~ = 0

so using (5.1FV),we get

{We’P’(Ae), ~ + {J~,Ac}xy = 0

so the vectors V(Je + w~’P’(A~))and VA,, must be collinear in the plane. A sufficient conditionfor this

collinearity is the functionalrelationship
Je+We’P’(Ae) G(Ae) (5.1G)

for somefunction G; thus ‘P is determinedby (5.1FV)2and(5.1G) to be

‘P(a)= —J G(s)ds.

Proposition.Stationarysolutions (We, Ac) of the planarhomogeneousincompressibleMHD equations
with B in the planein a simply connecteddomainD satisfyingthe functionalrelationships

‘frc = Ac), Je — We~fr’(Ae)= G(Ae)

for somereal valuedfunctionsof a realvariable~ and G, arecritical pointsof H + C,,~,, where

‘P = —~ and ‘P(a) = — J G(s)ds.

(Conversely,if (cli,,, A,,) is a critical point of H + C,,~,, then it is an equilibrium solutionof 5.1EM).
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Remarks:
(i) For any l/’e, the choiceA,,= cl/i,, gives an equilibrium solution; theseare Alfvén solutions (see

Chandrasekhar[1961,§113]). Here ‘P(a) = —a/c. From (5.1EV)2 we see ‘P’(a) = 0, so ‘P is constant.
(ii) If ‘fre = 0 (so ‘P = 0) thenwe havea staticequilibrium and (5.1G) reducesto

Jc G(Ae)

for a function G. Theseare Grad—Shafranovequilibria (cf. Chandrasekhar[1961,§115]).
(iii) A particularsolutionof Je = G(A~), V

2Ae = Je, is given by the Kelvin—Stuartcat’s eye formula

Je = —[a coshy+ \/a2_ 1 cosx]2

(see example 3.3). Using a Poincaré-typeinequality, 5 VSA~2dx dy � kmjnSISAl2dx dy, one gets a
stability estimatesimilar to the analysisof the cat’seyesolution in fluid mechanicsif a <1.175. . . (Holm,
MarsdenandRatiu[1984]).We notethatthemagneticfield linesin thiscasearesuchthattheyareconfining
for theplasma.In theliterature(FinnandKaw [1977],PritchettandWu[1979],andBondeson[1983])these
magneticislandsolutionsareshownto beunstable;thiscanhappenonlyif oneallowsarbitrarydistrubances
in they direction— transverseto theeyes.Our approachgivesstability sinceourdisturbancesareconfined
to a finite extentin that direction.

RemarkD. Formal stability. As a preludeto the convexity estimates,we determineconditions
underwhich the secondvariation of H~= H + C,,q~is definite. Integratingby parts,usingtheboundary
conditionsl/i13D = 0, AI3D 0, regrouping,andusing i/i,, = —‘P(A,,), we get

D2Hc(W~,A,,).(Sw, SA)2 J [5W(V2)~5W + SA(V2)SA+ 2’P’(Ac)SW SA

+ (We’P”(Ae) + ‘P”(Ae))(SA)2] dx dy

= J [j V5l/J — V(’P’(Ac)SA)I2+ (1 — ‘P’(Ae)2)I VSAI2+ (~c’P”(Ae)

+ ‘P”(A,,) + ‘P’(Ae)V2’P’(Ac))(SA)2] dx dy.

Thus,sufficient conditionsfor formal stability are

(i) ‘P’(A,,)J � 1

(ii) We’P”(Ae) + ‘P”(Ac) + ‘P’(Ae)V2’P’(Ae) � 0,

where ‘P and ‘P are determinedin the proposition. Notice that from ç/’e = ~P(A~), we get Vl/Ie =

‘P1(Ae)VAe andso Vc ‘P’(Ae)Bc. Thus,condition(i) maybe phrased:V~and B,, are collinear with
JJVeil � IiBeli. Likewise, (ii) says VJ,, and VA,, are parallelwith VJ,, a negativemultiple of VA,,; in other
words, (ii) saysthat VJ,, and Be if not zero,form an orthogonalbasis in the xy plane with the same
orientationas the x and y axis; i.e. VJ,, andBe form a right-handedsystem(VJ,, beingzero is allowed).
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D. Convexityestimates
SinceH is quadratic,we chooseO~ H Next, consider

= C, ~(&e+ ~0), A,, + ~A) — C, ~(We, Ac) — DC, ~(We, Ae)(AW,L~A)

= J {(We + AW)’P(Ae + L~A)+ ‘P(A,, + z~A)— We’P(Ae)— ‘P(Ae) — ‘P(Ae)IXW — ~e’P’(Ae)~A

— ‘P’(A~)i~A}dx dy

= J {We(’P(Ae~AY ‘P(Ae) ‘P’(A~)~A)+z~W(’P(A,,+~A)—‘P(Ae))

+ ‘P(Ae + L~A)— ‘P(Ae) — ‘P’(A,,)~A}dxdy.

Supposethat

‘P’(a)�q, 2’P”(a)�r,

and

2’P”(a)�s, i.e., G’(a)~—s/2

for constantsq, r and s. Then

2~� JJ[rW~(i~A)2+ qI~W~A+ s(~A)2]dx dy: = Q

2(z~W,E~A).

Now we consider01 + 02:

(Q~+ Q2)(z~W,z~A)= J {(~w)(—V
2)~(~w)+ (~A)(—V2)(~A)}dx dy

+ J {(rw~+ s)(z~A)2 + qz~Wz~A}dx dy

= J JV(~çb)-qV(~A)I2dx dy + J (1 q2)IV(~A)l2dx dy

+ J (rw~+ s)(~A)2dx dy.
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This is positive if:

(a) q~�1.

and

(b) rW~+s�0,

andis definite if at leastoneinequality is strict.
The two specialcasesof Alfvén solutionsand Grad—Shafranovequilibria deservespecialnote:
(i) If ‘P is constantand‘P is linear (‘P(a) = —a/c), then r = s = 0 and q = —1/c. In this case,

c=J ~W.(——)(z~A)dxdy,

andso

01+ ~= J [(i~w)(—V
2)’(~W)+ ~A(—V2)~A — ~W~A] dx dy

=1 {~~

which is conserved.Thus,onehasLiapunovstability in the abovenorm if c> 1. If c = 1 this quadratic
form simplifies to

o
1+~’=JV~—Vz~AI

2dxdy

which is a “degenerate”norm (a semi-norm).In this caseone hasan a priori boundon the difference
— AA (i.e. l/i must remaincloseto A) but of the perturbationseachmaygrow.

(ii) In the Grad—Shafranov case, ‘P = 0 so we take q = r = 0 and the condition (b) abovebecomes
s > 0, i.e., .Je is a decreasingfunction of A~.

E. A priori estimates
If we set

j(i~W,~A)ll2= (Q~+ Q2)(~W,~A)

and(a) and (b) abovehold, then estimate(E) from section2 gives

ll(~W,~A)ll2� H~(w~+ ~W!:o, A~+ ~Al,.~
0)— Hc(W,,, Ac).



44 Darryl D. HoIm et al. Nonlinear stability of fluid and plasma equilibria

F. Nonlinearstability
Sufficientconditionsfor stability in the norm areobtainedby bounding01+ C above,in addition

to (a) and(b). Onegets:

q ~ ‘P’(a)� 0, r�2’P”(a)�R, s s2’P”(a)� S,

where

qI<1 and rwe+s>0

(if one inequalitybecomesan equality, then one usesthe earlier argumentsspecial to the Alfvén and
Grad—Shafranovcases).

Remark.Theaboveanalysisdoesnot reduceto the Arnold casein thesensethat an equilibriumof H~
for the 2dMHD equations(5.1EM)with A,, = 0 doesnot give thesamestability conditionsasin example
3 in section3. The reasonis that the Casimirsfor the two problemsareratherdifferent. In particular,a
2dMHD equilibrium of H~is static,and the functional relationsassumedabovebecometrivial in the
caseA,, = 0.

We summarizeour findings:

Stability theorem. Let (0)e,A,,) be an equilibrium solutionof (5.1EM). Assumethat

= ‘P(A~), Je + We’P’(Ae) = G(A~),

for functions‘P and G. Moreover,assume‘P and G satisfy

—Go<q�’P’(a)~Q<Go, —Go<r5~2’P”(a)~R<Go, —Go<5<—2G’(a)~S<Go,

for all a, whereq, r, s, Q, R, S areconstantssatisfying

qJ<1 and rWe+s>0.

Then (We, Ac) is (nonlinearly)stablerelativeto the norm

ll~cl’~i~A)ll2= ~JIV(~cl,)-qV(~A)l2dx dy + J (1- q2)j Vz~A)!2 dx dy + J (rw~+ s)lz~Al2dx dy

as long as solutionsexist and are C1.
The Alfvén solutions,with l/’e = Ac and G = 0, arestableas a family,* relativeto the semi-norm

ll(~cl’,z~A)Il2= J I V(~çli — i~A)l2dx dy.

Grad-Shafranovsolutions,with ‘P = 0 and Je = G(A,,) which satisfy

* That is, with stability definedin terms of neighborhoodsof setsof equilibriumsolutions,ratherthan individual equilibria.
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0<s�—2G’(a)sS<oc

arestablerelativeto the norm

ll(~cl’~~A)ll2= ~J (I V(~l/i)J2+ I V(z~A)j2+ sIz~Al2) dx dy.

Finally, we remark that the global existenceof smoothsolutionsis not known (to us) for the system
(5.1EM),so the stability hasto be conditional:it is valid for timesas long as smooth(C1) solutionsexist.

5.2. Compressiblecase

A. Equationsofmotionand Hamiltonian
Just as in incompressibleplanarMHD with B in the xy plane, the relations

VB=O, B~2=0, and Bn=0

in asimply connecteddomainD CR2imply the existenceof a function A such that

B=curl(A2)= VAxI, and AI0D=0.

As in section5.1., let the currentbe given by

J:=2curlB= —V2A.

The compressibleMHD equationsfor this situationare, with w = 2 curl v,

p=—divpv, v= —WZXV— V(~lvp2+h(p))+J_VA, A—v VA, (5.2EM)

where h(p) is specific enthalpy,obeying h’(p) = p1p’(p) wherep(p), the pressure,is a function of
densityp. The spaceP consistsof triplets (v,p, A), lying in appropriatefunction spaces,andsufficiently
smoothin the domain D C R2. The conservedHamiltonianis

H = J (~plvl2+e(p)+~lVAl2)dx dy, (5.2H)

wheres(p) is the internalenergydensity,satisfyinge’(p)— h(p).
RemarkA. The equationsof motion (5.2EM) are Hamiltonian with respect to the Lie—Poisson

bracketon the dualof the semidirectproductLie algebra~1’(D)®(~(D) x A2(D)), wherethe action of
the vectorfields~(D) on the functions~(D) andtwo-formsA 2(D) is by minus the Lie derivative.The
dual spacesof ~(D) and ~(D) are identified with themselvesby the L2-pairing,whereasthe dual of
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A2(D) consists of functions on D. The dynamic variables in (~(D)®(~(D)XA2(D))* =

x ~(D) are(M = pv,p,A), with M = pv the Eulerianmomentumdensityof the fluid. With these
notations,the Poissonbracketof two functionalsF and G of (M, p, A) is given by

{F, G}(M,p,A)~rJ{M[(~. v)~_(~.~

rSG / SF\ SF / SG\ SF . SG SG . SFi~+AI—.I V—i——•i V—I+—--div-————div—I~dxdy. (5.2PB)
LSM \ SAl SM \ SAl SA SM SA SMiJ

This bracketis relatedto the MHD bracketin Morrison and Greene[1980],is derivedfrom Clebsch
variablesin Holm andKupershmidt[1983],andis obtainedfrom a canonicalbracketvia the Lagrangian
to Eulerian map in Holm, Kupershmidtand Levermore [1983],Marsdenet al. [1983],and Marsden,
Ratiu andWeinstein[1984a,b].
B. Constantsof motion

Applying the operatorI . curl to the motion equations(5.2EM) andusingthe identity

div(gI x Vf)= (Vfx Vg).2 = —div(fI x Vg) (5.2V1)

for anyfunctionsf, g dependingonly on x andy we get the vorticity equation

th = —div(wv — Al X V(J/p)). (5.2w)

Considerthe quantity

C~~(v,p, A) = J [w’P(A)+ p’P(A)] dx dy (5.2C)

for arbitrary smoothreal valuedfunctionsof a real variable ‘P and ‘P. Taking into account(5.2w) and
the first andthird equationsin (5.2EM), the time derivativeof (5.2C) equals

C,,~(v,p, A) = -J div[(’P(A)w + ‘P(A)p)v] dx dy + J div(AI x V(J/p))‘P(A) dx dy

(‘P(A)w+’P(A)p)vn ds+~~cP(A)(VAXI)nds

upon applying the identity (5.2V1). Both terms vanish provided v n = 0 and B n = 0, whereB =

VAx 1. S
0 ~ .~,is conserved.
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RemarkB. The coadjointactionof the semidirectproductDiff(D) ® (~(D)x A2(D)) on the dualof
its Lie algebrais givenby

(mf,a dx A dy)(M, p, A) ((po~)J~*v + aV(Ao~1)—(po~)JVf,(po,~) f,Ao~),

whereJ is theJacobianof ~ andM = pv. A straightforwardcomputationshowsthat if v • n = B n = 0,
the quantity C,,~is invariant under the coadjoint action and consequentlyit is a Casimir for the
Poissonbracket(5.2PB).

C. First variation
The stationarysolutions(Ve, p,,,Ac) of (5.2EM) and (5.2w) obey

divpeve= 0, (5.2S1)

_weZ X v~—V(~Jv~I2+h(pe))+ (ic/pc)VAe= 0, (5.2S2)

Ve VAeO, (5.2S3)

div(wcve— Ad )( V(Je/pe)) = 0. (5.2S4)

Taking the scalarproductof Ve with (5.2S2) and using(5.2S3)gives

Ve V(~IVeI2+h(pe))0, (5.2B1)

so that the gradientvectors V(~jv,,I2+h(p~))and VA~are collinear in the plane.A sufficient condition
for this collinearity is the functional relationship

~Iv~I2+ h(pe) = K(A~), (5.2B2)

for afunction K, calledthe Bernoullifunction. Taking thecrossproductof the unit vectori with (5.2S2),
applying (5.2B2)andassumingthat w~� 0, weget

Ve = ~ (~— K’(Ae))Be~ (5.2B3)
we p,,

whereBe = VAc x I. Thus for stationarysolutions,the magneticfield Be is collinearwith the velocity v,,
in the xy plane with coefficient given in (5.2B3). Equation (5.2B3) agreeswith (5.2S4) and together
with (5.2S1) implies that Bc~V[(Je — pcK’(Ac))/W,,] = 0. Thus by (5.2S3) and (5.2B3) the vectors VAe
and

V[(pc/W,,)(K’(A,,) — J,,/p,,)]

arecollinear in the plane.A sufficient conditionfor this to hold is the functionalrelationship

(Pe/We)[K’(Ae) — fe/pc] = L(A,,). (5.2IL)
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This relation is analogousto Long’s equation in stratified fluid flow (seeDrazin and Reid [1981]and
Abarbanelet al. [1985]).

Let Hc(v, p, A): = H(v, p, A) + C,, ,~(v,p, A) + A fD~dx dy. The first variation vanishesat an
equilibrium (v,,, p,,, A,,) whenthe functions ‘P, ‘P and the constantA satisfy certainconditions, to be
determinednow. Integratingby partsgives

DH~(Ve,Pc, Ae) (Sv,Sp,SA)= J dx dy {[peve Sv+ ‘P(Ae)8~]+ [~IVel
2+ h(pe)+ ‘P(A~)]Sp

+ [fe + ~e’P’(Ae)+ pe’P’(A,,)]SA}+ A J Swdx dy

= J dx dy{[peve + ‘P’(Ae)Be] . St’ + [~lv,,l~+ h(pe)+ ‘P(A,,)]Sp

±[Je±~e’P’(Ae)+pe’P’(Ae)]5A}+ ~ SAVAefl ds

+‘P(Ae)IaD~ Sv-de+A

Using AeI3D = 0, the first derivativeof H~will vanishat the stationarysolution,provided

Pe~~e+ ‘P’(Ae)Be = 0, (5.2FV1)

~lV,,I2+h(pe)+ ‘P(A,,) 0, (5.2FV2)

ic + ~e’P’(Ae) + pe’P’(Ae) = 0, (5.2FV3)

A + ‘P(Ae)IaD = A + ‘P(0) 0. (5.2FV4)

Relation (5.2FV4)determinesA once‘P is known.From (5.2B2) and(5.2FV2),it follows that

‘P(Ae) = K(Ae). (5.2FV5)

Substituting(5.2B3) in (5.2FV1)andtaking into account(5.2L) yields for Be � 0

‘P’(A,,) = L(Ae), (5.2FV6)

which in turn, togetherwith (5.2FV5) and(5.2L) makes(5.2FV3) into an identity. We haveproved the
following.
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Proposition.Stationarysolutions (Ve,Pc, A~)of the planarbarotropic MHD equationswith B in the
plane and A,,I3D = 0 satisfying w,, � 0, B,, � 0 are critical points of H(v, p, A) + C,,,p(v, p, A)+

A ID~dx dy, provided

‘P(s)=—K(s), cP(s)=JL(u)du, A=-cP(0),

where K and L are the Bernoulli and Long functions respectively,given by (5.2B2) and (5.2L).
Conversely,a critical point of H~is a stationarysolution.

Remarks:
(i) Equation (5.2FV3)can alsobe written as

Je+
0)eL(Ae) = peK’(Ae). (5.2FV7)

Suppose that L(Ae) = c = constant, c � 0. Then by (5.2FV1) and (5.2FV6), Pe~’e= CBe, Je =

(Pe0)e+ 1 VPe X Ve)/C andby (5.2FV7) we have

(1_~)We+~K’(Ae)+~I~VeX Vpe=0. (5.2FV8)

If in addition Pc = c
2, this class of solutions reducesto the Alfvén or equipartition solution (see

Chandrasekhar[1961,§113]).
(ii) Supposethat L(A,,)= 0, then by (5.2FV1) and(5.2FV6), Ve = 0, i.e. we havea staticequilibrium.

Relation(5.2FV7) then reducesto

.1,, = peK’(Ae), (5.2G)

which is the compressibleGrad—Shafranovequation.

RemarkD. Secondvariation. After integratingby partsandusingthe boundarycondition SA!3D=

0, we find that the second variation of H~ at a stationary solution (v,,, Pc, Ac) is given by
S2H~: = D2Hc(v~,p,,, A,,)~(Sv,Sp,SA)2

= J [p~jSvJ2+ 2Ve SvSp+ E”(Pe)(Sp)2+ I VSAJ2 + 2’P’(Ae) SpSA

+ (We’P”(Ae) + pe’P”(Ae))(SA)2+ 2(1 X Sv) (V’P’(A,,))SA + 2’P’(Ae)(I x Sv).VSA] dx dy.

(5.25V)

Taking as variablesthe two componentsof Sv, Sp,SA andthe two componentsof VSA, the quadratic
form underthe integral sign hasthe 6x 6 matrix
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Pc 0 v~ 3y’P’(Ae) 0 ‘P’(A~)

0 Pc V~ a~’P’(A~) ‘P’(Ae) 0

Ve
1 Ve2 E”(Pe) ‘P’(Ae) 0 0

3y’P’(Ae) 3x’P’(Ae) ‘P’(Ae) a 0 0

0 —‘P’(A~) 0 0 1 0

‘P’(Ae) 0 0 0 0 1

wherea = We’P”(Ae)+P,,’P”(Ae). Thesix principal minors of thismatrix are:

/.LiPe, /.L2Pe, /.L
3pe6(pe)HVcJPe,

= peae (Pc)— p~’P’(A~)
2+ (Ve V’P’(Ae))2— PeE”(Pe)I V’P’(Ae)12

peaIVeI2 2pe’P’(Ae)1 (vex V’P’(Ae)),

/15 = /14— ‘P’(Ae)2(per”(pe)a — ~“(pe)(3y ‘P’(Ae))2 — ‘P’(Ae)pe — (v~)2a+ 2’P’(A e) v~3~‘P’(A,,)),

/16 = /15+ ‘P’(Ae)3(aE”(pe)’P’(Ae)— ‘P’(Ae)2’P’(Ae)) + PeE”(Pe)0~— 2’P’(A~)v~3~’P’(A~)
— 6”(pe)(3x’P’(Ae))2 — (v~)2a— ‘P’(Ae)2pe

The conditionsfor formal (andhencelinearized)stability are

Pc>°, per”(pe)HveI2>0, /14>0, /ls>0, /16>0. ()

We examine theseconditions of formal stability for the casesof the Grad—Shafranovand Alfvén
solutions.

(i) The Grad—Shafranovsolutionsarestatic, i.e., Ve = 0 and ‘P’= 0. In this case K(Ae) = h(pe)=

~‘(Pe) = ‘P(Ae), and K’(Ae) = Je/pe = ‘P’(Ae). The quadraticform (5.2SV) in this casesimplifies
to

J [pelSVI2+ e”(p,,)(Sp)2+ I VSAI2 + 2’P’(Ae)SpSA+ pe’P”(Ae)(SA)2]dx dy,

andso the conditionsfor formal stability in this casebecome

Pc>°, PeS”(pe) = c~>0, p~c~K”(Ae)> J~, (5.2GS)

wherec~= p~r”(p~)is the soundspeed.Theseconditionsareequivalentto

(1e/pe)2+ C~V(Je/pe)IVAe>0,

if VAe�0.

