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This is the group of helical transformations with pitch Q. If W, is
invariant under Hs' it has the form

Wr,8,c,t) = §(r,0 - q{,]c,t) (4.9)

as is easily checked, and similarly for U. One can check that for helically
symmetric functions, the transformation o -+ wh, U~ Uh given by

2
‘th("segt) = ’T’(.rseat) +'§T

0 (4.10)

U, (r.8,t) U(r,0,t)

transforms the bracket (3.3) to

SF 8G 6F &6 8G_ §F

{F,6) = Ju Uh[m' T"h] + "’h([TSTg S_Uh.] - [W 6,—Jh]) x  (4.01)

Thus, in the single helicity case, the bracket (3.3) transforms via (4.9) to
the Lie-Poisson bracket {4.11). (See Morrison and Hazeltine [1983]).

One can also transform away the third term in (3.3) by using Lie trans-
forms. One attemps to solve the equation

;gh + [¢h’ vl =0 (4.12)

for ¥, given . In general this is impossible because ¢ must be a
periodic variable. However, if it were possible, one sees that formally, this
transforms away the third term of (3.3) (see the Appendix for this calculation).
Following the dictates of Lie transform theory, we get a good approximation
to (4.12) by averaging (see Guckenheimer and Holmes [1983, Chapter 4]). Since
the helicity condition (4.9) gives the solution (4.19) to (4.12), it is natural
to average y first with respect to Hg:

27 q0 .
b,(r6,2) = jo ¥ O(r, 6, 0)ds (4.13)

where t 1is suppressed. Then wav is helically invariant. Now let wh =

wav + r2/2q0, Uh = Uav' The map

(W, 1) > (y.0,) (4.14)

transforms the bracket (3.3) into (4.11), which is shown just as in the
appendix.
In fact, one can verify that (4.14) is a momentum map for the action of
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the semi-direct product Sym(IRz) x F(IRZ) on the space of U(r,8,z) and
¢(r,6,z) with the bracket (3.3) given as follows. (See Ratiu's lecture,
Abraham and Marsden [1978] and Marsden, Weinstein, et. al. [1983] for the
basic definitions and properties of momentum maps). If n EESym(IRz) and
f e F(IRZ), let them act on (v, U) by

(W0} = (g, U,))
where

wav(r,B,C) = y(n(r,0 + f(r,e)qal),c + f(r,0))
and

Uy (7:8:2) = Uln(r,0),2)

This remark is consistent with the fact that momentum maps are always Poisson
maps and the fact that Lie transforms, averaging and reduction are closely
related.

5. REMARKS AND CONJECTURES ON LAGRANGIAN COORDINATES, REDUCTIONS AND
APPROXIMATIONS. The preceeding discussions still leave open the question of
how to derive brackets like (3.3) or (4.11). For the single helicity case,
the derivation of (4.11) from canonical Lagrangian coordinates proceeds as
follows. We assume that individual fluid particles follow trajectories that
commute with the helical group and that the magnetic field is Lie transported.
Thus, the particles move by means of volume preserving diffeomorphisms
¢>:IR3 > IR3 such that H:0°¢ = ¢°H:0 for each s. Call the group of such
¢'s, ¥ MNow we add a constraint that is consistent with the RMHD approxi-
mation namely that the toroidal speed of the particles is fixed; thus the
configuration space for the fluid is HVS] where S] is the group of H:o.
But JWS] is the group of transformations of the helices (orbits of the
action (4.8)), which is isomorphic to Sym(IRz). mVS] then is the basic
configuration space for a single helicity fluid.

Thus, the phase space is T*Sym(IRZ). Now the magnetic potential is
Lie transported by the helical action of Sym(IRz) as in §40. Thus, one can
reduce T*Sym(IRz) as described in Ratiu's lecture to obtain a Lie-Poisson
structure for the semi-direct product of sym(IRz) and the space on which
the magnetic potential lives. This produces exactly the structure (4.11),

To obtain the bracket (3.3) from a canonical Lagrangian picture we
proceed as follows. As above, we build the RMHD approximation we have in
mind into the Lagrangian configuration space. Choose 9y =« SO H: = HS
is just translation in the z-direction; these H, form an s! group. How
to allow ¢ dependence we choose the basic configuration space to be the
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group C of volume preserving transformations that map 5! orbits to S]
orbits. Again the magnetic potential is Lie transported. However, our
magnetic field will be assumed to have a dynamic component unly in the poloidal
plane so it is consistent to choose the subgroup S of C consisting of
diffeomorphisms that are the identity in the r,® variables ("streaming"
diffeomorphisms: (r,8,g) » (r,8,z + g(r,8))). Our basic configuration
space is then (/S, which is roughly, speaking, the z-dependent diffeomor-
phisms of the (r,0) plane, and so the phase space is T*((/S). However, the
magnetic potential is Lie transported, so we need to reduce T*((/S) by the
further symmetry group corresponding to the magnetic potential and the S]
invariance. We note that C/S is a bundle over the ¢ axis with fiber
Sym(IRz), the diffeomorphism group of the T =constant poloidal planes. We
now perform the reduction procedure described in Ratiu's lecture fiberwise.
By the formulas in the paper of Montgomery, Marsden and Ratiu in these pro-
ceedings, the bracket on the quotient space is the semi-direct Lie-Poisson
bracket plus a canonical bracket for the ¢ dependence. Finally, the S]
symmetry quotient inserts a 9/3¢ in this canonical bracket, to produce
the bracket (3.3).

