





unperturbed reduced system has a hyperbolic saddle point
Xo = (gosPo)» SOlutions of the perturbed system lying in the
perturbed stable and unstable manifolds of the perturbed
saddle point x, of the map P, can be expanded in power
series which converge uniformly in the intervals indicated:

WoT, =0~ 0% + ex(6,0°) + O(¢?), 6e[6° ),

Weid = %0 —0°% + ex¥(6,6° + O(€), Be— «,0°],
(2.13)

where
- [ 6(9—'90)
Mo —67) = ‘(6*00))

is the unperturbed homoclinic orbit. (Recall that the period-
ic variable @ has replaced time.) For details, see Holmes,*
Sanders,'? or Greenspan and Holmes.® [Basically (2.13) fol-
lows from the fact that the perturbed solutions lie in mani-
folds of solutions forward- or backward-asymptotic to the
perturbed saddle points.] Similarly, solutions lying in the
perturbed invariant manifolds W*(T,),W *(T.) of a per-
turbed torus T, can be expanded in convergent power series
in € in such intervals, since the perturbed actions are € close
and the perturbed angles do not drift but remain close to the
unperturbed angles on the tori. This result will be used im-
plicitly in what follows.

The perturbed invariant manifolds W*(T,) and W*(T,)
of the torus T, for the map P, are n-dimensional manifolds
lying C "close to the unperturbed homoclinic manifold given
by (2.12), i.e,,

F=h, I=1, j=1l.,n-1, (2.14)
where 4 is the energy of the homoclinic orbit for F. Now we
are ready to give a criterion for the transversal intersection of
WH(T,)and W*T,). In order for the results to be applicable,
it is useful to present the hypotheses in terms of data given
for the original, rather than the reduced, system.

We consider a Hamiltonian system with » + 1(>3) de-
grees of freedom of the form

Heqp,04..0,1..,1,)

—Flgp)+ 3 GL)

i=1
+ €H Yg.p,6,,...0,,0 1, 1) (2.15)
Introduce the following assumptions and terminology:

(H1) F contains a homoclinic orbit {¢{¢ ), (¢ )} connecting
asaddle point (g,,p,) to itself. Let 4 be the energy of this orbit.

(H2)02,(I;) = G/{I;)>Oforj=1,...,n.

Let 4> h and let the unperturbed homoclinic manifold
be filled with an n-parameter family of orbits given by
(cj,ﬁ,ﬂ,,...,ﬁ,,,[,,...,l,,) = (q_(t )vﬁ(t )’nl(ll)t + 0(1)"""071 (In )t

+ 6%.,1,,...,1,). Pick one such orbit and let {F,H '} denote
the {g,p) Poisson bracket of F{g,p) and
H'g,p,8,,....0,,1,,...,1,) evaluated on this orbit. Similarly,
let {I,,H'} = —dH'/36, .,k =1,...,n — 1 be evaluated on
this orbit. Define the Melnikov Vector M (8)

= (Ml!""Mn —1 ’Mn ) by
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Mk( ([),92, krhl)hz;'--,h" — |)

=f (L Hdt, k=1,.,n—1
M, (8%,...0% hh kg ik, )

= fw (F,H'}dL. (2.16)

- n—1
(Wenotethath, = h — h — > h;; 1, and A, do not explic-
j=1

itly enter the calculations, sirjlce I, is eliminated by the re-
duction process; we also note that these integrals need not be
absolutely convergent, but we do require conditional
convergence.)

(H3) Assume that the constants Gl)=hj=1,..,n,
are chosen so that the unperturbed frequencies
£24(11),...,82,(1,) satisfy the nondegeneracy conditions [i.e.,
£2/(I)#0,4 = 1,...,n — 1] and the nonresonance conditions
mentioned above (cf. Arnold,® Appendix 8).

(H4) Assume that the multiply 27-periodic Melnikov
vector M:R"—R" (which is independent of €) has at least one
transversal zero; i.e., there is a point (4 9,...,8 %) for which

M(69,.,6° =0
but
det [DM(B?,...,&;’)]#O,

where DM is the n X n matrix of partial derivatives of
M,,...M, with respect to 89,...,8", the initial phases of the
orbit.

Here is our main theoretical result.

Theorem 2.1: If conditions (H1)~(H4) hold for the sys-
tem (2.15) then, for € sufficiently small, the perturbed stable
and unstable manifolds W*(T,) and W *(T.) of the perturbed
torus 7, intersect transversally. (See Fig. 2.)