(ii) The Alfvén solutions are characterizedby p~= c2, Ve = Be/C, and —‘P’ = c, c = constant.Then
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from (5.2FV8) with p,, = c2, it follows that —‘P’ = K’ = 0. The quadraticform (5.2SV)simplifies in this
caseto

J [c2~Svj2+ 2Ve SvSp+ e”(c2)(Sp)2 + I VSAJ2+ 2c(1x Sv) VSA] dx dy. (5.2ALF)

The quadraticform in Sv,Sp, VSAunderthe integral sign in (5.2ALF) hasthe 5 X 5 matrix

C2 0 v~ 0 c
0 C2 V2~ —C 0
v~ v~ e”(c2) 0 0
0 —c 0 1 0
C 0 0 01

whose principal subdeterminantsare c2, c4, c2(c~—jv,,l2), —c2(v~)2, 0. Thus, the secondvariation is
indefinite in the caseof Alfvén solutions.In fact, grouping togetherterms in (SALE) that involve Sv,
andcompletingsquaresleadsto

S2H~= J {c2ISv+ c~iVSAx 112 + c2ISv+ c~2v~Sp~2— c2I5v12+ [e”(c2)— v~I2/c2](Sp)2}dx dy.

One can check that, provided e”(c2) — 2Jv~I2/c2 >0, the minimumpossiblevalueof S2H~hereis zero,
which occurs for Sp = 0 and Sv= —c’ VSAX 1, i.e., precisely for those variations in the class of
incompressibleAlfvén solutions.Thus, the incompressibleAlfvén solutions are minimum energy
solutionsamongstthe compressiblesolutions.Thus, if e”(c2) — 2~Ve12/C2>0, the incompressibleAlfvén
solutions are formally stable as a class within the compressiblesolutions.This extendsa result of
Hazeltine,Holm, MarsdenandMorrison [1984]given abovein example5.1, wherestability of thisclass
amongincompressiblesolutionsis shown.(The convexityanalysisgiven belowcan also be extendedto
coverthis case.)SeealsoChandrasekhar[1961,§115].

D. Convexityanalysis
Becauseof the complexity of the general case,we shall confine our convexity analysisto Grad—

Shafranovsolutions.With H given by (5.2H) and Ve = 0, let

I~v,~p,AA) = H(z~v,p,,+ z~p,A,,+ ~A) — H(0,p,,,A,,)— DH(0,Pe,A,,). (tv, ~p,~A)

J [~(p,,+ ~p)Iz~vI2+ [E(Pe + ~pY E(PeY E’(Pe)~P]+ ~JV(~A)~2]dx dy.

Thus, if we assumethat r satisfiesthe stability criterion

e”(p,,) � a, a constant, (5.2SC1)
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andwe confineour attentionto solutionssatisfying

PPeP~Pmin>°, (5.25C2)

then condition (CH) of section2 holdswith

Q5(z~v,~p,~A) = ~ J [pminJ~v~
2 + a(L~p)2+ I V(z~A)l2]dx dy.

Theconservedquantityused is

C~(v,p, A) = Jp’P(A) dx dy.

Let ~(z~v,~p,z~A)= C~(v,,+ z~v,Pc+ Ap,Ac + ~A) — C,p(Vc, Pc,A~)— DC~p(ve,Pc,A~) (iv, ~p, iXA)

= J [(p,~+ z~p)’P(A~+ z~A)— pe’P(~4eY~p’P(Ae) — pe’P’(A,,)~A]dx dy

= J {pc[’P(Ae + Z~A)— ‘P(Ac) — ‘P’(Ae)L~A1+ [‘P(Ae + 2~A) ‘P(Ae)]L~p}dx dy.

Thus, if we assume

‘P”(A,,) � r and ‘P’(Ae) � 5, (S.2SC3)

thencondition(CC) of section2 holdswith

0
2(Av,isp, iSA) = J (p~rI~AI

2+ 2s~Az~p)dx dy.

Condition (D) of section2 holdswhen 01 + 02 is positive;this holdsif Pc >0, (5.2SC1—3)holds and

a>0, pears2>0. (5.2SC4)

Thus,in the norm

ll(~v,~p, i~A)ll2= J {pmjnJ~Vl2+ I V(~A)I2+ aIi~p2 + 2thp~A+ pcrI~AI2}dx dy (5.2N)

weget the a priori estimate(E) of section2.
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Stability theorem — compressible Grad—Shafranov case. Let (0,Pc,A,,) be an equilibrium solution of
(5.2EM) and supposethe currentJ,, = ~V

2Ae satisfies

J,, + p,,’P’(Ac) 0

for areal valuedfunction ‘P of onevariable. Assumethe internalenergysatisfies

0< a � S”(Pe)�t~

for constantsa, a, and ‘P satisfies

r�’P”(A,,)�R, 5S’P’(Ae)~S,

where

p,,ar—s2>0 and peaRS2>0.

Thenfor smoothsolutionssatisfying~ > Pmax � p � ~ >0, we havestability of the equilibrium in the
norm (5.2N).

Proof All that remainsis to showthat (CH)’ and (CC)’ of section 2 hold. But this follows from the
upperestimateson e”, !P”and ‘P’. •

6. Planar MHD with B perpendicular to the plane

In this section,we considerthe two-dimensionalcasesof incompressibleand barotropicMHD flow
taking place in a simply connecteddomain D of the x, y planewith B normal to the plane.We shall
begin with the homogeneousincompressiblecase. Here the results are essentially the same as in
Arnold’s case (seesection 3.3) for the simple reasonthat the total energyH is convex in B, B is
advectedby the flow, andB entersthe evolutionequationfor thevorticity only in termsof the gradient
of the energyof the magneticfield. Nevertheless,this caseis quite instructive to do by the stability
algorithm andwill give insight for the compressiblecase.

6.1. Homogeneousincompressiblecase

A. Equationsofmotionand Hamiltonian
The MHD equationsfor this casearesimply

ôv/8t+(v• V)v=—Vp—VB2/2; divv=0, (6.1EMv)

3B/3t+ v (VB) = 0, (6.1EMB)

wherethe velocity v and the scalarmagneticfield B dependonly on x and y. The velocity v hasno
z-componentandthe magneticfield B: = Bi is perpendicularto the x, y plane.
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The spaceP consistsof pairs (v, B), with the velocity v divergencefree,parallelto the boundary3D

of the domainD (and tendsto a constantat infinity, if D is unbounded).
The total energyof the system is

H(v, B) = ~JlvI2 dx dy +~JB2 dx dy, (6.1H)

which is easily seen to be conservedby the system(6.1EM).
RemarkA. Poissonstructure. As in section3.3, we identify the vectorspace~dIV(D)of divergence

free vector fields on D with itself by the L2-pairing of vector fields. The Poisson bracket is the
Lie—Poissonbracket associatedwith the semidirectproductof ~dIV(D)acting on the vector spaceof
functions ~(D) by minus the Lie derivative,where~l?dIV(D)hasas Lie algebrabracketminus the Lie
bracketof vector fields. Thus, if F, G: (~?d,

5(D)® ~(D))’~ = ~dIV(D)X ~(D)-4R, their Lie—Poisson
bracketis given by

{F, G}(v, B) = J [v. ((a. v) !~—(~.v)~) + B(~.(v~) — ~. (v~] dx dy,

whereSF/Sv,SG/Sv are divergence-freevectorfields in the planeandSF/SB,SG/SBarefunctionson D.
As usual, we have identified P1’(D) with itself by the L

2-pairing of functions. As in Marsden and
Weinstein [1983]and Marsden, Ratiu and Weinstein [19841,this bracketmay be derived from the
canonicalbracketin the Lagrangianrepresentation.

B. Constants of motion

Taking the curl of (6.1EMv) yields thevorticity equation

0w/3t+v’(Vw)”O, (6.1EM)

wherew = 1 curl v is the scalarvorticity. Thus w and B areadvectedby the flow andhence

C,(v, B) = J ‘P(w, B) dx dy (6.1C)

is a constantof motion for any function ‘P of two variables.
RemarkB. Casimirs. AlthoughC, is preservedby (6.1EM) for any ‘P, it is aCasimironly when‘P is

linear in w: i.e., ‘P(v, B) = w’P~(B)+ ‘P
2(B). This maybe verified directly usingthe Poissonbracketor

by checkingfor invarianceof C, underthe coadjoint actionof Diff~01(D)® ~1’(D)on the dualof its Lie
algebra;this action is (~,f)’ (v, B) = (~~1 — P(i~~BVJ),~j ~B) whereP projectsa vectorfield onto its
divergencefree partwhichis alsoparallelto theboundaryby the Weyl—Helmholtz—Hodgedecomposition
(i.e. Pu~u + Vg, with div u = 0, ull3D and the sum is orthogonal). The larger family of conserved
quantitiesis dueto thespecialform of theequations.[If oneenlargedthevariablesfrom (v, B) to (v, w, B)
andusedthe largersemidirectproductbracket,the equationswould still be Hamiltonian(this is what is
specialaboutthe equations)and (6.1C)would appearas a Casimir.]
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C. First variation
As in section3.3, a stationarysolution v,,, B,, with streamfunction l/’,,, (constanton 3D) satisfies

= çb(B,,) and w,, =

Considerthe conservedquantity

Hc(v,B):= H(v, B)+ C,(v,B)+AJW dx dy,

whereA is a constant. (Use the circulationsaround each hole as in section3.3 if D is not simply
connected.)ThenH~hasa critical point at (v,,, B,,), provided

0 = DH~(v,,,B,,). (Sv,SB) = J [v,,‘Sv + B,,SB+ ~ B,,)Sw+ ‘P’(w,,, .Be)SB] dx dy

+AJ Sw dx dy

= J [(cli,,+ d(w,,,B,,))Sw+ (B,,+ ‘P’(w,,, B,,)]SB) dx dy + i/JeSt’ d~+A Sv df,

wheret~5and‘P’denotethe derivativesof ‘P with respectof its first andsecondarguments,respectively.
Since i/i,, is constanton the boundary,the last two boundaryintegralswill cancel,provided

A+çfr~j0D=0, (A)

andthusDHc(Vc, B,,) = 0 if

~/1e~d’(0)e,B,,) = 0, B,,+ ‘P’(w,,, B,,) = 0. (6.1EV)

There is somefunctionalfreedomremainingin ‘P and ‘P’, since(6.1FV) specifiesthe partial derivatives
of ‘P only alongthe curvewherewe andB,, arerelatedby the equilibriumconditions.In particular,this
imposestwo conditionson the secondderivativesobtainedby implicit differentiation:

~_+ ((w,,,B,,)~~-+b’(W,,, B,,) = 0; (6.1C1)

1 + ‘P”(w,,, B,,)+ d’(~,,,B,,)~~=0; (6.1C2)

theserelationswill be usedin the next step.
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RemarkD. Secondvariation. As a guide to the convexity estimatesthat follow, we shall find

conditionsunderwhich the secondvariation of H~is definite. Onehas

D2Hc(v,,,B,,). (Sv, SB)2 = J [IsvI~+ (Sw, SB)[, ‘P”+ ~(;)dx dy,

whered~,d’, and ‘P”are to be evaluatedat (w,,, B,,). Sufficient conditionsfor this quadraticform to be

positivedefinite are

‘%(w,,, Be)>0 and 1(w,,, B,,)(’P”(w,,, B,,)+ 1)— d’(w,,, B,,)2>0.

Eliminating ‘P”(w,,, B,,) from the secondconditionby the useof (6.1C2)gives

dii ~(w,,, B,,) > ~

dB,, 4’(w,,, B,,)

providedd’(w,,, B,,) � 0. Using (6.1C1)produces

(~(w,,,Be) diii/dB,, > i

~(We, B,,) dt/dB,,+ dl/i/dB,,

i.e.,

dl///dBe <0.

‘P(w,,, B,,) dói/dB~

Now since ~(We, B,,)>0 and w,, = —V2i/s,,, this becomes

Vi/i,,/VV2clie>0,

which is identical to the condition for stability of stationary solutions for planar, incompressible,
homogeneousEuler flow, as found by Arnold [1965,1969a] (see section3.3). Thus, in this casethe
magneticfield doesnot affect the stability condition. This stability conditionimplies linearizedstability
of (v,,,B,,).

D. Convexityestimates

The choice

‘P(W, B) = —~B2+ ‘P~(w)

effectively eliminatesthe magneticfield in the expressionfor H~.Thenthe only remainingconditionfor
formal stability is d3(w,,, B,,) = dii(We) > 0. With this choiceof ‘P the ensuingstepsD, E, F in the stability
algorithmrepeatthe correspondingstepsin example3, section3.



Darryl D. Holm eta!., Nonlinear stability of fluid and plasma equilibria 57

6.2. Compressiblecase
In this case,the MHD equationssimplify to

3v/3t = —(v’ V)v — Vh(p)— (1/p)VB2/2, (6.2EMv)

3p/3t —divpv, (6.2EMp)

3B/3t = —div By, (6.2EMB)

which is a dynamicalsystemfor the fluid velocity v(x,y, t), the mass density p(x, y, t), and scalar
magneticfield B(x, y, t). The single componentof B is normal to the plane,along the unit vector, I.
Here h(p), the specific enthalpy, is a given function relatedto the barotropic pressure,p(p), by
h’(p) = p1p’(p). Again, the velocity v must be tangentialat the boundary3D of the domain D. We
choose P, as in example 4 in section 3, to be an appropriateSobolev space (weighted if D is
unbounded)of triples (v, p, B) which satisfy the given boundaryconditionsand havespecifiedasymp-
totic behavior.The eqs. (6.1EM) definea dynamicalsystemin P, at leastfor a short time. As in section
3.4, shocks are excludedby confining our attention to C1 solutions,and cavitation and extreme
compressionare avoidedby confining our attentionto solutionswith a densitysatisfying0 <,omin � p �

Pmax <~.

The conservedenergyis

H(v, p, B) = J [~pv2+ e(p)+ B2/2] dx dy, (6.2H)

wherethe internalenergye(p) is asin section3.4. As before,we shall sometimesfind it convenientto
work with the variablesM = pv, p andB.

Remark A. Poisson structure. The equations(6.1EM) are Hamiltonian relative to the Poisson
structureon P given by the sameexpressionas in remarkA in example3.4, plus the terms

I rSG /SF\ SF /SG\]
iBi—’V~-----J—-——’Vi—Jidxdy

J LSM ‘SB! SM \SBii
D

(seeMorrisonand Greene[1980],Holm and Kupershmidt[1983],Marsdenet al. [1983]and Marsden,
Ratiu andWeinstein[1984]).

B. Constantsof motion
Equations(6.2EM) imply that B/p is advectedby the flow:

(d/dt)(B/p)= 0,

whered/dt = 3/3t+ v’ V is the materialderivative.Thus,the following functional is conserved:
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C,(p,B)zzrJp’P(B/p)dxdy, (6.2C,)

for an arbitraryreal valuedfunction ‘P. Taking I ‘curl of the motion equation(6.2EMv) leadsto

3w / B
—= —div~wv+—curllB). (6.2w)
3t p

The circulation C,~= J w dx dy will be preservedprovided

vn=0 and J~n=0

on the boundary3D, whereJ = Vx B is the current. With theseboundaryconditions,we shall prove
that thereis anotherconstantof the motion, namely

CA(V,p,B)zzfwA(B/p)dxdy. (6.2CA)

Now using(6.2w) and (6.2B/p)yields

C~(v, p, B) = — J [div(wA(B/p)v) + A(B/p)div(BJ/p)] dx dy

= — J div[wA (B/p)v + J - VN(B/p)] dx dy,

whereN’(B/p) = A(B/p). Thus

~-CA(v,p,B)= —fj [wA(B/p)v+N(B/p)J1.n dx,

which vanishessincewe assumev • n = 0, andJ. n = 0 on the boundary.The conditionJ. n = 0 on 3D
meansthat 3D is a fixed insulatingboundary(no currentcrosses3D).

RemarkB. Casimirs. The functionsC, areCasimirsfor thePoissonstructurein remarkA. Thismay
be checkedby direct computation,or by an invarianceargumentsimilar to that given in remark B,



Darryl D. Hoim eta!., Nonlinear stability offluid and plasma equilibria 59

section3.4 andin part I. Thecoadjointactionis as follows: for

(,~,f, g) E Diff(D) ® (~(D)~ ~(D)), (,~,f, g) (M, p, B) = (~,~,M— ~ ~ Vf — ~~BVg,~,,p, ~SB).

The actiondefining the semidirectproductLie algebrais minusthe Lie derivative.
The functions CA are not Casimirs; their conservationrelies on the special fact that 3w/3t is a

divergence(see(6.1w)). One could make CA appearas a Casimir by introducing ~= B/p as an extra
variable,andaddingon a correspondingadvectedterm in the Poissonbracket.

C. First variation
We shall relate the equilibrium solutions t’e, p,,, B,, of (6.1EM) to critical points of the conserved

functional

Hc(v,p, B): = H(v, p, B) + C,(v,p, B) + CA (v, p, B) + A J w dx dy.

The first variation of H~becomes,after an integrationby parts:

DHc(v,,,p,,,B,,)= J { [~Ivel~+ 8’(p,,)+ ‘P(Be/pe)— F ‘P’(Belpe)+ A‘(Bc/pe)1]SP

+ [B~ + ‘P’(B,,/p,,) + A ‘(Be/Pc)]SB+ [p,,v~— I X VA (Be/pc)] SV}

+ A(Bjp,,)(Svxl). ads+ A Sv~

SinceB,, andPc are necessarilyconstanton the boundary,the two boundaryintegralscancelif

A(B,,Ipe)13D+A 0. (6.2A)

With this choiceof A, the first variation vanishesat (va,Pc,B,,) provided

~Iv,,l2+e’(p,,)+ ‘P(B,,/p,,)—~[‘P’(Bc/Pe)+~A’(Be/Pe)] = 0, (6.2Fv1)

A ‘(B,,/p,,) + ‘P’(B,,/p,,) + B,, = 0, (6.2FV2)

P,,

and

p,,v,,— x VA (B,,/p,,) = 0. (6.2FV3)
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To relate ‘P,A with conditionssatisfiedby stationarysolutions,a closerlook at the stationarysolutions
is in order.

The stationaryequationsare

div(peve)= 0. (6.2S1)

Ve~V(Be/Pe)= 0, (6.2S2)

t’eX lwe V(~Iv~I2+h(p~)+B2,,/pe)+ B,,V(Be/p,,)= 0. (6.2S3)

Taking the dot productof v,, with the last equation,we get

v,,’ V(~JvcI2+h(p,,)+ B2e/pe)= 0.

This relation and (6.2S2)are satisfied if the following functional relationship,called Bernoulli’s Law,
holds

~Iv,,I2+h(p,,)+B2,,/p,,= K(Be/pc); (6.2B)

the function K is called Bernoulli’s function.Taking the crossproductof I with (6.2S3)and applying

(6.2B) leadsto

0 = div(p,,v,,)= (1 x V(B,,/p~))• (K’(B,,/pe) — Be)],

andhence

v,, V[~ (K’(B,,/p,,) — B,,)] = 0.

For this to hold, anotherfunctionalrelationshipsuffices,

~ [K’(B,,/p,,)— B,,] = L(B,,/p~), (6.2S5)

for a function L(B,,/p,,). (This is analogousto Long’s equation in stratified flow; see Abarbanelet al.
[1985].)

Returning to the conditionsfor the vanishingof the first variation of H~and comparing (6.2C1),
(6.2C2), (6.2C3)with (6.2B), (6.2S4),and (6.2S5),we identify

= —K(B,,/p,,) (6.2’P)

A ‘(B,,/p,,) = L(B,,/p,,). (6.2A)
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Summarizing,we haveproved:

Proposition. Stationarysolutionsof the barotropicplanarMHD equationswith B perpendicularto the
planeandboundaryconditionsv • n = 0, J n 0 arecritical pointsof the total energyH constrained
by C~,CA and A ID w dx dy, i.e., are critical points of H~,provided (P, A and A satisfy eqs. (6.2(P),
(6.2A)and (6.2A).

RemarkD. Formal stability. The criterion of formal stability is calculatedfrom the secondvariation
of H~,evaluatedat the equilibriumpoint. Letting

= D2Hc(Ve,Pe,Be) (tv, ~p,~B)2,

we obtain, aftersomecomputation:

~2H~= J dx dY{~!Pe~V+ Ve~PI2+(E”(Pe) VeI2/pe)(~p)2

+ (bB)2peA{~(BIp)+ A ‘(Be/pe) ~(~~)] 2 Pe (A ‘(Be/pc))2 (((2)) )2} (6.2SV)

In (6.2SV), A is definedby

A = A “(Be/pe)+ (P”(Be/pe),

andthe variation of w/p is given by

we

Pe Pe

with a similar expressionfor a(B/p). The quantity ~2HC is positivedefinite,providedthe following three

conditionsaresatisfied

(a) S”(Pe) — Ve12/Pe>0

(b) A ‘(Be/pc) = 0,

(c) (P”(Be/pe) >0.

Sincepe8”(Pe) = c~,whereCe is the soundspeedof the equilibrium solution,condition (a) requiresthe
equilibrium flow to be subsoniceverywhere.Condition (b), via (6.2A), (6.2B) and (6.2S5), requiresthe
equilibrium to bestatic (v~= 0), aswell as to satisfy

K’(Be/pe)— Be = 0. (b’)



62 Darryl D. HoIm eta!., Nonlinearstability offluid and plasmaequilibria

Condition (c) implies

K”(Belpe) <0,

or, via (b’)

d log Be< 1

dlogpe

for formal and hencelinearized stability of a static, planar, barotropic,MHD equilibrium, with B
perpendicularto the plane.

Anotherusefulway of statingthis, whichwill facilitate comparisonwith the three-dimensionalcaseis
as follows. Taking the gradientof (b’), we get

K”(B~/p~)V(Be/pe)= VBe.

