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here DUf denotes the differential of f , s > 0 and
l<pcew, w3 P(M) is the set of vector fields of class WS P
on M . Note that a function is of class W P if and only if

all its derivatives up to order s are in LP

Hodge Decomposition Theorem. Let M be a compact Riemannian
manifold with boundary and X € w5 P() , 820, 1« P<=.

Then X has a unique decomposition
X =Y+ grad £

where div¥ =10, YlaM, Y €W 'P(M) and f is of class
wS*1l,P
S sP - S ,P : -
Denote W F(M) = {X € WP(M)|div X = 0,XIi3M} . Apply now
the Hodge Theorem and get a map P: Wo'P(M) + WP via XeY
Let us now reformulate the Euler equations: suppose s > n/p

find v: (a,b) + WS*1sP(M) such that

dv(t)

gt T PUv(t) - Mv(t)) = 0

(plus initial data). We need to assume s > n/p in order to
insure that the product of two elements of W-°*P is in WS»°P

(see Adams [1], page 115). In this way, if v € WP R
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(v-")v € W$P(M) and we can apply the Hodge Theorem. In doing

this we tacitly assume that the external foree is a gradient.
In order to be able to write in a similar way the Navier-

Stokes equations, we change the funetion space to

ﬁg’P = (X € W$P(M)|div X = 0,X|3M = 0} . Then the Navier-

Stokes equations can be reformulated: find v: (a,b) » ﬁ3+l,p

such that

dt;?) - VP(AV(t)) + P((v(t) WIv(t)) = 0 .,

The following theorem is proved in Section 9 of Marsden-McCracken.

Theorem. The Navier-Stokes equations in dimenasions 2 op 3
define a omooth local semiflow on ﬁg,z » t.e., we have a
collection of maps {F:} for t > 0 satiafying:

(a) F, is defined on an open subset of [0,0) x ﬁg’z ;

t
Voo gV ooV
(b) Ft+s = Ft°ys ;
)
(e} FY is se arately (hence, jointly) econtinuous;
t P

(d) for each fized t,v , F: is a C -map, i.e., {Pz} )

a gmooth semigroup. More, our semiflow {F:} satis fies

the a0 called gontinugtion assumption, namely, if Pt(x)

lies in a bounded set of ﬁg'z

for aach fixed x and
for all t for which Fz(x) i8 defined, then Ft(x)
is defined for all t > 0 .

Also, F:(x) t8 jointly amooth in t,x,v for >0

*See Chernoff-Marsden [1], Chapter 3, or Marsden-McCracken f1l,
Section 8A, for the proof of the fact that separate continuity
= joint continuity.
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This result which goes back to Ladyzhenskaya [1] encourages
us to not work with the Navier-Stokes equations under their
classical form, but rather with the evolution equations in
ﬁg’z which they define and to analyze more closely their semi-
flow which has such pleasant ‘properties.

Following the idea of chaotic dynamics, we may try to show
that turbulence occurs after successive bifurcations of the
solutions of the Navier-Stokes equations. Hence a first question
is how much of the classical bifurcation theory can be obtained
for semiflows. The work of Marsden shows that almost everything
works, if one mimics the conditions on the semiflow from those,
one usually has for vector fields. We shall summarize these
results below,

Hence we have to cope with a system of evolution equations
of the general form

%% = Xu(x) , ¥(0) = given ,

where Xu is a nonlinear densely defined operator on an approp-
riate Banach space E , usually -- as we already saw -- a function
space and u is a parameter. We assume that our system defines
unique local solutions generating a semiflow F: for t >0,

