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Sumrrary 

We f o c u s  on the  seemingly  complicated  dynamics 
of a four-machine  power  system  which i s  undergoing  
a sudden   fau l t .   Adopt ing  a Hamil tonian  (energy)   form- 
u l a t i o n ,  we c o n s i d e r   t h e   s y s t e m   a s   a n   i n t e r c o n n e c t i o n  
of   (one  degree  of   f reedom)  subsystems.   Under   cer ta in  
c o n f i g u r a t i o n   ( a  s ta r  ne tk-ork)and   parameter   va lues  
we e s t a b l i s h   t h e   p r e s e n c e   o f   A r n o l d   d i f f u s i o n   w h i c h  
e n t a i l s   p e r i o d i c ,   a l m o s t   p e r i o d i c ,   a n d   c o m p l i c a t e d  
nonperiodic   dyanmics a l l  s i m u l t a n e o u s l y   p r e s e n t ;   a n d  
e r r a t i c   t r a n s f e r   o f   e n e r g i e s   b e t w e e n   t h e   s u b s y s t e m s .  
I n  s e c t i o n  1 we i n t r o d u c e   t h e   t r a n s i e n t   s t a b i l i t y  
p r o b l e m   i n  a ma themat i ca l   s e t t i ng   and   exp la in   wha t   ou r  
r e s u l t s  mean i n   t h e  power   sys tems  contex t .   Sec t ion  2 
p r o v i d e s   i n s i g h t s   i n t o   A r n o l d   d i f f u s i o n   a n d   s u m m a r i z e s  
i t s  m a t h e m a t i c a l   f o r m u l a t i o n   a s   i n   [ 8 ] ,   [ l ] .   S e c t i o n  
3 g i v e s   c o n d i t i o n s   f o r   w h i c h   A r n o l d   d i f f u s i o n   a r i s e s  
on c e r t a i n   e n e r g y   l e v e l s   o f   t h e   s w i n g   e q u a t i o n s .  
These   cond i t ions  are v e r i f i e d   a n a l y t i c a l l y   i n   t h e   c a s e  
when a l l   b u t  one  subsystem  (machine)   undergo  re la-  
t i v e l y  small o s c i l l a t i o n s .  

1. I n t r o d u c t i o n  

T r a n s i e n t   s t a b i l i t y   o f  a power   sys tem  descr ibes  
the  dynamical  phenomena  caused  by a s u d d e n   f a u l t  
( such  as s h o r t   c i r c u i t )   o r  a l a r g e   i m p a c t   ( s u c h   a s  
l i g h t n i n g ) .  I t  i s  p r e c i s e l y   t h e   L y a p u n o v   s t a b i l i t y  
i n  a s t a t e  space   fo rmula t ion   o f  a s i m p l i f i e d   d i f f e r -  
e n t i a l   e q u a t i o n   m o d e l   ( c a l l e d   t h e   s w i n g   e q u a t i o n s )  

w h i c h   p o s s e s s a s   m u l t i p l e   e q u i l i b r i a :   x = f ( x ) .   L e t  x 

b e  a s t a b l e   e q u i l i b r i u m   p o i n t  of t h i s  model  which i s  
p r r s l u n i b l p   " c l o s e s t "   t o   t h e   p r e f a u l t   e q u i l i b r i u m   p o i n t  
( s e e  [4],[111). The t r a n s i e n t   s t a b i l i t y   p r o b l e m  i s  t o  
d e t e r m i n e   w h e t h e r   o r   n o t  a g i v e n   p o i n t   i n   t h e   s t a t e  
s p a c e   b e l o n g s   t o   t h e   r e g i o n   o f   s t a b i l i t y   o f   t h e  

s t a b l e   p o i n t  x , T h i s   t r a n s l a t e s   t h e   t r a n s i e n t  

s t a b i l i t y   p r o b l e m   t o   o n e   c f   i n v e s t i g a t i o n   o f   t h e  
r e g i o n   o f   s t a b i l i t y   o f  a g i v e n   s t a b l e   e q u i l i b r i u m  
p o i n t   ( S e e   [ 6 , 7 , 9 ]   f o r   s i m u l a t i o n s ) .  