Thus,condition (c) becomes:

VBe [~X V(Belpe)] VBe
(P (Be/pc) = V(beIpe)~2 = - V(Belpe) >0 (c)

(notethat this is impossiblefor constantdensitysolutions).
Additionalremarks.
(i) Substitutionof the critical point relations(6.2(P), (6.2A), andstationary flow relations(6.2S1,3)

into H~with A‘(Be/pc)= 0 gives

—H~(v~,Pc, Be) J [P(Pe)+ B~I2]dx dy

upon using the thermodynamicrelationfor the pressurep(p) = ps’(p)— ~(p). In fact, the time integral
—f Hc(Ve,p~,B~)dt is the Lagrangianfor the barotropicMHD equations,see Seliger and Whitham
[1968]. Taking variationalderivativesgives

2~2[HcI~] J [P”(Pe)(~P)2 + (~B)2]dx dy,

which is negativedefinite if P”(Pe)> 0. Note, however,that thisis not equivalentto (6.2SV),sincethe
order is opposite: the latter is obtainedby taking variationsand then imposingequilibrium relations,
while the expressionhereis obtainedby imposingequilibrium relationsand then taking variations.
Definitenessof (6.2SV) gives conditionsfor formal stability. (However,P”(Pe) >0 is the condition for
“thermodynamicstability”, as in Courant and Friedrichs [1948],which is related to well-posedness:
continuousdependenceon initial data,not to dynamicstability.)
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(ii) Indefinitenessof the secondvariation in (6.2SV) doesnot prove,but strongly suggestsinstability,
causedby the combinedpresenceof perpendicularmagnetic field and heterogeneityof the density
(p � const). Density heterogeneityrather than compressibility is the cause, since heterogeneous,
incompressible,(div v = 0), MHD flows with perpendicularmagnetic field have the same type of
second-variationalfeatures,constantsof the motion andstabilityconditionsas in the presentcase.

D. Convexityestimates
For a stationarysolution (Ve,Pc, B~)we have

I~:= H(v~+ LXV,Pc + 1~p,Be + iXB) — H(Ve, Pc, Be)— DH(Ve, Pc, Be) (Lxv, isp, E~B)

= J [ I_~iveI2~ +~B)2+~~e+~p) E(Pe) E’(Pe)~P]dx dy,
2Pe+~P Pe~P

D

wherei~(pv)=(Pc p)(Ve+~V)peVe. Assumethat

0< e� e”(r)

for all valuesof the argumentr. Since

O<Prnin~PeP~Prnax<~,

we have

� Qj(z~(pv),~p, SB): = J {! ~ + ~(z~B)2- ~Iv~j2~~ + ~p)2] dx dy. (6.2CH)
2 Pmax Pmin

D

So we havethe inequality (CH) of section2.
Similarly, we get

— DC~(V~,Pc, Be) (‘ky’ Ap,E~B)

J (pe~p){(P(B~8) — (P(~)_(P’(~)L~(~)] dx
Pe~P Pc Pc P

D

wheret~(B/p)= (Be + ~B)I(pe + L~p) Be/pc. Now assumingthat

0<a�(P”(~)

for all valuesof the argument,we get
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� Q2(~(BIp)):= ~ ~apmjn(~(B/p))
2dx dy. (6.2CC)

The right-handsideof this inequality definesa quadraticform Q
2(L~(B/p)).

Sincethe secondvariation argumentsuggestswe can get stability only for staticequilibria,we confine
our attentionto thiscase,taking A’ = 0:

Stability theorem(staticequilibria). Suppose(0,Pc, Be) is a stationarysolution of (6.2EM) satisfying

Be = K’(Belpe)

for a function K. Suppose

0�e<e”(p~)�E<~, 0<a�- VBe
V(Be/pe)

For solutionsobeying 0<Pmin � + ~P~ Pmax < ~, (0, Pc, Be) is stablein the norm given by

II(~v,~p,~B, ~(B/p))~~
2= Q

1(~(pv),~p,z~B)+Q2(z~(B/p)),

where Q1 and Q2 aregiven by (6.2CH) and (6.2CC)above.

7. Multifluid plasmas

Here we consider the stability of equilibria for two-dimensionalchargedfluids, following Holm
[1984].The resultswill be generalizedto threedimensionsin section10.

A. Equationsofmotionand Hamiltonian
The multifluid plasmaequations(MFP) describethe motion of a system of ideal chargedfluids,

interactingvia self-consistentelectromagneticforces.The fluid specieswill be labelledby superscripts;
no summationon repeatedindices s is imposedin this section.Eachspeciesis composedof particlesof
constantmassms andchargeqS, with chargeto massratio as = q

5,1m5. The dynamicalfluid variablesin
the Eulerian pictureare: fluid velocity v5, massdensitypS (with barotropicpartial pressurepS= pS(pS)

and internalenergydensity? = es(ps), eachdependingonly on pS), electric field E, andmagneticfield
B. In this sectionwe considerplanarMFP motion in somedomain D C R2 in the xy plane(simply
connectedfor simplicity). In orderthat suchmotion remainplanar,eachof the dependentvariablesVs,

pS E, B mustbe functionsonly of (x, y, t); Vs andE must lie in the xy plane,andthevorticity w~of the
speciess and magneticfield B must be directednormal to the xy plane, along ~. We define the scalar
vorticity for the speciess and the scalar magneticfield by Ws = w~2and B = Bi The planar (MFP)
equations consist of Euler’s equations for chargedbarotropic fluids in the xy plane interacting
self-consistentlyvia Maxwell’s field equations,i.e.,
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3~v5= —(wa + a5B)zX V5 — V(~IV~~2+ hs(pS))+a5E, 3~pS= —div p5v5,

3,B=—~curlE=E
1~2—E2~1,3,E= VBx2—~a~p~v~,divE=~a~p~, divBi=0,

(7EM)

whereh
5(p5) is specific enthalpy,relatedto pressurepS and internalenergydensity r5(p 5) by

de5h5dp5, (7A1)

dh5 (pS)_l dp5. (7A2)

The boundaryconditionsare v • n = 0, andE X n = 0 wheren is the outward unit normal to 3D.
For a single fluid speciesandwhenE andB areabsent,theseequationsreduceto the equationsfor

planarmotion of a barotropicfluid; thestability criteria for stationarysolutionsof theseequationswas
derivedin section3.4.

The Hamiltonianfor (7EM) is the total energy:

H(vs,ps,E, B): = J{~~p~jv~+e5(p5)+~JEI2+~B2}dx dy. (7H)

The spaceP consistsof the set of pairs (Vs, pS) for eachspeciess and(E, B) satisfyingdivE = ~ aSps,
which is preservedby the dynamicsof (7EM).

RemarkA. The dynamic equations(7EM) are Hamiltonian with respectto the following Poisson
bracketdue to Iwinski and Turski [1976],Spencerand Kaufman[1982]and Spencer[1982];see also
Holm and Kupershmidt [1983],Marsden et al. [1983],Holm, Kupershmidt and Levermore [1983],
Marsden,Ratiu and Weinstein [1984a]andMontgomery,Marsdenand Ratiu [1984].Let MS = p5v5
denotethe momentumdensityfor the speciess. Then

{F, G}(M5,p5,E,B)r ~.J{i~i~((~-.v) ~_ (~-•v)~-)

i&G ~F ~F 6G\ ~ ~G 6G ~F
+p5(—• V—--———. V__)+aSpsI~~__.___~__._

\~M5 ap5 ~M5 6p51 \~M5~E ~MS ~iE

i5F 6G ~F SG\1
+ B I — 1 dx dy

\6M~6M~3M~MVJ

I i~F ~iG 6G bF\
+ I £(—xV--—-———-xV——-)dxdy. (7PB)

J \~E ~B SE SB!
D

As identified in Hoim and Kupershmidt[1983],the first group of terms is a Lie—Poissonbracketin a
semidirectproduct. The last four referencesshow how to derive this bracket by reduction from
Lagrangiancoordinatesandinvestigatethe accompanyinggeometry.
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B. Constants of the motion
Definethe “modified vorticities” Qs by

Qs: = (w~+ a5B)/ps. (7f1~)

Taking the curl of the first (7EM) equationandusing the secondleadsto the advectionof QS, i.e.,

3r11
5+V5• Vu15=0.

This and the continuity equationfor pS imply that for every real valued function of a real variable

(Ps(~) the functional

C~.(Q5)=:J ps(Ps(fls)dx dy (7C)

is conservedby theplanarMFPequations(providedtheintegralexistsandthesolutionsaresmooth;asin
barotropicflow, wepresumefl5 can becreatedat a shockdiscontinuity).

RemarkB. By direct computationone may show that the functionals (7C) are Casimirs for the
Poissonbracket(7PB). This can also beshown by proving that the functionals(7C) areinvariant under
the coadjointactionof the semidirectproductgroupunderlyingthe first threetermsof (7PB) (the last
term playsno role in theseCasimirs— it in factarisesfrom the canonical(E, A) bracketby reductionby
the electromagneticgaugegroup.)

C. First variation
The equilibrium statesp~, V~, Ec, B~,of the system (7EM) are the stationary, two-dimensional,

barotropicMFP flows. For suchstationaryflows, onehasthe relations

divE~=~a~p~, Ee~Vcbe, VBeXI~.a5psev5e,

divpV=0, v~V[~~v~I2+h5(p~)+a~Ø~]=0, v~Vf1~=0. (7S1)

Accordingto the last two equationsin (7S1), the gradientvectors V17~and V(~jV~I2+ hs(p ~)+ a~~e)are
orthogonal to the equilibrium speciesvelocity v~.Consequently,these two gradient vectors are
collinear, providedthe velocity doesnot vanish.A sufficient conditionfor suchcollinearity in the plane
is the functionalrelationship

+ hs(p ~)+ a~çb~= K~(fl~), (7K)

for certain functions K5(~)of the real variable ~ K5 are called the Bernoulli functions and (7K)
representsBernoulli’sLaw for eachspecies.Eitherapplyingthe operator(Q~’~X V to (7K), or vector
multiplying by £ the stationarymotion equation

(w~+ a5Be)2X v~= — V(~v~I2+ hs(p ~)+ ~
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we get

K5’(Q~) 1

p~v~= ~x Vfl~=~ix VK~([l:), (7S2)

whereprime ‘denotesderivativeof a function with respectto its statedargument.Substitutionof (7S2)

into Ampere’sLaw (the secondequationin (7S1))leadsto anotherrelationfor stationaryflows, namely,

VBe= — VK~(a~). (7S3)

Let

Hc(v~,p5,E, B) = J {~[~p s!Vs~2+ es(ps)+ ps(Ps(fls)+ ASP~11~+ ~a~p~]+ ~IEP2+ ~B2} dx dy,

(7H~)

where AS and ~i areconstantsmultiplying Casimirs that are separatedout for laterconvenience.After

integrationby parts,the derivativeDH~becomes

DHC(V5e, p ~,Ee, Be)~(SV~,5p5 5~SB)= J{~[~jv~2+ hS(p~)+ ,aa5+ (P~(11) —

+ ~ [p ~ — j x V(PSF(Q~)J 5v5+ [Be + ~ a5(P5’(Q)]SB

+ Ee~SE} dx dy + ~ (Psl(~Qs)Svs.d~ (7FV1)

where d� is the line element along the boundary 3D. For a stationary solution, the connected
componentsof the boundary3D are both streamlinesand equipotentiallines. Thus,!1~ andçi~are
constantson 3D andthe last two boundaryintegralscombineinto

~ [A~+ 51(a:)1
8D] J Sv~d�,

which vanisheswhen AS is chosento be A
5= —(P~’(fl~)JoD.The termsinvolving ~a5Sp5and Ec SE in

(7FV1) combineinto

~J~a~Sp~dxdy+J ~ediv8Edxdy—J q5~SE~ndxdy

= cbePoD J div5Edxdy+/LJ ~.a58p5dXdy+J ~~divSEdxdy.
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For variationsthat preserveGauss’Law, thesetermsfurthercombineinto

(—cbelaD+P~)JdivSEdxdy+~J4’ea
5Sp5,

andthe first termvanisheswhen ~ is chosento satisfy~ = ~eI5D~ Thus,(7FV1) becomes

SH~(v~,p ~,Ee, Be) (SvS,Sp5,SE,SB)= J { [~~ + hS(pe)+ a5~je+

+ [~p ~ — ~X V(P5’(D~)] .

+ [B~+ ~ a5tP5’(Q~)]SB}dx dy. (7FV2)

In this expression,the 8p5 coefficientvanishesfor a stationaryflow obeying (7K), providedthat (P5 is
relatedto the Bernoulli function KS by

K5(~)+(Ps(~) ~(PsF(~) = 0; i.e., (PS(~) = ~(jKS(t)d const).

Differentiating this relation with respectto ~implies ~1K~’(~)— P511(e)= 0. Thenthe Sv5 coefficient in
(7FV2) vanishesby (7S2), since V(P5’(Q~)= (Q~1VK~(f1).Writing SB = . curl SA andintegratingby
parts,the SB term in (7FV2) becomes

JSAix (VBe+~a5V(P51(fl~))dxdy,

which vanishesfor stationaryflows by (7S3)and (7FV3).
We summarizeour findings as follows:

Proposition. For smooth solutions of (7EM) with boundary conditions v5. n = 0 and E x n = 0, a
stationarysolution (V~,p , Ec, Be) is a critical point of H~given by eq. (7H~)provided (PS satisfies
(7FV3), whereKSis the Bernoulli function, determinedby eq. (7K). Conversely,a critical point for H~
for any (P5 gives a stationarysolutionsatisfying(7K) whereK is given by (7FV3).

RemarkD. Secondvariation. The quadraticform defined by the secondderivative of H~at the
stationarysolution is
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D2H~(v,p , Ec,Be)~(5V5, 5~S,8.E, SB)2= J {~[p jSv~+ vSp5/p~2

+ (h51(p ) — V12/p ~X~p5)2+ p

+ (SB)2+ ~EI2}dx dy. (7SV)

Sufficient conditionsfor thisquadraticform to be positivedefinite are:

h51(p ) — vJ2/p = ((c)2 — v12)/p >0, (7FS1)

wherec is the soundspeedof speciess for the stationarysolution,definedby p h51(p~)= (c:)2 i.e., the
stationaryflow is everywheresubsonic;and

(Q:YlKS~(fl:) = (P~”(tl:)>0, (7FS2)

i.e., by (7S2), v~~ X V[1> 0 throughout the flow. For a single, incompressiblefluid without charge
(s 1, P5e= 1 3p5 = 0, SB = 0, SE = 0), formula(7SV)reducesto thesecondvariation formulain example
3.3; for a single compressiblefluid (7SV) reducesto the correspondingformula in example3.4.

D. Convexityestimates
We have,after a short computation

~ i~p5,AE, i~B):= H(V~+ At’, Pc + Ap, Ee+ AE, Be+ AB) — H(Ve, Pc, Ee, Be)

— DH(Ve, Pc,Ee, Ba). (AV, Ap, AE, AB)

S S)J2 s12(A s)2

~j { P~ - VeP +[E5(pe+Ap)e5(pe)e51(pe)Ap]}dxdy

+ J (IAEI2 + (AB)2) dx dy,

where A(pSvS) = (p + Aps)(v + Av5)— P:V:. Assume ~ s~”(r) � c~~~/rfor all T and a constantCmin.

Thenwe get

Q
1(A(p

5v5),Ap5,AE,AB)�I~(Av~,Ap5, AE,AB) (7CH)

with

Qi(A(p5v5),APS, AE, AB) = J {~IA(P~t’~)I2/Pnax+ (c~
1~— ~ Iv:I2/p~in)tAP)2

+ !AEP
2 + (AB)2} dx dy,

for solutionsobeying(asin section3.4), 0< ,~ ~ pS� p~
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If the sum of the Bernoulli functionsKS satisfies

a�~>..K~’(~)~

then onefinds

~ ~s(Av~, Ap5, AE, AB), (7CC)

where

= ~a~ p~ J (Afl~)2dx dy,

and

AIlS = (w + a5B~+ Aw5 + a5AB)/(p: + Ap5)— (w + Q5Be)/p. (7D)

Thus

01+ Q
2>0

holds, provided

a>0 and c~>~~vj
2ip~.

E. A priori estimates
The following estimateholds:

ñ~~(Av~(0),Ap5(0),AE(0),AB(0))�Q
1(A(p~(t)v~(t)),Ap~(t),AE(t), AB(t))+ Q2(AQ~(t)). (7E)

F. (Nonlinear)stability

If we have

~ e~”(r)� ~

for all r, and
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for constantsCmax andA, thenas above,

C1Q1(A(p
5v5),Ap5, AE, AB) � mAv~,Ap AE,AB), (CH’)

and

C
2Q2(A12

5)�~ C,p.(Av~,Ap5,AE, AB), (CC’)

for constantsC
1 and C2. We summarizetheseresultsas follows.

Stability theorem.Stationarysolutions(v, p, Ee,B) of the planarcompressibleMFP equations(7EM)
with velocity field tangentto the boundaryandelectric field normalto it satisfying

O<Prnin�P~Prnax<+02, for all s,

0<c~~~/r�~e~”(r)�c.,5/r<+ci~,for all r,

and

~ forallsand~,

whereES andK
5 are the internal energydensityandBernoulli function for the speciess, arestablein

the norm on (A(p5v5), Ap5, AE, AB, AIlS) determinedby 01+ Q
2 for smooth solutions satisfying

/) . <flS<lS

1mm ~1~ — ~.‘max~

When thereis only a single fluid speciesand electromagneticfields are absent,the result of the
stability theoremreducesto the estimatein example3.4for planarbarotropicflow. Theseestimatescan
breakdown whensmoothsolutionsceaseto exist; for example,upon occurrenceof cavitation,and/or
the formationof shocksfrom an initially smooth,steadyflow. When thesephenomenaoccur, however,
it is questionablewhether the barotropic approximation should still be used. One could exclude
cavitationby replacing(CH), (CC), (CH)’ and(CC)’ by an estimateas in Hoim et al. [1983],modelingan
elasticfluid.

Onecan treatthe caseof incompressiblehomogeneousmultifluid plasmasby the samemethods.In
this casethe criterion reducesto the sameone as in Example3.3 with the vorticity cv replacedby 11
definedby (7Il~).Onecan also treatincompressibleinhomogeneousMFP by combiningthe techniques
herewith thoseof Abarbanelet al. [1985].

Example.Subsonicshearflows. A stationarysolution in the strip {(x, y) C R
21 Y

1 � y � Y2} is a plane
parallel flow along x, admitting arbitraryvelocity profile v(x, y) = (i3~(y),0), electrostaticpotential
4~(x,y) = ~(y), and density p(x, y) = ,55(y). The density profile is subject only to the subsonic
conditions(7FS1),expressibleas

dp
5

(7E1)
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anddependingon the barotropicrelationj3~= p5(~5).In this domain,the independentvariablex can be
eitherunrestrictedon theentire realline, or periodic.Theformercaserequiresthat initial perturbations
be sufficiently integrablefor H~(Av5(0),Ap5(0), AE(0), AB(0)) to be boundedabove.

To determinethelimits of stability for subsonicstationaryplanarMFP flows, weproceedasfollows. (i)
Chooseprofiles ~(y), ~(y), and j55(y), satisfying the subsoniccondition (7E1). Relations(7S2) and
(7S3) then imply y-dependenceonly, for the magneticfield and modified vorticity: B~(x,y) =

fl:(x, y)= (15(y). (ii) Use Ampere’sLaw in the form (7S3) to determineB(y) from j55(y) and 55(y),
thencompute~5~(y)from its definitionin termsof ~, ~, B. (iii) Solve for an expressionfor the quantity
((l~)~K~(fl~)appearingin the stability theoremandconsiderits sign, therebydeterminingthe limits of
stability in termsof the profiles ,35(y), ~(y), B(y). —

Given the profiles 55(y), ,55(y), and~(y), one finds ii~(y)andI2~(y)from their definitions

= . curl v = — z5~’(y) = : ~S( y), (7E2)

and

ii: = (p~’(w+ a5B~)= (,~(y))~(_j351(y)+ a5B(y))= :.ã~(y). (7E3)

Equations(7S2)and(7S3)give the relations

~5~(y)z3s(y) = — K5’(fl~)Il~’(y), (7E4)

and

B’(y) = ~ a~j5~(y)5~(y), (7E5)

which determineB(y) and (~aS)_lKsl(~oS). Solving (7E4) gives the formula

(~s)_1dK5(115)= — j55(y)5S(y)

dfr d125/dy
j —s\2—S

= — — (7E6)
v~”— (~5s~/~5s)5Sl+ a5B(j55’/p~5— B’/B)

where, e.g., 55~=d2i5~(y)/dy2,E’ = dB(y)/dy, etc. Thus, control of positivity of (~s)_lKSl(aS) in the
stability theorem and, hence,of stability for MFP involves an interplay amongvelocity, density and
magneticfield profiles, through the positivity condition,

_i5S(y)/~QSF(y)>0 (7E7)

Giventhat condition(7E7) holds, planarMFP flows will be stable,provided

(7E8)
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We considerseveralcases.

Case A. In the caseof neutral fluids (as= 0) and stationaryflows with constantdensity(,?‘(y) = 0),
positivity of (Il~)1K~’(fl~)in (7E7) reducesto

(7E9)

Provided(7E9)holdsthroughoutthe domainD, onerecoversRayleigh’scriterion (seeexample3.3) for

stability of shearflows: all flows in this casewith no inflection pointsin their velocity profile arestable.

Case B. For the caseof chargedfluids (as � 0) at constantdensity (,551(y)= 0), positivity in (7E7)
reducesto

(5s)25S/[5S~! — a~B’]> 0 . (7E10)

Provided(7E10)holdsthroughoutD, oneobtainsthe following criterion for stability in this case,

v~”(y)�a~B’(y). (7E11)

Case C. In the generalMFP case,with charged,compressiblefluids, (a5� 0, ~5S?(y) � 0), (7E7) holds,

the stabilitycondition (7E8) becomes
5SU~ (5S7,55)(5SF_ a5B)+a5.’, (7E12)

which involvesall threestationaryprofiles.
Notethattheconditionsobtainedin theseexamplesbyArnold’smethodaresufficientfor stability.Thus,

violation of theseconditionswouldbenecessaryfor theonsetof instability but not necessaryandsufficient,
exceptin the fortunateeventwherethey coincide with instability conditionsfound by linear analysis.