The assumptions made on the semiflow are (a), (b}, (c) and (d)
above., We also ask for the continuation assumption described
before. It may seem that we force our assumptions on the semiflow

such as to suit our particular problem. In reality it is exactly
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the other way around: one usually has these conditions satisfied
and checks them for the Navier-Stokes equations -- and this is
hard work involving a serious mathematical machinery (see Section
8 of Marsden-McCracken). It is true that the continuation
assumption might seem strong; but it merely says that we have
at our disposal a "good" local existence theorem, so "good" as
to insure the fact that an orbit fails to be defined only if it
tends to infinity in a finite tinme, That makes sense pPhysically,
looking at expected solutions of the governing equations of the
law of motion of a fluid (Navier-Stokes): a solution fails to
exist only if it "blows up". Another remark is of mathematical
character and concerns the generator Xu s this is not a smooth
map from E to E , hence we cannot expect smoothness of
P:(x) ?n t . The fact is that the trouble is actually only at
t = 0 , as can be seen from the theorem on the Navier-Stokes
semiflow from before, and exactly the derivative at t = 0
gives the generator. The next group of assumptions regards the spectrum
of the linearized semiflow relevant for the Hopf bifurcation.
Spectrum Hypotheses. Let P:(x) be jointly continuous in
t,esx for t >0 and p in an interval arcund O0E€ R .
Suppose in addition that:
(i) 0 is a fixed point of Fg , 1.e., Fg(O) =0, Vu,t
(ii) for p <o s the spectrum of Gg z DF%(O) is contained
inside the unit dise D = {z € ¢ [z} <1} ;
(iii) for u = 0 (resp. py < 0) the spectrum of Gr at the

origin has two isolated simple eigenvalues a(y) and
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Alu) with A(u)-= 1 (resp. A(u) > 1) and the rest
of the spectrum is in D and remains bounded away

from the unit circle;

tiv) ¢ Aﬂ?) Iu=0 >0 , i.e., the eigenvalues move steadily

across the unit circle.

Sometimes we look at these hypotheses but with (iii) changed

to:

(iii') for u = 0 (resp. u < 0) the spectrum of G; at the
origin has one isolated simple real eigenvalue
Alu) = 1 (resp. A(u) > 1) and the rest of the spectrum
is in D and remains bounded away from the unit circle;

(v) for u = 0 the origin is asymptotically stable.

We won't go into the technical details of this last hypothe-
sis here and say only that it involves an algorithm of checking
if a certain displacement function obtained via Poincaré map has

strictly negative third derivative.

Bifurcation to Periodic Orbits: Under the above hypotheses

(i)-(v) there ig a fized neighborhood V of 0 in E and an
€ > 0 such that F:(x) is defined for all t >0 for

u € [-e,e] and x € V., There is a one-parameter family of
elosed orbits for F: for u >0 , one for each u > 0 vary-

ing continuously with u . They are locally attracting and
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hence stable. Solutions near them are defined for all t 20,
There is a neighborhood U of the origin sueh that any closed

orbit in U i3 one of the above orbits.

Bifurcation to Fixed Points: Same hypothesis with (iii) aqnd

(£i2') interchanged. Then the same result holde, replacing

the words "closed orbit” with "two fized pointst,

I shall not go into the proof of these theorems but will
give the two crucial facts behind the formal proof. One is the
Center Manifold Theorem and the other is a theorem of Chernoff-
Marsden regarding smooth semiflows on finite-dimensional mani-
folds. Coupling these two results reduces the whole problem to
the classical Hopf Bifurcation Theorem in 2 dimensions, which
is relatively simple and goes back to Poincaré. Here are the

statements:

Center Manifold Theorem for Semiflows: Let Z be a Banach

space admitting q C -norm avay from zerc, and let F, bea

eontinuous semiflow defined in a neighborhood of zero for

0 <t <z . Asaume Ft(O) = 0 and that for t >0 , Ft(x)

k+1

i8 jointly C in t and x . Assume that the 8pectrum of

the linear semigroup DF . (0): Z + Z <8 of the form etlowo2)

to
where e 1 lies on the unit eirele (i.e., ay lies on the

toy

imaginary axris) and e lies in the unit cirele at non-zero

distance from it for t > 0 (i.e., G, 8 in the left half
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plane). Let Y be the generalized eigenspace corresponding to
the spectrum on the unit circle; assume dim Y = d < += | Then
there axists a neighborhood of 0 <tn 2 and a Ck—submanifbld
MC V of dimension d passing through 0 and tangent to Y
at 0 sueh that:
(a) Loecal Invariance: if €M, t > 0 and Pt(x) €V,
then Ft(X) €M ;
(b) Loeal Attractivity: ¢f t > 0 and Fﬂ(x) remains
defined and in V for all n = 0,1,2,... , then