The last step in this construction can be illustrated by the wave equa-
tion on the £ axis. The canonical bracket on the phase space F(S])x F(Sl)
is

*

[ (F 88 _ SF &6
{F,6} = I (6¢ sm " on 6¢)d‘;
sl
However the bracket on the reduced space with zZ-translations divided out is

J(E 2% & sy
{F,6} ’I 8¢ 3¢ on - 8¢ 3¢ on) 9%

sl
i.e. we change the cosymplectic operator as follows:

)

(0 I) 0 -a—c
e U
-1 0 - = 0 .

IR

This is proved the same way as the corresponding assertion for Maxwell's
equation (see Marsden and Weinstein [1982]).

We just mention that there is another way of getting (3.3) directly from
the (incompressible homogeneous version of) the Morrison-Greene bracket for
MHD. Namely, one inserts the decomposition v = vyl + Z x v,¢ and
B =B+ xVy intothat bracket. With divB =0, By =1 and vy =1,
the expression (3.3) results. One can also use this procedure to derive
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more complex brackets with a vy dependence. (These are related to the
hamiltonian structure of the Hazeltine equations [1983] which will be the
subject of another publication (Hazeltine, Holm and Morrison [1984]).) The
rough idea is that if a factor B" is inserted in the last term of (3.3),
linearity of the brackets in the field variables is restored. This is con-
sistent with the fact that the Morrison-Greene bracket is Lie-Poisson for a
semi-direct product (Holm and Kupershmidt [1983]) and can be derived from
canonical brackets in a Lagrangian representation (Marsden, Ratiu and Wein-
stein [1983]). The procedure of neglecting 8/8v and &/88; terms in this
bracket can be viewed as an approximation procedure analogous to the limit
¢ + o« which converts the Maxwell-Vlasov to the Poisson-Vlasov bracket.

We hope that the bundie point of view sketched in the paper of Montgomery,
Marsden and Ratiu in these proceedings will shed 1ight on how these processes
of averaging, reduction and 1imits all tie together into a coherent picture.

APPENDIX

If ¢ is a given function then the formal solution to (4.12) can be
obtained by integrating the characteristic equations where ¢ acts as a
Hamiltonian and ¢ plays the role of time. Cne obtains wh(ro(r,e.S). /mmﬁ
eo(r,e,;), 0), where we have suppressed the parametric time dependence.
Shortly we will implicitly differentiate (4.12) in order to formally transform
¢ variational derivatives into derivatives with respect to ¥,

Let us suppose that P is some functional of ¢ that has the first
variation

L[ gy
oplyd-an = [ 45 sua’s

(A.1)
_ &P 3
- J; EE; Sy, d7x

In the second equality we assume P is a functional of U through (4.12).
If we define the operator £ by, £f = of/az + [f,y], then linearization of
(4.12) yields

sy, = .c"[wh,swl (A.2)

where we have used £~ to mean the inverse of £. In practice cos
obtained by integrating over characteristics. For our purposes it will be
sufficient to pretend that the appropriate analysis has been done and that
we can freely invert L when needed. Inserting (A.2) into (A.1) yields
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DP -6y = J 55 o0 d’ = Idiw: £y 690 ¢ (A.3a)
= J Lons svd( £y 2 ¢x (A.3b)
v h

where (.t."])+ is the formal adjoint of £ ]. Equation (A.3b) can be further
trans fomred by using the identity J flg,h] = J glh,f] d3x; we obtain
v v

bP +5¢ =J [(1:")+ 3}", wh]éw 3. (A.4)
v
If Eq. (A.3b) is to hold for all variations &p then evidently

'2'% = [( -])+ Gfpps 'Ph] (A.5)

Operating on both sides of (A.5) with £ and using g[f,q] = [£f,q] + [f.Lg],
which is not difficult to establish, yields

L é_; - [.C(.E y* i", .ph] (A.6a)
[ (]

Equation (A.6b) follows from the fact that an anti-self-adjoint linear oper-
ator will have an anti-self-adjoint inverse. From Eq. (A.6b) it follows
immediately that the RMHD bracket becomes

oo {8 8]0l B0 [ Db - e

v
Hence we have transformed away the non Lie-Poisson term and the bracket
possesses the algebraic interpretation of Section 4C. Moreover, it appears

that we have replaced a three-dimensional problem with a two-dimensional
problem!

(2]

In spite of the rosey picture painted above, there is a catch, which is
associated with a periodicity constraint on (4.12). Recall P was required
to be periodic in & and ¢z; if ¥, is to be single-valued then it too
must be periodic. Flows with periodic Hamiltonian's typically are not
periodic -- indeed such would be an exception. So our problem lies in the
fact that appropriate Yh do not in general exist. There are, however, the
special single helicity solutions discussed in Section 4D.
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