- The swing   equa t ions :  We wr i te  t h e   s w i n g   e q u a t i o n s  
model   o f   an   in te rconnec ted   power   sys tem.  We assume 
ze ro   t r ans fe r   conduc tances   o f   t he   r educed   ne twork  
(or  assume a g e n e r a t o r   c o n n e c t e d   t o   e a c h   n o d e ) .  

- d 
dt 6. = Oi - w R (1.1. i )  

M .  d wi + Diui = Pi - 
1 -  Y i j  s i n  ( ~ 5 ~  - 6 j )  d t  i=l 

i#i (1 .2 . i )  
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where 5 and 2 a r e   r e s p e c t i v e l y ,   t h e   a n g l e   a n d   t h e  

v e l o c i t y   o f   t h e   r o t o r   o f   t h e  ith machine; wR i s  a 

c o n s t a n t   r e f e r e n c e   v e l o c i t y ,   u s u a l l y  (2TI.60 e) ; 

i i 

s e c  

X .  (D . )  i s  t h e   i n e r t i a  (damping)   constant ;  Pi (:  = 
1 1  

Pmi - G .  . E  .) i s  the  exogenous  power  input ;  
2 ( :  = 

11 1 ' i j  

E . E . Y . . )  i s  t h e  maximum r e a l  power   t r ans fe r r ed   be -  

tween  nodes i and j ( F o r   d e t a i l s   o f   d e r i v a t i o n s   a n d  
n o t a t i o n , r e f e r   t o   [ 3 ] . ) .  The damping  constants  D 

a r e  known t o   b e   v e r y   s m a l l .  A s  o f t e n   d o n e   i n   t h e  
a n a l y s i s   o f   t r a n s i e n t   s t a b i l i t y ,  w e  se t  them t o   z e r o ,  

i . e . ,  D i  = 0 .  

Equa t ions  (1.1) (1 .2)   descr ibe   an   n -degree   o f  
f reedom  Hamil tonian   sys tem  wi th  a known e n e r g y   f u n c t i o n  

w =  

1 l 11 

i 

i 
i= 1 

cos  (6i  - 6.). 
I 

In t h e  p o w e r   s y s t e m s   l i t e r a t u r e   t h e   a n a l y s i s  
o f   t h e   t r a n s i e n t   s t a b i l i t y   h a d   f o c u s e d  on u t i l i z i n g  
t h i s   e n e r g y   f u n c t i o n .  Most   of   these  Analyses   [3 ,6 ,7 ,  
91 d r a w   i n i s g h t s   f r o m   a n a l o g i e s   t o   t h e  1 machine - m 

b u s   c a s e   ( o r   e q u i v a l e n t l y   t h e   e q u a l   a r e a   c r i t e r i o n ) .  
M o r e o v e r ,   i n   [ 6 ! ,   [ 9 ] ,   a n   e s t i m a t e   o f   t h e   s t a b i l i t y  
r e g i o n  is  p roduced   i n   t he   &-space   ( i . e .   ang le   space )  
on ly .  

The e s s e n c e   o f   o u r   c o n t r i b u t i o n ,  as those  of  [lo], 
a r e   t o   r e f u t e   i n   c e r t a i n   c a s e s   t h e   a n a l o g i e s   t o   t h e  
1 machine - m b u s ,   a n d   p r o h i b i t   t h e   u s e   o f   o t h e r   t h a n  
t h e   c o m p l e t e   s t a t e   s p a c e   ( i . e .  6-w s p a c e ) .   T h i s  i s  
SO s ince   t he   dynamics   o f   ( au tonomous )   de t e rmin i s t i c  
d i f f e r e n t i a l   e q u a t i o n s   o f   d i m e n s i o n s   h i g h e r   t h a n  2 ,  
c a n   e x h i b i t   c o m p l i c a t e d   b e h a v i o r   ( s e e  [l], f o r  
instance) .   Indeed,   Kopel l   and  Washburn [lo] showed 
tha t   (ho r seshoe )   chaos ,  i . e .  u n p r e d i c t a b l e   b e h a v i o r  
o f   t r a j e c t o r i e s ,  i s  p r e s e n t  i s  a 3-machine  power 
s y s t e m   u n d e r   c e r t a i n   c o n f i g u r a t i o n   a n d   p a r a m e t e r  
va lues .  The  3-machine c a s e   d e s c r i b e s  a two-degree  of 
f reedom  sys  tem. 