F:(x) + M g8 n-+=

This is applied to P: after suspending u to obtain the semi-

flow Ft(x,u) = (Fg(x),u) on the original space x the parameter space

k+l map is well known;

The version of this theorem for a ¢
however, this statement regarding semiflows -- although believable --
wasn't present in the literature before; the first time it
appears is in Section 2 of Marsden-McCracken. Note that every-
thing works out nicely in the theorem, even though the generator

X of the semiflow is unbounded.

Theorem (Chernoff-Marsden): Let F. be a local semiflow on a

Banach manifold N jointly continuous end & inxeEN Suppose that F.

leaves invariant a finite dimensional submanifolf MCN . Themon M, Et
is locally reversible, is jointly & in t ad x and ie genegrated by a
&t vector fleld on M.

Some remarks are in order. Besides being one key factor
in the proof of the bifurcation theorem, the center manifold

theorem might justify some modal truncations of the Navier-Stokes
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equations to give a d-dimensional system (see Remark 8 of
Lecture I by J. Marsden). Also, in Marsden-McCracken, Section
YA, an algorithm is described which.enables us to check on the
stability of the new born fixed points or closed orbits after
bifuracations. Remark 4 of Lecture I hints toward that. The
reduction to two dimensions appears as a corollary of the

proof of the Bifurcation Theorem. The conclusion is that all
the complexity in this case takes place only in a plane, even
though we started off with an evolution equation on an infinite
dimensional function space. This ocecurrence is characteristic
when we work with semiflows; trying to prove a bifurcation,

we reduce everything to a finite dimensional theorem for flows
and this gives us then two things: the theorem itself and the
reduction!

That's the way one approaches the next bifurcation to
invariant tori. Here the Hopf Bifurcation Theorem for Diffeo-
morphisms will be needed and the idea of the proof is the same
as before; one has to replace the argument of the Hopf Bifurca-
tion Theorem in R2 with a similar argument using now the Hopf
Bifurcation Thecrem for Diffeomorphisms. I won't g0 into any
technical details.

That would roughly solve the approach to the first twe
bifurcations. How about higher ones? The only leading idea
is the Poincard map, and the fact that something invariant for

it)yields an invariant manifold of one higher dimension for



the semiflow with the preservation of the attracting or repel-
ling character: a fixed paint -- attracting or repelling --
gave a closed orbit -- attracting or repelling -- a circle,

an invariant torus, etec.

Let me mention that all these geometrical methods presented
here are by no means the only ones with which one could attack
bifurcation problems for the Navier-Stokes equations. An excel-
lent reference is J. Sattinger [1], who in Chapters u4-7 does
roughly the same thing, but using methods of eigenvalue problems,
energy methods and Leray-Schauder degree theory. I prefer the
above methods because I think they appeal more to one's
geometrical intuition.

As a concluding remark, let me say that even if it seems
that the first bifurcations can be attacked successfully with
the above methods, the difficulties one faces might be very
big. One has to start off with something known, namely a
particular stationary solution, regard this as a fixed point
of the generator of the semiflow and work his way through the
conditions in the Bifurcation Theorem. In many cases we do
not have even a stationary solution! In the research problem
suggested in Lecture I about the flow behind a cylinder, the
difficulty is exactly this one: there is no explicitly solu-

tion known (for Re > 0 ) of the laminar flow

in 2 or 3 dimensions, let alone of more complicated situations.
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