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The problem is to find periodic solutions of () with period near 2n. This
will be done by finding 2z-periodic solutions of
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du
-‘;;-+(l+P)f(ﬂ.u)=0

that have p close to O and letting 7= (1 +p)r. Let F(p,p,u)= (dufdr) +
(1 + p)f(u, u). F can be regarded as a C* mapping from R? X C},(R, R") to
C?.(R, R"), where C3, (R, R") denotes the space of C* 2z-periodic functions
from R to R" with the C* sup norm topology. The problem now becomes to
describe F~'(0) near (0,0, 0), which will be done using Theorems 2.2 and
2.4. Thus all small-amplitude periodic solutions of (*) with period near 2x
will be found.

Clearly, Ker(DF(0,0,0))=R*@Ker((d/dr)+L,). Here Ker((d/dr)+L,)
is two dimensional and is spanned by ¢, = Re(e~'"a) and ¢, = lm(e *q).
Moreover, ¢; = ¢, and ¢; = —g,. Therefore L g, = —¢, and Ly¢, =

Now Ker(—(d/dr) + Lg) is also two dimensional. A basis y,, w, cnn be
found with yi=v,, wi=-vy,, and (4,,¥,)=90,, where (g h)=
f2" g(1) h(r) dr. Then Im(DF(0, 0, 0)) = Im((d/dt) + L,) = | g € C}.(R, R")|
(& w)=0,i=0,1).

Let L, = (9*F/du du)(0, 0). Then the following computations may easily
be carried out:

(L,4o> o) = Re f(0), (L8, wo)=1m f'(0),
(Lifos ¥y) =—Im f'(0), (L1$y1> v\)=Re f'(0).

Also, D?F(0,0,0)((p, u, u), (p, st, u)) = 2pLou + 2uL ,u + (3*F/3u*)(0, 0, 0)
(i, u). Let P be orthogonal projection onto Im(DF(0, 0, 0)). Write vectors in
Ker(DF(0,0,0)) as (p, s, xo9, + x,¢,) and use the basis y,, v, for Ker(P).
In these coordinates the quadratic map associated to (I — P) D*F(0,0,0)}
Ker(DF(0, 0, 0)) X Ker(DF(0,0,0)) is

e R I P et T
+Q(xo:x|)'

where § is a quadratic map R? to R2 Using Re #/(0)# 0 one computes
@Q/a(xe, %)), #,0,0) is an isomorphism if (p,u)+ (0,0) and
@Q/(p, 1)) (p 1ty X4, x,) is an isomorphism if (x,,x,)# (0,0). Hence
DQ(p, u, x4, x,) is surjective for all (p, 4, x4, x,) # (0, 0, 0, 0). (See also 1.2,
Example 3.)

Application of Theorem 2.2 now yields the existence of a two-dimensional
surface bifurcating from (0,0, 0) in R? X C} (R, R").

)
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It is well known that there is a unique family of nontrivial closed orbits
bifurcating from (0,0, 0), i.e., there are no other periodic orbits (with nearby
periods) near (0,0, 0). (See, for instance Crandall and Rabinowitz |8]). We
now give a simple proof of this assertion using some of the remarks on
cquivariance in Section 1.

The group SO(2) (proper rotations of the plane) acts on C3_(R, R") by
To(u(r)) = u(t +8) and is a group of isometries for the L? inner product.
Clearly, F is equivariant with respect to T, i.e.,

ToF(p,u, u)= Flp, u, Tyu).

From 1.6, Remark 3, the bifurcating mapping (/ — P) o F(p, u, xo9, + x,4,)
is equivariant. Hence so is §. But the action of SO(2) on the space spanned
by ¢o, 4, and y,, v, is by rotation. Since there are no maps: R? - R? of
even degree equivariant with respect to rotation through =, it follows that
@ = 0. Therefore @~'(0) = pu plane U x, x, plane. From 1.6, Remark 3, there
is an equivariant diffeomorphism @: R? X C} (R, R")— R? x C} (R, R")
defined ncar O taking Q~'(0) to F~'(0). By Theorem 2.4, we have
@(R? X {0)) = identity. Hence @(x,x, plane)= nontrivial solutions of
F~'(0). Consider the line ¢ ®(1g,) (t>0). Any (p, s, 1) in F~'(0) with
u#0 and (p, 4, u) sufficiently close to (0,0,0) is @(0,0, x, ¢, + x,4,) for
some x,, x,. Let T, be a rotation which transforms x,¢, + x, ¢, to tg,. Then
by equivariance, T,(p, s, u) = ®(t¢,). Hence the uniqueness assertion
follows. ’