Another  form  of known compl i ca t ed   behav io r  is  
A r n o l d   d i f f u s i o n   w h i c h   e n t a i l s   c o m p l e x   n o n p e r i o d i c  
u n p r e d i c t a b l e   t r a j e c t o r i e s   a n d ,   m o r e o v e r ,   e r r a t i c  
t r a n s f e r   o f   e n e r g i e s   b e t w e e n   i n t e r c o n n e c t i o n e d  
degrees   of   f reedom  (Subsystems) .  Here we show t h a t  
A r n o l d   d i f f u s i o n  arises i n   t h e   i n t e r c o n n e c t e d  4- 
machine case (For   the   n -machine   case ,  1-114, and  tech-  
n i c a l   d e t a i l s ,   s e e  [ Z ] . ) .  This  case d e s c r i b e s  a 
3-degree  of   f reedom  system.  The  specif ic   configura-  
t i o n   o f   t h e   p o w e r   s y s t e m   y i e l d i n g   A r n o l d   d i f f u s i o n  i s  
shown i n   f i g .  1, w i t h   t h e   n o t e d   r e l a t i v e   p a r a m e t e r  
ranges .  In t h e  case o f   3 - m a c h i n e s , t h i s   c o n f i g u r a t i o n  
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produces  chaos.   This  i s  a n a l o g o u s   t o   t h a t   o f  [lo] 
e x c e p t   t h a t  i t  focuses  on e n e r g y   l e v e l s   o f   t h e  
whole  system,  i .e .  a Hamil tonian   approach ,   and  i t  
e x p l i c i t l y   c o n s i d e r s   t h e   d y n a m i c s   o f   t h e   r e f e r e n c e  
machine  (machine 4 ) ,  s e e   s e c t i o n  3 .  

Fig, 1. 0 4-rntch;tle &*io,+. ( d  L-.U\ 

I n  the   contex t   o f   power   sys tems,  we summarize 
wha t   t he   p re sence   o f   Arno ld   d i f fus ion   imp l i e s :  (1) 
a n a l y s i s   c a n n o t   b e   b a s e d  on a n a l o g i e s   t o   t h e   o n e  
machine--  bus  case  which i s  an  autonomous two- 
d imens iona l   sys tem  and   hence   does   no t   exhib i t  com- 
p l i c a t e d   b e h a v i o r .  ( 2 )  I t  r a i s e s   q u e s t i o n s   a b o u t  
the  adequacy  of  the  model.   Does a phys ica l   power  
sys tem  of   the  same c o n f i g u r a t i o n   a s   f i g u r e  1, e x h i b i t  
compl ica ted   dynamics   in   the   form  of   chaos   o r   Arnold  
d i f f u s i o n ?  ( 3 )  If the  model i s  indeed   adequa te ,   t hen  
t h e   c o n c l u s i o n   o f   o u r   r e s u l t   l e a d s   t o  new des ign  
c o n s t r a i n t  on the   pa rame te r   r anges   and   t he   conf ig -  
u ra t ion   o f   t he   i n t e rconnec ted   power   sys t em.  ( 4 )  
T r a n s i e n t   s t a b i l i t y   a n a l y s i s   c a n n o t   b e   c o n d u c t e d   i n  
t h e   a n g l e   s p a c e ,  i . e .  &-space ,   a lone  as i n  [6 ,9 ] .  
The complete  dynamics  can  be  understood  only  in  the 
w h o l e   s t a t e   s p a c e ,  i .e .  8-c-space.  

