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QUALITATIVE METHODS IN BIFURCATION THEORY

Bifurcation decreases entropy
. .. Helen Petard

BY JERROLD E. MARSDEN!

Classical bifurcation theory is undergoing a revitalization with the infusion
of ideas from singularities of mappings and structural stability. The situation
now is similar to that a quarter century ago when Krasnosel'skil introduced
topological methods, especially degree theory, into the subject (see Krasno-
sel’skii [1964]). Like degree theory, the theory of singularities of mappings is
playing a fundamental role in the development of the subject.

Our goal is to give a few examples of how qualitative ideas can give insight
into bifurcation problems. The literature and full scope of the theory is too
vast to even attempt to survey here. On the classical bifurcation theory side,
the survey article of Sather [1973] is valuable, and for the theory of
singularities of mappings, we refer to Golubitsky and Guillemin [1973]. On
the overlap, the article of Hale [1977] is recommended.

The credit for using ideas of singularities of mappings and structural
stability in bifurcation theory is often attributed to Thom (see Thom [1972])
and on the engineering side, to Thompson and Hunt [1973], Roorda [1965]
and Sewell [1966]. However, to penetrate the classical bifurcation circuit is
another matter. For this, there are a number of recent articles, notably,
Chillingworth [1975], Chow, Hale and Mallet-Paret [1975], Magnus and
Poston [1977], Holmes [1977] and Potier-Ferry [1977]. The literature on this
interaction is in an explosive state and we merely refer to the above articles,
Chillingworth [1976], Golubitsky [1978], Marsden and McCracken [1976],
Abraham and Marsden [1978] and Poston and Stewart [1978] for further
references.

1. The definition of bifurcation point. The very definition of bifurcation
point varies from author to author, although in any specific situation there is
usually no doubt about what should be called a bifurcation point.

The “classical” definition is typified by the following discussion in
Matkowski and Reiss [1977]:

“Bifurcation theory is a study of the branching of
solutions of nonlinear equations f(x,A) = 0 where f is a
nonlinear operator, x is the solution vector and A is a
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parameter. It is of particular interest in bifurcation theory to
study how the solutions x(\) and their multiplicities change
as A varies. Thus we refer to A as the bifurcation parameter.
A Dbifurcation point of a solution branch x(\) is a point
(Ag> x(Ap)) from which another solution x,;(A) branches. That
is, x(A\g) = x;(A¢) and x(A) # x;(A) for all A in an interval
about A,.” (See Figure 1.)
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For studying bifurcation from known solutions, this is an appropriate
definition. However, solutions can appear spontaneously or need not be
connected to a “known” solution, as occurs in the saddle-node bifurcation
(Figure 2) or in subtle dynamical bifurcations such as a global saddle
connection or the bifurcation to the strange Lorentz attractor (Marsden
[1977)).

Thus it seems wise to take a wider view. In doing so, we interpret the
equation f(x,A) = O liberally, to include dynamic (i.e. evolution) equations
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as well as static equations and allow the parameter A to be multidimensional.
Any more general definition of bifurcation ought to reduce to the above
definition for bifurcation from a known branch.

A way to eliminate having a “known branch” is by means of the following
definition (see Chow, Hale and Mallet-Paret [1975])

“Suppose r is a family of mappings from one Banach
space X into another Banach space Z and suppose there is a
norm on the members of 7. Let T € 7 be given and suppose
there is an x, € X such that Tx, = 0. The operator T is said
to be a bifurcation point for 7 at x, if for every neighborhood
Uof T and V of x,, there is an § € U and x), x, € V,
X, # X, such that Sx, = Sx, = 0.”

This definition still fails to apply when the solution sets for fixed T are not
locally isolated, but clearly a bifurcation occurs. In Figure 3, every point on
=, would be a bifurcation point according to this definition, which is not
what we want. Such situations occur in bifurcations of Hamiltonian systems
(see Weinstein [1978]).
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Crandall and Rabinowitz [1971] were amongst the first to emphasize the
technical importance of supressing the parameters and treating the map
f(x,A) as a whole and de-emphasizing the special role of the parameter. In
fact, this is exactly what is done in singularities of mappings and global
analysis. (However, in studying perturbations of bifurcation diagrams the
special role played by the control (or bifurcation) parameter A is crucial; see
e.g. Golubitsky and Schaeffer [1978).) One usually adopts a definition like the
following (see Smale [1970] for example).

