














Chapter 4. The initial value problem

pass to C* by a regularity argument, as in Fischer and Marsden
(1975b). Since any tangent vector to a smooth manifold is tangent to a
curve in the manifold, (i) results. '

(i) implies (iii). This is less elementary and will just be sketched.
Assume (i) and that [D®(go, mo)]* - (N, X)=0, but (N, X)# 0. We will
derive a contradiction by showing that there is a necessary second-order
condition on first-order deformations (h, w) that must be satisfied in
order for the deformation to be tangent to a curve of exact solutions to
the constraints. Thus, let (k, w) be a solution to the linearized equations,
and let (g(p), w(p)) be a curve of exact solutions of

D), m(p) =0 @.11)

through (go, 7o) and tangent to (h, ). Differentiating (4.11) twice and
evaluating at p =0 gives

D®(go, o) - (g"(0), 7"(0)) + D*®(go, mo) - ((h, @), b, w)) =0 (4.12)
where

3’7 (0)
6p2 )

3’g(0)
é)p2

g"(0)= and #"(0)=
Contracting (4.12) with (N, X ) and integrating over M, the first term of
(4.12) gives

[ @ %), Dago, 7o) (27(@), 70y
= [ aD®(o, 7o - ¥, %), (670, 7O =0,

since (N, X)e ker [D(go, mo)]*.
Thus the first term of (4.12) drops out, leaving the necessary condition

[ %), D00, 70)- (1 0, (1 =0, .13)

which must hold for all (k, w )€ ker D®(gy, o). An argument like that in
Bourguignon, Ebin and Marsden (1975) can be used to show that (4.13)
is a non-trivial condition (see Arms and Marsden, 1979, and Fischer,
Marsden and Moncrief, 1978). - N

The procedure for finding a second-order condition when lineariza-
tion stability fails is quite general. See Fischer and Marsden (1975a, b)
for other applications.
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Linearization stability of the vacuum Einstein equations

From the linearization stability of the constraint equations, we can
deduce linearization stability of the spacetime, and vice versa, as
follows.

Theorem 4.33

Let (V4, Pgo) be a vacuum spacetime which is the maximal development
of Cauchy data (go, 7o) on a compact hypersurface o= io(M).
" Then the Einstein equations on Vs,

Ein (“g)=0,
are linearization stable at (4)go if and only if the constraint equations
O(g, 7)=0

are linearization stable at (go, o).
In particular, if conditions Cg, Cs, and Cy hold for (go, mo), then the
Einstein equations are linearization stable.

Proof. Assume first that the constraint equations are linearization
stable. Let “h, be a solution to the linearized equations at @gs and let
(ho, wo) be the induced deformation of (g, 7) on Zo. Now (ho, @o)
satisfies the linearized constraint equations. By assumption, there is a
curve (g(p), m(p)) € €5 N €5 tangent to (ho, wo) at (8o, mo)-

By the existence theory for the Cauchy problem, there is a curve
(4)g_(p) of maximal solutions on V,=R XM of Ein (“’g(p))=0 and with
Cauchy data (g(p), 7(p)). By theorems 4.19 and 4.24 “g(p) will be, for a
given choice of lapse and shift, a smooth function of p in the sense of
theorem 4.19 or in the usual C™ sense. As earlier, for any compact set
D<c V, and £ >0, there is a >0 such that “g(p) is within & of “g,
(using any standard topology) on D.

Using the uniqueness results for the linearized and full Einstein
system, one can transform the curve @g(p) by diffeomorphisms so that
®p, is its tangent at p=0. See Fischer and Marsden (1978a) for
details. n

Moncrief (1975a) has proved that for (g, w)e €% €5 the map
[D®(g, 7))* is injective if and only if a spacetime “’g generated by (g, )
has no (non-trivial) Killing vector fields DY (e., Lwy, @g =0 implies
@y = 0); together with theorems 4.32 and 4.33, Moncrief’s result then
gives necessary and sufficient conditions for a spacetime with compact
Cauchy spacelike hypersurfaces to be linearization stable.
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Chapter 4. The initial value problem

Moncrief’s result still does not give necessary and sufficient conditions
for [D®(g, w)]* to be injective in terms of the (g, 7 ) (the conditions Cg,
Cs, and €, are sufficient but not necessary), but bypasses the condition -
tr v’ = constant, apparently rendering it much less important.