We note that while the preceeding methods give the structure of the set of
periodic solutions near 27, they do not give detailed information on the
phasc portraits near the periodic solutions without more work. For this
center manifold theory can be used (see Ruelle and Takens |33), Marsden
and McCracken [25] and Hassard eral. [15]). This theory also proves a
stronger uniqueness theorem under stronger hypotheses: there are no other
nearby periodic orbits of any period in if (1), +i are the only eigenvalues on
the imaginary axis.

We have not investigated if the methods of the present paper can be
applicd to more degenerate Hopf bifurcations such as bifurcation at multiple
complex cigenvalues and to cases where assumption (2) fails. (See Takens
[38], Kielhoffer [17], Golubitsky and Langford [12].)

4. GENERICITY OF REGULARITY CONDITIONS

This section will make precise and answer to some extent the questibn:
How general or how restrictive are the regularity conditions of Theorems 1.3,
2.2, 24, 25, and 2.7?



)

4.1. LemMa. Let M, N and P be finite-dimensional manifolds and let F:
MXN=P be C°. Let Ac P be a closed submanifold and assume F is
everywhere transverse to A. Then there is a dense subset A < M such that if
A€ 7, then F|{a)X N is transverse to A everywhere on N. If N is
compact, then &/ is open.

BIFURCATION PROBLEMS 429

Proof. This follows from standard transversality theory. See, for instance
Abraham and Robbin [1].

Let L*R",R™) denote the symmetric k-multilinear maps R" X .-+ X
R" -+ R™. Given B € LX(R", R™) let Q,: R" > R™ be the associated k-form
defined by Q,(x)=(1/k!) B(x,.,x). Let #={BELYR",R™)|Q, is
regular on @ '(0)}. (If m > n, then B € ¥ if and only if Q,(x)=0 implies
x=0)

4.2. THEOREM. @ is open and dense in LA(RR", R™).

Proof. BE @ if and only if Qy|S"' is transverse to 0 € R™. Define F:
LY®", R™) X §"~' > R™ by F(B,x)=Qy(x). Il CE L{R",R™) and v €
T,.877', then DF(8, x)(C, v) = Qu(x) + (1/(k — 1)!) B(x,..., x,v). Now C—
Q.(x) is surjective so DF(B,x) is surjective. Lemma 4.1 completes the
proof. N

In fact the complement of # is contained in a proper algebraic subvariety
of LXR", R™). The proof of this fact is virtually identical with the proof of
Lemma 2.6.

Now let LX(R"*#, R™) denote {B € LY R"*?, R™)|if v,,..., v, € {0} X R?,
then B(v,y.,0,)=0}. Let @={(BEL¥R"*?,R")|Q, is regular on
Q~'(0)}. Because of Theorems 2.2 and 2.4, it is reasonable to ask about the
“size” of @ as a subset of LXR"*», ™).

Let L*M", Hom(R% R™)) denote {7 € L¥R", Hom(R",R™))|if 1€
R? — {0}, then T(4,..,1) € Hom(R",R™) has rank m}. Observe that
LYR?, Hom(R",R™)) is open in L{R?, Hom(R",R™)) since TE
LY®R?, Hom(IR", R™)) if and only if Q,(S”~') does not intersect the closed
subset of Hom(R", R™) consisting of maps of rank <m, which will be
denoted by Smgc Hom(R", R™).

4 3. TurokeMm. The set @ is
(a) open in LY®R"**,R™), and
(b) dense in LXR"**,8™) ifand only f p<n—m+ L.

We shall prove this along with additional information in Lemmas 4.4
and 4.5.

4.4, LemMA. The set @ is
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(a) open in L5@R"*°, R™),
(b) empty if and only if L}~ (R?, Hom(R", R™)) is empty, and

” 'f:?)ﬂ dense(.’ if and only if L*'(R®, Hom(R",R™)) is dense in
*-4(R?, Hom(R", R™)).

