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Abstract. The zero set of a momentum mapping is shown to have a singularity
at each point with symmetry. The zero set is difffomorphic to the product of a
manifold and the zero set of a homogeneous quadratic function. The proof uses
the Kuranishi theory of deformations. Among the applications, it is shown that
the set of all solutions of the Yang-Mills equations on a Lorentz manifold has a
singularity at any solution with symmetry, in the sense of a pure gauge
symmetry. Similarly, the set of solutions of Einstein’s equations has a
singularity at any solution that has spacelike Killing fields, provided the
spacetime has a compact Cauchy surface.

1. Introduction

A momentum mapping is the conserved quantity associated with a symmetry
group acting on phase space. The purpose of this paper is to study the level sets of
a momentum mapping and, especially, the zero set. The main results of the paper
show that these level sets have cone-type singularities at any point (in phase space)
which itself has some symmetries.

Level sets of momentum mappings are important in several contexts.

a) The Topology of Hamiltonian Systems with Symmetry

The momentum mapping is conserved by a given Hamiltonian system with
symmetry, so knowledge of the level sets and their bifurcations can help in
understanding the qualitative features of its flow, as has been emphasized by Smale
(1970). In this context, one can reduce a Hamiltonian system with symmetry,
looking at the orbit space of a level set of the momentum mapping. This general
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procedure, due to Marsden and Weinstein (1974) generalizes the classical elim-
ination of 2k variables when k integrals in involution are known as well as Jacobi’s
elimination of the node in celestial mechanics.

b) Constraints in Classical Relativistic Field Theories

Under certain general conditions, the constraints in Lagrangian field theories can
be phrased as saying that an appropriate momentum mapping vanish (see Gotay
et al., 1980). This idea first arose in general relativity and (classical Lorentzian)
gauge theory. The present paper grew out of our work in general relativity (Fischer
et al., 1980) and gauge theory (Arms, 1980). The study of the space of all solutions
to a classical relativistic field theory is thus closely related to the study of the zero
set of an associated momentum mapping*. This space of classical solutions plays a
key role in perturbation theory about a given solution. If this solution is a point of
symmetry for the gauge group generating the constraints, then first order
perturbation theory must be supplemented by second order conditions in order to
approximate solutions to the nonlinear equations.

Most of the work on classical field theory assumes that the space of
solutions forms a manifold, or has restricted attention to points where that
assumption holds. This is true, for example, in Marsden and Weinstein (1974), in
the work of Gotay et al. (1978) on the Dirac theory of constraints, in Segal (1978)
on Yang-Mills theory and in most perturbation work in field theory. In general
relativity however, Brill and Deser (1973) questioned this assumption, and found
that it sometimes fails. In fact it fails exactly when there is symmetry, i.e. exactly in
the cases of interest, for the known solutions which are perturbed are symmetric.
Similar phenomena for more general situations in general relativity were obtained
in a series of papers of Choquet-Bruhat et al.; see Fischer et al. (1980) and
references therein. For gauge theories similar results are due to Moncrief (1977)
and Arms (1979a, 1980).

¢) Perturbative Quantum Theory

The breakdown of classical perturbation theory near a solution with symmetry
has a quantum analogue that arises if one quantizes the fluctuations about a given
symmetric classical background solution. Even at first order, the quantized form of
the linearized constraints does not adequately capture the content of the nonlinear
constraints. Using the method of Dirac, one must restrict the linearized constraints
by certain second order quantum constraints in order to exclude some physically
spurious quantum states. An example was worked out by Moncrief (1978); it was
shown that without the second order conditions, states which violate the
correspondence principle would be allowed.

A similar phenomenon will occur in the path integral quantization of small
fluctuations about a symmetric classical background. One would find it essential
to expand certain projections of the constraints (which appear in the classical

1 Our work applies to Lorentzian field theories. The results for Euclidean field theories, such as
Yang-Mills fields on S* or gravitational instantons are different; see Atiyah et al. (1978)
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action integral) to higher than linear order to accurately approximate their
contribution to the quantum theory.

This paper describes the structure of the singularities in the zero sets of
momentum mappings that occur at points of symmetry when the group giving rise
to the momentum mapping is compact or admits a local slice. We emphasize zero
levels rather than general level sets both for simplicity and because this covers
most of the examples of interest. In perturbation theory, it is assumed that the
linearized equations in a field theory such as relativity are a good approximation
to the original nonlinear equation; i.e., the solution set of the nonlinear equations
when linearized, is diffeomorphic to the solution set of the linearized equations. In
this paper we show that at points with symmetries the nonlinear zero set is
diffeomorphic to the zero set of a homogeneous quadratic form given by the
second order perturbation equations. Moreover, this zero set is the product of a
manifold of solutions with the same degree of symmetry and a cone of solutions for
which one or more of the symmetries has been broken. An important consequence
for perturbation theory is that while second order conditions must be imposed on
the first order perturbations, there are no additional higher order obstructions to
completing the perturbation expansion.

The method of proof involves a function borrowed, via the work of Atiyah et
al. (1978) on gauge theory, from the Kuranishi Theorem on deformation of
complex structures. However, the proof itself makes no reference to that work.
What is directly and extensively used is the machinery of groups of symplectomor-
phisms (canonical transformations) acting on a symplectic manifold (phase space)
which has an additional metric structure. The relevant machinery is reviewed in
Sect. 2; for a more leisurely discussion, see Chaps.3 and 4 of Abraham and
Marsden (1978). The main results of the paper are contained in Theorems 1-5 in
Sects. 3-6. Section 7 resumes the present discussion and Sect. 8 gives some specific
examples.

The critical or bifurcation points that occur are proved to be non-degenerate in
a suitable sense (see Theorem 2), so it may be possible to develop a corresponding
global Morse theory. [Local Morse theory does in fact appear in the preceding
work by Fischer et al. (1979), but those methods are not pursued here.] The
present paper deals only with the local structure of the singularities.

2. Background and Notation

We recall some concepts and list the notations that will be used throughout the
paper. We let (P, w) be a given symplectic manifold (possibly infinite dimensional
in which case w is only required to be a weak symplectic form). Let G be a Lie
group with Lie algebra g. Assume G acts symplectically on P; the action is denoted
by (g, X)=>g-x=®(x). Let

J:P—g*

be an Ad*-equivariant momentum mapping. This means two things. First, J
satisfies the identity

(dJ(x)-0,&) = (Ep(x),0), (1)