PartII. Three-DimensionalFluid Systems

The results of Arnold [1965b]and Dikii [1965b]suggest that it may be difficult to extendthe
two-dimensionalresultsto three dimensions.For incompressiblehomogeneousflows in the Eulerian
representationthis indeed seems to be the case becauseof a lack of Casimirs. However, for
three-dimensionalsystemswith sufficiently rich Casimir structures,we will show in this part that the
stability methodsareindeedapplicableandgive conditionalstability results.As we shall remarkin the
MHD section(section10), themethodsarecompatiblewith theSWmethodof Bernstein[1958,1983].Here
we shall treat only the compressiblecase;for the inhomogeneousincompressiblecaseof interest in
stratified flows, seeAbarbanelet al. [1985].

We shall begin with three-dimensionaladiabaticflow. This will be crucial to the following two
sectionsfor, as we shall see,the computationsneededfor MFP and MHD essentiallyreduceto the
adiabaticcase.
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8. Three-dimensionaladiabatic flow

The stability algorithm we are using depends on a good supply of Casimir functions for its
application.In this regard,the three-dimensionalsituationis ratherdifferent from the two-dimensional
one.In particular,for ideal,homogeneous,incompressibleflow in theEulerianrepresentation,weknowof
only a relatively trivial three-dimensionalversionof example3.3. The difficulty is that the only known
Casimiris the helicity, f t’ curl v d3x. Thecorrespondingequilibriumstatesare the Beltrami flows (see,
e.g., Arnold [1966b]andHolm [1984]).However,if density,or entropyvariationsare alsoallowed, we
recoverabundantCasimirsandthemethodagainapplies.Theresultsof thissectionwill begeneralizedin
the next two sectionsto MHD and multifluid plasmas.

Three-dimensionaladiabaticflow was studied using Arnold’s ideas in Dikii [1965b].There, an
expressionfor D2H~and hencean implicit condition for formal stability was given; however,no
workablehypothesesfor stabilitywere found. We shall seethat if we limit therangeof the densityp (as
in section3.4)andthesize of V~comparedto ~, thenwe canget explicit expressionsfor definiteness.In
addition,we obtainrigorousa priori stabilityestimatesusingthe convexitymethodandobtainthereby,
a (conditional)stability result.

As usual,we follow the algorithmin section2.

A. Equationsof motionandHamiltonian
Let D be a fixed domain in three dimensionsand x = (x, y, z)ED CR3. The adiabatic fluid

equationsdefine a dynamicalsystem in termsof the spatial fluid velocity v(x, t), massdensityp (x, t),

andspecific entropy~(x, t), with v tangentto the boundary3D:

—~=--~Vp(p,77), ~=—pdivv, ~ (8EM)
dt p cIt cit

whered/dt = 3/lit + v~V is the material derivative. The adiabaticcondition, d~/dt= 0, meansthat no
heat is exchangedacrossflow lines. The pressurep = p(p, i~) is assumedto be given in terms of a
thermodynamicequationof statefor the internalenergydensity r(p, ,~)as follows. Given E, definethe
temperatureT andspecific enthalpyh by

pT=0e/3r~ and h=8E/3p,

i.e.,

de = pTdi~+ h dp. (8T1)

The pressure p, defined by p = p23(e/p)/lip,satisfiesph = F + p and

dh=Td?+-i1Ldp=[T+p8~T~~]d~+!C2dp, (8T2)

P 8P” p

wherec is the adiabaticsoundspeed,definedby

c2 = 3p(p,ij)/3p = p3h(p,r~)/3p. (8T3)
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The space P consists of triples (v, p, ~)in a suitable Sobolev space(seesection2) such that these
quantities are C1 as usual, this condition precludes shocks. The Hamiltonian is

H(v,p, i~)= J [~pIv~+ e(p,~)]dx dy dz. (8H)

RemarkA. Poissonstructure. The equations (EM) are Hamiltonian usingthevariables(M, p, i~)with
M = pv and the semidirect product Lie—Poisson structure

{F, G} = J M.[(a.v)~ — (~.v) ~]dx dy dz

C riSG \ SF 1SF \ SG1 I ~SGSF SF SG\
+ I pii—.Vi----—i—V1—idxdydz+ I i

7Vi————---—---idxdydz.
J 1 \SM I Sp \SM I Sp J J \SMSi~ SM S,~!
D D

(8PB)

This maybe derived,for exampleby consultingreferencesgiven in remarkA, section3.4.

B. Constants of the motion

The potential vorticity is definedby

(812)
P P

where w : = curl v is the vorticity. Using (8EM) onefinds that 11 is a flow line invariant,i.e.,

d(2/dt=0.

Thus, the following functional is conserved for solutionsof system(8EM),

C,(i~,1l):=Jp(P(n,12)dxdydz, (8C)

for an arbitrary function (P. In particular, the functional

~ 12)=~ Jph dx dy dz

is also conserved for any constant j~.

RemarkB. Casimirs. The functionals C, are Casimirs for the Poissonstructure(8PB). This can be
checked by direct computation, or by noting that the group underlying the Poisson structure leaves C,
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invariant.This groupis the semidirectproductDiff ® (Functionsx Densities)and actson (M, p, -q) by

(q5,f, p).(M,p,‘q) (çb*M—dfØ4.*p—v®d(~*~), çb*p, ~

for (~,f, ~i) E Duff X FunctionsX Densities,whereM is regardedhereas a one-formdensity.

C. First variation
The equilibrium statesof (8EM) are stationaryadiabaticflows (in threedimensions).As usual,we let

the subscript e denotequantities associatedwith such flows. Since lie and fle are constant along
streamlines,their gradientsare perpendicularto Ve. On the other hand, for stationary flows, the
conservationof mass and energy imply that the quantity ~Jv~j2+h(p~,lie) is also constant along
streamlines.Thus we have:

t’e V~e= Ve~Vile = Ve~V(~IVeI2 + h(pe, ~~e)) = 0.

Sufficient conditionsfor theserelationshipsarethe existenceof functionsK(~e, lie) and A(x, y, z) such
that

~It’eI2+h(pe, lie) = K(lie, he), (8S1)

Pe~’e (V~eX VIle)A. (8S2)

As usual, K is called the Bernoulli function. The gradient of (8S1) together with the relation
~V~Ve12+ (i/Pc) VPe+ We X t’~= 0 for stationarysolutionsand the relation(8T2) yields the formula

Ve X We = VK(~e,tie) — T~V~e. (8S3)

After integrationby parts,onefinds that the first variation of Hc: = H + C, + Ci,. is given by

DH~(v,p, ~). (Sv,Sp,S~)= J {[~jvI2+ h(p,~)+ ~(li, Ii) — 12~’(li,ll)]Sp

+p(~+T-~w.V(P’)Sli+[pv- (P”(o,f1)V~X VIl].Sv}dxdydz

+ (P’(li,Q)(Svx Vli+wSli)~ndS

(SvxVfl+WSfl)ndS, (8FV1)

where~ Ii) denotesthe partial derivativeof (P(~,Il) with respectto its first argumentand (P’(~,Ii)
denotesthe partial derivativewith respectto its secondargument;n is the outwardunit vectornormal
to the surfaceelementdS, on 3D. Thefollowing propositionis essentiallydueto Dikii [1965b](who also
admittedthe possibilityof a uniformly rotatingcoordinatesystem).
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Proposition. Within the classof smoothsolutionswith velocitiesparallelto 3D, a stationarysolutionVe,

Pc, lie of the adiabaticfluid equationsin threedimensionswith 11. and lie constanton 3D and satisfying
he � 0, Vll~X Vlie � 0, isacriticalpointof H~= H + C, + C,~,where (P is determinedfrom thesteadyflow
quantities by

K(a,$)+ (P(a,~)—$(P’(a,~) 0, i.e., (P(a,P)(J~~’t)dt+ ~(a)), (8~2)

for arbitrary argumentsa, $ and an arbitraryfunction V’(a), and the constant1a is determinedby

= ~‘(fle, il~)I3D, (8F’v3)

with (P given by (8FV2). The function K is constanton streamlinesand is determinedby Bernoulli’s
Law (8S1).Conversely,anycritical point of H~is a stationarysolution.

Proof. Since lie and lie are constanton 3D, for stationary quantitiesin (8FV1), one can factor
(P’(lle, lie) out of the first boundaryintegral and hencethe two boundaryterms cancel if condition
(8FV3) holds.The volume integralswill vanishfor stationaryflows, provided that

~jVeI
2 + h(pe, lie) + (P(lie, lie) — ile(P’(lie, tie) = 0, (8FV4)

Pe~’e= (P”(lie, lie) Vlie X Vile, (8FVS)

and

d~(lie,lie) + Te— ‘We~ V(P’(lie, lie) = 0. (8FV6)
Pc

Relation (8FV4) is equivalentvia Bernoulli’s Law (8S1) to condition(8FV2). We now show that (8FV5)
and (8FV6) follow from (8FV4). To prove (8FV5), substitute(8FV2) into the gradient of Bernoulli’s
Law, take into account (8T2), the relation (V. = w X V~jvI2, and the first equation (8EM) for
stationarysolutions,and find

VeX We = (d’(lie, 11~)+ Te — ile~’(lie, lie)) Vile + (le~”(lie, [la)Vtie. (8V1)

Vector multiplication of this relationby Vli~then gives

Vi/e X (Ve X w~)= Ve(We~Vi/e)— We(Ve Vlie) = ile(P”(iie, lie) Vlie X Vl1~. (8V2)

The term v~,Vi/e vanishesfor stationary flows and We~Vlie = Pile by the definition of 11. Thus, if
il~� 0 we get (8FV5). Note that (8FV5) determinesthe function A in (8S2) from (8V2). To get (8FV6),
vector multiply formula(8Vi) by Vile andfind that

Vile X (Ve X We) = Ve(We~Vile) — We(Ve Vile)

[~(lie,0e)~ Teiled~’(lie, Ile)](V??eX Vile).
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The term Ve~Vile vanishesfor stationaryflows. Using (8FV5) and Vlie X Vile ~ 0, we get

0= ~(lie, lie) + Te — Qe~’(lie,a~)— (P”(lie, ~e) We~Vile
Pc

= ~(lie, lie) + Te — (~)~V(P’(li~,lie)

which is (8FV6) andso the proposition is proved. I

Remark.For flow on a planar surface of constant i~, the gradient V~is a vector normal to
the plane,and 111 = w/p, up to a constantfactor. The proposition then reducesto the planarbarotropic
case,treatedin Holm et al. [1983]andsection3.4.

RemarkD. Formal stability. For three-dimensionaladiabaticflows,

H~(v,p, ~ = J {~pv~2+E(p, i/)+p[(P(i/, il)+ ji]}dx dy dz. (8HC)

It will be convenientto write (8FV1) in the form

SHE: = DHc(Ve,Pc, lie) (Sv,Sp, Si~)

= J {~t’e~Sp+ PeVe SV+ SF(Pe, lie) + [(P(i/e, tie) + pile jSp + Pe~(lie,li~)Sli

+ [(P’(lie, lie) + ,zI Sli} dx dy dz,

Where SF(pe, lie) = Ep(pe, lie)SP + F,, (Pc, lie)5’?. The secondvariation is given by

= D2Hc(V~,Pc, lie) (Sv,Sp, 5,1)2

= J {2Ve SvSp+ PeISVI2+ 52~(pe,lie) + 2~(lie, fl~)(Sli)(5il)

+Pe[~(,1e,lle)(Sli)2+ (P”(lie, ul~)(SQ)2+2(P’(lie, fle)(Sli)(Sil)]

+ 2((P’(lie, il~)+~.c)(Sp)(Sil) + Pe((P’(lie, il~)+~c)S2Q}dx dy dz, (8SV1)

where

S2E(pe,lie) = epp(pe,lie)(Sp)2+ 2F
0,,(Pe, lie)(SP)(Sli)+ E,,,,(Pe, lie)(5li)2,

andwhereS211 is computedas follows:
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il:=p1(curlv)• V,1,

5(1 = —pe lieSp + p ;1(curlSv).V,1e+ p ~1(curlVe)~VS,1,

52[) = p ;211e(Sp)2— p ~1(Sil)(Sp)— p ~2Sp[(curlSv) Vli~+ curl Ve VS~]+ 2p;1(curlSv).VS’?

= —2p 1(Sp)(Sli)+ 2p ~1(curlSv).VS,1.

Consequently,

PeS211+ 2(Sp)(Sil) = 2(curl 5v)~VS’?,

and so that the last two termsin (8SV1) can beintegratedby partsusing (P’(,1e, lie)ISD + ~a= 0 to give

S2H~= J {peI5VI2 + 25v . (VeSp+ V(P’(lie, lie) X VS’?) + S28(Pe,lie) + ~ lie)(Sli)(5t1)

+ Pe[t~(lie,lle)(Sli )2 + (P”(’?e, lie)(Sli)2 + 2d)’(q~,lie)(S’?)(Sli)]} dx dy dz. (85V2)

Completingthe squarein the first two termsof this expressionyields

S2H~= J {pe~Sv+ p ~1VeSP+ p ~ V(P’(lie, lie) X V3’?~2 p ~1IVeSp + V(P’(li~, lie) X V5n12

+ 52F(pe,ilc) + 2’P(li~,ile)S77S0+ pe[t~(lie, lie)(Sli)2

+ (P”(lie, hle)(511)2+ 2~P’(lie,il~)5ijSil]}dx dy dz. (8SV3)

This quadraticform has indefinite sign; for example,variationswith Sp = 0, 5’? = 0 and curl Sv= 0
(so Si? = 0) give apositive expression.To get a negativeexpression,choosea variation with 5’? small
comparedto VS’?, VS’? in the plane orthogonal to curl Ve, and with Sv the curl free part of
— V(P’(’?~,lie) x VS’? in the L2 orthogonalHodge decompositionwith a Pc weight (Marsden [1976]).
(Note that curl Ve • VS’? = 0, Sp = 0, andcurl St’ = 0 gives 511= 0.)

We next showthat S2H~becomespositivedefinite for statessatisfying

I VSi~�k2÷(S,1)2, (8BD)

wherek+ will be determinedbelow in terms of equilibrium flow quantities.We will get conditional
stability results:that is, ourboundswill hold as long as (8BD) is not violated.This is consistentwith the
fact that generally,shockscan developandviolate(8BD). This conditionalstability is similar to that for
compressiblebarotropicflow (seesection3.4). It should be kept in mind that when (8BD) is violated,
the model itself maybecomeinvalid becauseof heat diffusion that should be accountedfor if V’? is
large.

Weintroduce the notation
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a2= p ~1I V(P’(lie, lie)12, A = Epp(pe,lie) — P c~IVeI2, B = E,,,,(Pe, lie) + Pe~(lie,lie),

C = Ep,,(Pe, lie) + d~(lie,1i~)= P etWe V~P’(li~,lie) = Te + ~b(lie, lie), [by (8FV5)]

D = pe(P”(’qe, lie), F = Pe~’(lie,lie), ~ = ~ ~ V(P’(ije, ile)X Ve.

Thus,S2H~in (8SV3)can bewritten (usingthe vector identity ax /312 = lal2lfJI2 — (a . fJ)2 as

S2H~= J {p~5v+ f) 1Ve~P+ p;1 V(P’(lie, lle)X VSnI2+ p;1(VS’?.V(P’(lie, lie))2 + .~2}dxdy dz,

(8SV4)

wherethe quadraticform ~ is given by

[Spi’ [A+1y12!a2 0 C1[Spl
= 812 0 D F Si? —a21VS~— a2y5p2. (8..~1)

Ls~J L C F BJLS~J

Sufficient conditionswill be found for ~ in (8~1) to be positive.To do this, we first look at two special
cases: (i) choose Sp = 0, and take SvandS~such that Sli = 0. Then

= B(Si~)~— a21 VS’?2,

so ~ > 0 in this caseif I VS’? 2< a 2B(S’?)2; and (ii) choose V5~= 0, andtake Sp and Sv such that
Sli =0. Then

— ~5pyj’A C\(5p\

~s~RC B)~S,1)’

and~ >0 in thiscaseif A>0 andA.B— C2>0. In (8~1) we write VS’? = kS’?, which definesthe vector
k andrecombineto find

[Spl’[A 0 C+k~y 1[5p~
= 511 0 D F Sli . (8~2)

[.5’?] LC+k~y F B—1k12a2JL5liJ

For positivity of the quadraticform (8212)we needeachsubdeterminantto be positive,i.e.,

A >0, D >0, D[A(B— 1kl2a2)—(C+k.y)2]—AF2>0.

The last conditionfor positivity can berewritten as

—AB+Aa2jkj2+(C+k.y)2+AF2/D<0,
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or, on expandingthe square,

Aa2Jk12+(k~y)2+2Ck.y—(AB—C2—AF2/D)<0.

By the Schwartzinequality,k ~y � kIIyl; if C� 0, It suffices for positivity of 22 in (8222) that

(Aa2+ y!2)!k12 + 2CJyIIkI— (AR— C2 — AF2/D)<0. (8K1)

The product of the roots of this quadraticexpressionin kI is —(AR— C2 — AF2/D)/(Aa2+ l~2) so
thereis one positivereal root, k±,if

AB- C2-AF2/D>0.

(If C� 0, the discriminant is trivially positive, so the roots are real.) The value of k+ is given by the
qu~draticformula:

k±= [Aa2+ I~2]~{—CjyI + VC~Jy2+ (Aa2+ I~I2)(AB— C2—AF2/D)}, (8k±)

and the inequality (8K1) is satisfiedfor

0�jkl<k+.

This calculation using the Schwartzinequality shows that the quadraticform 22 in (8221) is positive
definite provided

A>0, D>O, C�0,

and

AB- C2-AF2/D�0

for specific entropyvariationssatisfying

I VSliI < k+JS’?~, (8SEV)

with k+ given by (8k+) in termsof equilibrium flow quantities.Thesepositivity conditionsfor 21 imply
positivity of the secondvariation S2H~in (8SV4). Hence, as long as (8SEV) is satisfied, sufficient
conditionsfor formal stability of three-dimensionalequilibrium flows of an adiabaticfluid areexpress-
ible (by using(8Ti—3), (8FV5), andthe definitions of A, B, C, D, andF in (8D)) as

A : = Epp(Pe, ‘ie) — Pe1IVeI2 = p ;1(c~— lVeI2) >0, (8FS1)

Pc (P”(’le, lie) = ~ >0, (8FS2)
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C:=p;’Wc V(P’(lie,lle)�O, (8FS3)

B: = 6,,n(Pe, lie) + Pe’~1’(lic,lie)> p ;2(W~V(P’)2 + (c~—

= : (C2 + AF2/D)/A, (8FS4)

whereCe is the equilibrium soundspeed,E,,,,(Pe, ‘le) = peTeIC~,andc,, = T/(3T/3li)p is the specificheat
at constantspecific volume.ThequantitiesPc, Te, c~,and c~areall assumedto be positive, on physical
grounds.The formal stability conditions(8FS1—3)can alsobe expressedsimply as

— t’e~>0, (8FS1’)

Ve~VlieX Vlie>0, (8FS2’)

We~V(P’(lie, Ve) � 0. (8FS3’)

In the isentropicplanar limit, the fluid flow takesplaceon planesin which ‘?~is constant,so that if
theseplaneshavecoordinates(x, y), Vlie i. Among the formal stability conditionsin this limit, the
subsoniccondition (8FS1’) remains, but (8FS4) and (8SEV) are absent,since 5’? = 0 = VSli. The
Casimir variable, ii = p~ curl v~Vli, in this limit becomes the scalar specific vorticity, w/p =

p1i . curl v; so the first geometricalconditionfor formal stability (8FS2’) becomesVe~~X V(~e/pe)>0
and the secondgeometricalcondition (8FS3’) is satisfiedidentically [~e2~ V(P’(~eIpc) = 0, since We and
Pc are functionsof (x, y)]. Thus, the formal stability conditionsfor three-dimensionaladiabaticfluids
reduceto those for two-dimensionalbarotropicfluids (seesection3.4) in the isentropicplanarlimit.

D. Convexityestimates
In (8HC) we haveI-Ia = H + C, with

H(V,p, ~)= J {~pIvl2+r(p, ‘?)}dX dy dz, C(v,p,~)= J p{(P(~,il)+~.ci1}dxdy dz.

Consequently,

I~(Av,Ap, An): = H(Ve + At,, Pc + Ap, lie + Ali) — H(Ve, Pc, lie) — DH(Ve, Pc, lie) (Av, Ap, A’?)

J {~(pe + Ap)IAt’~+AP(Ve~AV)+ê(Ap, A’?)}dx dy dz,

where

~(Ap,A,1):= s(P~+Ap,lie~li) E(Pe, lieY Ep(Pc, lie)1~P Fn(pe, lie)Ali. (8Di)

Likewise,
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E(Av,Ap, An): C(Ve+ Av,Pc+ Ap, i/c + Ai/) C(v~,Pc, lie) DC(v~,Pc, ‘?e)~(Av, Ap, A’?)

= J {(Pe~Ap)[(P(li~+A’?, lie+ Ali)+ ~(lie+ All)]Pe[(P(lie, lie)+ ~lie]

— [~(‘?e, hle)+ ~Llie)Ap Pe(P,,(lie,li~)A’?— pe[(Pn(lie, lie)

+,u]Dhl .(Av,Ap, Ai/)}dx dy dz,

where,sinceli = p1(curl v)~Vi/,

Dli (Av, Ap,A’?)= —p;1ll~Ap+p;1(curl At’). V’?e+p;’(curl Ve)~VA’?,

and

All: =(p~+Ap)1curl(ve+Av)~(~e+A~)—p~curl t’e~ V,1e

= Pc Dli.(Av,Ap,Ai/)+ 1 (curlAV).VA’?.

Pe~~P pe+Ap

Comparisonof theseexpressionsfor All andDI? . (At’, Ap,A’q) gives

PeDI1.(Av, Ap, Ali)= (p~+Ap)Al1 —(curl At’). VA,1

which, whensubstitutedinto the previousequationfor ~ leadsto

ê(AV,AP~Ali)J {(pe+Ap)i~(A’?,A1l)+~(lie,hle)APA’?