2 .  A r n o l d   d i f f u s i o n  

A r n o l d   d i f f u s i o n   ( s e e  [ 2 ]  e . g )  is  a se l f -gene r -  
a t e d   " s t o c h a s t i c "   m o t i o n   t h a t   c a n   o c c u r   i n   n e a r - i n -  
t eg rab le   ( i . e .   weak ly   coup led )   n -degree   o f   f r eedom 
Hamil tonian  systems  where n > 3 .  It  a l s o   e n t a i l s   a n  
e r r a t i c   t r a n s f e r   o f   e n e r g i e s   b e t w e e n   t h e s e   d e g r e e s   o f  
freedom. I t ,   t h e r e f o r e ,   c o n s t i t u t e s  a new concept   of  
i n s t a b i l i t y  [5]  - d i f f e r e n t   f r o m   t h e   s t a b i l i t y   c o n c e p t  
i n   t h e  Lyapunov  sense.  Arnold [ 5 ]  showed t h i s  form  of 
i n s t a b i l i t y   i n  a s p e c i f i c   e x a m p l e  of  a Hami l tonian  
system: a w e a k l y   c o u p l e d   ( i . e .   n e a r   i n t e g r a b l e )   t i m e -  
p e r i o d i c  two degree  of f reedom  Hamil tonian  system;  me 
degree   o f   f r eedom  posses ses  a h o m o c l i n i c   o r b i t ,   i . e . a  
t r a j e c t o r y   c o n n e c t i n g  a s a d d l e   p o i n t   t o   i t s e l f ;   t h e  
second  degree of freedom i s  a n o n l i n e a r -   o s c i l l a t o r ;  
and   the   weakly   coupl ing   te rm i s  time p e r i o d i c .   T h e r e  
i s  vas t   exper imenta l   work  on A r n o l d   d i f f u s i o n   p r i m a r -  
i l y   i n   t h e   p l a s m a   p h y s i c s   l i t e r a t u r e .   F o r  an account  
of t hese   works ,   s ee  [ Z ]  . Holmes  and  !4arsddn [8]   in t ro-  
d u c e d   a n   a d a p t a t i o n   o f   A r n o l d ' s   r e s u l t   t o   n - d e g r e e s  
of freedom,  where n b 3,   employing a vec tor -Yel inkov 
i n t e g r a l s   v e r s i o n .  We summarize t h e i r   r e s u l t   ( s e e  
a l s o  [ E ] ,  [ 2 ] )  : c o n s i d e r   t h e ( p e r t u r b e d )   n e a r - i n t e g r a b l e  
Hami l tonian   sys tem 

The p a r a m e t e r s   ( q , p , g , L )   a r e   c a n o n i c a l   c o o r d i n a t e s  on 
a 2 (n+ l ) -d imens iona l   ( symplec t i c )   man i fo ld :q ,p   a r e  
r e a l  and g=(0 l,...,On), I = ( I  l,...,I ) a r e   n - v e c t o r s .  F 

is a H a m i l t o n i a n i n t h e v a r i a b l e s  q and p (one  degree  of  
f reedom) ,  G .  i s  a one   degree   o f   f reedom  Hamil tonian   in  

t h e   a c t i o n   ( 1 . ) - a n g l e  (0.) c o o r d i n a t e s ,  i . e . ,  t h e  

deg ree  o f   f r e e d o m   d e s c r i b e s   a n   o s c i l l a t o r .  H i s  a 

H a m i l t o n i a n   t h a t   c o u p l e s   t h e   d e g r e e s   o f   f r e e d o m   ( i . e .  

1 

a f u n c t i o n   o f   a l l   v a r i a b l e s )   a n d  p i s  t h e   s m a l l   p e r -  
t u r b a t i o n .  When p = 0 ,  o n e   o b t a i n s   t h e   ( u n p e r t u r b e d )  
i n t e g r a b l e   H a m i l t o n i a n   s y s t e m .   C o n s i d e r   t h e   f o l l o w i n g  
c o n d i t i o n s :  

F p o s s e s s e s  a h o m o c l i n i c   o r b i t   ( q ( t ) ,   p ( t ) )  
connec t ing  a s a d d l e   p o i n t   ( q o ,   p o )   t o   i t s e l f .  

