

















degrees of freedom of our system. The action (20) of G on Tz( has a
momentum map J:T.G( wof vhere the Lie algebra ¢ of G is identified
with the real valued functions on IRJ. This map J is associated to the
symuetry group G in a way that genera.lizes the way conserved quantities
are related to symuetries by Hoether's theorem in classical mechanics. We

may determine J by a standard formula {(Abraham and Marsden [1978]1}: for
veds

<J (AN e f(vo\!o)dx o - (div v)eax
Thus we may write

J(A,Y) = -div ¥ {21)

If p 1is an element of ﬂg' {the densities on IRJ). J'l(p) = ((A,Y) ¢
I"ﬂl div Y = -p). In terms of €, the condition div Y = -p becomes the
Maxwell equation div E = p so we may interpret the elements of %’ as
charge densities. By a general theorem of Marsden and Weinstein (1974), the
reduced manifold J'l(p)IG has a naturally induced symplectic structure.
Computation leads to the following.

Proposition. The space J'l(ol/G can be identified with Max = {{E,B){div

E=p, divB = 0) and the Poisson bracket on Max is given in terms of

€ and 8 by

66

(£,6) = f( curl curl ‘E) dx {22)

Maxwell's equations with an ambient charge density p are Hamilton's

equations for

WE.B) = & frlel? « 1812) ox
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on the space/Max.
The bracket (22) was first introduced, using a different argument, by
Born and Infeld (1934).

THE HAXWELL-VLASOY EQUATICHS

We consider a plasma consisting of particles with charge e and mass m
moving in Euclidean space ®? with positions x and velocities v. (for
simplicity we consider only one species of particle - the case of several
species of particles can be treated in an analogous fashion). Let f{x,v,t)
be the plasma deasity at time t, E{x,t) and B(x,t) the electric and’

.

magnetic fields. The Maxwell-Vlasov equations are:

of vxB

{a) —attv.—o-(ff— 3 a 0
1238 _

{b) cat° - curl E

{c) 1 3E . curl B - §, where j = £ [ vf(x,v,t)dv {23)
c at * c e

(d) diveE= pgs where pg = eff(x.v,t)tlv

{e) divB=0

Letting ¢ » = Jeads to the Poisson-Vlasov equation:

o . 3f e M o

.._4 =

™ Tm Xt

vZp, < o (24)

In what follows we shall set e=m=¢ =2 1.

271




c

n(f,E,B) nfl,|v|2f(x.v.t)dxdv 0f's[|€(x.t)|z + |B(x.tl|z]dx (25)

The Hamiltonjan for the Maxwell-Vliasov system is

while that for the Poisson-Vlasov equation is
Mo = fulviZetcvationds o 5 forledpgtxin (26)

The Poisson bracket for the Maxwell-Vlasov equation fs as follows:

{F,GH(F,E,B) uff{ E,
+I{Fc 66 °chrl %}dx
*I{%%-%“‘ 55 foc o

Jol3

O

F &
-f-}dl dv

o

i
1

(27)

f
3 &F 3 46
vsfxav_f dx dv

The bracket (27) is due to Marsden and Weinstein [1982a) and is based on
reduction and an earlier attempt “by hand" by Morrison (1980).

We are now ready to discuss the meaning of the first term J'f{g—:-. g%}dxdv
in {27).

can identify velocity with momentum, Thus we let lR6 denote the usual

In the absence of a magnetic field and normalizing the mass, we

position - momentum phase space with co-ordinates "‘1"2'“3'91"’2"’3) and
symplectic structure ):dxi A dpi. Let 3 denote the group of canonical
transformations of IR6 which have polynomial growth at infinity in the
momentun directions. The Lie algebra s of $ consists of the Hamiltonian

6 with polynonial growth ia the momentum directions.

vector fileds on IR
He shall identify elements of s with their generating functions so that
consists of C” functions on S and the left Lie algebra structure is
given by [f.g) = {f,3), the usual Poisson bracket on phase space. (See