+Av V(P’(’?e,lle)X VA’?}dxdydz,

where

~(A’?,A’?): = ‘1~(lie+ A’?, lie + All) — (P(lie, il~)— d’(~e, l?~)A’?— (P’(’?e, lie)Ali. (8D2)

Adding together I~+ ~ yields

= J {~(Pe+ Ap)JAvj2+ At’ . (v~Ap+ VtP’(lie, lie) X VA’?)

+ ê(Ap,A’?)+ (Pc+ Ap)cf’(A’?, Ali)+ ~(‘?e, ~‘1e)Ap Ai/} dx dy dz,

whereupon completing the squareandusingthe relations
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At’ + VeAp/(pe+ Ap)’ AMI(pe+ Ap), AM: (Pe+ Ap)(Ve+ AV)peVe,

leadsto the expressionin termsof AM,

~ j { 1 JAM+ V(P’(lie,hle)X VA’?l2 v~Ap+V(P’(’?e,lie)>< VAliI2
2(pe+Ap) 2(pc+Ap)

D

+ e~(Ap,A
0)+ (Pc + Ap)JJ’(A’?,Ali) + ~(i/e, h1~)APAli} dx dy dz.

This expressioncan be comparedwith the secondvariation (8SV3), to which it reduces(up to an
inessentialfactor of 2) for infinitesimalvaluesof {Av, Ap,A’?}.

Assumenow that for certain positive constantsPmin, Pmax, e, E1, a1, A1, i = 1, 2, 3, we havethe
following boundsand convexityproperties:

O<Prnin�P�Pmax<~,

0< e1 ~ Epp(Pe, lie)<~’ 0< a1 �(Pe+ AP)(P”(lic, lle)< ~,

1(Ap\~t(e1 e3 ~1Ap~<ê(A All) 1(Ap\~t(E1 E3~1Ap~2\Ai/!\e
3 e2!\A’?! li~

2\A’?!\E, E
2)\A’?!’

where ê and cb aregiven in (8D1) and(8D2), respectively.
ThenH + C is boundedbelow by

fi+ ê�~J { l’~M+V(P’(lie, lie)X VA’?l
2~IVeAp+ V(P’(i/e, ile)X VA’?I2

Pmax Pmin
D

Ap’ e
1 0 e3+(P Ap

+ Ali 0 a1 a3 All dx dy dz. (8D4)

A’? e3+(P a3 a2+e2 A’?

Expandingthe square,we get

— I VeAp+ V(P’(i/e, lie) X vA’?I
2 = — ~JVeI2(AP)2 + ~~V(P’(’?~, lie)~ VAi

7)
2

Pmin Pmin Pmin

VAi~ V(P’(’?~,fle)X t’c — ~l~’(lie, lle)I2IVA’?12,
Pmin Pmin

which we substituteinto (8D4) giving

i~+~�~J{_~IAM+ V(P’(’?e, lie)X VA’?J2+—(VA’? V(P’(’?~,Qe))2+~}dX dy dz. (8D5)
Pmax Pmin

D
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The quadratic form 22 in (8D5) is given by an expression similar to (8211):

Ap ei—p~nIvej2+JjI2/d2 0 e
3+(P Ap

.~Ali 0 a1 a3 Ali Ha
2IVAlid2iAp12, (8211)

A’? e
3+(P a3 a2+e2 A’?

where a
2 and j are defined by

—2 —1 ~j’~’(j’~a — Pmin ~,lie,~&e)

= p ~n V(P’(’?e, lie) x t’,,.

Writing the quadraticform i2 in termsof avectork by setting 178’? = kS’? yields

Ap’ A 0 C+k~ Ap

22= All 0 D F All , (812)

A’? C+k.j F B—IkIa2 A’?

which has the sameform as (8212), but now with the following interpretations:

A = e
1 — p ,mnIVeI, B = a2+ e2, C = e3+ ~(‘?e, lie), D = a1, F = a3.

Consequently, upon retracing the argument using the Schwartz inequality for positivity of the quadratic
form 21 in (8212), we find that the quadratic form 21 in (8212) is positive if

A= ei—p;~,IveI
2>0, D= a

1>0, C= e3+ d)(’?e,ile)>O,

A(B — F
2/D) — C2 = (e

1 IveI
2/Pmin)(a

2+ e2 — a~/a1)— (e3 + tb(i/e, lie))
2 > 0, (8D6)

provided the specific entropy variation A’? satisfies

PVA’?I<k+IA’?I, (8D7)

with k+ given now by (8k+) in terms of Pmin, e,, a
1, i = 1, 2, 3 and equilibrium flow quantities.

E. A priori estimates
Under the assumptions of (8D3) and the conditions (8D6—7) for positive definiteness of the quadratic

form in (8211), the following estimate holds:

~J ~~JAM+ V(P’(~e,lie) X VA’?I
2 + —~—(VA’?.V(P’(’?e, lle))2

Pmax Pmin
D
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Ap e~— 1Ve12/pmin 0 e
3 + ~b(lie, lie) + k .9 Ap

+ All 0 a1 a3 All dxdydz
A’? e3+d)(’?e,ile)+k.j a3 a2+e2—1kI

2a2 A’?

sH+ C= :I-I~

= H~(Ve+ Av(0), p~+ Ap(0), lie + Ali(0)) — Hc(Vc, Pc, lie) (8E)

(the last equalityusesthe propositionconcerningvanishingof the first variation).

F. Nonlinear stability
The left-handside of the inequality (8E) definesa norm II(AM, Ap, All, Ali)I12 in which the estimate

(8E) maybeexpressedas

I-TI~(Av(0), Ap(0), Ali(0))� II(AM(t), Ap(t), Ali(t), Ali(t))I12,

and (8F1)

I~f~(Av(t),Ap(t), A’?(t)) � (const)II(AM(0),Ap(0), Ali(0), Ali(0))112,

sinceH~is aconstantof themotion andthenormof theinitial perturbationis boundedfor functionsVe, Pc,

lie definedin afinite domain(or havingappropriatedecaypropertiesatinfinity, if D is not bounded).The
estimate(8F1) expressesLiapunovstability as summarizedby the following:

Adiabaticstability theorem.Let the function (P be relatedto the Bernoulli function K by

(P(a,$)(JK~~t)dt+ ~(a))

for an arbitrary function ~Pandlet /2 = (P’(lie, lie)13D, whereVe, Pc, lie, is a stationarysolutionof the
adiabaticfluid equations(8EM) satisfying lie � 0 and Vlie X Vlie � 0. Assumethat (P and the internal
energydensity e for the flow satisfy the convexity conditions (8D3). In addition, assumethat the
quadratic form (8211) is positivedefinite. Thenthe stationarysolution Ve, Pc, lie is conditionallystable,
i.e., stable for solutions that (i) aresufficiently smoothandthat satisfyJVA’?I < k+jA,1j with k÷given by
(8k÷)in termsof constantsPmin, e

1, a1, i = 1, 2, 3 and equilibrium flow quantities as in (8D6); and (ii)
satisfy0 ~ Pmin � P ~ Prnax<~.

Remarks(1) For specificexamples,the arbitrarinessof the function ~Pmight be helpful sinceit gives
additional freedom in the (1, 2) and (2, 1) entries of the matrix as well as in the inequalitiesinvolving
,7-derivativesof (P.

(2) Estimateson (div v) areabsent,anotherindication that shockformationis not prevented.In the
isentropicplanarcase,the presentresult reducesto the estimateof Holm et al. [1983]in section3.4.



Darryl D. Holm etal., Nonlinearstability offluid andplasmaequilibria 87

(3) A subcaseof the flows treated in this section occurswhen 11 0. In this case, there is the
additional conserved quantity fD v curl v d3x. However, the correspondingclass of flows with pv+ A
curl v = 0, A = const (compressibleBeltrami flows), are not evenformally stable, as can be readily
shown.

9. AdiabaticMUD

This section studiesthe stability of static three-dimensionalMHD equilibria. As we shall see, the
methods used in this paper are consistentwith Bernstein’s SW method. They also reduce to the
correspondingtwo-dimensionalresultsconsideredin sections5 and6.

A. Equationsof motionandHamiltonian
In adiabaticmagnetohydrodynamics(MHD), quasineutralplasmamotion is describedin termsof the

following physical variables: p, the mass density; M, the fluid momentumdensity; q, the specific
entropy;andB, the magneticfield. The three-dimensionalMHD equationsare

liv 1 1
—+(v~V)v=——Vp+—JXB,
lit P P

= —div(pv), = —v• p’?, = curl(v X B), (9EM)

wherev = Mip is the fluid velocity, J = curl B is thecurrentdensityandp is a given function p and li.
The electric field E —v X B hasbeeneliminated.The pressurep maybe determinedfrom an internal
energyfunction e = e(p,’?)by the first law

de= Td’?+(p/p2)dp,

which also defines the temperature,T The boundaryconditions are taken to be t’ = 0 and
B fl aD = 0, for an impermeablefixed boundary3D of our domain D. The divergencelesscondition
div B = 0 is preservedby the dynamics.

The (3dMHD)equationsconservethe total energy

H(v, p, ~,B) = J [~p v!2 + pe(p,‘?)+ ~IBI2]d3x, (9H)

where e = pe. The spaceP consistsof octuples (v, p, ~,B) with div B = 0 andare assumedto have
certaindifferentiability properties(andto decayat infinity if D is unbounded).

RemarkA. Poissonstructure. The Hamiltonian structure for the (MHD) equationswas introducedin
Morrison and Greene [1980]andconnectedto semidirectLie—Poissonbracketsin Holm and Kuper-
shmidt[1983].It wasderivedby reductionfrom canonicalbracketsin Lagrangiancoordinatesby Marsden
et al. [1983],HoIm, KupershmidtandLevermore [1983],and Marsden,Ratiu and Weinstein[1984].
These equationsare Lie—Poissonequationson the dual of the Lie algebraof the semidirectproduct
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~‘ ® (A°~A3~A’)of vector fields and the direct sum of functions,densities,andone-forms.Dual
coordinatesare:M is dual to vectorfields; p is dual to functions;’? is dual to densities;andB is dualto
two-forms. The Poissonbracketis given by

SG SF SF SG 5G SF SF SG
{F, G}=J{M

1[~. ~ V__]+p[_. ~ V__]

rSGSF SFSGi rSG SF SF SG
+‘?divI———-——l+B1I—~V—————• V—LSMS’? SM Si/i LSM SB, SM SB,

rSF SG SG SFi~+B1l—31-————-—-—r91———H~d
3x. (9PB)

LSBJ SM
1 SB1 SMJJJ

The equationsof motion (9EM) areequivalentto P= {F, H} with H given in (9H).

B. Constantsof motion
The equations(9EM) haveageometricreformulationwhich facilitatesthe searchfor their constants

of motion. For p, ~,and B/p we may write

(3, + ~2L?.~)(pd
3x) = 0, (3, + 5~~)r,= 0, (8,+ ~t~)(P‘B~dx) = 0,

where ~ denotes the Lie differentiation along the velocity field v,andB . dx = ~ B, dx’ is B thoughtof
as aoneform. The last equationis alsoexpressibleas a commutatorrelation

[3, + ~, .,~‘R/p] = 0, (9CR)

where2’B,~is the Lie derivativeby B/p. This commutatorrelation and (3, + ~)li = 0 imply thereare
constants along flow lines,

= (2’B,PY’? ; n = 0, 1, 2

SeealsoHenyey[1982],wheretheseconstantsalongflow lines arederivedfrom symmetryunderparticle
relabeling.

Therearealsoconstantsof motion whichdependon the magneticvectorpotentialA; for example,the
magnetic helicity fDA .B d3x, where B = curl A. In terms of the one-formA = A . dx, the evolution
equationfor themagneticfield equationmaybe written as (3,+ ~) dA = 0. Choosingatime-dependent
gauge4 = v A for the electrostatic potential ~ satisfiestheMHD requirementE + V X B = 0, provided
(3, + 1,,)A = 0, so in that gauge

(3,+ ..~L?~)AA dA = 0,

or, equivalentlyby the continuityequation,

(8,+ ..9~)(p‘B~A) = 0.
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By the commutatorrelation(9CR) the following quantitiesare alsoconstantsalongflow lines

= (11
81~)~(p’B. A).

Consequently,any function (P({li~”~},{A ~})is constantalongflow lines andthe following quantitiesare
conserved by the equations (9EM):

C, = J p(P({ll~},{A ~})d
3x, n = 0, 1, 2 (9C)

Among thoseconservedquantitiesC, depending on A ~, only the magnetichelicity is gaugeinvariant
(this usesB~ = 0).

The constantsi1~,A~, areindependentof velocity v. Seeking additional constants depending on v,
we rewrite the velocity equationof motion as

3,v+oiXv+ V(v2/2+h)—TV’? =~curlBXB.

This is the vectorform of the Lie derivativerelation

(3,+ .~l?
1,)(v. dx) + d(—1v1

2/2+h + IBI2/p — Tdli = £~‘
81~(B. dx).

Two Lie derivativesappearin the (3dMHD) motion equation:one by v, and one by B/p. Still, the
so-called“cross helicity” fD v B d

3x is conservedfor flows with ll”~= 0, i.e., with il°~vanishing
throughoutthe domainof flow, and v ~jaD = 0 and B ~~laD = 0, by the equation

3,(v B) = —div[v(v . B) + B(—1v12/2+ h)] + pTli”~’,

togetherwith constancyof ll~’~,on flow lines.This equationfollows readily either from (9EM) directly,
or by taking the inner product of the vector field B/p with the motion equationwritten in differential
geometricform above.

RemarkB. Casimirs. The functionals (9C) are Casimirs for the Poisson bracket in Holm and
Kupershmidt [1983]in terms of (M, p, ‘?,A). The functionals (9C) without the A~ dependenceare
Casimirs for (9PB). The cross helicity f v B d3x is a sub-Casimir of (9PB)(Weinstein[1984]andappendix
B), subject to vanishingof liu) andthe boundaryconditionsv • n = 0, B n = 0.

C. First variation
The equilibrium statesPc, 7/c, t’e, Be of the system(9EM) satisfy the relations

divpeve=O, curl veXBe=0, Ve V7/e0, Ve~VlieO,

Wex t’e + V(~IVe!2+ h(pe, lie))— Te V’?e = p;1(curl Be)X Be,

where lie = li~= B~V7/c/Pc, without superscriptin the remainderof this section.For static equilibria
the aboverelationsreduceto the single condition
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(curl Be)XBe VP(Pe,’?e). (9SC)

To get a variational principle for static equilibria,we needonly usethe Casimirsdependingon
and li”~,i.e., on li and 11 = (1/p)B.V’?.

Proposition.For smoothsolutions satisfying div B = 0 and B n = 0 on the boundary,a static equili-
brium (ye 0,Pc, lie, Be) of the ideal three-dimensionalMHD equationsis a critical point of

H~=H+C,,, (9H~)

where C~ J p(P(,1, I?) d3x, provided the function (P satisfiesthe following relationsin terms of the

equilibrium solutions:

h(pe, lie) + (P(i/e, lie) — lie(P
0(’?c, lie) = 0, (9FV2)

Be+ (PQ(’?e, lie) 1~lie= 0, (9FV4)

whereh(pe, lie) is the specific enthalpyand T~the temperatureat equilibrium.

Proof The conservedfunctional in the proposition is

Hc(v, p, ‘?,B) = J [~PIvI
2+ pe(p,~)+ ~IBI2+ p(P(’?, 11)1 d3x.

This functional has the sameform as the correspondingconservedquantitiesin section8 for adiabatic
flow. We obtain the following expressionfor DH~:

DHc(Ve, Pc, lie)(~,S~,5,1, SB) = J d’x {PeVc SV + [~IveI2+ he + (P — li(P~]8p

+pe[Te+(P,,—p;1Be V(Pui15’?+[8e~h)~17i/e15B}

5lP1i~Be~fldS, (9DH)

wheredS is the surfaceelementon the boundaryand n is the unit vectornormal to the boundary.The
boundaryintegralsin (9DH) vanish by SB fl~D = 0 and Be~flIaD = 0. Throughout(9DH), suppressed
argumentsof functions are to be evaluatedat equilibrium. For DH~to vanishat equilibrium requires
eachcoefficient to vanish, i.e.,

S : v~=0, (9FVI)
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5p: h(pe, lie)~(P(’?c, De) lie(P~(’?e,lie) = 0, (9FV2)

Sli: Te+(P,,p’Be~V(P~(i/e,ile)0, (9FV~,,3)

SB: Be+ (Pj~2(lie, lie)Vi/e = 0. (9FV~B)= (9FV4)

Substituting(9SC) into the gradient of (9FV2) andusing(9FV4) showsthat (9FV3,,3)holds.
To determine(P from the static equilibrium, one possibility is to assume a functional relationship

Pc = F(’?e, lie). (If Ve were not zero, this would follow if div v~= 0). Then (9FV2)determines(P in the
usualway. Let t’e = 0 andlet the functionslie and lie be arbitrarily specified;let Pc = F(lie, lie) andlet
Be be definedby (9FV3). This gives an equilibrium solution and (P.

Note that (9FV3) implies

Jc~~rcurlBe~(P~~(lie,lie) VlieX VIle,

so the currentfollows lines of intersectionof surfacesof constant lie andlie. Also

(P~~(lie,lie) = (Je~Vlic X Vllc)/I V’?e X VlicI
2, (9SVC)

so (Piin(lic, lie)>0 as long as Je, V’?c and Vli~form a right-handtriad.

Formal stability and stability ofMHD
In the proposition,H~is identical in form to the correspondingquantity for three-dimensional

adiabatic fluids in section 8, except for quadratic pieces which do not harm stability, and the
reinterpretationof li. Thereforethe correspondingresultsfor stability in the adiabaticstability theoremin
section 8 apply for MHD. For a static MHD equilibrium the subsoniccondition is automatically
satisfied,of course.

Therealsoexist stationary,non-staticMHD equilibria in threedimensions;for example,the aligned
flows, with t’e X Be= 0, Ve� 0. Theseflows areextremalpointsof

= H + C, + CB + CA,

wherelie 0 identically and CA is the sub-Casimirfor thiscase:

CA = A Jv B d3x.

Unfortunately,the resultingalignedflows arenot formally stable,sincethe quadraticform D2H~in this
caseis indefinite.

Further remarks
(1) Notice thatin the two-dimensionallimit in whichwe passto a surfaceof constantlie, SO V1

7e~

thethree-dimensionalsecondvariation condition(9SVC)correspondsto thetwo-dimensionalone((c’) of
section6.2).
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(2)* The8Wmethodof Bernstein[1958,1983] is relatedto S2H~by reductionfrom Lagrangianto
Eulerian coordinates.In fact SW is the secondvariation of the potentialenergyfor MHD written in
Lagrangiancoordinates.For MHD the Casimirsare given via Lie derivatives as we haveseen,and
Eulerian and Lagrangianvariations of a quantity differ by a Lie derivative (the coadjoint action
generatoron ageneralLie group). In this caseonearrivesat,

S2H~(S~)~uier= IS~J~agip+ SWLagr, (98W)

whereS~is the Lagrangiandisplacementfrom the equilibrium trajectory, so that formal stability in
termsof SW impliesthat forH~.We shallexplorethisrelationshipatgreaterlengthin anotherpublication.

(3) In appendix A, we recall Bernstein’s logarithmic convexity argument which shows that
definiteness of the second variation is necessaryas well as sufficient for linearized stability, in
Lagrangiancoordinates.

10. Adiabaticmultifluid plasmas

A. Equationsofmotionand Hamiltonian
The physicalvariablesare (asin section7, but suppressingspeciesindices):p, the massdensity;M,

the fluid momentumdensity; ‘?~the specificentropy;E, the electric field; andB, the magneticfield. The
velocity v is relatedto momentumdensityby v = M/p. The three-dimensionalMFP equationsare

li,v =—(v V)v—-~Vp+a(E+vxB), 3,p= —divpv,
P

= —v~V~, 3$ = —curlE, li,E = curlB— apt’, (1OEM)

wherep is thepressure,the parametera is the speciescharge-to-massratio, and~ indicatesa sum over
species.The remainingMaxwell equations

divB=0, divE—~ap”0 (1OSME)

arepreservedby the dynamicsand,thus, can be treatedas initial conditions.The equationof statefor
specific internalenergye = e(p,’?) determinesthe pressurethrough the first law

de= Td’?+(p/p2)dp,

whereT is temperature.Boundaryconditionsarev • n SD = 0, B n = 0, andE X n SD = 0.
For asingle fluid speciesandwhen E andB areabsent,theseequationsreduceto the equationsfor a

three-dimensionaladiabaticfluid, whosestability conditionsfor stationaryflows arediscussedin section
8.

* We thankPhilippeSimilon and Phil Morrison for discussionson this point.
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Theequations(1OEM) conservethe total energy

H(v, p, ‘?,E, B) = ~ J [~pIvI2+ pe(p,~)]d3x+ J (~E~2+ ~!BI2)d3x, (1OH)

wherer (p, ‘?)= pe(p,~)is theinternalenergydensity.ThespacePconsistsof (v,p, ,~)foreachspecies,and
E, B, all of which are assumedto be suitably smoothandto satisfy (1OSME).

RemarkA. The Hamiltonian structurefor the MFP equationsis due to Iwinski and Turski [1976]
andis discussedfurther in Spencer[1982],Holm andKupershmidt[1983],Marsdenet al. [1983],Holm,
Kupershmidtand Levermore[1983],andMarsden,Ratiu andWeinstein[1984].For functionalsF, G of
(M, p, ‘?~E, B) with boundaryconditionsas above,the Poissonbracketis given by

11 FiSG \ SF ,SF \ SGi rSG SF SF SG
I ~
J I L\5J’f /SM, \SM / SM,J LSM Sp SM Sp
D

iSGSF SFSG\ iSF SG SG SF SF SG\~
\SMS’? SM i’?’ \SM SE SM SE SM SM/i

r ,5F SG SG SF\
+ I I —. curl — — . curl — I d3x.