Theorem 4.34 {Moncrief, 1975a)

Let g be a solution 10 the empty space field equations Ein (¥g)=0. Let
20 =ig(M) be a compact Cauchy hypersurface with induced metric g, and
canonical momentum mo. Then ker [D®(go, mo)|* (a finite-dimensional
vector space) is isomorphic to the space of Killing vector fields of ©g. In
fact,

(Y., Ypeker [DD(go, mo)]*

if and only if there exists a Killing vector field ®Y of “g whose normal
and tangential components to 3o are Y, and Y).

See Coll (1977) and Fischer and Marsden (1978a) for alternative
proofs to the one given by Moncrief.

As an important corollary of this result, we observe that the condition
ker [D®(go, 7o)} * = {0} is hypersurface independent (since it is equivalent
to the absence of Killing vector fields, which is hypersurface indepen-
dent). The condition is also obviously unchanged if we pass to an
isometric spacetime. .

Putting all this together yields the main linearization stability
theorem.

Theorem 4.35

Let ®go be a solution of the vacuum field equations Ein (Pgo)=0.
Assume that the spacetime (V., ©go) has a compact Cauchy surface .
Then the Einstein equations on V,

Ein (“g)=0

¢ )

are linearization stable at Pg, if and only if ©go has no Killing vector

fields.

We conclude this section by briefly examining the case in which “g, is
not linearization stable. The goal is to find necessary and sufficient
conditions on a solution “’& of the linearized equations so that “h is
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Linearization stability of the vacuum Einstein equations

tangent to a curve of exact solutions through ®g,. The necessary condi-
tions will be derived; for sufficiency, see Fischer, Marsden and Moncrief
(1978).

In theorem 4.32 we showed that if % is tangent to a curve of exact
solutions and (N, X)e ker [D®(go, 7o)]*, then

i L (N, X, D*®(go, ) - (B, ), (b, @))) =0.

Following Moncrief (1976), we can re-express this second-order
condition in terms of the spacetime, just as the condition
ker D®(go, mp)= {0} was so re-expressed. See Fischer and Marsden
(1978a) and Fischer, Marsden and Moncrief (1978) for alternative
proofs.

Theorem 4.36 (Moncrief, 1976).
Let Ein (“go) =0, and let “h € $5(V.,) satisfy the linearized equations
D Ein (“go)- “n=0.

Let PY be a Killing vector field of “Pgo (so that ®go is linearization
unstable). Let 3o be a compact Cauchy hypersurface and let (Y., Y)) be
the normal and tangential components of @Y on 3o. Then a necessary
second-order condition for h to be tangent to a curve of exact solutions is

[, D% Ein Ogo)- (OnOh), (Y5, ©Z2) dulgn)
p]

4.14)
= L (Y4, Y}), D*®(go, m0) - (I ), (1, @)))= 0.

If Ein(“go)=0=D Ein(“go)- “ho, then D?Ein(Wgo)- (Ph, “h)
has zero divergence (Taub, 1970). Thus, if @y is a Killing vector field,
then the vector field

(4)W = (4)Y . [D2 Ein ((4)go) . ((4)h (4)h )]
also has zero divergence. Thus the necessary second-order condition

I (YW, 9Z;,) du(go)=0
P

on first-order deformations is independent of the Cauchy hyper-surface
on which it is evaluated. The integral of W over a Cauchy hyper-
surface then represents a conserved quantity for the gravitational field,
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Chapter 4. The initial value problem

constructed from a solution “# of the linearized equations and from a
Killing vector field Y. The interesting and important feature of this
conserved quantity of Taub, as shown by theorem 4.36, is that unless it
is zero, the first-order solution A from which W was constructed is
not tangent to any curve of exact solutions. Thus, for spacetimes which
are not linearization stable, Taub’s conserved quantity plays the central
role in testing whether or not perturbations “h are spurious (i.e., are
not tangent to any curve of exact solutions).