Remark: The conclusions imply that the perturbed sys-
tem has no analytic integrals other than the total energy H ©
and, for n + 13, that Arnold diffusion occurs. This is dis-
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FIG. 2. The stable and unstable manifolds of the invariant torus 7, for the
Poincaré map in the reduced space for a system with three degrees of free-
dom. This figure occurs in (g,p,6,,1,) space [one dimension (/) is sup-
pressed], in a @3 = fixed cross section for fixed total energy A.
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cussed in the next section.

Proof: First we notice that the brackets of the original
functions project to corresponding brackets of the reduced
system:

1

L LY =—— (FH!' 2.17
{ J m"(m]z{ J (2.17)
and

Ny 1 1 _ =
{(LL'} = .Q,,(I,,)”“H L, k=1,.,n~1 (2.18)

(see Holmes and Marsden,' Prop. 3.1).

We next wish to relate these brackets to a vector mea-
suring the distance between the perturbed stable and unsta-
ble manifolds.

Consider the suspended system in
{g0.6,,...60, _1,..1,_)space. Pick a transversal 3. to
the unperturbed homoclinic manifold W*T)= W*T}in
(g.2,6,,...0, _.1,,....I,_|)space at the point
(7(0),5(0),69,....,6% _,.I,,....I, _,)and at “time” 8°. Now for
€ sufficiently small, W*(T,) and W*(T.) intersect . in
unique points in (g,p,6,,...,6,, _, ,1,,....I, _,)space, which we
denote

x$(60°,6°) and x*(6°,6°).
The unique trajectories in (¢,p,0,,...6,, _ ; d1s--sd, _ ,,0,)

space with these points as initial conditions and time 8, will
be denoted

x:(6°86,)and x4(6°0,).
As in Holmes and Marsden,® a measure of the distance be-
tween these vectors and the tangent to W*(T)= W*T)in
the 6, direction,” i.e., the direction of X, ., the Hamilton-
ian vector field of the unperturbed dynamics, is provided by

the symplectic form w. Let
def

As,n(etwe?z) = w(XL"’xZ _x:) =A etx _A 631 + 0(62)'

Now as 8,— + o0,x;—T, and as 8,— — o0, x4—T. so, as
in Holmes and Marsden® Lemma 5, we obtain

Ae,n(o?l) =A€.Vl(g?"92)
GM,,(H(])’-"yeS-l’eS)
(2]

Note that the integrals (2.16) are well defined since one inte-
grates forward along the stable manifold and backward
along the unstable manifold [cf. Eq. (2.13)].

A crucial feature of this calculation is the fact that
41,0,0,)-0as8,— + o« since w vanishes identically on
T. This holds as follows. The invariant tori are isotropic and
4 1,6,,0%) = w(X,.,ex}) where X, » and x; are evaluated
on the unperturbed homoclinic manifold and x; is the solu-
tion of the first variation equation. Since X . is tangent to 7,
x7 necessarily approaches a tangent to 7, so as T'is isotropic,
4 ,—0. We note that in this context the perturbed torus T’
may move [by O (€)] and need not remain fixed as in the spe-
cial case treated by Arnold? or as in Melnikov’s'" paper (cf.
Holmes?).

Thus, M, (69,...,6 _,,0%) measures the leading non-

+0(€). (2.19)
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trivial component of the distance between W*(T,) and
W(T,) (up to a constant) in a direction transverse to the
“dynamic” variable 8,. Likewise, M,(i = 1,...,n — 1) mea-
sures the distance between W*(T.) and W *T.) in the direc-
tion transverse to the generator of the 6, variable. The theo-
rem now follows from these facts.

Remarks: 1. One can, of course, permute which of the
action-angle variables is used for the reduction procedure.
The remaining oscillators must satisfy the KAM nonreson-
ance and nondegeneracy conditions.

2. Gruendler'? has treated the 2n-dimensional, periodi-
cally forced case in which one also has an n-parameter family
of unperturbed homoclinic orbits but in which they are ho-
moclinic orbits to a hyperbolic saddle point x and
dimW’(x) = dim W “(x) = n. Again one obtains a general-
ized n vector of Melnikov functions each depending upon »
arguments, one of which is the section time (6%) and the
remaining 7 — 1 of which serve to parametrize the family of
orbits. The manifolds W*(x) and W “(x} are both necessarily
isotropic, so one can proceed in a way analogous to that here.
However, no KAM theory is needed and ordinary horse-
shoes rather than Arnold diffusion occur. Gruendler applies
the theory to the case of a periodically forced spherical
pendulum.

