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Therefore the equations for our pressure problem become:
—DivP =1b in 8, 8
PN = —JpJF'N on 04. (18)

Equation (18) implies that [AbdV + [ —ApJF "N dA = 0. Since [ JF™'N
dA = [ nda =0, one must have [ bdV = 0. In what follows, we assume that
[bdV =0 and we consider b near a given b* with [ b* ® X dV¢€ sym.

Set  V(#) = ¥'(4) — Ab, $)y+ Ap [det FdV, whete 7°(§) = [ W(F)dV
and F = Dé¢. % %

5.2 Proposition. A deformation ¢ is a solution of (18) with given b and Jp if and
only if ¢ is a critical point of V.

To see this, we first establish the following.
5.3 Lemma. D([ JdV) () = [ <JF "N, uydA for all uc . (19)

Proof. Since DJ(H)= Jtr (F~TH) for any H¢ Ms,
D(f Jdv) () = f]tr F ™Dwyav = [ (JF™T, Duy dv
= — [(DivJF~ T, uy dV + [ Div(JF-'u)dV.
Since Div(JF")=0 and [ Div(JF'u)dV = [ (JF "N, u)dd, we ob-
tain D([ JdV)(w) = [<JF 'N,uyd4. &
Using the divergence theorem, we obtain
DY (u) = [ —(Div P,u)dV + [ (PN, uy dA. (20)

Proposition 5.2 now follows easily from equations (19) and (20).

Now we want to put the pressure problem into the general framework of
§ 3. Denote the fixed pressure by p*.

Set % = the space of deformations as before C %:

o ={b,p)| [bdV =0},
& ={b,7) | [bdV+ [7d4d =0}, the space of loads,
oy = [ <bywy dV -+ [ (z,uy dA,
e=1Ig0a,=0,
af = (b*, p*),
a; = (b, p*),
Vi) = f W(F)dV — (b, ¢>V+g;fdethV with a = (b, p),

—DivP—b)

Yo9) = (PN + pJFTN

e2y)
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By equations (19) andb(20),
D Va(¢) (u) = <Yja(¢)a w.

Let G = SO(3) act on ¥, &, and & by compositions (Q(b, p) = (Q ° b, D).
Clearly,

<Q'l’Q 'u>:<l’u>, V(Q'¢,Q'a): V(¢,a), and FII.

Next we check, the appropriate conditions on V. At a, =0, ¥, (¢) =
—DivP —Dive . . ]
( PN ) and L(u) :( N ) Thus condition (F) holds as before, with
ker L = {KX | K€ skew.} Letus take Z = Skew = {(0, KN) | K€ skew} and %, —
Ugym ={u€ U | [u;dV = [ u;;dV}. Condition (X) follows from Korn’s in-

equality as before. From Theorem 3.3 we obtain

5.4 Theorem. For small 2> 0 and b near b*, the pressure problem has at least 4
solutions.

, oV oV
Now notice that —— (g~'a}) = -=(Q~'(b*, p*)) = —(Q'b*, Lp>y + p* [ dV
%

= const. — {[*, Qlz> with [* = (b*,0)€ ¥. Thus condition (B) can be
verified in exactly the same way as that for the traction problem considered in
Example 3.9 of § 3. Indeed, one may classify b* according to the critical manifold
S, ={0€ S0Q) | k(QTI*) € sym} of —(b* QIz>, on SO(3). There are five
different types as classified in [I].

ov ov
Next, observe that P (g71a,) = % (Q~1(b,, 0)) = —<Q~1b,, Iy where

o2V . v —Qb* L
(b5, 0) = a, and T 0. Since a—a(g*lai*) = ( £ ) , Lemma 3.2 implies
—Qb*

that u(Q) satisfies the equation L(u) + (p* N

) ¢ skew. Thus we obtain the

following result from Theorem 3.4:

5.5 Theorem. Let b = b* 4 Ab, + O(A?). Suppose that 0(Q) = —2{Q~1b,, Iz,
— LW(Q)), w(Q)) is a Morse function on S, having n critical points Q, ..., Q,.
Then, for A small and positive, the solution set near SO(3) is {x,(%), ..., x,(A)} with
x(N)—Q; as A—0 for i=1,...,n.

