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Collective coordinates and an accompanying metric force in structural isomerization
dynamics of molecules
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Structural isomerization dynamics of three- and four-atom clusters of vanishing total angular momentum is
studied in terms of internal coordinates wbody systems on the basis of a gauge theory. The so-called
principal-axis hyperspherical coordinates are employed effectively as collective variables for the study of
isomerization reactions. It turns out that the non-Euclidean metric on the internal space gives rise to a force,
which works in response to internal motions called the democtkitiematio rotations in the internal space.

This metric force generally tends to induce an asymmetry in mass balance of a system, and is coupled with the
usual potential force to give rise to trapped motions in the vicinity of the transition states of the cluster. This
observation provides a different perspective for the so-called recrossing problem in chemical reaction dynam-
ics.
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[. INTRODUCTION problem of the so-called “falling cat” demonstrates this situ-
ation very clearly[10,11]; a falling cat can turn itself over

Large-amplitude collective motions are ubiquitous inwithout generating angular momentum. Similar effect can
many-body systems such as atomic, nuclear, and also in célso be seen in our molecular systems: If a polyatomic mol-
lestial systems, and understanding of the fundamental prirecule changes its shape continuously and returns to the initial
ciples for their mechanisms is crucial in many fields of cur-shape keeping the total angular momentum to zero, the final

rent science. Internal rearrangement of nonrigid molecules igrientation of the molecule can be generally different from
one of such typical collective motions, much of which is still the initial one, and it depends on the history of way of chang-
open. As an archetypal example, the structural isomerizatiold the molecular shape. The molecular shape is usually
dynamics of van der Waals clusters together with its thermo}-’IeWed with respect to a body frame, but the bod_y fram?
dynamical properties is quite interesting and has been exteﬂ]t—self changes as a result of the molecular deformation. This
sively investigated by many authors from various points of> frue even for a system of zero angular momef.‘t“m- There—
view: as a microcanonical analog of the first-order soli d_fore, a very careful treatment of the body frame is crucial to

o . o quantify the internal motions of a polyatomic system.
liquid phase transitior(1,2], as the Hamiltonian systems As a consequence of nonunigueness to determine a body

where chaotic and relatively regular dynamics coef8stSl,  frame an associated gauge field arises inevitably in the in-
as a dynamics on complicated potential-energy hypersurfacg ns| space. The gauge theory arising from separation be-
[6], and as a prototype of high-energy multichannel chemica},yeen rotation and internal motion of a polyatomic molecule
reactiong7]. has been developed by Guicharfte?], Tachibana, and Iwai
Most of the past studies in chemical dynamics, howeverj13 14. These authors have developed an idea that regards
seem to have concentrated on the topography of potentiathe translation-reduced configuration space as a principal fi-
energy hypersurfaces to extract the origin of collective interper bundle with rotational structure group. The fiber-bundle
nal motions. For instance, the traditional reaction-rate theoview of configuration space sets a theoretical basis for pre-
ries, such as the transition-state thef@)9], assume more or cise treatment of rotational and internal motions of deform-
less separability of the internal and orientational degrees dfible bodies. More recently, Littlejohn and Reingti] have
freedom, isolating the dynamics on the potential-energy hypresented a systematic theory on the separation of rotations
persurface from kinematics arising from the molecularand internal motions. Their study is quite suggestive to the
frames. It is a usual practice to obtain the space for internadtudy of isomerization dynamics in which it is demonstrated
motions of a polyatomic molecule by reducing the overallthat the Euclidean metric on the configuration space and the
translational and rotational degrees of freedom from the engauge field are coupled to induce a non-Euclidean metric on
tire 3n dimensional space, whenas the number of constitu- the internal space. It seems that this intrinsically curved na-
ent atoms. In isomerization dynamics, however, it is criti-ture of internal space has not been fully appreciated in the
cally important to recognize the very basic issue of how thepast studies on large-amplitude collective motions of poly-
space for internal motions is constructed. Although the elimi-atomic molecules and in chemical reaction dynamics. We
nation of the translational degrees of freedom is trivial, thehere explore the significance of the intrinsic metric structure
separation of rotational and internal coordinates is not. Thef internal space in the collective isomerization dynamics of
small clusters.
Ouir first subject is to find an appropriate body frame that
*Electronic address: yanao@mns2.c.u-tokyo.ac.jp should be referred to and an appropriate coordinate system in
TElectronic address: kaztak@mns2.c.u-tokyo.ac.jp internal space, on the basis of which one can describe the
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collective isomerization dynamics systematically, accountingvith zero angular momentum by extending the method of
for the effect of the non-Euclidean metric upon the dynam-Sec. Ill. We will see the essential similarity between three-
ics. As for a body frame, rotation of the principal axes ofand four-atom clusters. This paper concludes in Sec. V with
instantaneous moment-of-inertia tensor of a molecule shoul@ome remarks.