Abraham and Marsden {1978]).
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The dual space s can be identified with the distribution densities on

6

R which are rapidly decreasing in the momentum directions. 1Tne pairing

between h ¢ s and f ¢ s is obtained by integration

<h,f> = fhf dxdp

*
As with any Lie algebra, the dual space s carries a natural Lie-loisson
structure. In (10) we change “-* to “+“ since our system is right invariant,

Then with = £, {10) becomes

(F.6)(F) = <F, (§F, £, ff 5 55 anp

are reguired.

The second term in {27} is the bracket for Maxwell's equations which has
been previously discussed -- see (22). We consequently turn our attention
to the last two terms in (27) which represent coupling or interaction. The
Hamiltonian structure for the Maxwell-Vlasov system becomes siaple 11 we
choose our variables to be densities on {x,p) space rather thon {x,v)
space and elements (A,Y) . of 179(. To avaid confusion with densitics on
{x,v) space, we utilize the notation fmm for densities on (x,p) <pace.
The Poisson structure on s. x T is just the sum of those on s and

T%: for functions F and § of fmm' A and Y, set
FE(F_AY) = ff li’f— . -“E—} dxdp ¢ (28)
‘ mom® ! oomn afm afm

ﬁa{a@-ajﬁ]
9A Y QA 3Y

and the Hamiltonian is just (25) written in terms of these variables. Using

the classical relation between momemtum and velocity, p ® v ¢ A, we have
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HOF g eAaY) = ,}J‘w - Alx)20 o (xup) dxdp
+ %J.“le t fourl A]z)dx

We observe that there is no coupling in the symplectic structure but there

is coupling between f ard A in the first term of (29).
[

s * .
Theorem. The evolution equations F = (F,W) for a function F on s x 7T
with K given by (29) and ( ) by (28) are the equations (23a,b,c) with
4 ]
(23b) replaced by 3 Y.

The proof of this theorem is a straightforward verification. The con-

straints can, as in Morrison (1980], be regarded as subsidiary equations
which are conststent with the evolution equations. Equations (23b and e)
hold since B = curl A. Me will now show that equation (23d) expresses the
fact that we are on the zero level of the momentum map generated by the
gauge transformations. The corresponding reduced space decouples the energy,
while coupling the symplectic structure.

The work of Wefnstein [1978] on the equations of motion for a particle in
a Yang-Mills field uses the following general set-up., Let u:P + M be
a principle G-bundle and Q a lizmiltonian G-space {or a Poisson manifold
which 1s a union of hamiltonian G-spaces}. Then G acts on 1P and on
Q, so itactson Qx e (with the product symplectic structure). This

action has a momentum m3p J and 50 may be reduced at O0:
(0 x 1) = 306 (30)

The reduced manifold (30) carries a symplectic (or Poisson, if Q was a
Poisson sanifold) structure naturally induced from those of Q and I.P.

To obtain the phase space for an elementary particle in a Yang-Mills

field one chooses P to be a G-bundle over 3-space M and Q@ a co-adjoint
24

orbit for G (the internal variables). The Hamiltonian is constructed
using a connection (i.e., a Yang-Mills field) for P. In the spectal case
of electromagnetism, G = st and Q = (e} is a point.

For the Vlasov-Maxwell system we choose cur gauge bundle to be
Ps6t+ M

where M s {B|div B8 = 0}, with G the gauge group described in the pre-
vious section, As in 53, let $ denote the group of canonical transforma-
tions of I'n(= R6). We can let  be either the symplectic manifold I's
or the Poisson manifold s'. It is a little more direct work with s-. 50
we shall do this.

We wish to specify an action of G on s. which, when combined with the
action (20) on T'o(, will leave the Hamiltonian (29) fnvariant. A natural
choice is to let ¢ ¢ G act by the ()inear) map

fm * fmo‘l‘vw (3')
where T_vw: IR6 - IR6 is the “momentum translation map™ defined by
1_W(x.p) = (x,p - vg(x)}). (32)

.