J \SE SB SE SB!
D

The equationsof motion (1OEM) areequivalentto P = {F, H}, with H given in (1OH).

B. Constantsof motion
A direct way to find the constantsof motion associatedwith the “freezing-in” of fluid quantitiesis to

notice that the velocity equationin (1OEM) can be written in the following suggestiveform by using
E = A — V4, B = curl A, andthe first law expressedin termsof specific enthalpy,h = e+ p/p,

3,(v+ aA)—v X curl(v + aA)+ V(v2/2+h + acb)—TV’? = 0. (1OEMa’)

This is the vectorform of the differential relation

(3, + ~1?,,)q — d(v2/2— h — açb + av A)— Tdi/ = 0, (1OEMa”)

where~Z,is the Lie derivativewith respectto the vectorfield with componentsv’, q = (v
1 + aA1)dx’ is

the “circulation” one-form,andd is exteriorderivative.Recall that for any differential form, 0, the Lie
derivativeis given by ~5~?VQ= v dQ+ d(v.0), wherethe dot “j” meanssubstitution,i.e., inner product
of a vectorfield and a differential form. Taking the exterior derivativeof (1OEMa”), using d

2 = 0, and
Ed,~] =0 gives

(3,+~)dq—dTAd’?=0.

Since(3,+ ~ = 0 for the scalar‘?~one finds
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(3,+~)(dqAdi/)=0,

and combiningwith the continuityequation

(3,+~)(pd3x)=0,

yields

(a,+v. 17)11=0, (1011)

where

li = p~’curl(v + aA). Vi/ = p~(w+ aB). V~.

Likewise,

(li,+~)(qAdq)=d(f3dq+Tdi/ Aq)+2Tdli Adq,

where

,B= v2/2—h—$+av~A,

yields an equationfor helicity, fD (t’ + aA) (w + aB) d3x, namely,

3
1.J(v+aA)(w+aB)d3x=J2pTIid3x=0 for 110,

provided t’ n = 0, (w + aB). n 3D = 0 and V’? X n aD = 0. Note that by (1011) if 11 is initially zero
throughoutthe domainof flow, it will remainzero.

The eq. (lOli), the entropyequation,andthe continuityequationsimply that the quantity

C,(’?, li): = JP~(’?,1?) d
3x (1OC)

is conservedby the MFP equations(1OEM) for everyfunction (P(’?,li).
RemarkB. Casimirs.The functionals(1OC) areCasimirsfor thePoissonbracket(1OPB).The helicity

integral f (v + aA)• (to + aB) d3x is a sub-Casimir, subject to vanishing of li and the boundary
conditionsmentionedpreviously.

C. First variation
The equilibrium statesPc, lie, t’e, Ee, Be, of the system(1OEM) arethe stationary,three-dimensional,

adiabaticMFP flows. Suchstationaryflows satisfy the relations

Ec = — Vcbe, (1OSRa)
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div Ec = ape, (1OSRb)

div Be = 0, (lOSRc)

curl Be = apet’e, (1OSRd)

div Pct’e = 0, (1OSRe)

Ve’~V’?e0, (1OSRf)

Ve~V(~IVc!2+ h(Pc, lie)+ acbe)= 0, (1OSRg)

t’e VlicO. (1OSRh)

A sufficient conditionfor the last threerelationsis the Bernoulli law

~lVe!2+h(Pe, ‘?e)+ acbe= K(’?e, lie) (1OC1)

for a Bernoulli function K Thus,by the stationaryequation(1OEMa’), we have

ye X (We + aBe)= VK(
7/e,lie) — TeV’?e.

Vector multiplying this by V’?~gives

Pet’e= V’?c X Vile, (10C2)

whereK~: = 3K(’?e, lie)/t9lle. Notethe divergenceof (10C2)vanishes,as requiredby (lOSRe).Similarly,
vectormultiplying by Vll~gives

V1le~(we+aBe) T~—K~ (10C3)
V’?e(toe+ aBe) — K~

where K~: = liK(i7~,lie)/t97/e. Relations(1OC1)—(10C3)will be useful in demonstratingthe following
proposition.

Proposition.For smoothsolutionssatisfyingv • n = 0, B n = 0 andE x n = 0 on the boundary,a sta-
tionary solution (va,Pc, lie, Ee, B~)of the ideal three-dimensionalMFP equationsis a critical point of

H~=H+~C.+~/2JpQd3x,

where/5 is a constant(separatedout for convenience),providedfor eachspecies,
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(P(’?,~)= K(m t) dt + const),

and,a = ~(PnIaD, K being the Bernoulli function of a given species.

Proof The conservedfunctionalin the propositionis

H~(v,p, ~,E, B) = ~ J [~p v!2 + pe(p, ‘?)]d3X + ~J(JE~+ B!2) d3x

[p(P(,1,li)+/2pll]d3x.

Exceptfor the electromagneticpieces,the expressionfor H~is identicalto thecorrespondingconserved
quantity in section 8 for adiabaticflow. Integratingby parts leadsto the following expressionfor the
derivativeDH~:

DH~(v~,Pc, lie, Ec, Be) (Sv,Sp,5’?, SE, SB) = ~ J {[~It’cl2 + h(pe, lie) + (P — (le(Pn]Sp

+(peVe c”?cX V(P
0)SV+pe[Te+ (P,~—p;’(we+ aB~)~V(Pn]5’?}d

3x

+J [(Be+~ a(PnVlie)•SB+(Ee•SE)]d3X+~ (~+ (P0)[5~~x V’?c-l-S’?(we+aBe)l•ndS,

(1ODH)

wheredSis the surfaceelementon the boundaryandn is its unit normalvector. Throughout(1ODH),
(P andits partial derivatives(P~and (P~are to beevaluatedat equilibrium (‘?~,lie). TheSE coefficient
in (DH) is transformedto a Sppiece by usingdiv SE= ~ aSp, as in section7. For a stationarysolution,
the connectedcomponentsof the boundaryare both streamlinesand (by Ec X n aD = 0) equipotential
surfaces.Thus, i/c andlie areall constantson the boundary.Theboundaryintegralsin (1ODH) vanish
upon choosing~ + (P~= 0 on 3D andnoting that SB n 3D = 0. The remainingcoefficientsin (1ODH)
vanishfor stationaryflows by virtue of the single relation

K(’?e, lie)+ (P(’?e,lle) l2e(P~(’?e,lie) = 0, (10K)

which is the sameas the relationbetweenK and (P in theproposition.Given (10K), the Sp coefficient

in (1ODH) vanishesfor stationaryflows accordingto (1OC1). Since (10K) implies that
K~(’?e,lie)/lie = (Pfln(’?e, lie)
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the Sv coefficient vanishesby (10C2’). Upon substituting(10K) into it, the 8’? coefficient becomes

TeK(Pg~p~(wc+aBe) Vll~,

which vanishesby (10C3). Finally, the SB coefficient vanishesby using(10K) and (10C2),to imply

PVc = —curl((PaV’?e).

Hence,(1OCRd)gives

Be+ ~ a(PaV’?e = 0,

for the SB coefficient. •

Formal stability andstability for MFP
Observethat H~in the proposition is identical in form to its counterpartfor three-dimensional

adiabaticflow in section8, exceptfor quadraticelectromagnetictermswhich causeno difficulties, and
reinterpretationof the quantity Ii to incorporatethe magneticfield. Consequently,both the formal
stability conditions(8a, b, c) and theconvexityestimates(8E) maybe takenoverdirectlyforMFP; so the
stability theoremof section8 appliesfor MFP, aswell.

Part III. PlasmaSystems

In this part we apply the energy-Casimirmethodto thePoisson—VlasovandMaxwell—Vlasovsystems
in one,two, and threedimensions.Our main resultis an a priori estimatethat is in agreementwith the
formal stability resultsof Newcomb[1958],Gardner[1963]andRosenbluth[1964].In the homogeneous
case,this theoremapplies if the equilibrium plasma densityfunction fe is a function of the particle
velocity that is isotropicand monotonedecreasing.Becauseof technicaldifficulties for largevalues of
the velocity, a full nonlinearstability resultdoesnot appearpossibleusingthesemethods.

11. The Poisson—Vlasovsystem

Here we consider the Poisson—Vlasov(or collisionless Boltzmann, or Jeans)equation and the
nonlinear stability of equilibrium densitiesthat are functions of the velocity. Stability resultsin the
context of stellardynamicsare dueto Jeans[1902,1919]. Formal stability in aspirit similar to Arnold
[1965a]was consideredby Newcomb[1958]for a Maxwellian equilibrium and by Gardner[1963]and
Rosenbluth[1964]for a generalmonotonicdecreasingequilibrium. The Casimir one usesto obtain
formal stability is essentiallythe entropyof the equilibrium solution. Here we provide the convexity
estimatesneededto boundthe growth of perturbations.

Forone dimensionalplasmas,Penrose[1960]andCase[1958]studiedneutralstability andlinearized
stability. (See, for instance,ClemmowandDougherty[1969],Krall andTrivelpiece[1973],andIchimaru
[1973].)Theseresultsprovideneutralstability for equilibrium densitiesthat arenot monotone,but may
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havetwo humps.When dissipationis present,theseresultsarevery important for bifurcationanalysis,
as in Crawford [1983]. In the conservativecase, however,we conjecture that theseequilibria are
nonlinearlyunstablethrough the mechanismof Arnold diffusion. It is conceivablethat the numerical
work of Bermanet a!. [1982]is evidencefor this. (Thestability resultsof Rowlands[1966]do not appear
to be correct.)It would be of interestto understandthe Penrosecriterion from the point of view
of Krein’s [1950]Hamiltonian spectraltheory.

A. Equationsof motionand Hamiltonian
Consideracollisionlessplasmaconsistingof severalspecieswith chargesqS andmassesm*, wheres is

the specieslabel, 1 � s� S. The particlesmovein n-spaceR~,n � 1. Let x, v E R” denotethe position
andvelocity of particlesin the plasmaandfs(x, t’, t) bethe phasespacedensityof speciess. We assume
that fS is either periodic in x or has appropriateasymptoticbehavior as x ~ ~ and decaysas v —~ ~

(for example, fS may belong to function spacesgovernedby the existencetheory describedin Batt
[1977,1980], Ukai-Okabe[1978],Horst [1980,1982], Wollman [1980—1984],CooperandKlimas [1980],
Bardosand Degond[1983],and GlasseyandStrauss[1984]).

In the caseof one species,we assumein addition that f ffs(x,v) d~xd~v= 1 and that the plasmais
moving in a backgroundstatic ion field.

The Poisson—Vlasovequationsare

V2çb
1 ~ qsjfs(xv)dnv (hEM)

lit lix m3x liv

where li/lix, 3/liv denotethe gradientswith respectto x and v respectively,V
2 is the Laplacianin the

x-variable,f = (fr, . . . , fs), andp~is the total chargedensityof the plasma.If we are dealingwith a
one-speciesplasma, the right-hand side of the Poisson equation in (hEM) is replaced by
q(ff(x,v)dv—1). Let

1~3g lih 3h liq
{g,h}(x,v)=—(—~——-—”—

m~3xliv lix liv

be the canonicalPoissonbracketin (x, v) space.A direct verification showsthat the dynamicequation
for the speciess in (hEM) hasthe expression

3fS/lit = {XfsfS}, (hEM)’

where

/C
1.(x,v) = ~m

2Jvl2+qs~i(x)

The total energyof the systemhasthe expression

H(f*) = ~[~JJ mslvI2f*(x, v) d~xdflv] + ~J ~ &x. (11H)
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It is easily verified that H is conservedalong trajectoriesof (hEM) by using the following relation
(provedby integrationby parts):

J Jf{g, h}d~xd~v=JJ{f,g}h dnxdnv.

RemarkA. The eqs. (hEM) areHamiltonianwith respectto the Lie—Poissonbracket

SF SG

{F, G}(f) = ~ J f~c~~Xv){~-~~~}d”x d~v (11PB)
on the dual of the direct sum of functionsof (x, v). This can be easilyverified by showing first that
3H/3fS= ~s and using (hEM)’. The bracket(hhPB)was introducedby Morrison [1980]and Gibbons
[1981],and its interpretationas a Lie—Poissonbracketand derivation from the canonicalbracket in
Lagrangianrepresentationis dueto MarsdenandWeinstein[1982].

B. Constantsof the motion
Fromequation(hEM)’ it follows that for everyfunction (PS: R —* R the functional

C5(f5)= JJ (P5(f5)d~xd~v (hhC)

is a conservedquantity for (1 hEM).
RemarkB. The coadjointaction of the groupof symplecticdiffeomorphismsof (x, v) spaceon the

dualof its Lie algebra,which consistsof functionsof (x, v), is given by push-forward(seeMarsdenand
Weinstein[1982]or Marsdenet a!. [1983]).It is easilyverified that CS is invariant underthis actionand
thusit is a Casimirfunction. Alternatively,onecan checkdirectly that the Poissonbracket(hhPB)of C
with any otherfunction vanishesidentically.

C. First variation
Let C= ~. C. A short computation shows that the derivative of Hc: = H + C at a stationary

solutionfe = (f~,. . . ,f’~)equals

(fe) = ~ + (P5’(f:).

This vanishesif andonly if

— ,f~S’itS
~f~’~’ ‘.je

for everys. But by (hEM)’, for stationarysolutionswe have

aX
1: lif~ — Df

5e liX
1~

lix liv lix
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A sufficient conditionfor this to hold is the functionalrelationship

= ~S(fs)

for everys. Thus we get the following.

Proposition.Stationarysolutionsf’~of the Poisson—VlasovequationsatisfyingX1~=
1[~5(f~)for everys,

are critical points H~:= H + C where (Ps(~) = — f’ ~P~(u)du. Conversely,critical points of H~are
stationarysolutions.

Remark D. Formal stability. To computeD2Hc(fe) (5f)2 we needthe expressionof the derivative
of çb

1 with respectto f. SinceV
2q5

1= p~and

DpfSf= Eqs Jsfs(xv)dnv

we have

Dç1Sf — ~qSJ5fS(x, v)d~v.

This formulaand

DH(f) .51= ~[~JJ mS~v~
2Sf~(x,v) d~xd~v+ q5 J ~i(x)(J SfS(x v) dnv)dnx]

yield

D2H(fe)~(Sf)2 = JD~sf(Eq5 J 5fS dnv) &x

=_J(V2)1(~q5J5f5dnv).(~q5JSf5&v)dnx.

SinceV2 is negativedefinite it follows that for perturbations8f5(x, v) such that~ q 5 Sf(x,v) d~v� 0,
we haveD2H(fe)’ (Sf)2>0.

Since

D2C(fe) (Sf)2= EJJ (P511(f)(5f5(x,v))2d~xd~v,

the secondvariation D2H~will be positive definite if (P51’(f~)> 0 for all s; that is, l1fs;(f~)<0 for all s.
Taking the gradientof X

1g = V’
5(f~), it follows that lI~rsl(fs)= VXp/Vf~,provided Vf~~ 0 for all s. We

havethereforeprovedthefollowing stability resultof Newcomb[1958],Gardner[1963]andRosenbluth
[1964]:
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A stationarysolutionfe with Vf � 0forall s andfor which X1, is a function Of fe is formally (andhence
linearly) stable, if VX,/Vf~<0 for all s.

D. Convexityestimates
Letf:=fe+~f; then wehave

I
4(z~sf):= H(fc + ~f)— H(fc) — DH(fe) ~f = ~JI Vçb~~~y2 d~x,

sincef~-~~ is linear andthe kineticenergyterm of H is linear in f. Consequently,we can take

Qi(Ltf)=~JV4~iI2d~x,

andcondition (CH) of section2 holds. For (CC) we require

Q
2(&f)~JJE ((P

5(f~+ ~fS) — (P5(f~)— (P5’(f~f5)d”x d~v

which holdswith

Q2(~f) = ~aJJ ~ (i~f~)2&x d~v,

provided

(PSl~(~)�a for all sandall ~.

Condition (D) requires

a>0.

E. A priori estimates

We havethe following a priori estimateon L~f=f—fe:

Q,(~f(t))+ Q
2(~f(t))= ~J I Vcf~yI

2&x + ~aJJE (~fs)2 d”x d”v

� Hc(f(0)) — Hc(fc).

F. Nonlinearstability

For a >0 we set

II&,112 = 1J Vçb 2 d”x + ~aJJE (Afs)2 d~xd”v (hhN)
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(notethat this norm is boundedbelowby the L2-norm of f). Condition (CH)’ is satisfied.A sufficient
conditionfor (CC)’ to hold is

(PSll(~)< A <+co,

for all randall s, i.e.,

_~<_A_<~PSl(f~VXj:/Vf~_<-a<O

provided Vf~� 0 for all s. We haveprovedthe following.

Poisson—Vlasovstability theorem.Let f~be a stationary solution of the Poisson—Vlasovequations.
Assumethat Xi: = 1ji~s(fS) for all s, andfor a constanta > 0,

0< a �—~P5’(~) (uSC)
1

for all rands; i.e., that

V~1:/Vf~_a<0.

Then the a priori estimate (ihE) holds, as long as C
1 solutions exist (which is automatic in one

dimension).
If

—~P5’(~)�A<co, (uSC)
2

then theIc is stablein the norm (uN).

Corollary. Let Ic be a spatially homogeneoussphericallysymmetric stationary solution of the one-
speciesPoisson—Vlasovequation,i.e. fe(X, v) = g(~vI)for all s, with g a real-valuedC

2 function. Assume
that g’(A) <0 for A > 0 andg”(O) <0. Then fe satisfiesthe a priori estimates(E) of section2 (aslong as
smoothsolutionsexist).

Proof. If fe is aspatially homogeneoussolution, it follows from Poisson’sequationin (hEM) (with the
chargemodified to q(.ff(x, v) dv — 1)) that ~ is a constantwhich we can taketo be zero. Since g is
monotonicallydecreasingon the positivesemiaxis,it is invertible. If ~= g(Ivl), we have

= ~mIvI2+qq5~, = ~m(g1(~))2.

ThereforeV’(~)= ~((g)~(~))2 satisfiesX
1, = ~P(fe)and

=m , <0.
g (g (i)) g (It’!)

Sinceg”(O)<O, it follows that ~P’(~)s—a<0 for somea >0,sowe get the result. U
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In the stability conditions(uSC)2,the upperestimateon — ~[~SPandin thiscorollary, thebehaviorfor
large v is a seriousproblem.Indeed,while one hasthe a priori estimate(E) of section 2, the upper
estimate (CC)’ is not possible. In fact, it is easy to see that in one dimension for the Maxwell
distribution,where(P(~)= clog ~ the functional C is not continuousin the L

2-norm at the Maxwellian
fc = const exp(—crJvI2),nor in the norm (hiN) (considerperturbationsOf fe that are like h/v for largev).
Thus, the full stability result one might like doesnot seempossibleby thesemethods.More delicate
estimatesat largev areneeded.The presentresultsrequirecontrol on a norm of the perturbationsthat
is strongerthanthe norm guaranteedby the apriori estimates.Of courseonecan still interpretthis asa
nonlinearstability result,but it is not as clean as onewould havehoped.

12. The Maxwell—Vlasov system

Hereweextendtheanalysisgiven in seëtion11 to includeelectrodynamicsratherthanjustelectrostatics
A number of previous investigations of formal stability cited in section hh also apply to this case; see,
for example, Gardner[h963].

A. EquationsofmotionandHamiltonian
Considera multispeciescollisionlessplasmaconsistingof particleswith chargesqS and massesm5,

moving in 3-spaceR3, with positionsx and velocities v. We shall assumethat the plasmadensities
f5(x, v, t) aswell as the electricandmagneticfields E andB areeitherperiodic in x, or haveasymptotic
decaysufficient to justify integrationby parts. We shall also assumethat f5 decay to zero in the v
variableat ~ at a sufficient ratethat makesall subsequentintegralsconvergent.(The weightedspacesof
Cantor[h979]andChristodoulou[198h]maybeappropriatehere.)The Maxwell—Vlasovequationsare:

lifS lif5 q5 ~ t’XB\ 3fs h3B
I.—=0, ——=—curlE

lit lix m5\ c / liv c3t

= curl B = E ~— J vfs(x,v) d3v, div E = Pi qsJf~(x,t’) d3v, div B = 0, (12EM)

wherewe denoteby f the vector(fS) of plasmadensitiesfor every species.If we deal with only one
species,we assumein addition that thereis a constantbackgroundelectrostaticfield and replacethe
right-hand side of the equation div E = p~by q(h — ff(x, v) d3v) wheref satisfies5 ff(x, v) d3v d3x = 1.

The total energyof the systemis the conservedHamiltonian

H(f, E, B) = ~ JJ vJ2f’(x, v) d3x d3v + ~J [1E12+ B12] d3x (12H)

RemarkA. The equationsof motion (12EM) areHamiltonianwith respectto the following Poisson
bracket found by reduction from Lagrangian to Eulerian coordinates by Marsden and Weinstein [h982],
inspiredby Morrison [1980].(The bracketseemsto havebeenfirst given by Iwinski andTurski [1976]):
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fir iSF SGi iSF lifSG SG lif3F
{F G}(fE B)= ~ I I lf5~——~+ —.—————.——

~ J J L l.Sf~’5J5J \SE liv Sf~ SE liv lif ~

/ 3 SF li SG\1 i iSF SG SG SF\+f5B~I— — x — — 11 d3x d3v + I I — curl — — curl — I d3x.
\3v 5f 3,, 5fS/J J “SE SB SE SB!

(12PB)

The first double integral in (12PB) representsa Lie—Poissonbracket on a semidirectproduct. This
bracketis a canonicalone in the quotient spaceof the cotangentbundleof a principal bundleby its
structuregroup; for the generaltheory see Marsden,Ratiu and Weinstein [1984]and Montgomery,
MarsdenandRatiu [1984].