4.6 The space of gravitational degrees of freedom

We now review some results of symplectic geometry that provide a basis
for a unified description of the various splittings that occur in general
relatively (Arms, Fischer and Marsden, 1975). These results are based
on a general reduction of phase spaces for which there is an invariant
Hamiltonian system under some group action (Marsden and Weinstein,
1974). A further application of these results leads to the construction of
the symplectic space of gravitational degrees of freedom (Fischer and
Marsden, 19785).7

Background references for the material in this section are Abraham
and Marsden (1978), Chernoff and Marsden (1974), and Marsden
(1974).

Let P be a manifold and ) a symplectic form on P; that is, Q is a
closed (weakly) non-degenerate two-form. For relativity, P will be T*.#
and ) will be the canonical symplectic form J ™', as described in section
4.1.

Let G be a topological group which acts canonically on P; that is, for
each ge G, the action of g on P, ®.:p+>g - p, preserves (). Assume
there is a moment ¥ for the action. This means the following: ¥ is a map
from P to g*, the dual to the Lie algebra g= T,G of G, such that

Qép(p), v,)=(d¥(p) - v, &)

for all ¢eg, where £p is the corresponding infinitesimal generator
(Killing form) on P, and v, € T,P. Another way to define V¥ is to require
that for each & the map p—(¥(p), £) be an energy function for the
Hamiltonian vector field ¢p. This concept of a moment is an important

T It should be noted that in the case of compact Cauchy surfaces, the space of gravitational
degrees of freedom has had all of the dynamical degrees of freedom factored out. For some
purposes this may be undesirable and a less severe identification may be wanted. (See
York, 1972, and Fischer and Marsden, 1977.)

202



The space of gravitational degrees of freedom

geometrization of the various conservation theorems of classical
mechanics and field theory, including Noether’s theorem.

It is easy to prove that if H is a Hamiltonian function on P with
corresponding Hamiltonian vector field Xg, ie., dH(p)-v=
Q,(Xu(p), v), or equivalently, ix,,=dH, and if H is invariant under
G, then V¥ is a constant of the motion for Xj; i.e., if F; is the flow of X4,
then Vo F, ="V,

As an example, consider a group G acting on a configuration space Q.
This action lifts to a canonical action on the phase space T*Q. The
moment in this case is given by

(¥(ag), €)= (£0(q), o),

where a, belongs to T*Q. If G is the set of translations or rotations, ¥
is linear or angular momentum, respectively. As expected, ¥ is a vector,
and the transformation property required of this vector is equivariance
of the moment under the co-adjoint action of G on g; that is, the
diagram

@,
P ———pp

R

g —— g
Ad; -

must commute. We shall-consider only equivariant moments.

There are several classical theorems concerning reduction of phase
spaces. In celestial mechanics, there is Jacobi’s elimination of the node,
which states that in a rotationally invariant system, we can eliminate
four of the variables and still have a Hamiltonian system in the new
variables. Another classical theorem of Hamiltonian mechanics states
that the existence of k first integrals in involution allows a reduction of
2k variables in the phase space. Both of these theorems follow from a
theorem of Marsden and Weinstein (1974) on the reduction of phase
space.

To construct this reduced space, let 4 €g* and set

G.={ge G|Ad*;-u = pu}.

Consider ¥ '(u)={p|¥(p)=u}. The equivariance condition implies

that G preserves ¥ '(u), so we can consider P, =¥ '(n)/G,. In the
~ case that ¥ '(u)is a manifold (e.g., s is a regular value) and G acts freely
and properly on this manifold, we have: '
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Chapter 4. The initial value problem

Theorem 4.37

P, inherits a natural symplectic structure from P, and a Hamiltonian
system on P which is invariant under the canonical action of G projects
naturally to a Hamiltonian system on P,.

In Jacobi’s elimination of the node, G is SO(3), so g is ®* and the
co-adjoint action is the usual one. Thus the isotropy subgroup G, of a
point x in B> is S'. If n is the dimension of P, then ¥ () is the
solution set for three equations so the dimension of ¥~ '(u)/G, is
n—3—1=n—4. For k first integrals in involution, G is a k-dimensional
abelian group, so the co-adjoint action is trivial and G, = G. Thus the
dimension of ¥™'(1)/G is n —2k. Another known theorem that follows
from theorem 4.37 is the Kostant—Kirillov theorem which states that the
orbit of a point u of g* under the adjoint action is a symplectic manifold.

Now we shall show how to obtain a general splitting theorem for
symplectic manifolds, one piece of which is tangent to the reduced space
P, (Arms, Fischer and Marsden, 1975). This includes the splitting
theorems for symmetric tensors as a special case.

