Communications in
Commun. Math. Phys. 82, 523-544 (1982) Mathematical
Physics

© Springer-Verlag 1982

Horseshoes in Perturbations of Hamiltonian Systems
with Two Degrees of Freedom*

Philip J. Holmes! and Jerrold E. Marsden?

1 Department of Theoretical and Applied Mechanics, Cornell University, Ithaca, NY 14853, USA
2 Department of Mathematics, University of California, Berkeley, CA 94720, USA

Abstract. This paper concerns Hamiltonian and non-Hamiltonian pertur-
bations of integrable two degree of freedom Hamiltonian systems which
contain homoclinic and periodic orbits. Our main example concerns per-
turbations of the uncoupled system consisting of the simple pendulum and the
harmonic oscillator. We show that small coupling perturbations with, possibly,
the addition of positive and negative damping breaks the integrability by
introducing horseshoes into the dynamics.

1. Introduction

This paper concerns Hamiltonian and non-Hamiltonian perturbations of inte-
grable two degree of freedom Hamiltonian systems which contain homoclinic and
periodic orbits. Our main example concerns perturbations of the uncoupled
system consisting of the simple pendulum and the harmonic oscillator. We show
that small coupling perturbations with, possibly, the addition of positive and
negative damping breaks the integrability by introducing horseshoes into the
dynamics.

We begin with an unperturbed n+1 degree of freedom Hamiltonian in
canonical coordinates g=(g", ....q"), p=(p,, ..., p,)> X, y of the form

H%4q,p,x,y)=F(q,p)+ G(x,y). (1.1)

Starting in Sect. 3, we will assume n=1, but for some of the development n can be
arbitrary. Allowing x and y to be multidimensional will be the subject of another
publication.

We shall assume that G admits action-angle variables; i.e. there is a canonical
change of coordinates to (6, I) such that 6 is 27 periodic, I =0 and G becomes a
function of I alone; we write G(I) for this function and assume that

G0)=0, QN=G(I)>0 for I>0. (1.2)
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Fig. 1. The unperturbed system
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Note that (1.2) implies the existence of G~ 1.
The equations of motion are

.y OF . 9F
q—'as pi_—a_qia l—']-"'wna (13)
0=, I=0. (1.4)

We shall assume that the system (1.3) contains a homoclinic orbit
(q(t—to), p(t —to)) joining a saddle point (¢, po) to itself. Of course (1.4) contains the
2n-periodic orbits 0(t)=0,+t(I,), I(t)=1,. Thus, for the system (1.3)-(1.4), we
have orbits which are the products of the homoclinic orbits and the periodic orbits
(See Fig. 1.) [The case in which F has a heteroclinic orbit may be treated by similar
methods.]

Our principal example in this paper is the pendulum-oscillator Hamiltonian

2

1
HO(b,0.x,))= 5 —cosg+ (2 +02x%), (15)

which takes the form Action-angle variables for the oscillator are

x—l/-sme y= w'/—cos@ so that

H%¢,v,0,1)=F(¢,v)+ G(I).
where  F(¢,v)=2v*—cos, (1.6)
and G()=owl.
The Hamiltonian system associated with F possesses the two homoclinic orbits
¢(t)= +2arctan[sinh(t —¢,)], } 7
o(t)= +2sech(t—t,).

We deal with Hamiltonian perturbations of (1.1) in Sects. 2, 3, and 4. We
assume that our perturbed Hamiltonian depends on a small parameter ¢ in the
form

H'(q,p,0,1)="F(q,p)+ G(I)+¢H'(q,p, 0, 1)+ O(?), (1.8)

where H' is smooth and 2r periodic in 6. We shall show that a Poincaré map
associated with H® contains Smale horseshoes on each energy surface for ¢ small
and H? satisfying certain conditions.
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The equations of motion corresponding to H*® are

(_OF oH' . OF OH' .

4 —517,' ‘ op; ’ piy—aqi ¢ oq'° et (1.9)
; oH' . oH'! '
0=Q(I)+6—5I', I=—6—8*0~

Our method for finding horseshoes involves the Melnikov function technique
that has been used in Melnikov (1963), Arnold (1964), Holmes (1979, 1980),
Holmes and Marsden (1981a) and Greenspan and Holmes (1981), to show the
existence of transverse intersections of stable and unstable manifolds and hence
the existence of horseshoes. The Melnikov technique is used after the system has
been reduced to a non-autonomous single degree of freedom system (as in
Whittaker (1959) Chap. 12, and Birkhoff (1966), Chap. VI, Sect. 3). In particular, in
Sect. 4 we prove that the pendulum-oscillator (1.6) develops a horseshoe on each
energy surface near the value H =1, when it is perturbed using the coupling term

H'(,v,x,y)=3(x— ). (1.10)

Churchill (1980) suggested the possibility of this approach but did not examine
any specific examples. Section 5 concerns the more delicate case in which (1.4) is
given an additional non-Hamiltonian perturbation. We prove that at least one of
the horseshoes persists under this perturbation provided there is a suitable energy
transfer mechanism. In Sect. 6 we apply this theory to the pendulum oscillator
example once more.

In another paper [Holmes and Marsden (1981b)] we use these methods to
address the question of nearly integrable multidegree of freedom systems and
Arnold diffusion [cf. Arnold (1964)]. Holmes and Marsden (1981c) treats
Hamiltonian systems with symmetry in which (part of) the phase space is the
coadjoint orbit of a Lie group. This provides a natural framework in which to
consider non-integrable perturbations of rigid bodies.

In many examples of physical interest, such as weakly nonlinear problems, the
unperturbed system H = F(p, q)+ G(I) does not possess a homoclinic orbit, but
some averaged system, after truncation, does have homoclinic orbits [cf.
McGehee and Meyer (1974)]. In such cases the Melnikov function, computed
with the use of second order terms normally neglected in averaging, is typically
exponentially small and conclusions on the intersections of manifolds do not
immediately follow without a careful study of the errors. The elastic pendulum in
the limit of a very stiff rod, with linearized frequency w/e and Hamiltonian

2 21 . (0
H:v_*cos¢+wl—sl/zsm<~)cos¢, (1.11)
D o \e

also falls into this class. The study of such systems is planned for a future
publication. The problems of the motion of four point vortices treated by Ziglin
(1980), the three wave interaction model, and the motion of charged particles in
the earth’s magnetic field [see Braun (1981)] possess related difficulties.

We expected that the methods developed here will be applicable to a number of
Hamiltonian systems exhibiting complex dynamics. Two examples that seem to






