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where ¢ is defined by Poisson’s equation:
Ad;=—py

and p, is the charge determined by f:
ps(x, )= e] f(x, v, 1) dv

Here f(x, v, t) represents the plasma density in position-velocity space at time
t; e is the ion charge and m the ion mass. We are considering the motion of a
cloud of charged ions of a single species for simplicity. The generalization to
several species is routine. For e=0 we get Liouville’s equation for free
particles in R>,

The Hamiltonian for the Poisson-Vlasov equation is

H(D = [IofFfs v, 0 dedo+3 19800 dx

The Poisson—-Vlasov equations can be recast in bracket form as

F={{F, H}
where
{F, GIf) = Jf{%? , %‘f} dx dv

and {,} is the standard Poisson bracket for functions of x, v and 8F/5f here
coincides with the functional derivative as used in physics and the calculus of
variations.

The bracket form of the Poisson—Vlasov equations can be checked directly
but is unsatisfactory unless we understand how this bracket is related to
symplectic geometry. We shall now show that in fact the bracket is a KAKS
bracket for a Lie group. In what follows we choose natural units in which
e=m=1. Moreover, we shall identify velocity with momentum; hence we let
R® denote the usual position-momentum phase space with coordinates
(x*, x2, x3, p1, p2» p3) and the standard symplectic structure w =Y dx’ Adp; Let
& denote the group of canonical transformations of R® (which satisfy certain
growth conditions at infinity). The Lie algebra ¢ of & consists of the Hamilto-
nian vector fields on R® (again with certain growth conditions). We shall
identify elements of 4 with their generating functions, so that o consists of the
C™ functions on R® and the (right) Lie algebra structure is given by [f, g]=
—{f, g}, the negative of the usual Poisson bracket on phase space. (This follows
from Exercise 4.1G and Corollary 3.3.18 of Abraham and Marsden [1978]).

The dual space o* can be identified with the distribution densities on R®
(which satisfy certain decay conditions at infinity): the pairing between heo
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and fed* is given by integration

(h, = thdx dp.

(The “density” is really f dx dp, but we denote it simply by f) Now as for any
Lie algebra, the dual space ¢* carries a natural Poisson structure.

The general formula {{F, G}}{(p) = -<p., [g ,%g]) becomes, in this case,
6F
ar o0 [ {57 57} axa

which is the bracket mentioned above. Thus indeed the Poisson-Vlasov equa-
tions can be put exactly into KAKS form.

The preservation of coadjoint orbits is equivalent to the fact that f at time ¢
is related to f at time t =0 by composition with some canonical transformation.
This is an important property of the Poisson—Vlasov equation. It can also be
seen by writing the equation as a non-linear self-consistent Liouville system:

10

where {, } is the ordinary Poisson bracket in xp space and

H(f) =5 Iol* + y(x)

§4. Maxwell’s equations. Before coupling the Vlasov equation to the elec-
tromagnetic field equations, we shall consider separately the Hamiltonian
description of Maxwell’s equations. The appropriate Poisson bracket for the
electric (E) and magnetic (B) fields will be constructed by reduction (Marsden
and Weinstein [1974]).

As the configuration space for Maxwell’s equations, we take the space % of
vector fields A on R®. (These are the “vector potentials. In more general
situations, one should replace % by the set of connections on a principal bundle
over configuration space.) The corresponding phase space is then the cotangent
bundle T*Y. Elements of T*Y may be identified with pairs (A, Y), where Y is
a vector field density on R>. (As usual, we do not distinguish Y and Y dx.) The
pairing between A’s and Y’s is given by integration, so that the canonical
symplectic structure w on T*Y is given by

0((As, Y)), (Ag, Ya)) = L (Ya: A=Y, - Ag) dx

with associated Poisson bracket

_ [ (OF 8G SFSG)
{F’G}_J(aA 5Y syosa
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With the Hamiltonian
H(A, Y)=% Imz dr+s ]Icurl A dx

Hamilton’s equations are easily computed to be

ﬂ=—-curlcurlA and %=Y
at ot

If we write B for curl A and E for -Y, the Hamiltonian becomes the usual field
energy

1 j " 1 J 2
- +._.
2 |EJ? dx ) |B? dx
and so Hamilton’s equations imply Maxwell’s equations:
E
3t =curl B and B_ —curl E
at at

The remaining two Maxwell equations will appear as a consequence of gauge
invariance. The gauge group % consists of real valued functions on R®; the
group operation is addition. An element ¢ € G acts on % by the rule'V

A A+VY.

This “translation” of A extends in the usual way to a canonical transformation
(“extended point transformation”) of T*¥ given by

(A, Y)»(A+Vy, Y).

Notice that the Hamiltonian H(A, Y) is invariant under these transforma-
tions. This means that we can use the gauge symmetries to reduce the degrees
of freedom of our system. The action of ¥ on T*YU has a corresponding
conserved quantity, namely a map J: T*% — @* where @, the Lie algebra of 4,
is identified with the real valued functions on R>. The map J, called a
momenturmr map, may be determined by a standard formula (Abraham and
Marsden [1978, Corollary 4.2.11]): for ¢ €@,

(A, 1), )= (Y Vo) dx =~ [ @iv V) d

Thus we may write
J(A, Y)=—divY.

(M Notice that we work directly with three dimensional fields. Four dimensionally, one has an
extra ‘‘degree” of gauge freedom associated with the time derivative 3,6. We have already
eliminated this freedom and the corresponding non-dynamical field A, (whose conjugate momen-
tum vanishes). This is the standard Dirac procedure for a relativistic field theory such as Maxwell’s
equations.
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If p is an element of ®* (i.e. p is a density on R3),J Y p)=
{(A, Y)e T*% |div Y =—p}. In terms of E, the condition div Y = —p becomes
the Maxwell equation div E =p, so we may interpret the elements of UA* as
charge densities.