Exactly the same arguments as in [II] provide the same upper bound for n,
a task we leave to the reader.
§ 6. Relaxation of Condition (S)
Let us study the traction problem in general form once more. It has been

shown in [II], § 2 that for an isotropic, homogeneous hyperelastic material there
are no bifurcations near a stress-free reference state. On the other hand, many
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interesting cases are concerned with solutions near a state that has non-zero initial
loads and bifurcations do happen. Although the condition (S) introducedin § 2 A
is fulfilled in certain situations, it fails in many other cases. In particular, the kernel
of its linearized problem contains elements transversal to the (group orbit of)
trivial solutions. Often in such a problem, the reference configuration possesses
a non-trivial symmetry. In what follows, we show that such a traction problem
can, in principle, be put into our general framework.

Consider a homogeneous, isotropic material with reference configuration a
region 4 in R3. Just as in Examples 3.9 and 3.10 of Section 3, we let

% = the space of deformations C %,

o = ¥ = {(b, 7)} = the space of loads,
{, > = the non-degenerate pairing between .¥ and %,
V($) = [ W(F)dV — (I, $>, the potential function.

—DivP —b
Pn—1

Thus Y (¢) = ( ) with a = (b, 7),

e = Iy, a, = lz the initial load, af =1,, and a, =1.

Let G, be a symmetry group of %, i.e., Q,(B)= B for Q,€ G,. (In our
treatment of the traction problem given in Examples 3.9 and 3.10 in Section 3,
we took G, = {e}). The group SO(3)x G, acts on %, &, o/ by compositions:
©Q1,0) u=0,°u°07", (01,0, 1=0Q;°1-0;". Define G= {(Q1,02)
€ SOB)X G, [(Q1, Q2) * Iy = l}. Clearly, <Q-1,0-¢) =< ¢) and V(Q"¢,
Q-)=V(¢,]) for Q€ G. Thus with this choice of the group G, this problem
fits into our general setting. Clearly, I'={(Q,0)€ G} ={0Q€ G,|Qclg- Q0!
= Iz}, and the [-action on %, %, & becomes the usual conjugate actions. One
often encounters the situation Qo lzo Q! = Iz for Q¢ Gy; thus I' ~ G,

Usually the elasticity tensor A is assumed to be strongly elliptic. Thus the con-
dition (F) or the Fredholm alternative holds for the linear operator L(u) =

—Diva
( aN
of Ker L in the transversal direction (i.e., dim V) depends not only on the material,
but also on the geometry of the reference configuration. (For example for the
von Kdrmédn equation for the thin plate, the ratio between the lengths of the sides
enters into the determination the kernel of the linearized problem (¢f. GOLUBITSKY
& SCHAEFFER [1979]).

If the applied force maintains the same symmetry as that of the initial loads,
G -1 =1, then the studies in Case (A) of Section 3 become applicable. Indeed,
one needs to solve a bifurcation problem under [-symmetry. If the applied force
breaks the symmetry, then the studies in Case (C) of Section 3 become valid.

As an illustration, we examine the following.

) U — % (¢f. MARSDEN & HuGHES [1983, Ch. 6]). The dimension

6.1 Example. Consider a rectangular block B = [—1, 1]x[—/ []x[—h, h] of
a homogeneous isotropic hyperelastic material that is in equilibrium with an initial
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—1 0 0
[ = o,(oooN

\'0oo0 o0

load

We claim that

(1) Go={e,R, R, R}={R}D{R}=Z, ® Z, where R, stands for the
rotation by 180 degrees about the x-axis, efc.

10 0 ]
(2) G is a semi-direct product of {{ 0 a —b |{a®*+ b* = 1! x{e} ~ St
0 b a

and {(e, e), (R, R), (R, R), (R, R}~ Z, ® Z,.
(3) I'= {(e: 9), (Rx: Rx): (Ry: Ry): (Rz: -Rz)} ~ 2, D Zy,

110 0 X l
Ge=310|a —b ¥ a2+b2:1!.
0[b a z J

(4) Let (k;) = k(lo), the astatic load. Then condition (M) is satisfied if

and only if k,, + k3355 0 or k,; 7 ki,.
—1 0 0

(5) Let I, = 0 0 0JN,a#%0. Then H~ Z, ® Z,, and condition
0 0 a
(My) is fulfilled if and only if k,, + k354 0 or ki3 7~ kss.

Proof. These facts follow from straightforward computations. For (2), it suffices

110 0
to show that G = {yS'xn|n=e¢, R, R, or R}, with S'=10\|a —b
0|6 a

av
and for (4), it suffices to observe that a—a(g~1a;“) = —(g o, I = o, gI) =
—<k(lo), &, for ge S'. B
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