L e t   b e   t h e   e n e r g y   o f   t h i s   o r b i t .  

The f r e q u e n c i e s  of t h e   o s c i l l a t o r s  G.(I,) = 

d G . / d I .  ( I . )  > 0 ,  f o r  I > 0. ( N o t i c e   t h a t  

2 .  depends on t h e   a c t i o n  I t h e r e f o r e   t h e  

o s c i l l a t o r s   a r e   n o n l i n e a r . )  

The c o n s t a n t s  G.(I.) = h j ,  j = l ,  ..., n, a r e   c h o s e n  

s u c h   t h a t   t h e   ( u n p e r t u r b e d )   f r e q u e n c i e s   S 1 ( I l ) ,  

. . . ,  $ ( I  ) s a t i s f y   t h e   n o n - d e g e n e r a c y   c o n d i t i o n s  

( i . e .   d ? i . / d I .   ( I . ) #  0 ,  j = l , .  . .,n) and   t he  non- 

r e s o n a n c e   c o n d i t i o n ,  i . e . ,  t h e   e q u a t i o n  

J J  

J J J  j 

J j' 

J J  

n n  

J J J  

n 

J J J 
k . 9 , ( 1 . )  = 0 i m p l i e s   k .  = 0 V 1 5 j 5 n 

3 

( k j   a r e   i n t e g e r s ) .  

Def ine   the   Mel inkov  vec tor   M(go)  = (M ( C " ) ,  . . . 
Y,("J)) by \(#37 ,... 0:; h , h l  ,..., hn-l): = 

1 -  

iIk,H l d t ,  k = 1, ..., n-1 1 

w h e r e   t h e   i n t e g r a l s   a r e ,   a t   l e a s t ,   c o n d i t i o n a l l y  
c o n v e r g e n t   [ 8 ] , [ 2 ]   a n d  .:I deno tes   Po i s son  
b r a c k e t s .  We r e q u i r e   t h a t   t h e   m u l t i p l y  27  - 
per iod ic   Me l inkov   vec to r  M ( 5 ' )  h a s ,   a t , l e a s t ?   o n e  
t r a n s v e r s a l   z e r o ,  i . e . ,  a p o i n t  0" = (e: ,  . . .9;) 
s u c h   t h a t  M(6') = 0 and  det  [DM(Oo)] # 0, where 
DM i s  the   nxn   J acob ian   ma t r ix   o f   t he   vec to r  M 
w i t h   r e s p e c t   t o   t h e   i n i t i a l   p h a s e s ,  g o .  

Theorem (H0lm.s and  Marsden [ E ] )  

I f   c o n d i t i o n s   ( C l ) - ( C 4 )   h o l d   f o r   t h e   p e r t u r b e d  
s y s t e m   ( 2 . 1 ) ,   t h e n ,   f o r  p s u f f i c i e n t l y   s m a l l ,   A r n o l d  
d i f f u s i o n   a r i s e s   i n   t h i s   s y s t e m .  

Remarks: (1) An extens ion  of  t h i s  Theorem t o   i n c l u d e  non- 
H a m i l t o n i a n   s y s t e m s   o f   d i f f e r e n t i a l   e q u a t i o n s  i s  g iven  
i n  [ 2 ] .  S p e c i f i c a l l y ,   t h i s   e x t e n s i o n   a l l o w s   t h e  
deg ree  of  f reedom  descr ibed  by t h e   e n e r g y   f u n c t i o n  F 
above   to   be   non-Hamil tonian .  