reflect the change of the molecular shape. On the other hand,

the idea behind the so-called hyperspherical coordinates is Il. GAUGE-THEORETICAL FORMALISM FOR
quite attractive for the large-amplitude motions since theseINTERNAL MOTIONS OF GENERAL n-BODY SYSTEMS
coordinates treat each atom in a “democratic manrés) OF VANISHING ANGULAR MOMENTUM

in terms of the hyperangles. With these basic ideas in mind, T th : its of thi thi i i
we here adopt a coordinate system called the principal-axis 0 present the main resulls ot this paper, this section sum
hyperspherical coordinatéBAHC), which was initially sug- marizes a minimum amount of the gauge-theoretical formal-
gested by Eckarft16] and recently developed by Chapuisat ism for then-body probler{11].

et al.[17-19 and Kuppermanf20]: A time-dependent body

frame is first determined referring to the principal axes of the A. Orientational and internal freedoms:
instantaneous moment-of-inertia tensor of a nonrigid mol- Gauge-dependent descriptions

ecule, and then the PAHC is defined accordingly on the in- | et the mass of théth particle and its position with re-
ternal space using the hyperangles and the gyration radii, tl*g:pect to an origin ben, andr; (i=1, ... n), respectively,

latter representing the mass-weighted length of a moleculghererg; is the usual three-dimensional column vector. The
along each principal axis. The hyperangles parametrize theypscriptsonr,;, and on other quantities as well, indicates a
symmetry group of the metric tensor in the internal spaceyector relative to a space-fixed frame, whereas a vegtor

The change of the hyperangles is referred to as kinematigithout subscripts represents a position vector relative to a
rotation or democratic rotation, which generates a cyclic anghody frame throughout this paper. To remove the transla-
democratic deformation of molecular shape. The geometry ofignal degrees of freedom from the Hamiltonian, we employ

the democratic rotations in internal space and the related sifhe mass-weighted Jacobi coordinaps, , sz, - - - Psn_1}s
gularities of the body frames have been scrutinized by Littleyyhich constitute an Euclidean spaceL,30.
john et al. [21-23. The cyclic internal motions in a mol-  The translation-reduced configuration space can be re-

ecule should have a universal significance in many-bodyjarded as a principal fiber bundle with structure group
dynamics. For instance, it is closely related to the pseudorogy3), if the singular configurations such as collinear con-
tations of nonrigid molecule which are often discussed in th@figurations are removefll1-14 . Let a body frame(body-
literature of stereochemistify24] and of Berry's geometrical fijyed frame be represented by ax33 proper rotation matrix
phase{25,26. o , Re SO(3), whose three columns represent the three ortho-
_ As a significant effect of the intrinsic non-Euclidean met- ,orma| axes of the frame. Origin of the body frame is fixed
ric in the internal space represented in terms of the PAHCy, the center of mass of the system. The body frimEpeci-
arises a “centrifugal force,” which we call the democratic fies orientation of then-body system and may be param-
centrifugal force(DCF). DCF is induced in the space of gy- atrized by the three Euler anglég} (¢é=1,2,3). The body
ration radii as a result of the democratic rotation. It is differ- fr3me should be assigned for each configuration of the sys-
ent from the usual centrifugal force in that it is an internalig, continuously according to a certain rule, which corre-

force and generated even in a system of zero angular myonds to the gauge convention in the gauge-theoretical for-
mentum. It is found that the DCF plays quite a dominant roley5lism. In Sec. Ill. we will specify the body frame in a
in isomerization dynamics. For instance, the DCF tends tQgncrete manner. '|f a body frame is defined, the mass-

deform a molecular shape so as to avoid a degeneracy bgzighted Jacobi vectors referred to this frafge} are re-
tween two of the gyration radii. This effect is rather analo-|5teq to{ps} by
SI

gous to the Jahn-Teller effecf&7], in which the electronic

degeneracy is broken by a distortion of the molecular shape. psi=R{Hp({g*) (i=1,...n-1), (1)