3. The theorem can be somewhat generalized. For ex-
ample, many integrable systems do not decompose precisely
as assumed in the form F(g,p) + 2/_, G;(I;) and one some-
times finds that the unperturbed ‘“‘frequencies, ”

0, = JG,/3dI,, also depend upon (g,p). If this occurs, and
£,(1;,q,p) is not constant on the unperturbed manifold, then
it must be incorporated into the Poisson brackets [cf. Egs.
(2.17) and (2.18)]. This situation will be dealt with in Holmes
and Marsden.’

4. Alan Weinstein has pointed out that even without
hypothesis (H4), the stable and unstable manifolds of the
perturbed torus 7, must intersect. This comes about as fol-
lows. As in the standard Melnikov analysis (Holmes and
Marsden),® pick a 2n-dimensional cross section 2 go- Thesta-
ble and unstable manifolds 7, for the associated Poincaré
map, W*(T,)and W*(T,), are Lagrangian submanifolds of
240 which are coincident at € = 0. Lagrangian intersection
theory {Arnold’? and Weinstein'?) shows that the perturbed
manifolds must intersect. This observation generalizes one
of McGehee and Meyer.'* It follows that the Appothesis (H 4)
holds for generic perturbation terms H '. However, condition
(H4) allows one to check transversality in specific cases.

5. In contrast to our results, Easton and McGehee!® use
Moser’s'” fixed point theorem to show that some homoclinic
orbits in a model system survive under special perturbations.
Alan Weinstein points out that, similarly, at least two homo-
clinic orbits survive perturbations of the spherical pendu-
lum’s S ' family of homoclinic orbits.

3. NONINTEGRABILITY AND ARNOLD DIFFUSION

If the stable and unstable manifolds W (A ),W*(A )of a
hyperbolic invariant set A intersect transversely then it fol-
lows from the lambda lemma (Palis,'®* Newhouse'?) that
WA ) accumulates on itself and W *(A ) accumulates on it-
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self. A similar result holds for the invariant tori in the pre-
sent case (cf. Arnold,” Theorem 1); more precisely, if
A, CWHT.)is an n-dimensional neighborhood of a trans-
verse homoclinic point xe W “(T nW (T ,),and A,C WH*(T,)
is any open disk, then there are points of UOP "4,) lying

nz

arbitrarily close to 4,. Such a torus 7, is said to be a transi-
tion torus. The torus is said to lie in a transition chain of
transition tori T'},T°2,..., T ¥ if the unstable manifold W *{(T".)
of the jth torus transversely intersects the stable manifold of
the (j + 1)st. This holds in our case since, by KAM theory,
the set of “sufficiently irrational” tori preserved when € #0
has measure (€)1 as e—0 (it is, in fact, a Cantor set). Thus,
for sufficiently small € one can find tori 77,72+ ! which are,
along with their stable and unstable manifolds, arbitrarily
C '’ close away from the torus and these manifolds have large
“oscillations” near the torus as in Holmes and Marsden,’
Fig. B.1. It follows that if W*(T.) intersects W (T) trans-
versely it must also intersect W(T.* ') transversely. Apply-
ing the same argument to 72+ !, T2%?,..., one constructs a
transition chain. Orbits lying in W *(T".) therefore accumu-
late on W*{T %) for k>j and these orbits and nearby ones
provide a mechanism by which solutions can “diffuse” from
the neighborhood of the torus to any other in the transition
chain. (cf. Arnold,” Theorem 2). An argument analogous to
that above shows that W*(T." ') intersects W *(T".) and thus
that diffusion can take place in both directions along the
chain. Note, however, that the length of the chain is general-
ly governed by the perturbation strength ¢, since as € in-
creases the set of perturbed tori generally diminishes.

The mechanism outlined above, which we attempt to
portray in Fig. 3, is the basis for Arnold diffusion. Clearly it
can only occur in systems with three or more degrees of
freedom (n>2), since the unperturbed 2n-dimensional re-
duced Poincaré map must admit continuous families of tori
connected by smooth homoclinic manifolds, and this cannot
occur in two dimensions. For more information, numerical
examples, and physical insights, see Chirikov?® and Lieber-
man.?' The main physical consequence of diffusion is that
( given sufficient time) energy can be transferred back and
forth in relatively large amounts between distinct physical

Wl el

WiTh nweerd)

3 S, j+i
Wiy awrl™

FIG. 3. Intersections of manifolds and Arnold diffusion in a three degree of
freedom system. The Poincaré section 8, = 89 is shown on the energy sur-
face H = h.
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components or vibration modes of the system. Moreover this
transfer of energy will typically take place in an irregular
manner, in contrast to the regular quasiperiodic energy
transfer occuring between modes in linear or other integra-
ble systems.