(2) I n t u i t i v e l y ,   t h e  phenomenon  of  Arnold  diffusion  can 
be  thought  of  as a weak coupl ing  (LH')   between 2-dimen- 
s i o n a l   s u b s y s t e m s   ( d e g r e e s  of freedom);  where  one  sub- 
system (F)  h a s  a h o m o c l i n i c   o r b i t ,   t h e   o t h e r   s u b s y s t e m s  
(Gi) are n o n l i n e a r   o s c i l l a t o r s .   U n d e r   t h e   c o n d i t i o n s  

(C2)  and ( C 3 )  t h e   o s c i l l a t o r s   s u r v i v e   t h e   p e r t u r b a t i o n  
p ,  a n d   r e m a i n   n o n l i n e a r   o s c i l l a t o r s   w i t h   t h e  same 
f r e q u e n c i e s .   T h e s e   o s c i l l a t o r s   t h e n   a c t   c o l l e c t i v e l y  
a s  a p e r i o d i c   f o r c i n g   t o   t h e   s u b s y s t e m  ( F ) .  

83. The a p p l i c a t i o n   t o   t h e   s w i n g   e q u a t i o n s  of a 4- 
machine  power  system. 

Here w e  cons ide r   an   i n t e rconnec ted   power   sys t em 
w i t h   t h e   c o n f i g u r a t i o n   o f  a star ne twork   ( f ig .  1 wi th-  
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o u t   t h e   d o t t e d   l i n e s ) .  We r e q u i r e   t h a t   m a c h i n e   ( o r  
a r e a )  4 t o   b e   r e l a t i v e l y   l a r g e ,   m a c h i n e   ( o r   a r e a )  3 
t o   b e   r e l a t i v e l y   s m a l l ;   a n d   m a c h i n e s  1 and 2 t o   b e  
i n t e r m e d i a t e .  lie a l s o   c h o o s e   a p p r o p r i a t e   p a r a -  
me te r s  P .  and P. , and   de f ine  .- t o   b e  a measure 

of  t he   r a t io   be tween   mach ine  k (?Ik, k = 1 , 2 , 3 )   a n d   t h e  

l a r g e   ( r e f e r e n c e )   m a c h i n e  sl?ll) [ 2 ] .  The l a t t e r  

machine   se rves  t o  produce   -he   coupl ing   be tween  the  
i i r s t  t h r e e   m a c h i n e s .  One o b t a i n s ,   a f t e r   a p p r o p r i a t e  
s c a l i n g   o f   c o n s t a n t s ,   a n d   e x p a n s i o n s   i n  j ( s e e   [ 2 ] ) ,  
t h e   f o l l o w i n g   H a m i l t o n i a n   w h i c h   d e s c r i b e s   t h e  
dynamics   o f   the   in te rconnec t ion  of t h e   s t a r   n e t w o r k .  

111 

where :.(= 6 ,  - is  3:  a c o n s t a n t )  i s  the   ang le   and  li. 

i s  the  veloci t : . . ;  -k':k'  - .lk are c o n s t a n t s ;  5 i s  a sma l l  

c o n s t a n t ;  and I i s  t h e   p e r t u r b a t i o n   p a r a n e t e r .  The 
f i r s t   t h r e e   t e r m s ,   e a c h ,   d e s c r i b e s   t h e   d y n a m i c s   o f  a 
p e n d u l u m   w i t h   c o n s t a n t   f o r c i n g ;   t h e   o t h e r  terms, which 
a r e   f u n c t i o n s  of  2 ,  r e p r e s e n t   t h e   c o u p i i n g   f u n c t i o n .  
(The   phzse   po r t r a i t   o f  a forced  pendulum i s  shown i n  
f i g u r e  2 . )  The f i r s t  twc r e r m s   a r e   p e r t a i n i n g  t o  t h e  

1 1 -i '  1 - s  

LJ rotation 

seporatix 
(homoclinic orbit) ' 

(9 saddle - 8  

~9.2, phase portra;t of a p e o d u h  ~ ' t - t h  bnS+an+ 
Forclngs I 

two d e g r e e s  o f  f r e e d o m   a s s o c i a t e d   w i t h   t h e   i n t e r m e d i a t e  
machines (1) and ( 2 ) .  The t h i r d  i s  a s s o c i a t e d   w i t h  
the   smal l   machine ,   machine   3 .  I t  i s  s c a l e d  by t h e  
( f i x e d )   s m a l l   n o n z e r o   p a r a n e t e r  cr, w h i c h   s e r v e s   t o  
g u a r a n t e e   t h a t ,   f o r   c e r t a i n   e n e r g y   l e v e l s   o f   t h e  un- 
p e r t u r b e d   s y s t e m  (.- = o ) ,  subsys tem 3 p o s s e s s e s  a 
h o m o c l i n i c   o r b i t ,   w h i l e   s u b s y s t e m s  1 and 2 a c t  only 
a s   n o n l i n e a r   o s c i l l a t o r s .  