Proof. Since BE @ if and only if Q, | $"**~" is transverse to 0 € R™, it
follows that @ is open.

Identifying R® with {0} X R® cR"*? and R" with R" X {0} cR"*?,
define 7: LXR**2, R™) - L~ Y(R?, Hom(R", R™)) by (B)d, A ,)=
BysAy_ys-)JR" X {0} The map = is surjective linear. Therefore

a~ 'L~ '(R?, Hom(R", k™)) is open and is densc if and only if
Lk '(ER" Hom(R", R™)) is dense.

If & ={BeLkR"*", R™)|Q, is regular on Q, '(0)\({0) x R?)}, then
@ =n~'L*'(R?, Hom(R", R™"))N.«/. To complete the proof it remains
only to show & is always dense in L¥(R"*?, ?™), This can be done, as in
4.2, by defining F: LR+, R™) X ($"*7~"\({0} X R#)) - ™ by F(B, v) =
Q,(v) and showing DF(B, v) is surjective everywhere. |

4.5. LemmA. (a) L*R?, Hom(R",R™)) is dense in L*(1t*, Hom(R",
R™)) ifand only f p<n—m+ 1.

_ (b) There exist p, k, n, m with p>n—m+1 such that
L¥®?, Hom(R", R™)) % @.

Progf. Using 4.1 one shows that there is an open dense set .9 c
LYR?, Hom(R", R™)) such that 7€ .2 implies 0,18 is transverse to
Sing. (Sing is a stratified sct, not a manifold, but 4.1 still applies.) If p <
n—m + 1, then since codim(Sing) = n — m + 1, .9 = L¥(R?, Hom(i?", ™)),

Now suppose p > n —m + 1. Choose L in the top-dimensional stratum of
Sing and choose 1 arbitrarily in $?~'. It is then easy to construct T€
L¥(®R*, Hom(R", R™)) such that Q,(A) = L and Q, is transverse to Sing at 1.
Hence for T’ near T, we have Q,.(S*~')N Sing # @.

An example where p > n — m + 1 and L*(1??, Hom(R", R™)) is not empty
istk=1,p=n=m=2,and T(x,y)=|_3 2] 1

Let us specialize o the case m = n considered in Section 2. C is open and
dense in L¥R"*',R") by 4.3, so when p=1 the assumptions of
Theorem 2.2 should typically hold. When p > I, C is not dense in
Li(R"*?,R"), so the assumptions of Theorem 2.2 will not typically hold.
chcrthelegs there are triples (n, p, k) with p > 2 for which C is nonempty
open in LXR"*?,R"). For these triples (n, p,k) the assumptions of
Theorem 2.2 should hold for a nonnegligible collection of problems. In fact,
the Hopf bifurcation example has n= p=k = 2.

For k = 2 there is the following result: Write n = (2a + 1) 2°, where a and



"% BIFURCATION PROBLEMS 431

b are integers, and set b =c + 4d, where ¢ and d are integers and 0 < ¢ < 3.
Let p(n) =2 + 8d.

4.6. ProrosiTioN. Cc L} R"*?,R") is nonempty if and only if
p<p(n),

Proof. According to 4.4, L}(R"*?, R") is nonempty if and only if there
exists a linear map T: R’ — Hom(R", R") such that T2 is an isomorphism
for every 4 0. By Clifford algebra constructions one can produce such
maps for all p <p(n) (see Husemoller |16, Chap. 11]). On the other hand,
the existence of such a 7: R? » Hom(R”", R") implies that there exist p — 1
linearly independent tangent vector fields on S"~'. (Let e,,..., ¢, be a basis
for R?, We can assume Te, = identity, for if it does not, we consider 11—
(Te,)~" TA. Define tangent vector fields v, on $"~!'= {x € R"||jx||= 1} by
v,(x) (Te;)x — {(Te,)x, x)x. To show that the v, are linearly independent it
suffices to show that for x 0, 3'7-,' ¢,(Te,)x is not a multiple of x unless all
c;=0. But Y77} c(Te)x +c,x=T( !, c,e)x #0 unless Y7_, c,e,=0,
i.e, all ¢;=0.) Adams [2] has shown that there do not exist p(n) linearly
independent tangent vector fields on S"~', so we are done. Ml
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