B. Constantsof the motion
A direct computationshowsthat the quantities

C(f) = JJ (Ps(fs(x,v))d3x d3v (h2C)

are conservedalong trajectoriesof (12EM), for any smoothfunctions (P5 : R —*

RemarkB. The functionalsC5 are Casimirs for the Lie—Poissonbracketgiven by the first double
integral in (12PB). When (12PB) is written in momentumrepresentationthey becomeCasimirsfor the
entirebracket;seeMarsdenandWeinstein[u9821.

C First variation

Let Hc: = H + C, where C: = E C. The derivativeof H~at a stationarysolution Ic, Ec, Be equals

DH~(f~,Ee, Bc) (Sf, SE,SB) = JJE G!v12+ (P5’(f~(x,v))Sfs(x,v)d3xd3v

+~J(Ee•SE+Be•5B)d3X. (12FV1)

This vanishesif

~IvI2+ (Ps~(fs~(xt’)) = 0, Ee= 0, Be = 0. (h2FV2)

Consequentlywe shall considerstationarysolutionsof the following kind:
Ic is spatiallyhomogeneous,i.e., fe is independentof x;
fc is sphericallysymmetric, i.e. f~(v)= gs(~v~)for all s, where gS are somereal-valuedfunctionson

[0, +cx~).

Note that theseconditionsimply that the total current is ~. q5 5 vf~(x,v) d3v = ~ qS 5 vg5(~v~)d3v = 0.
Thesecondcondition is satisfied,e.g.,for Maxwellian densitydistributions.

For such stationarysolutionsthe first variation of H~vanishesif

~IvI2+(Ps~(gs(~t’~)) = 0,
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so that, if each gS is invertible,we get

(Psl(~) =

Proposition.Spatially homogeneoussphericallysymmetricsolutionsof the form f(v) = gs(Jt’J) for some
invertible functionsgS: [0,ce)—~R of the Maxwell—Vlasov equationswith zeroelectromagneticfield are
critical pointsof Ftc: = H + C provided

(PS(~) = (gs)~l(u)
2du

for everys.
Remark D. Formal stability. The secondvariation of H~at a stationarysolution (Ic, 0, 0) considered

aboveequals

D2H~(f~,0,0). (Sf,SE,SB)2= E JJ (PS~F(fSe)(8fS) d3x d3v + ~J (ISEI2+ SBI2) d3x.

This is positive definite if (P5~(g~) >0 for all s. Taking the gradientwith respectto v of the defining
relationfor (PS,

~IvI2~(Ps~(fs(v))= 0,

it follows that

v + (PSlF(fs)lifslliv = 0,

i.e., for lif~/3v� 0 we get (P~”(fc) = —v/(3f/3v).We haveproved the following result (cf. Gardner
[h963]);

A stationarysolution of the Maxwell—Vlasovequationsas in the abovepropositionwith lif~/liv� 0 is
formally and hencelinearly stable if vI(3f~/lit’)<0.

D. Convexityestimates
Let (Ic, 0,0) be a stationarysolution, as in the Proposition.We choose

Q
1(i~E,L~B)= J (I~EI

2+ i~Bl2)d3x,

so that wehave

uJ(L~f,i~E,i~B):= H(Ie + i~f,AE, AB) H(fc, O,0) DH(Ie,0, 0)~f, LIE, L~B)= Q
1(t~E,~iB).

(h2CH)

Similarly,
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~f, ~E, SB): = C(fe + ~f, ~E,SB)— C(f~,0,0)—DC(fe,0,0). (Sf, i~E,z~B)

= E JJ [(Ps(f S + ~fS) - (PS(fS~ - (PSf(fS~fS]d3x d3v � Q2(~f), (12CC)

where

Q
2(z~f)= ~aEJJ Ii~f~(x,v)12 d

3x d3v,

provided

(PSll(~) � a, for all ~ andall s.

Then

Q
1(z~E,t~B)+ Q2(’~f) >0 (12D)

holdsif a >0.

E. A priori estimates
In the hypothesesof the previousstepwe havethe following estimate:

Q1(t~E,(t), ~5B(t)+ Q2(~f(t))~ FIc(f(t)) — H~(f~), (12E)

whereI = Ic +

F. Nonlinear stability
Let

lI(~f~~E,z~B)!I
2= QI(I~E,z~B)+ Q2(&1) = ~II(&f,~E, AB)II~.2 (12N)

so that (12E) gives an a priori estimatein this norm. However, as in section 11, H,.~is not usually
continuousin this norm at the solution (fe, 0, 0), againfor technicalreasonsinvolving the behaviorat
largevelocities.

Maxwell—Vlasov stability theorem.Let (Ic, 0, 0) be a spatially homogeneous,spherically symmetric
solutionof the Maxwell—Vlasov equationswith f

0(v) = g5(Jv~)whereg
5 is invertible. If 3f~/3v� 0 andif

v/(3f~I3v)<_-a<0,

thenthesolution (Ic, 0, 0)satisfiestheapriori estimate(12E)whichlimits thegrowth of perturbationsfrom
equilibrium.



Darryl D. Holm et al., Nonlinearstability offluid andplasmaequilibria 107

Appendix A. The linearized equations

In thisappendix,we showthat the equationsof motion linearizedaboutan equilibrium solutionof a
Lie—Poissonsystem are Hamiltonian with respectto a constantcoefficient Lie—Poissonbracket.The
Hamiltonianfor theselinearizedequationsis S2Hc(JLe), which is the quadraticfunctional obtainedby
taking the secondderivativeof the Hamiltonian plus conservedquantitiesfor the nonlinearequations,
when evaluatedat the equilibrium solution /5e (wherethe first variation of H~vanishes).An immediate
consequenceis that the linearizeddynamicspreservesS2H~(/5c).We will also show that formal stability
of theequilibrium solution implies its linearizedstability. Finally, the Rayleighequationwill be derived,
using this Hamiltonian formalism in the example of ideal planar incompressibleflow. The Rayleigh
equationis a linearizedfluid perturbationequation,whosespectrumwill be comparedto the condition
for positivity of the secondvariation.

Al. TheHamiltonian structureof linearized Lie—Poisson equations

FromMarsdenet al. [h983]for example,we recall that for a Lie algebra~i, the Lie—Poissonbracket
is definedon ~P’, a spacepairedwith ~ by a weakly nondegeneratepairing (, ) between~i* and~3,by

/ 1SF SF]\
{F, G}(u) = ~t, [—,—j), (Al)

5/2 S~s

where~sE ~ * andSF/S/2 E ~3is determinedby

DF(u) •S/2 = (~,Sis), (A2)

for any 8/5 E ~*, when such an element SF/S/2 exists. The equationsof motion F = {F, H} are
equivalentto

d,a SH*
‘5, (A3)

whereH:~*~4Ris the Hamiltonian andad(~):~—*~is the adjoint action ad(~)~~= [~,r~] for any
~ E ~ ad(~)*: (~*.÷ ~ is the dualof ad(~).Let /5e be an equilibrium solutionof (A3). The linearized
equation of (A3) at /1c is obtained by expandingall quantitiesin a Taylor expansionwith small
parameterF andtaking d/deJ~oof the resultingequations.For /5 = ,Ue + SS/2,usingTaylor’s theorem
gives

SH SH /5H\
— = — X FD(—)(/L~)~5/5 + 0(r2). (A4)
8/5 ~/5e 5/5

The derivativeD(5H/S/5)(/2~). 5/5 is the linear functional

VE1~J*~~*D2H(/5e)~(S/5,i.’)ER, (AS)
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usingthe definition and (A2). Since52H = D2H(j~e)~(5/2, 5/2), it follows that the functional (A5) equals

~S(52H)/S(S’5).Consequently(A4) becomes

= + ~ + O(E2) (A6)
5/2 S/2e 2 S(8~i)

andthe Lie—Poissonequations(A3) yield

F d(S’5) = _ad(~)*/2e— r ~ + ad(~-~)5’5]+ 0(F2).
dt dt S/2e 5(5/2) 5/2e

Thus, the linearizedequationsare

d(5’5) 1 5(52H) * ‘SH\ *) ~-ad~—) S’5. (A7)
dt S(S~s)

Letting C be aconservedfunctional* for (A3) satisfyingS(H + C)/S’5e= 0 andreplacingH in (A7) by
Hc:H+ Cwe get

d(S
1.s) 1 / S(S

2Hc)\,*

dt = —~ad~5(5) ) /2c. (A8)

This equationis Hamiltonianwith respectto the Poissonbracket

{F~G}(p~(ge, [~,~2]). (A9)
5/2 8/5

That this bracket satisfies the Jacobi identity is readily checked. (See, for example, Guillemin and
Sternberg[1983].)The Poissonbracket(A9) differs from the Lie—Poissonbracketin that it is constantin
the argument.In fact, as shownin Ratiu [1982],the Poissonbracket(A9) is also Lie—Poisson,but on a
Poissonsubmanifoldof the dualof a Lie subalgebraof the loop algebradefinedby ~. With respectto
(A9), Hamilton’s equationsgiven by S2H~are (A8), as a verification shows.

Finally, notethat if S2H~is definite, i.e., eitherS2H~or —S2H~is positivedefinite, it definesa norm
on the spaceof perturbationsS/2. Being the Hamiltonianfunction for (A8), S2H~is conserved.Thus,
anysolutionof (A8) startingon anenergysurfaceof S2H~,i.e. on a spherein thisnorm,stayson it and,
hence, the zero solution of (A8) is Liapunov stable. Thus,formal stability (i.e. S2H~definite) implies
linearized(and hencespectral)stability.

It should be noted,however, that the conditions for definitenessof S2H~are different from the
conditionsfor spectralstability i.e. that the operatoractingon 8/2 given by the right-handsideof (A8)
havepurely imaginaryspectrum(“normal modestability”). In particular,as notedalreadyin section1,
having purely imaginary spectrumfor the linearizedequationsdoesnot produceLiapunov stability of
the linearizedequationsin general.

We shall now makeexplicit the differencebetweenS2H~and the operatorin (A8). Assumethat the
pairing (,) identifies ~* with ~ itself, i.e. (,) is a symmetricpairing on ~. Then

* Sucha C may not exist if ~ lies on asingularsymplecticleaf (seeappendixB).
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~D2HG (8/2,Si’) = (8/5, LSv), (A.10)

defines a linear operatorL: ~ ~i symmetricwith respectto (,), i.e., (a, L/3) = (La, /3) for all a,
/3 E (~. Thenthe linear operatorin (A8) becomes

(A.ll)

which, of course,differs from L in general.However,notethat the kernelof L is included in the kernel
of the linear operator(A.lh), i.e. the zeroeigenvalueof L gives rise to “neutral modes” in the spectral
analysisof (A.lh).

A2. TheRayleigh equation

We shall now derivethe Rayleighequationfor linearizedincompressibleplanarparallelshearflow
from the Hamiltonianformalismdescribedin Al. We shall assume,for simplicity, that D CR2 is simply
connected,so that the equationsof motion

(A.12)

are Hamiltonianwith total energy

H(w)JIV~j2dxdy,_~Jw(V2y1wdwdy, (A.13)

with respectto the Lie—Poissonbracket(seethe cautionaryremarksin section3.3)

{F,G}(w)=J w{~,~~dxdy. (A.14)

The Casimirfunctionsare

C~~(w)=J(P(w)dxdy. (Ah5)

As we saw in section3.3, the equilibrium conditions

1/1c = V’((t)e) (A16)

imply the vanishingof the first variation of Hc(w):= H(w)+ C~v)+ AID w dx dy, providedthat

(P’=—~P, and A=(P(~cJliD). (A17)
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Now let D be a strip of finite height in the xy plane,andimposeeitherx-periodicboundaryconditions
on the velocity, or sufficiently rapiddecayof thevelocity at infinity in the x-direction.Let tile t/i(y) be
the parallel shearflow solution of the equation (A.12) and let Vc(U(y),0), with U(y) = ~/i’(y).The
secondvariation of H~equals

S2H~= J [Sw(_V2)_1Sw + (5w)~]dx dy

so that the operatorL is given by

L = —(V2)1 + U(y)/U”(y). (A18)

Let 4 —(V2)~Swdenote the perturbedstreamfunction. Then the eigenvalueprobemfor L can be
written as

(_V2~)(~(~)_ A) + ~ = 0, or -V2~~~J~)-AU”(y) ~ = 0. (Ah9)

Now set q(x, y) = exp[ik(x — ct)]~(y)to get

(k2-li~)x(y)+U(y)_AUh1(y)X~° (A20)

We shall comparethis equationwith the Rayleighequation,obtainedfrom the operatorL in (Ah8)
via the formula(All). We have

{LSw, ~c}= { — (V2)15w + Sw, U’(y)}

= ~ ~ U’(y)}

= (a~~- U”(y) V2~~)U”(y),

so that the linearizedequationsare

U(y)V2li~q~. (A2h)

Now set as before /(x, y) = exp[ik(x — ct)Ix(y) to get, aftera few manipulationsfrom (A2h),

[(k2~3~~~]x(y)=o. (~2)
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This is the Rayleighequation.In this case,the eigenvalueproblemfor the secondvariation and the
linearizedequationsareremarkablysimilar. In fact thezeroeigenvalue(A = 0) caseof (A20) coincideswith
the normal mode (c = 0) caseof (A22). This is not true in general;see Abarbanelet a!. [h984]for a
discussionof the Taylor—Goldsteinequationfor linearizedincompressibleideal stratified planarshear
flow in this context.

A3. Bernstein’s logarithmic convexity result (Bernstein[1983])

We now want to show that in some circumstances,indefinitenessof the secondvariation of the
potential energyimplies instability of the linearizedequations.The argumentas formulatedbelow is
given for linear equationssecond order in time, so it applies to the linearizationof systemsin
Lagrangiancoordinatesat a staticequilibrium.

In Hilbert spaceX we consider an equation

ii = Au

whereA is a self-adjointoperator.As in Marsdenand Hughes[1983],this is Hamiltonian with energy

H(u, u) = ~IIuiI2— ~(u, Au), where III~!I2= (u, ü).

Let

I=~(u,u).

Onecomputesthat

I) = ~(I— ~)� ~(I—21Jü112)

by the Schwarzinequality.Thus

(d2/dt2)(logI) � — 2H/I.

Supposewe look at the static equilibrium satisfying u~= 0 and Au,,= 0. Supposethereis an initial

condition (u(0), ü(0)) such that
H(u(0), ü(0))= —A <0.

Then

d2log Ildt2 � 2A/I >0.

Using elementarydifferential inequalitiesonefinds
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I � Io+ e’((u(0), ü(0))+ 2A)— 2At,

so I growsexponentiallywith t, and oneconcludesinstability of (Uc, Ue).

Appendix B. Symplectic leavesand Casimirs

There is a limitation of practical importanceto the energy—Casimirmethodthat is geometricin
nature.To understandit, we recall first somefactsfrom the theory of finite dimensionalsemisimpleLie
algebras.If ~ is semisimple,the dual~3* is identified with ~3via the Killing form andthusthe ad* and
ad actionsarealsoidentified.The polynomial Casimirsof ~i aregeneratedby rank(~)(= dimensionof
a Cartansubalgebraof ~) functionally independenthomogeneouspolynomialson ~3which generatea
ring called the ring ofinvariantsof ~. Every genericadjointorbit is characterizedby rank(~)valuesof
the basis of the ring of invariants; a generic adjoint orbit is an adjoint orbit through a regular
semisimpleelementof ~i. Thus, the tangentspaceto a genericadjoint orbit at x E ~ coincideswith
ker~{C}:= {v E 1~IDC(x).v = 0 for all Casimirs C of ~3}.But the generic adjoint orbits, which are
maximal dimensional, form only an open densesubsetof ~i, so that lower dimensionalorbits are
distinguishedby additional functionson ~ which commuteonly on the manifold of lower dimensional
orbits. Motivated by thesefacts, we define a regular symplecticleaf S of a Poissonmanifold P to be a
submanifoldS of P satisfying

ker~{C}:= {v E T~PJT~C(v)= 0 for all Casimirs C} = T~S.

The union of all regularsymplecticleavesforms the open set R of regularpoints of P. The set P\R is
called the setof singular points of P. Note that for any point xE P we haveT~SCker~{C}whereS is
thesymplecticleaf throughx, equalityholding if andonly if x is regular.If 0 is a subset of P, a function
K: P-i. R is called asub- Casimir for Q if {K, G} is zeroon 0 for every (smooth) extension K of K to P
and for everyfunction G on P.

For example,the orbits in the dualof divergencefree vectorfields on thedomainD C R2 formedby
point vortices,vortex filamentsandvortex patchesareirregularorbits (MarsdenandWeinstein[1983]).
The strengthsof the individual vorticesaresub-Casimirson the manifold of point vortices.This brings
us to a practicallimitation of the energy-Casimirstability method.If the equilibrium solution happens
to lie on an irregularleaf, to characterizeit as acritical point, oneneedsto knowthe sub-Casimirsof that
leaf. If this characterizationis not feasible,to prove stability other direct estimatesare needed(as in
Wan[h984],WanandPulvirente[h984],Tang(1984)andWeinstein[1984]).

Acknowledgments

JerroldMarsden,TudorRatiu, andAlan Weinsteinhaveenjoyedthe hospitality of the Centerfor
NonlinearStudiesin LosAlamos during variousperiodsin 1983 whenmostof this researchwas carried
out. Darryl Hoim and TudorRatiualso thankthe MathematicsDepartmentat Berkeleyfor facilitating
this collaboration.We are grateful to Henry Abarbanel,Allan Kaufman, RichardHazeltine,Philip
Morrison, Philippe Similon, and SteveWanfor their interest andhelpful comments.Correspondence
with William Blumen, David Andrews,andEttoreSalusti is gratefully acknowledged.



Darryl D. HoIm et aL, Nonlinearstability offluid andplasmaequilibria 113

References

H. Abarbanel,D. Holm, J. MarsdenandT. Ratiu (1985) Nonlinearstabilityof stratifiedfluid equilibria, Proc.Roy. Soc. (London) (to appear).
R.AbrahamandJ. Marsden(1978) Foundationsof Mechanics(Addison-wesley,New York).
DO. Andrews(1983a)On theexistenceof nonzonalflows satisfying sufficient conditionsfor stability, Geophys.Astrophys.Fluid Dyn. 28, 243—256.
DO. Andrews(1983b)On thestabilityof forcednonzonalflows (preprint).
VI. Arnold (1965a)Conditionsfor nonlinearstabilityof thestationaryplanecurvilinearflows of an idealfluid, Doklady Mat. Nauk. 162 (5) 773—777.
V.!. Arnold (1965b)Variationalprinciple for threedimensionalsteady-stateflows of an ideal fluid, J. AppI. Math. Mech. 29, 1002—1008.
V.1.Arnold(1966a)SurIa geometricdifferentielledesgroupesdeLie de dimensioninfinie et sesapplicationsal’hydrodynamiquedesfluides parfaits,

Ann. Inst. Fourier, Grenoble,16, 319—361.
V.1. Arnold (1969a)On ana priori estimatein thetheoryof hydrodynamicstability, EnglishTransl: Am. Math.Soc.Transl. 19, 267—269.
V.1.Arnold (1966b)Surun principevanationnelpourlesécoulementsstationairesdesliquidesparfaitset sesapplicationsauxproblèmesdestabiliténon

linéaires,J. Mécanique,5, 29—43.
VI. Arnold(1969b)TheHamiltoniannatureof theEulerequationsin thedynamicsof arigid body andof an idealfluid, Usp.Mat.Nauk.24, 225—226.
V.!. Arnold (1978) Mathematicalmethodsof classicalmechanics,GraduateTextsin Math.No. 60 (Springer,Berlin).
V. ArtaleandE. Salusti (1984) Hydrodynamicstabilityof rotationalgravity waves,Phys.Rev. A. 29, 2787—2788.
V. Artale,E. SalustiandR. Santoleri(1984) Hydrodynamicstability of two dimensional irrotationalgravitywaves(preprint).
M.D. Arthur, J. Voigt and P.F. Zweifel (1979) An existenceand uniquenesstheoremfor the Vlasov—Maxwell equations,TransportTheory and

StatisticalPhysics,8, 23—28.
J.M. Ball andJ.E. Marsden(1984) Quasiconvexity,secondvariationsandnonlinearstabilityin elasticity, Arch. Rat. Mech. An. 86, 251—277.
C. BardosandP. Degond(1983)ExistenceglobaleCt comportementasymptotiquede Ia solutionde l’equationde Vlasov-Poisson,CR. Acad. Sci.

Paris297, 321—324.
J. Batt (1977)Global symmetricsolutionsof the initial valueproblem of stellardynamics,J. Duff Eqn’s 25, 342—364.
J. Batt (1980) Recentdevelopmentsin themathematicalinvestigationof the initial valueproblemof stellardynamicsand plasmaphysics,Ann. of

NuclearEnergy,7, 213—217.
L. Bauer,G.K. Morikawa(1976) Stability of rectilineargeostrophicvorticesin stationaryequilibrium, Phys.Fluids 19, 929—942.
TB. Benjamin (1972)The stabilityof solitary waves,Proc.Roy. Soc. London328A, 153—183.
D.P. Bennett,R.w. Brown,SE.Stansfield,J.D. StroughairandiL. Bona(1983) The stability of internal solitary waves,Math. Proc.Camb. Phil.

Soc. 94, 351—379.
R. Benzi, 5. Pierini, A. Vulpiani and E. Salusti (1982) On nonlinear hydrodynamicstability of planetaryvortices, Geophys.Astrophys.Fluid

Dynamics20, 293—306.
RH. Berman,D.J.Tetreault,T.H. DupreeandT. Boutros-Ghali(1982)Computersimulationof nonlinearion—electroninstability, Phys. Rev.Lett.

48, 1249—1252.
I.B. Bernstein(1958) wavesin aplasmain amagnetic field, Phys.Rev. 109, 10—21.
1.B. Bernstein(1983) Thevariationalprinciple for problemsof ideal magnetohydrodynamicstability, in: Handbookof PlasmaPhysics,Vol. 1: Basic

PlasmaPhysicsI (North-Holland,Amsterdam)421—429.
lB. Bernstein,E.A. Frieman,M.D. KruskalandR.M. Kulsrud (1958) An energyprinciple for hydromagneticstabilityproblems,Proc. Roy. Soc.