Our Hami l tonian  (3.1) d e s c r i b e s  a coupl ing  of  
subsys tems  each  of  which i s  a Hamil tonian  of  a f o r c e d  
pendulurr..  From f i g u r e  2 ,  and by t h e  known p r o p e r t i e s  
of fo rced   pendu lums ,   cond i t ions   (C l ) - (C3)   o f   t he   Arno ld  
d i f f u s i c r .   t h e o r e n   ( s e c t i o n  2 )  c a n   e a s i l y   b e   s a t i s f i e d .  
I t  o n l y   r e m a i n s   t o   s a t i s f y   c o n d i t i o n  (C4) on t h e  
Y e l n i k o v   v e c t o r .   A f t e r   s i m p l i f i c a t i o n s   o f   t h e   e x p r e s s -  
i c n s   u t i l i z i n g   e q u a t i o n  ( 1 . 2 1 ,  o n e   o b t a i n s  [ 2 ] ,  

- T,(t-t,) - - "3 

w h e r e   t h e   o v e r b a r   d e n o t e s   t h e   v a r i a b l e s   a l o n g  a homo- 
c l i n i c   o r b i t   b e f o r e   p e r t u r b a t i o n .  We s t r e s s   t h a t   t h e s e  
i m p r o p e r   i n t e g r a l s   n u s t   b e  shown t o   e x i s t  and   condi t ion  
(C4)  must b e  x ~ e r i f i e d   a n a l y t i c a l l 1 ,   i n   o r d e r  t o  prove  

t h e   e x i s t e n c e  o f  A r n o l d   d i f f u s i o n .  Vhen _ .  and ~ 

a r e   m e r e l y   t - p e r i o d i r ,   s u c h  a:. a n a l y t i c   v e r i f i c a t i o n  
i s  n o t   a p p a r e n t .  (we no te   t hough   t ha t   Four i e r   expan-  
s i o n s  may b e   u t i l i z e d   t o   p e r f o r m   t h e   e v a l u a t i o n  
computa t iona l ly ,   s ee  [ 2 ]  .) 

- - 
"i 

In t h e   c a s e  when machines 1 and 2 undergo m a l l  
o s c i l l a t i o n s ;   a n a l y t i c   p r o o f s  of t he   Ye l inXov   i n t eg ra l s ,  
s o  a s   t o   p o s s e s s   t r a n s v e r s e 1   z e r o s  caTL b e   e s t a b l i s h e d .  

Ln t h i s   c a s e   t h e   v a r i a b l e s  of  machines 1 a n d   2 ,   i . e .  . 
and :. become s i n u s o i d a l  (PIGS sr.all e r r c r   t e r m s ) .  

The X e l i n k o v   i n t e g r a l s   a r e   t h e n   e v a l u a t e d   t o  (we 
r e l e g a t e   t h e   t e c h n i c a l   d e t a i l s   t o  [Z]). 

- 
i - 

2 
? i i ( t l . t 2 )  = ai l   cos  I . t .  + b i l   s i n   - ! . t .  i = 1 , 2  ( 3 . 3 . a )  

1 1  

2. 
n, 

2 

k= 1 

- 
y 3 ( t l , t 2 )  = : a3k c o s ( ?  t ) + b3k s i n  ( 2  t ) (3 .3 .b )  k k  k k  

where a i l ,  bil,  a3k  and b3k a r e   n o n z e r o   c o n s t a n t s ;   a n d  

-,1 and  ?2   a re   commensura te   f requencies .   Le t   I ' r ( t l , t2 )  = 

[?I1, Y 3 ]  ( n o t e   t h a t  we dropped N2 s i n c e  we c o n s i d e r  

machine 2 t o   b e   a c t i n g   a s   t h e   f 0 r c i r . g ) .   T h u s ,  

> 

% L: 2. 
% 

% 

2. s 1  3 
d e t  [D?:] = - - - 3 

" t l  3 t 2  
(3 .4 )  

2. 