A splitting theorem for a symplectic manifold P requires a positive-—"
definitive but possibly only weakly non-degenerate metric; of other such
structure to give a dualization. This is so that orthogonal complements
may be defined. Suppose we know, say from the Fredholm theorem,

“that

T,P = range (T,¥)*@ker T,¥

(here (T,'¥)* is the usual L,-adjoint). Of course, in finite dimensions this
is automatic. Define

@ 8> TpP; > &p(p)
where g, is the Lie algebra of G,,. Suppose we also have the splitting
T,P =range ap@ker a3.

There is a general compatibility condition between these two splittings,
namely range «, < ker T,'¥, which follows readily from equivariance. In
fact,

range ap, = T,(G - p)nker T, ¥,
This compatibility condition implies the finer splitting:
T,P =range (T, ¥)*®range a, @ (ker T,¥ nker a}), (4.15)
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The space of gravitational degrees of freedom

ie.,
T,P=range (T,¥)*® T, (G, - p) @ ker Tp¥/[Tp(G, - p)].

Note that the third summand is the tangent space to P,.. The geometric
picture is given in figure 4.2. For the purposes of this figure we number the

@

Orbit of p under G u

Figure 4.2. The geometry of a general symplectic decomposition.

summands in the previous decomposition as

T,P=02Q0®3,

where

@ belongs to range (T,¥)*, the orthogonal complement of the
tangent space to the level ¥~ (n); ’
@ belongs to range «,, the tangent space to the orbit of p under G, ;
® is in (ker T,¥ nker @3), and is the part of the decomposition
which is tangent to the reduced symplectic manifold.

@ and @ together are ker T, W, the tangent space to ¥~ ().

A basic splitting of Moncrief (1975b) can be viewed as a special case
of this result. We choose P=T*# and the ‘group’ is G=
Coace (M ; Vi, ®g), the spacelike embeddings of M to Cauchy hyper-
surfaces in (Vy, “g), an Einstein flat spacetime which is the maximal
development with respect to some Cauchy hypersurface 2 < V.

Although G is not a group, it is enough like a group for the analysis to
work.T G ‘acts’ on (g, 7) as follows (see figure 4.3). Let (Va, g, io),
Ein (“g) =0, be a maximal development which has (go, 7o) as Cauchy
data on an embedded Cauchy hypersurface 2o = io(M), io: M - V, (ig is
like an origin for Coace ). Then i € Cooace (M; Vi, ©g) maps (go, o) to

+ One uses the more general reduction procedure described in Weinstein (1977) and
Abraham and Marsden (1978). ‘
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Chapter 4. The initial value problem

V4, Pg)=a maximal development of (g,,7,) on Z,

/—\\ N

M (80, 7 9)=Cauchy data on Z,

N

Figure 4.3. Representation of ‘the ‘action’ of the space of embeddings on the space of
Cauchy data.

the (g, #) induced on the hypersurface £=i(M). The set of all such
(g, ) define the orbit of (go, 7o) in €% N €5. These orbits are disjoint,
and so define an equivalence relation, ~, in €% N €.

Although this is not an action (since Cqpace is not a group), it has
well-defined orbits and the symplectic analysis above applies (Fischer -
and Marsden, 1978b). Using the adjoint form of the Einstein evolution
system, the moment of ‘this action’ on a tangent vector ®Oxse
T:.C vonce (M5 V4, Pg) with lapse N and shift X is computed to be

Vel ®X)= [ Not(g, 1)+ X - £(g,m).

Here the ® X5 or the (N, X) can be thought of as belonging to the ‘Lie
algebra’ of Copace-

Since ¥~ '(0) is precisely the constraint set €s N €5, we choose u =0,
so G, = G. From the equations of motion, we find that

Agmy 8> Tigm(T* M)
is given by

. )T o Do, m1* - (),

so the symplectic decomposition (4.15) becomes
TqmT* 4 ={range [D®(g, 7)*}* Drange {J - [D(g, m)]*}
@ker D®(g, 7) [ker DO(g, w) o JJ*

which is Moncrief’s splitting. Elements of the first summand infinitesi-
mally deform (g, 7) to Cauchy data which do not satisfy the constraint
equations. Elements of the second summand infinitesimally deform
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The space of gravitational degrees of freedom

(g m) to Cauchy data that generate an isometric spacetime, and ele-
ments of the third summand infinitesimally deform (g, 7r) in the direc-
tion of new Cauchy data that generate a non-isometric solution to the
empty space field equation; see figure 4.4 and compare with figure 4.2.