Thus, in contrast to the two-degree-of-freedom case, in
which the sufficiently irrational invariant tori, preserved for
small perturbations, serve as boundaries to regions of homo-
clinic (chaotic) motions in the three-dimensional total-ener-
gy manifold, in systems with three or more degrees of free-
dom the solutions can diffuse from torus to torus along
transition chains; the »n tori which are preserved do not
bound regions of 2n + 1 space for #>2. In our case, since
two-way transition chains can be chosen, we can find period-
ic motions of arbitrarily high period close to such chains, just
as in the standard two-dimensional horseshoe example. The
density of the set of such motions and the dense orbit accom-
panying them guarantees nonexistence of any additional
analytic integrals other than the total energy H . (In fact one
sees that such dense orbits exist within neighborhoods of any
transverse homoclinic orbits connecting a torus to itself,
without invoking the idea of diffusion.)

The presence of a small amount of noise in a system is
believed to “stabilize” in some sense the occurrence of Ar-
nold diffusion, in the same way that noise often “‘stabilizes”
or “makes visible” horseshoes (cf. Holmes and Marsden.).

4. AN EXAMPLE:THE SIMPLE PENDULUM COUPLED
TO TWO OSCILLATORS

We illustrate the theory developed above with a gener-
alization of our earlier two-degree-of-freedom pendulum-
oscillator model (Holmes and Marsden [1981]"). Consider a
simple pendulum linearly coupled to two nonlinear oscilla-
tors. For simplicity we assume that the oscillators are identi-
cal (this is not important) and that their Hamiltonians can be
expressed as G ((x? + y?)/2) or, equivalently, in action-angle
coordinates as

GU) i=1p2, (4.1)
with
2U)= 221120 for1,>0 (4.22)
and
3G
2'(I) = —I;)#0 4.2b
() az,?( )# (4.2b)

[cf. Egs. (2.3) and condition (H2) of Sec. 2]. Elimination of
either I, or I, by reduction is then possible. For definiteness,
we shall assume that I, is removed. Qur assumption of the
form G ((x? + y?)/2) is merely for computational conve-
nience, since more “realistic”” anharmonic oscillators lead to
Hamiltonians G (7;) expressed in terms of, for example, ellip-
tic functions (cf. Greenspan and Holmes®).

The system to be studied has the Hamiltonian

H<¢=p*2 —cosq+ G(I,) + G(I,)
+ (€/2)[((21,)'* sin 8, — g)* + ((21,)'"* sin 6, — g)*].
(4.3)
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The unperturbed orbits in the homoclinic manifold are given

by

(@, P, 8, 0,5, I,, ,) = + 2 arctan(sinh ¢ ), + 2 sech ¢,
Q)+ 69,2 (L)t + 03.1,L), (4.4)

where 4 > 1 is the total energy and 4 = 1 the energy of the
homoclinic orbit, and G,(/,) = h,,G,(l,)=h — 1 — h,. As-
sumptions H(1) and H(2) of Theorem 3.1 are therefore satis-
fied and, in view of (4.2a) and (4.2b) we can pick 4 and A, so
that the nonresonance conditions necessary for application
of the KAM theorem are met. To check the final assumption
we compute the Poisson brackets {/,,H '} and { F,H '}. From
{4.3) we have

JoH'

{1, H'} = —w_—_ —((21,)"? sin 6, — g)(21,)"*cos 6,
1

and

) OF 3 OF 3H'

d p I P
=sin g0 — p[ — ((2,)"/*sin 8, — q,)
—((21,)""* sin 6, — q)] (4.5)
=pl(21,)"?sin 8, + (21,)sin 6, — 2¢q].
Thus, using (4.4) we have
M,(69,69,h,h))

= [~ e sin@ e+ 00

F 2 arctan(sinh 7 }]

X (21)"/% cos(£2 (1)t + 69)dt
and
M,(69,09,h,h))

=J + 2sech ¢ [(2/,)"? sin(€2 (/,)t + 69)