E q u a t i o n   ( 3 . 3 . a )   h a s   t r a n s v e r s a l   z e r o s  t4,  i . e .  3 ( t *  

t ) = 0 and b?l , ; t i  (t;) # 0 ,  s u c h   t h a t   s i n  (: t* )  = 
:'J 1 1' 

2 1' 1 1  
b. 

one   such   ze ros ,  t? ,  i n t o   ( 3 . 3 . b )  and o b t a i n  a t; such 

t h a t :   g 3 ( t f . t $ )  = 0 and i M  / 3 t  # 0. Then t h e   p a i r  
% 

( t* , t*)  c o n s t i t u t e  a t r a n s v e r s a l   z e r o   f o r   t h e   v e c t o r  

? l ( t l , t 2 )   a s   s e e n   f r o m   ( 3 . 4 ) .   C a r r y i n g   o u t   t h e s e   s t e p s ,  

w e  set  X (t*,t*) t o   z e r o ,   i . e . ,  

3 2  

2 

3 1 2  

+ z i ( r i ( t - t i ) )  * I , 3 ( t )  - z 3 ( t )   * ; . ( 7 . ( t - t , ) ) i d t ,  
1 1  1 

i = 1 , 2  (3 .2 . a )  

a n d   r e q u i r e   t h a t  
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"u 

d 3  c o s  R t* _.  . = C12 [ b  
a t2   32  - a321 [ '1 ' 

A ( t )  = : = lCOS G;t] 

(3 .6)  
s i n  R 2 t ;  

Condi t ions   (3 .5)   and   (3 .6)   have   s imple   geometr ic   in -  
t e r p r e t a t i o n   a s   c a n   b e   s e e n   i n   f i g u r e  3. Let 

, Then c o n d i t i o n   ( 3 . 6 )  
b ( t )   s i n  R t 

means t h a t   A ( t )   d o e s   n o t   c o i n c i d e   w i t h   t h e   p o i n t  z on 
t h e   c i r c l e   i n   f i g u r e   3 .   E q u a t i o n   ( 3 . 5 )   r e q u i r e s   t h a t  
t h e   p r o j e c t i o n   o f   t h e   v e c t o r   ( a 3 2 ,  b ) t o n   t h e   v e c t o r  

A ( t ) , i . e .  ~ t h e   p o i n t   p ,   t o   h a v e  a length equal t o   t h e  
c o n s t a n t  ; C 1 .  It i s  e a s y   t o  see, geawt r i ca l ly ,   t ha t   t he re  

e x i s t  two  values   of  t$  ( i n   e a c h   p e r i o d )   t h a t   s a t i s f y  

equa t ion   (3 .5 )   p rov ided  I C 1  6 1 (a3,2,   b3,1)  t 1 .  T h i s  

l a t t e r   c o n d i t i o n  i s  r e a d i l y   s a t i s f i e d ,  a n d   t h e r e f o r e  
A r n o l d   d i f f u s i o n  arises on c e r t a i n   e n e r g y   l e v e l s .  

32 

-_ 
( T h e s e   l e v e l s  are g f v e n   e x p l i c i t l y   i n   [ 2 ]  as H'= h,for 
a l l  h > x ,  b u t  'near E, see [8].) 

As a c l o s i n g   r e m a r k  we n o i e .   t h a t  ou r  r e s u l t  on 
t h e   p r e s e n c e   o f   A r n o l d   d i f f u s i o n   e x t e n d s   t o   t h e  
c o n f i g u r a t i o n  of f i g u r e  1, which  adds  weak  interconnec-  
t i ons   be tween   t he   subsys t ems ,  as shown  by t h e   d o t t e d  
l i n e s .  
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