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Figure 16. Partial bifurcation set for the two mode panel (a=0.005,
= 0.1).
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‘n particular a supercritical Hopf bifurcation occurs crossing Bh and
|‘symmetrica1 saddle node on le , as shown. These are the flutter
ind buckling or divergence instabilities detected in previous studies
such as Dowell's. Moreover, finite dimensional computations for the
:wo fixed points txo] appearing on Bgy and existing in region III
show that they are sinks (|spectrum (DFt“(*xo))l < 1) below a

surve Bﬁ originating at 0 which we also show on figure 16. As

J crosses Bﬁ transversally, {ixO] undergo simultaneous Hopf bifur-
cations before coalescing with (0]} on Bg; - A fuller description
of the bifurcations, including those occurring on Bgy and Bgg o is
provided by Holmes ([16] . First consider the case where u crosses

B from region I to region III, not at O . Here the eigenvalues

g2
indicate that a saddle-node bifurcation occurs. In Holmes [16] exact
expressions are derived for the new fixed points {*xo} in the two
mode case. This then approximates the behaviour of the full evolution
equation and the associated semiflow Ftu :+ X+ X and we can thus
assert that a symmetric saddle-node bifurcation occurs on a one dimen-
sional manifold as shown in figure 1 and that the “"new” fixed points
are sinks in region III . Next consider u crossing Bh \O . Here
the eigenvalue evolution shows that a Hopf bifurcation occurs on a
two-manifold and use of the stability calculations from Marsden and
MScracken [32]+ indicate that the family of closed ;rbits existing
in region II are attracting.

Now let W cross Bsz \ O from region II to region IIIa .
Here the closed orbits presumably persist, since they lie at a finite
distance from the bifurcating fixed point {0} . In fact the new

points (ix appearing on B,, are saddles in region IIIa, with

0!
two eigenvalues of spectrum DGu(txo) outside the unit circle and all
others within it ((A > 1) = 2) . As this bifurcation occurs one of

* This has been confirmed for eight and twelve mode models by B.Hassard
““=tw~ Wi~ anA Wan's stability formula (to appear in J. Math. An. Appl.)
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e eigenvalues of spectrum DFtu(O) passes into the unit circle so

at throughout regions IIIa and II¥ (A>1)=1 for {0}. Finally con-

der what happens when u crosses Bé from region IIIa to III .

re [ixo} undergo simultaneous Hopf bifurcations and the stability
lculations show that the resultant sinks in region III are surround-
by a family of repelling closed orbits. We do not yet know how

e multiple closed orbits of region III interact or whether any other
furcations occur but we now have a partial picture of behaviour near
derived from the two-mode approximation and from use of the sta-
lity criterion. The key to completing this analysis lies in the
int 0, the "organizing centre® of the bifurcation set at which

2+ By, and Bé meet. '

According to our general scheme, we now postulate that our
furcation diagram near 0 is stable to small perturbations in our
pproximate) equations. We look in Takens' classification and find )Ams
at exactly one of them is consistent with the information found in
gure 16, namely the one shown in Figure 10 . Thus we are led to the

mplete bifurcation diagram shown in Figure 18 with the oscillations

various regions as shown in Figure 10 .
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Figure 18. A local model for bifurcations of the panel near 0,
(p,T)=(110, -22.6); a=0.005, $=0.1 ., (Numerical values
derived from two mode model}. For vectorfields in Regions I~
IIIc, see Figure 10.
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In principle one could check this out rigorously by proving that
ur vector field on the center manifold has the appropriate normal form.
uch a calculation is probably rather long, but possible. See Holmes
16] and Marsden [18,19]) for additional comments. Also, it is not
lear how the presence of a small imperfection or static pressure
ifferential would affect the symmetric vectorfields of Figure 10 .

Although the eigenvalue computations used in this analysis were
erived from two and four models (in which Au of eqn (2) is replaced
Yya 4 x4 or 8 x 8 matrix and X is replaced by a vector space
somorphic to nz4 or n!a) . the convergence estimates of [18,19)
ndicate that in the infinite dimensional case the behaviour remains
malitatively identical. In particular, for u € U , a neighbourhood
f 0 , all eigenvalues but two remain in the negative half-plane.

‘hus the dimension of the center manifold does not increase and our
iour dimensional "essential model" , a two parameter vectorfield on a
‘wo manifold, provides a local model for the onset of flutter and
livergence. We are therefore justified in locally replacing the in-
Iinite dimensional semi~-flow Ftu : X+ X by a finite dimensional
system. Moreover, the actual vectorfields and bifurcation set shown

-n figure 10 can be realised by the nonlinear oscillator

3

§+A¥ Ay + iy 4y’ =0 P Y, n>0
’x ¥y =¥,
. 2 3
Yo = =\¥) = A¥5 = Y3 Y, - (5)

[see Holmes and Rand [23] for a complete analysis of this system.)

In engineering terms (5) might be thought of as a "nonlinear

pormal mode" [44]) of the system of eqguation (1), with kl' kz repre-

penting equivalent linear stiffness and damping. (Note however that
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he relationship between the coordinates ¥y, ¥, and any conveniently
hosen basis in the function space X is likely to be nonlinear: in
articular, a single “natural” normal mode model of the panel flutter
roblem cannot exhibit flutter, although it can diverge (see Holmes
16]) :; flutter occurs through coupling between the natural (linear)

ormal modes.)

We have thus seen how a simple nonlinear oscillator of van der
ol-Duffing type might provide an essential model for panel flutter.
he methods outlined in this article may be useful in many other

‘omplex problems involving nonlinear oscillations.
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