+ (21,)"/%sin(£2 (L)t + 69) T 4 arctan(sinh 7 ) ]dr.
(4.6)

Noting that the integrals of products of odd and even
functions vanish over the infinite domain and taking the
positive branch of the homoclinic manifold, these two func-
tions become

M, = 2(211)”2U arctan(sinh ¢ )sin(42 (/,)¢ )dt ]sin 09,
M, = 2(211)”2[J sech £ cos(f2 (/,)¢ )dt }sin 89
+ 2(20,)""? [f sech 7 cos({2 (1)t )dt ]sin 09.(4.7)

For brevity we write
2 =w, 2(0,)=0, (4.8)

To evaluate the first conditionally convergent integral
we choose, for computational convergence, the limits as
follows:

674 J. Math. Phys., Vol. 23, No. 4, April 1982

N7/,

lim arctan(sinh # )sin w,z dt
N—oowo J Nr/w,

. 1 . Nr/w,
= lim { — — arctan(sinh ¢ Jcosw ¢
@,
+ 1 (M coswt ]
@y J—Nr/w, 1 + Sinhzt

L

N—oc

— Ni/w,

Wy J—

sech’f cos w,r dt

= i—(wwl)csch(ﬂ’—‘) (4.9)
@, 2

The final integral is obtained by the method of residues.
Similarly, we have

< TW;
f sech ¢ cos w;1 dt = 7w, sech( 2’ ), j=12, (4.10)
and thus

M, = 2m(21,)"? csch(”—‘z”‘—) sin 69,

M, = [(21.)'/2w, sech(%) sin 69

+ (21) 0, sech( ”;’2 )sin 69 ] (4.11)

One obtains a similar result (with an appropriate change of
sign) on the negative branch of the manifold.

We therefore find zeroes when 69 = km,89 = I for all
integers /,k and it is easy to check that
oM, dM, JM, M,
8¢ 36y 309 96°

det DM =

8y = km
9=l

+ 87%w,(1,1,)"? csch(z—zw—’—)sech( #;)2 )7&0. (4.12)
Thus the final assumption is satisfied for suitable choices of 4
and /4, and we have

Theorem 4.1: For ¢ sufficiently small the Hamiltonian
system (4.3) has a set of two-dimensional invariant tori of
positive measure each of whose unstable manifolds inter-
sects its stable manifold transversely. Moreover, a finite
transition chain of such tori T'!,...,T ™ can be chosen such
that W*(T) intersects W*(T<+* ") transversely and
WH(T%." ") intersects W*(TZ) transversely, j = 1,...,m — 1.
Thus, orbits can be found which pass from the neighborhood
of any torus 7% to the neighborhood of any other torus T'. in
the chain. This situation obtains on every energy level

He=h>1. R .
Remarks: 1. Arnold’s” example is similar to ours in

some respects, but he employed explicit external forcing,
taking a ¢-periodic two-degree-of-freedom system
H<(q,p,0,1,t) rather than a three-degree-of-freedom autono-
mous system. This perturbation was further chosen to van-
ish on the tori, so that the perturbed tori lie in the same
positions as the unperturbed tori. As we remarked in Sec. 3,
thisis not necessary since thebracketw(X, X, )= { L,L '}
vanishes on the unperturbed isotropic tori, and thus the inte-
gral of the Poisson bracket along the unperturbed orbits still
provides a good measure of the separation of the perturbed
manifolds.
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2. Although the theorem asserts that diffusion occurs
on every energy level 4 > 1, the latitude available for choice of
A, and hence for satisfaction of the nonresonance conditions
increases with A. Thus the “sufficiently small €” approaches
zero as A—1. ’

5. CONCLUSIONS

This paper and its companions (Holmes and Mars-
den'-"), address the general question of perturbations of inte-
grable multidimensional Hamiltonian systems. A particular
area of interest is the development of a method for investigat-
ing the integrability of the perturbed problem, and for pro-
viding a qualitative description of orbits in phase space.

In the present paper we have combined a reduction
technique with a vectorial version of Melnikov's'! method to
establish the existence of Arnold diffusion in Hamiltonian
systems with at least three degrees of freedom. This in turn
implies that the system is nonintegrable in the classical sense:
there are no analytic integrals other than the total energy.
The method is applied to the specific case of a pendulum
coupled to two nonlinear oscillators. It is shown that the
stable and unstable manifolds of nonresonant tori that sur-
vive under a small perturbation intersect transversely. We
briefly discuss how this enables points in phase space to
diffuse. ‘
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