It is easy to verify that 1 is a canonical transformation, so it pre-

‘¢
serves the ordinary Poisson bracket on lll6. It follows that the map (31)

preserves the Poisson structure on s'. A simple calculaticn gives:

Lemma, The action of G on s‘ defined by (31) and (32) has a momentum

map J: st +qf given by

Wggdet> = - f falxepolx) dxdp {33)
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a - 34
Wiogg) = = [Fogatxsp) &0 (34)
The right hand side of (34) is a density on 1R3 which we may denote by

P
mom .
L}
Now we define the action of G on the product s' x To¢ by combining

(31) and (20), f.e. ¢ ¢ G maps
(Fomehe¥) = fpper 0. At 2¢.Y). (3s)
Combining equations (21) and (34) gives:

Lesma. The momentum map 2s” x T& *of for_the action (35) is given by:

If

R -ffm(x,p) dp - div Y. {36)

He my now describe the reduced Poisson manifold in terms of densities

f(x,v) defined on position-velocity space.

Proposition. The reduced manifold (s x T8()y = 971(0)/6 may be identified
with the Maxwell-Vlasov phase space

My = ({f,B,E)|div B = 0 and divE ﬂff(u.v) dv.)

Proof. To each (rm.A.v) in J"(o) we associate the triple (f,B,E) in

WY where
f{x,v) = fm(x.v + A(x)), B = cur) A, and E = -Y.

The condition J(fm.A.Y) = 0 is equivalent, by (36), to the Maxwell
equation div E = ff(x.v) dv 1in the definition of Mv. It is easy to check
that elements of J"(o) are associated to the same (f,8,£) if and only
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if they are related by a gauge transformation (35), so our association gives
a 1-1 correspondence between J°1(0)/G and MV. g

By the general theory of reduction, MV inherits a Poisson structure
from the one on s‘ X I'. Since the Hamiltonfan (29) is invariant under G,
it follows that the Maxwell-Viasov equations are a Hamiltonian system on
MY with respect to this structure. We can compute the explicit form of the
inherited Poisson structure in the variables (f,B,E). la fact, a direct
calculation using the chain rule shows that (28) becomes (27). This is how
one arrives at the follawing result.

Theorem. The bracket (27) makes (MV) into a Poisson manifold. Ine

Haxwell-Vlasov equations are equivalent to the evolution equations f =

(F,B} on (MVY), where H is given by (25}.

£ ]
Lectures presented at the University of Hguston, November, 1981. Thsnks
are due to the editor for help in the preparation of the manuscript. The

results here are based on joint work with Phil Holmes and Alan Weinstein.
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J W NEUBERGER

Use of steepest descent for systems of
conservation equations

Many systems of conservation equations have the form
U ® v+Flu,vu) , {1

. k n
u: {0,T} x 2+ R" , 2 c R", Often, however, a more complicated for is
found:

Uu)y = veFlu,m) (2)
S(u) = 0,

ui (0,13 x 0+ R¥9, g o 8P, q: K9 L gk,
s: RK'9 Y, F: gk+d X R"(’"q) - R"k. Examples are found in nony places
(cf (11, [6).

Some background for the present work s found in [2), 13].

Often problem (2) can be changed into (1) by using the condition %lu) = 0
to eliminate q of the unknowns and by using some change of varfstiles Lo
convert the tern (Q(u))t into the forn ;. However since applications
often seem to lead to problems naturally expressed tn form {2), it seems
vorthwhile to study (2) directly. We consider honogencous boundary condi-
tions on &0 together with initial conditions.

We introduce a strategy for a time-stepping procedure, We at first dis-
cretize in time only, Take w for a time-stice of & solution at & time t,-

We seek an estimate v at time € 36 by seeking to minimize
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