The orthogonal complement
to the constraint space

©) % dyn X the space of gravitational
degrees of freedom

r\%:constraint space

T" # =cotangent bundle of .#

orbit of (g.7)
under the dynamical
equations

Figure 4.4. Symplectic decomposition applied to the Einstein equations to construct the
space of gravitational degrees of freedom.

This third summand represents the tangent space to the reduced space
P, =~ %3 €5/ ~. This quotient by the equivalence relation described
above is naturally isomorphic to the space of gravitational degrees of

freedom,
G(Vi)=3( V4)/@( Vi),

namely the set of maximal solutions to the vacuum Einstein equations-

&(Va)={¥g|Ein (Pg)=0, and such that (Vi, Pg) is the maximal
development of the Cauchy data on some Cauchy hypersurface}

modulo the spacetime diffeomorphism group %(V,). This is the space of
isometry classes of empty space solutions of the Einstein equations, or the
space of gravitational degrees of freedom since the coordinate gauge
group has been factored out.

We call the representation of 9(V,) described here the dynamical
representation since one uses the canonical formulation to define P, =~
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s €s/ ~. See York (1971), Choquet-Bruhat and York (1979), and
Fischer and Marsden (1977) for a conformal representation of 4(V.).

As we have emphasized, in the case of compact hypersurfaces, one
identifies all the (g, ) which occur on slicings in an Einstein flat maxi-
mal spacetime. In the non-compact case one does not do this, as is
explained in Regge and Teitelboim (1974) and Choquet-Bruhat, Fischer
and Marsden (1978).

A few further remarks are in order regarding the decomposition of
T (T* M)

Set g, =ker D®(g, ) [ker D@(g, 7)°J]*¥, the third summand in
the decomposition above. The summand g, generalizes the classical
transverse traceless (TT) decomposition of Deser (1965) and Brill and
Deser (1968). Indeed for 7 = 0 and R(g)= 0, Moncrief’s decomposition
reduces to two copies of the Berger and Ebin (1972) splitting. If
moreover, Ric (g) = 0 (so that g is flat), we regain the original Brill-Deser
splitting.

Now suppose (h, w)€ Y, . Then (h, ») satisfies the following equa-
tions:

D®(g, 7)- (h, w)=0, (4.16)
and ‘
[D®(g, 7)o J] - (h, 0)* =Dd(g, m) - ('), —h* du(g)) =0. 4.17)

Written out in terms of the constraint functions # and #, these equations
are

D3t(g, ) (h, 0)=0,

D (g, ) (@'), —h* du(g) =0,
D#(g 7)- (h, 0)=0,

DF(g ) ('), —h" du(g)=0.

These equations, eight conditions on twelve functions of three vari-
ables, formally leave four functions of three variables as parameters of
the space ¥ .. Formally, ¥, is the tangent space to the space of
gravitational degrees of freedom, which is parametrized by four
functions of three variables.

Moreover, there is a certain ‘symplectic symmetry’ in the summand
Gomy reflected in (4.16) and (4.17) above: if (h, w)€ Ggmy then
Jo(h, ®)* is also in G ). We shall refer to this symmetry as J-invariance
of g(g,,.,).
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Proposition 4.38

The (weak) symplectic form Q on S,X S naturally induces a weak
symplectic form V' on any J-invariant subspace of S»x S2. In particular,
Ge.my is a (weak) symplectic linear space.

Proof. The symplectic form Q on S, X $2 defined by

U(hs, 01), (s 02)= [ T, 1), (o, )
M
defines by the same formula an antisymmetric bilinear form Q' on 4, .,

(or any other J-invariant subspace of S,xS3). One has to show ' is
non-degenerate. Thus suppose for (A, w1)€ Yz n),

j <J_l(h1,vw1), (hz, wz)) = 0
M

for all (hy, w;)€ Yy n). Since Y .., is J-invariant,

hl)*
7o() < Y

*
(a)==-(0)
wy w1y

and since J* = —J, we have

0= —j T, @), 7 (s, 0009 = [ (G a0), (s, 1))

Thus letting

='f (hl . h1+(l)1, . (1)1’) d[.L(g)
M

Thus (h1, w1)=0 so that Q' is non-degenerate. [ |
Proposition 4.38 is a special case of the following general result of
symplectic geometry (see Weinstein, 1977).