DEFINITION (GLOBAL BIFURCATION). If h: M — N is a continuous map
between topological spaces then y, € N is a bifurcation point of h if, for every
neighborhood U of yg, not all the sets h~'(y), y € U, are homeomorphic; i.e.
h~'(») changes topological type at y,,.

(LocAL BIFURCATION). If h: M — N is a continuous map, a point x, € M is
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a bifurcation point for h if for every neighborhood U of y, = h(x,) and V of xy,
the sets h='(») N V, y € U, are not all homeomorphic; i.e. h~'(y) locally
changes topological type at (x4, y,)-

This definition is related to the previous ones for the equation f(x, A) = 0,
where x € X, A € A, by letting

2 = solution set of f = {(x, )| f(x, A) = 0}

and h: £ - A, (x, A)=A. The local definition applied to this map captures
what we want in the general case and slightly extends the first definition for
bifurcation from known solutions. For global bifurcations (Figure 4), the
global definition is appropriate. This definition also suggests that one should
make direct use of algebraic-topological invariants to detect a change in
topological type.

Ay global bifurcation point

) _

solution set =

» A

FIGURE 4

This definition is also desirable because in many problems there are no
parameters, yet bifurcation techniques are called for. We shall give an
illustration of this in §3 below.

In the definition we can modify the relation “homeomorphic” to other
relations appropriate to the context. For instance let M be a family of vector
fields on a manifold and let / be the identity map on M. If the relation is that
of having topologically conjugate flows, then the general definition reduces to
that in Thom [1972] i.e. a vector field is a bifurcation point (of a family) if it
is in the complement of the structurally stable vector fields (relative to the
given family). See Abraham and Marsden [1978] for additional details.

There are deep connections between bifurcation and symmetry that are
only beginning to be understood. For example, Sattinger [1976] and others
have suggested that bifurcation is closely related to symmetry breaking and
that bifurcation points necessarily have a degree of symmetry. We shall see
this borne out in some examples below. Although systems with symmetries
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are nongeneric, they nevertheless play pivotal roles as bifurcation points.
(This is one reason why Hamiltonian systems with symmetry are so important
within the class of all Hamiltonian systems.)

2. Topological methods in bifurcation theory.? The use of degree theory in
bifurcation problems is well known and is described in Krasnosel’skii [1964].
Other topological or differential-topological methods can be useful as well.
For example, in Duistermaat [1974] and Nirenberg [1974] the Morse lemma is
shown to yield quite directly some main results on bifurcation at simple
eigenvalues (cf. Crandall and Rabinowitz [1971], Cesari [1976] and references
therein). We shall now recall part of their argument.

Let X and Y be Banach spaces and f: X X R? - Y a C* map, k > 3. Let
D, f(x,A) be the (Fréchet) derivative of f with respect to x, a continuous
linear map of X to Y. Let f(x,, Ag) = 0 and

X, = ker D, f(xq, A)-
Assume X is finite dimensional with a complement X, so that X = X, @ X,.
Also, assume

Y, = Range D, f(xq, Ap)
is closed and has a finite-dimensional complement Y,. In other words,
D, f(xg, yo) is a Fredholm operator. Write Y = Y, ® Y, andlet P: Y —» Y, be

the projection. By the implicit function theorem, if D f(xq, Ay) is surjective,
then (x4, Ap) is not a bifurcation point. In general, by the same theorem

Pf(x;+ x,,A) =0
has a unique solution x, = u(x,, A) near xy, Ap, where x = x;, + x, € X =

X, ® X,. Thus, the equation f(x,A) =0 is equivalent to the bifurcation
equation

(I = P)f(x; + u(x;,A),A) =0,

a system of dim Y, equations in dim X, unknowns. This reduction is usually
called the Liagpunov-Schmidt procedure.
Let dim X, = dim Y, = 1 (a simple eigenvalue®), p = 1 and suppose that

) 92 8%
‘% (x0 Ag) =0, -GTJ; (xpA) E Yy, Nox (x0 Ao)x; & Y4

Then (xq, o) is a bifurcation point for f(x, A) = 0; moreover the directions of
bifurcation are those of the zeros of the quadratic form associated to

(I = P)D¥ (xe Ao),

restricted to X; X R.

2This section is based on Buchner, Marsden and Schecter [1978].
3The terminology “eigenvalue” derives from the case f(x, ) = Lx — Ax + higher order terms,
where L is a linear operator of X to x; then ker D f(xq, Ag) is the eigenspace of L with
eigenvalue Ag.
ese are sample hypotheses relevant for the case in which a trivial solution to an equation
like the one in the preceding footnote, loses stability. A more general result is proven in the
theorem below.