By a general theorem on reduction (Marsden and Weinstein (1974]), the
manifold J™'(p)/G has a naturally induced symplectic structure.

A little computation shows that the reduced manifold J'(p)/¢ can be
identified with Max={(E, B)|div E=p,divB =0}, and that the Poisson
bracket induced on Max is given in terms of E and B by

{F, G}= j (g curl Z—(B—}—%g curl 88—8 dx
Maxwell’s equations with an ambient charge density p are thus Hamilton’s
equations for

H(E, B)=3 [(EP+BP) dx

on the space Max, and can be written
F={F, H}.
§5. The Maxwell-Vlasov equations. The Maxwell-Viasov equations are:

o,y L€ (i 0XB) 9

at ) c v
16‘_B= —curl E
¢ ot
19E _ e J’
= =curl B . vf(x, v, t) dv

divE=p, where p;= eI flx, v, ) dv

divB=0

(Letting ¢ — = leads to the Poisson-Vlasov equation).
The Hamiltonian for the Maxwell-Vlasov system is

H(f,E, B)= I% [vPf(x, v, £) dx dv + I%[IE(x, D2 +|B(x, O)]*]dx

Our goal is to understand the Hamiltonian structure of these equations. (As
usual, we let e=m=c=1).

The Hamiltonian structure for the Maxwell-Vlasov system is very simple if
we choose as our variables densities on (x, p) space (rather than (x, v) space)
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and elements (A, Y) of T*UA. To avoid confusion with densities f on (x, v)
space, we shall use the notation f,, for densities on (x, p) space.

The Poisson structure on & X T*¥ is just the sum of those on ¢* and T*Y:
for functions F and G of f,om, A, and Y, set

UF: W fom A, )= [ from {5?;5; ;sfm—é;] axdp+ [ (£ 26_300F)

and the Hamiltonian is just H(f, E, B) written in terms of these variables,
Using the classical relation p = v + A between momentum and velocity we get

Ao A, ¥) =3 [1p= AGI faon(x, ) de dp+3 [AYP +leurl AP) d

One now computes easily that the evolution equations F={{F, H}} for a

. B
function F on o* X T*¥ are the Maxwell-Vlasov equations with z—t= —curl E

A
replaced by e Y. To get the Maxwell-Vlasov equations as written we must,

as in the case of Maxwell’s equations, reduce by the action of 4.
The natural action of 4 on J* is defined by letting € ¢ act by the (linear)
map
fi mom'—’fmom"'r—vw

where T_y,, :R®—R® is the “momentum translation map” defined by

m_ve(x, P)=(x, p —Vif(x)).

It is easy to verify that 7_y, is a canonical transformation, so it preserves the
ordinary Poisson bracket on RS, It follows that this action preserves the Poisson
structure on 4*. A simple calculation shows that it has a momentum map
I8 —>@* given by J(fmom) = _Ifn'mm(x’ P) dp‘

Now we define the action of 4 on the product «*x T*Y as follows: Y€ %
maps

(fmom’ A, Y)""(fmom""'—vw A+Vy§, Y).

This action leaves the Hamiltonian H invariant.
The momentum map J:o* X T*¥®* for this action is given by:

J(fmoms Aa Y) = Ifmom(X, p) dp -divY.

With this action we are ready to consider the reduced manifold (s* X T*%), =
J~0)/%. This space may be identified with the Maxwell-Vlasov phase space

MV = {(f, B,E)|divB=0 and divE= J‘f(x, v) dv}
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by associating to each (fnom, A, Y) in J74(0) the triple (f, B, E) in AV where
f(x, 0)=from(x, v+ A(x)),B=curl A, and E=-Y.

By the general theory of reduction, 47" inherits a Poisson structure from the
one on ¢* X T*U. Since the Hamiltonian (H) is invariant under %, it follows
that the Maxwell-Vlasov equations are a Hamiltonian system on MV with
respect to this structure. One can, in fact with a little labor compute the explicit
form of the inherited Poisson structure in the variables (f, B, E). It is given by
the (perhaps unexpectedly complex) formula

{{F, G}{f,E,B)= jf{%?,%?} dx dv+ J‘(%‘ curl g—%gcurl -gg) dx
JGE 30328 o e

a 6F_ 9 SG)
+JfB (av SfXav of dx dv

The Maxwell-Vlasov equations can thus be written as
F={{F, H}}

We know by general principles that the bracket {{,}} must satisfy Jacobi’s
identity. Indeed we obtained it by totally natural constructions. To verify
Jacobi’s identity by hand would be extremely tedious. In fact a first attempt at
producing such a bracket was done by hand using brilliant guesswork by
Morrison [1980]. However his bracket fails to satisfy Jacobi’s identity (Weins-
tein and Morrison [1981]).

Having a Hamiltonian structure for the Maxwell-Vlasov equations is of great
interest to plasma physicists because

(a) it enables them to begin to make use of powerful techniques of perturba-
tion theory for Hamiltonian systems

(b) the relationship between the classical, quantum and semiclassical
theories can be attacked in a useful context.

(c) the relationship between the full theory and various Hamiltonian trunca-
tions (such as the three wave interaction model) should now be under-
standable.

Similar Hamiltonian structures to these that we have found for plasmas can
also be given for the equations of magnetohydrodynamics; cf. Morrison and
Greene [1980].

Hopefully the situation described above reinforces the fact that current
geometric methods in mechanics do have a role to play in concrete physical
problems.
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