London, 244A, 17—40.
I. Bialynicki-Birula andZ. Iwinsky (1973) Canonicalformulationof relativistichydrodynamics,Rep.Math.Phys.4, 139—151.
W. Blumen(1968) On thestabilityof quasi-geostrophicflow. J. Atmos. Sci. 25, 929—931.
W. Blumen (1971) On thestabilityof planeflow with horizontalshearto three-dimensionalnondivergentdisturbances,GeophysicalFluid Dynamics

2, 189—200.
J. Bona(1975) On thestability theoryof solitarywaves, Proc. Roy. Soc. London,344A, 363—374.
iL. Bona,D.K. Bose and R.E.L. Turner(1983) Finite-amplitudesteadywavesin stratified fluids, J. Math. Pureset AppI. 62, 389—439.
A. Bondeson(1983) Threedimensionalinstability of magneticislands, Phys.Rev. Lett. 51, 1668—1671.
F.P.Brethertonand D.B. Haidvogel(1976) Two-dimensionalturbulenceabovetopography,J. Fluid Mech. 78, 129—154.
M. Cantor(1975) Perfectfluid flows overlU with asymptotic conditions,J. Func. Anal. 18, 73—84.
M. Cantor(1979) Someproblemsof global analysison asymptotically simple manifolds,CompositioMathematica38, 3—35.
K.M. Case(1959) Plasmaoscillations,Ann. Phys.7, 349 and Phys. Fluids 21(1978)249.
KM. Case(1962) Hydrodynamicstability andthe initial valueproblem, Proc.Symp.Applied Mathematics,AMS Vol. XIII, 25—34.
S. Chandrasekhar(1961) HydrodynamicandHydromagneticInstabilities(Oxford Univ Press,London,New York).
BY. Chirikov (1979)A universalinstability of manydimensionaloscillatorsystems,Phys. Rep.52, 263—379.
D. Chnstodoulou(1981) The boost problem for weakly coupledquasilinearhyperbolic systemsof the second order,J. Math. Pureset. AppI.

60, 99-130.
P.C. ClemmowandJ.P. Dougherty(1969) Electrodynamicsof Particlesand Plasmas(Addison-wesley,New York).
J. CooperandA. Klimas (1980) Boundaryvalueproblemsfor theVlasov—Maxwell Equationin onedimension,J. Math. An. AppI. 75, 306—329.
iD. Crawford(1983)The Hopf bifurcation and plasmainstabilities,Ph.D.Thesis,Berkeley;see also,Cont.Math.AMS 28, 377—392.
R.C. Davidson(1972) Methodsin nonlinearplasmatheory (AcademicPress,New York).



114 Darryl D. Hole, eta!., Nonlinearstability offluid andplasmaequilibria

R.C. Davidson (1983) Kinetic wavesand instabilities in a uniform plasma, in: Handbookof PlasmaPhysics, Vol. 1: Basic Plasma PhysicsI
(North-Holland,Amsterdam)519—585.

R.C. DavidsonandST. Tsai (1973) Thermodynamicboundson themagneticfluctuationenergyin unstableanisotropicplasmas.i. PlasmaPhys. 9,
101—116.

B.J.S.Deo andAT. Richardson(1983) Generalizedenergymethodsin electrohydrodynamicstability theory,J. Fluid Mech. 137, 131—151.
L.A. Dikii (1965a)On thenonlineartheoryof thestability of zonal flows, Izv. Atm. and OceanicPhys.1(11)1117—1122.
L.A. Dikii (1965b)On thenonlinear theoryof hydrodynamicstability, Priki. Math. Mech. 29, 852—855.
P.O. Drazin andW.H. Reid (1981) HydrodynamicStability (CambridgeUniv. Press,London).
D.G. Dritschel (1985)The stability andenergeticsof co-rotatinguniformvortices,J. Fluid Mech. (to appear).
D.G. Dritschel (1985)The nonlinearstability of co-rotatinguniform vortices (preprint).
I.E. DzyaloshinskiiandG.E.Volovick (1980) Poissonbracketsin condensedmatterphysics,Ann. Phys. 125, 67—97.
D. Ebin and J. Marsden(1970) Groupsof diffeomorphismsandthemotion of anincompressiblefluid, Ann. Math. 92, 102—163.
A. Eliassen and E. Kleinschmidt (1957) Dynamic Meteorology,Handbuchder Physik, 48, GeophysikII, J. Bartels, ed. (Springer-Verlag,Berlin)

1—154.
C.P. Enz andL.A. Turski (1979)On theFokker—Planckdescriptionof compressiblefluids, Physica96A, 369—378.
J.M. Finn and P.K. Kaw (1977) Coalescenceinstability of magneticislands,Phys. Fluids 20, 72—78.
R. Fjortoft (1946) On thefrontogenesisand cyclogenesisin theatmosphere,Geofys. Pub.16, 1—28.
R. Fjortoft (1950) Applicationof integral theoremsin deriving Criteria of stability for laminar flows andfor the barocliniccircular vortex, Geophys.

PubI. 17, 1—52.
T.K. Fowler (1963) Liapunov’sstability criteria for plasmas,J. Math.Phys.4, 559—569.
J.P. Freidberg(1982) Idealmagnetohydrodynamictheoryof magneticfusion systems,Rev. Mod. Phys. 54, 801—902.
CS. Gardner(1963) Boundon theenergyavailablefrom aplasma,Phys. Fluids 6, 839—840.
J. Gibbons (1981) CollisionlessBoltzmannequationsand integrablemoment equations,Physica3D, 503—511.
R. GlasseyandW. Strauss(1984).Remarkson collisionlessplasmas,Cont. Math. AMS 28, 269—280.
J.M. Greene, D.D. HoIm and P.J. Morrison (1980) Canonicaland noncanonicalHamiltonian formulationsof fluid dynamicsand magneto-

hydrodynamics.Proc. Abstractsof Workshopsin NonlinearWavesand Dynamical Systems,Khania,Crete, Greece(July 1980). SeePhysica2D
(1981) 545—548.

J.M. Greene, J.L. Johnson,M.D. Kruskal and L. Wilets (1962) Equilibrium and stability of helical hydromagneticsystems,Phys. Fluids, 5,
1063—1069.

MA. Grinfeld (1984) Variationalprinciplesandstabilityof stationaryflows of barotropicideal fluid, Geophys.Astrophys.Fluid Dynamics28, 31—54.
V. Guillemin andS. Sternberg(1980) Themoment map andcollective motion, Ann. Phys. 127, 220—253.
V. Guillemin andS. Sternberg(1983)On collective completeintegrability accordingto themethodof Thimni, ErgodicTheory andDynamicSystems

3, 219—230.
RD. Hazeltine,D.D. HoIm, J.E. MarsdenandP.J.Morrison (1984) GeneralizedPoissonbracketsandnonlinearLiapunovstability— Applicationsto

reducedMHD, ICPPProc. (Lausanne)2, 204—206.
RD. Hazeltine,D. HoIm andP.J. Morrison (1985) Electromagneticsolitary wavesin magnetizedplasma(preprint).
F. Henyey(1982) GaugeGroupsandNoether’sTheoremfor continuum mechanics,AlP Conf. Proc. #88, 85—90.
SI. Herlitz (1%7)Stability of planeflow, Arkiv for Fysik 34, 39-48.
D.D. HoIm (1984)Stability of planarmultifluid plasmaequilibriaby Arnold’s method,Cont. Math. AMS 28, 25—SO.
D.D. Holm and BA. Kupershmidt(1983) Poissonbracketsand Clebsch representationsfor magnetohydrodynamics,multifluid plasmas,and

elasticity,Physics6D, 347—363.
D.D. Holm, BA. KupershmidtandCD. Levermore(1983a)CanonicalmapsbetweenPoissonbracketsin Eulerianand Lagrangiandescriptionsof

continuummechanics,Phys. Lett. 98A, 389—395 (and Hamiltoniandilferencingfor ideal fluids, Adv. in App]. Math. (to appear)).
D.D. Hoim, J. Marsden andT. Ratiu (1984) Nonlinearstability of the Kelvin—Stuartcat’s eyes, Proc. AMS—SIAM SummerConference,SantaFe

(July 1984);AMS LectureSeriesin Applied Mathematics(to appear).
D.D. HoIm, J.E. Marsden,T. Ratiu and A. Weinstein (1983b)Nonlinearstabilityconditions and a priori estimatesfor barotropichydrodynamics.

Phys.Lett. 98A, 15—21.
D.D. Holm, J. Marsden,T. Ratiu and A. Weinstein(1984) Stability of rigid body motion using theenergy-Casimirmethod, Cont.Math. AMS, 28.
P.J. HolmesandJ.E. Marsden(1983) Horseshoesand Arnolddiffusion for Hamiltonian systemson Lie groups,IndianaUniv. Math. J. 32, 273—310.
E. Horst (1980) On theexistenceof global classicalsolutionsof the initial valueproblemof stellardynamics,in: MathematicalProblemsin Kinetic

Theoryof Gases,D.C. PackandH. Neunzert,eds.
E.Horst(1981a)Ontheclassicalsolutionsof theinitial valueproblemfor theunmodifiednonlinearVlasovequation,I.Math.Mech. App]. Sci. 3,229—248.
E. Horst (1981b)New resultsand openproblemsin thetheoryof theVlasov equation,Progressin NuclearEnergy8, 185-189.
E. Horst (1982) On theclassicalsolutionsof the initial valueproblemfor the unmodifiednonlinearVlasov equation,II. Specialcases,Math. Meth.

Appl. Sci. 4, 19—32.
S. Ichimaru(1973) BasicPrinciplesof PlasmaPhysics(Addison-Wesley,New York).
VI. ludovich (1963) Nonstationaryflow of an ideal incompressibleliquid, USSRComp.Math, and Math. Phys.3, 1407—56.
ZR. Iwinski and.L.A. Turski [1976]Canonicaltheoriesof systemsinteracting electromagnetically.Lett. AppI. Eng.Sci. 4, 179—191.
J.D.Jackson(1960) Longitudinalplasmaoscillations, J. NucI. Energy, PartC: PlasmaPhysics1, 171—189.



Darryl D. Hole, eta!., Nonlinearstability offluid andplasmaequilibria• 115

J.H.Jeans(1902) The stabilityof a sphericalnebula,Phil.Trans. Roy. Soc. 199, 1—53.
J.H.Jeans(1919) Problemsof Cosmogonyand StellarDynamics(CambridgeUniv. Press,London).
J.L. Johnson,CR. Oberman,R.M. Kuisrud andE.A. Frieman(1958) Somestablehydromagneticequilibria,Phys.Fluids I, 281—296.
T. Kato (1967) On classicalsolutionsof thetwo-dimensionalnon-stationaryEuler equation,Arch. for Rat. Mech. and Analysis 25, 188—200.
Lord Kelvin (1880) On a disturbinginfinity in Lord Rayleigh’s solutionfor wavesin aplane vortexstratum, Nature23, 45—46.
MG. Krein (1950) A generalizationof several investigationsof AM. Liapunov on linear differential equationswith periodic coefficients.DokI.

Akad. Nauk. SSSR73, 445—448.
M.D. Kruskal andCR. Oberman(1958) Onthe stabilityof aplasmain staticequilibrium, Phys. Fluids 1, 275—280.
M.D. Kruskal, J.L. Johnson,MB. Gottlieb, and L.M. Goldman(1958) Hydromagneticinstability in a stellarator,Phys. Fluids 1, 421—429.
R. Kulsrud (1962) On thenecessityof theenergyprinciple of Kruskal and Obermanfor stability, Phys. Fluids 5, 192—195.
R. Kulsrud (1964) Generalstabilitytheory in plasmaphysics, in: AdvancedPlasmaPhysics,M. Rosenbluth,ed. (AcademicPress,New York).
PH. LeBlond and L.A. Mysak (1978) Wavesin theOcean(Elsevier,New York).
E.W. LaedkeandK.H. Spatschek(1980) Liapunovstability of generalizedLangmuirsolutions,Phys. Fluids 23, 44—51.

M. Levi (1977) Stability of linear Hamiltoniansystemswith periodiccoefficients, IBM ResearchReportRC 6610(No. 28482).
D. Lewis, J. Marsden,R. MontgomeryandT. Ratiu (1985)The Hamiltonianstructureof dynamicfree boundaryproblems,PhysicaD (toappear).
A.J. LichtenbergandMA. Lieberman(1982) RegularandStochasticMotion, (Springer-Verlag,New York, Heidelberg,Berlin).
J.E. Marsden(1976) Well-posednessof theequationsof a nonhomogeneousperfect fluid. Comm.P.D.E. 1, 215—230.
J.E. Marsden(1982) A grouptheoreticapproachto theequationsof plasmaphysics,Can. Math. Bull. 25, 129—142.
J.E. Marsdenand T.J.R.Hughes(1983) MathematicalFoundationsof Elasticity (Prentice-Hall,London).
J.E. Marsden and M. McCracken(1976) The Hopf bifurcation and its applications,Applied MathematicalSciences,Vol. 19 (Springer-Verlag,

Berlin).
J.E. Marsdenand P.J.Morrison (1984) NoncanonicalHamiltonianfield theoryandreducedMHD, Cont.Math. AMS 28, 133—150.
J.E. MarsdenandA. Weinstein(1974) Reductionof sympletic manifoldswith symmetry, Rep.Math. Phys.5, 121—130.
J.E. MarsdenandA. Weinstein (1982)The Hamiltonianstructureof theMaxwell—Vlasov equations,Physica4D, 394-406.
J.E. MarsdenandA. Weinstein(1983) Coadjointorbits, vorticesandClebschvariablesfor incompressiblefluids, Physica7D, 305—323.
J.E. Marsden,A. Weinstein,T. Ratiu, R.SchmidandR.G. Spencer(1983) Hamiltoniansystemswith symmetry,coadjointorbitsandplasmaphysics,

Proc. IUTAM-ISIMM Symposiumon “Modern Developments”in Analytical Mechanics”,Torino, June7—11, 1982, Atti della Academiadella
Scienzedi Torino, 117, 289—340.

J.E. Marsden,T. Ratiu andA. Weinstein (1984a)Semi-directproductsandreduction in mechanics,Trans.Am. Math. Soc. 281, 147—177.
J.E. Marsden,T. Ratiu and A. Weinstein (1984b)Reductionand Hamiltonianstructureson dualsof semidirectproductLie algebras,Cont.Math.

AMS, 28,55-100.
H. McKean (1977) Stability for theKorteweg—deVries equation,Comm.PureAppI. Math. 30, 347—353.
R. Montgomery,I. MarsdenandT. Ratiu (1984) GaugedLie—Poissonstructures,Cont.Math. AMS, 28, 101—114.
P.J.Morrison(1980) TheMaxwell—Vlasov equationsasa ContinuousHamiltoniansystem,Phys.Lett. 80A, 383—386.
P.J.Morrison(1982) Poissonbracketsfor fluids and plasmas,in: MathematicalMethodsin HydrodynamicsandIntegrabilityin RelatedDynamical

Systems,AlP Conf. Proc., #88 La Jolla, M. Tabor andY.M. Treve,eds.
P.J. Morrison andJ.M. Greene(1980) Noncanonicalhamiltoniandensity formulation of hydrodynamicsand ideal magnetohydrodynamics,Phys.

Rev.Lett. 45, 790—794;errata, ibid. 48 (1982) 569.
P.J.Morrison and RD. Hazeltine(1984) Hamiltonianformulationof reducedmagnetohydrodynamics,Phys. Fluids 27, 886-897.
WA. Newcomb(1958) Appendix in Bernstein(1~8).
WA. Newcomb(1960) Hydromagneticstability of a diffuselinear pinch, Annalsof Physics10, 232—267.
WA. Newcomb(1983) Compressibilityeffect on instability growth rates,Phys. Fluids 26, 3246—3247.
J. Pedolsky(1979) GeophysicalFluid Dynamics(SpringerVerlag,New York).
0. Penrose(1960) Electrostaticinstabilitiesof a uniform nonmaxwellianplasma,Phys.Fluids 3, 258—265.
R. PetroniandA. Vulpiani (1983) Nonlinearstability of steadyconstant-vorticitysolutionsoftheplaneEulerequation,Ii NuovoCimento78B, 1—8.
S. Pierini and E. Salusti (1982) Nonlinearhydrodynamicstabilityof somesimple rotational flows, Ii NuovoCimento71B, 282—293.
S. Pierini and A. Vulpiani (1981)Nonlinearstability analysisin multulayerquasigeostrophicsystems,J. Phys. A: Math. Gen. 14, L203—L207.
H. Pollard (1966) MathematicalIntroduction to Celestial Mechanics(Prentice-Hall,EnglewoodCliffs, N.J.).
P.L. Pritechettand CC. Wu (1979) Coalescenceof magneticislands,Phys. Fluids22, 2140-2146.
T. Ratiu (1980) Euler—PoissonEquationson Lie algebras,Thesis,Berkeley.
T. Ratiu (1982)Euler—Poissonequationson Lie algebrasandtheN-dimensionalheavyrigid body, Am. J. Math. 104, 409—448, 1337.
T. Ratiu andP. van Moerbeke(1982) TheLagrangerigid bodymotion, Ann. Inst.Fourier, 32, 211—234.
Lord Rayleigh(1880) On thestability, or instability, of certainfluid motions,Proc. Lon. Math. Soc. 11, 57—70.
MN. Rosenbluth(1962) Stability in plasmaphysics,Proc.Symp. AppI. Math.A.M.S. Vol. XIII, 35—40.
MN. Rosenbluth(1964) Topicsin microinstabilities,in: AdvancedPlasmaPhysics,M. Rosenbluth,ed. (AcademicPress,New York) p. 137.
MN. Rosenbluthand CL. Longmire(1957) Stability of plasmasconfinedby magneticfields, Ann. Phys. 1, 120—140.
G. Rowlands(1966) Extensionof theNewcombentropymethodof stability analysis,Phys. Fluids, 9, 2528—2529.
VI. Sedenkoand V.1. ludovitch (1978) Stability of steadyflows of ideal incompressiblefluid with free boundary,PrikI. Mat. & Mekh. 42, 1049

(Applied Math. & Mechanics,42, 1148—1155).



116 Darryl D. Hole, eta!., Nonlinearstability offluid andplasmaequilibria

CL. Siegel and J.K. Moser (1971) Lectureson CelestialMechanics(SpringerVerlag, New York).
R.G. Spencer(1982) The Hamiltonian structure of multi-species fluid electrodynamics,in: MathematicalMethods in Hydrodynamics and

Integrability in RelatedDynamical Systems(M. Tabor and Y.M. Treve,eds.)AlP Conf. Proc.,La Jolla Institute 1981, 88, 121—126.
R.G. SpencerandAN. Kaufman(1982) Hamiltonianstructureof two-fluid plasmadynamics,Phys. Rev. A. 25, 2437—2439.
J.T. Stuart(1967) On finite amplitudeoscillationsin laminarmixing layers,J. Fluid Mech. 29, 417—440.
J.T. Stuart(1971) Stability Problemsin Fluids, Lecturesin Applied Math. Vol. 13, AMS, 139—155.
E.C.G.SudarshanandN.Mukunda(1974) ClassicalMechanics— A ModernPerspective(Wiley, New York, 1974; 2nded.,Krieger,Melbourne—Florida.

1983).
Y. Tang(1984) Nonlinearstabilityof vortex patches,Thesis,SUNY, Buffalo.
Ukai-Okabe(1978) On classicalsolutionsin the largein time of two dimensionalVlasov’s equation,OsakaJ. Math. 15, 245—261.
AM. Vinogradov and B. Kupershmidt(1977)The structureof Hamiltonianmechanics,Russ.Math. Surveys,32, 177—243.
Y.H. Wan (1984)On thenonlinearstability of circular vortex patches,Cont.Math. AMS 28. 215—220.
Y.H. Wanand F. Pulvirente(1984) Thenonlinearstabilityof circularvortex patches,Comm. Math. Phys. (toappear).
A. Weinstein(1983a)SophusLie andsymplecticgeometry,Expo.Math. 1, 95—96.
A. Weinstein(1983b)Thelocal structureof Poissonmanifolds, J. Duff. Geom. 18, 523—557.
A. Weinstein (1984) Stability of Poisson—Hamiltonequilibria,Cont.Math. AMS 28, 3—13.
W. Wolibner (1933) Un théorèmesur l’existencedu mouvementplan d’un fluide parfait homogène,incompressible,pendantun temps infiniment

longue,Math. Zeit. 37, 698—726.
S. Wollman (1980a)ThesphericallysymmetricVlasov—Poissonsystem,J. Duff. Eq’ns. 35. 30—35.
S. Wollman (1980b)Global-in-time solutionsof thetwo-dimensionalVlasov—Poissonsystems,Comm.PureAppI. Math. 33, 173—197.
S. Wollman (1982) Existenceand uniquenesstheoryof theVlasov—Poissonsystemwith applicationto the problemwith cylindrical symmetry,J.

Math. An. AppI. 90, 138—170.
S. Wollman (1984) Resultson existenceand uniquenessfor solutionsof theVlasov equation,Contemp.Math. AMS 28, 251—267.
V.E. Zakharov(1971) Hamiltonianformalism for hydrodynamicplasmamodels,Soy. Phys.JETP33, 927—932.
YE. Zakharovand E.A. Kuznetsov (1974)Three-dimensionalsolitons, Soy. Phys.JETP39, 285—286.
S.L. Ziglin (1980) Decompositionof separatrices,branchingof solutionsand nonexistenceof integrals in the dynamics of a rigid body, Trans.

MoscowMath. Soc. 41, 287.
S.L. Ziglin (1981) Branchingof solutionsand nonexistenceof integrals in Hamiltoniansystems,DokI. Akad Nauk. SSSR257, 26—29.