Theorem 4.39

Let (V, Q) be a (weak) symplectic vector space and W < V a subspace.
Let W ={ve V|QUv, @)= 0 for all o € W} and assume W is co-isotropic,
ie., Wa<W. Then W/W4 is, in a natural way, a (weak) symplectic
vector space.
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Proof. Denote an element of W/ Wg by w+ Wg. Define Q on the
quotient by Q(w,+ Wg, wy+ Ws)=Q(w1, wa). Since Q(w;, W5)=0,
i =1, 2 this is well defined. On the other hand, if Q(w, + Wa, wot W§)=
0 for all w,, w, € Wa, then w,+ Wy is the zero element of the quotient.

n
Proposition 4.38 follows as a corollary by letting V =53 S5 =
TemT* M, Q as given, and W =ker D®(g, ). Then,
Wa ={(h, 0)|Q(h, ), W)= 0}
={(h, w)lJ "' (h, w) is orthogonal to ker D®(g, )}
={(h, @) " (h, w) e range [DD(g, m)]*}
=range {J o [D®(g, 7)]*} = W. |

The symplectic structure on ¢ described above may be important for
the problem of quantizing gravity. The symplectic structure presented
here is probably implicit in the work of Bergmann (1958), Dirac (1959),
and DeWitt (1967). The present formulation, however, allows one to be
rather precise and geometric. First of all, it may allow one to use the
Segal or Kostant-Souriau quantization formalism to carry out a full
quantization or a semi-classical quantization. Secondly, the approach
presented here enables one to show that near metrics ®g in €(V,) with
no isometries (and hence no spacetime Killing vector fields), ¥ =
&(V.)/D(V,) is a smooth manifold and is locally isomorphic, in a
natural way, to $s N %s/~, and thus carries a canonical symplectic
structure.t Thus, in the neighborhood of Einstein flat spacetimes
without Killing vector fields, the space 4= &(V,)/D (V) of gravita-
tional degrees of freedom is itself a symplectic manifold, or if you prefer,
a gravitational phase space without singularities, each element of which
represents an empty space geometry. Note that ¢ is (generically) a
symplectic manifold even though it is not a cotangent bundle. We
conjecture that ¥ can actually be stratified into symplectic manifolds,
similar to the stratification of superspace; see Fischer (1970) and
Bourguignon (1975). The singularities in % occur near spacetimes with
symmetries, and these are of a conical nature (Fischer, Marsden and
Moncrief, 1978). Moncrief has emphasized in his 1978 Gravity Research
t An interesting point here is that g N %, although (generically) a submanifold of T*A,

does not have a natural symplectic structure induced from T*M, since the tangent space of

%5 ~ €5 is not J-invariant. One must pass to the quotient manifold €% n €s/ ~ in order to
get a symplectic structure induced by the symplectic structure of T* M.
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Foundation essay that these singularities have an important effect on
quantization procedures (for instance, for de Sitter spacetimes).

The methods we have employed to analyze gravity, being based on
the L,-adjoint formalism, carry over directly to fields minimally coupled
to gravity, and in particular to Yang-Mills fields. In the latter case, one
divides out not by &(V},), but by the larger group of equivariant bundle
diffeomorphisms (i.e. gauge transformations covering diffeomorphisms
of spacetime). Using the methods presented here, we can show that the
space of degrees of freedom for fields and gravity, for fields minimally
coupled to gravity, is, generally, a symplectic manifold; see Fischer and
Marsden (19785, c).

Finally we remark that we hope that the geometric methods presented
here help to unfold some of the inter-relationships that exist between
general relativity, differential geometry, functional analysis, nonlinear
partial differential equations, infinite-dimensional dynamical systems,
symplectic geometry, and the theory of singularities. Certainly, all of
these areas of mathematics (and others) will have to make their contri-
bution to the study of gravitational theory before the final analysis is in.
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