Further, we will show that the DCF gives a theoretical foun-

dation of “trapped” motion in vicinity of the so-called tran- where{p;} are the functions of 8—6 internal coordinates

sition states and sheds a new light on the well-known re{g#|u=1,...,3517—6}. The internal space having these co-

crossing problem, which has been studied in the theory obrdinates is invariant under rotation of the system.

chemical reaction dynamics for a couple of decad@829. Differentiating Eq.(1) with respect to time, we obtain the
The present paper is organized as follows. In Sec. I, W&elocity vector,}si

summarize a minimum description of the general gauge-

theoretical formalism in a manner similar to the review by o

Littlejohn and Reinscii1l]. In Sec. I, after introducing our psi=Rpi+ Rﬂq;L’ )

model cluster, we employ a gauge convention that refers to aq*

the principal-axis frame and show explicitly the PAHC for a

three-atom cluster. With this scheme, the mechanism ofvhere the sum convention is adopted for the ingeftom 1

structural isomerization of three-atom cluster is clarified nuto 3n—6. Likewise, we always adopt this convention for the

merically and the role of the democratic centrifugal force isgreek indices such gs, v, and so on. The angular momen-

highlighted. In Sec. IV, we investigate a four-atom clustertum referred to the body frame=R'L (T on the shoulder
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obtaining a gauge-invariant metric tensor on the internal
space by rearranging the kinetic energy of E8). into a
gauge-invariant form based on the fiber-bundle picture of
n-1 n-1 n-1 configuration space. The result has been formulated as

L:RT; Psixbsi:; piX (X p)+ 21 PiX@W‘, 1 1
3) K=3(0+A,0") M(e+A,q")+ 50,09, (10

indicating the transposition, and==""}p,;X p; being the

angular momentum with respect to the space-fixed fjame

where we have defined the angular velocity veatoof the . :

body frame that is referred to the frame itself. The three-Whereg“” is defined as
d|men3|onal vectomw has a correspondence to the angular g9,,=h,,—ATMA, . (11)
velocity matrixQ in a manner that m m #

The first and the second terms in the right-hand side of Eq.

. 0 w3 @2 @1 (10) are gauge invariant individually. The metric tensQy, ,
Q=R'R=| o3 0 -0 |ew=| ©2|. (4  which is also gauge invariant, is called the true metric in the
—w, 0 w3 internal space. It should be noted tiggy, is not Euclidean
for n-body systems in general. Calculation @f, for a de-
Equation(3) can be rewritten as sired coordinate system constitutes one of the fundamental
) subjects in what follows.
L=M(w+A,q"), (5) The first term in the right-hand side of Eq.0) vanishes if

) o and only if the total angular momentuln is zero[cf. Eq.
whereM is the moment-of-inertia tensor referred to the body(s)]. The Lagrangian is then reduced to

frame, whose components are

1 ..
n-1 £=359,,9"9"-V({a*}). (12
Map= 21 [(pi-pi) bap— Piabipl, © =

Here we restrict ourselves to the case that the potential en-
wherea andg correspond to the axes of the body frame andergy Vv of the system depends only on the internal coordi-
d,p is the Kronecker deltah, in Eq. (5) is the gauge poten- npates{q*}. The classical equations of motion are obtained
tial defined by from this Lagrangian by applying the Euler-Lagrange varia-
ho1 ; tional principle, with the result being
D ) @

= -1 —_—
A,=M pon

AV VKA N
gp,v(q +FK)\q q ): - (9_#1 (13)
The kinetic energy in the Jacobi coordinates is then rep- q

resented in terms of the quantities referred to the body framﬁ/here the Christoffel symbolE”, are given by
K\

wv

as
1 . 1 .. 1 &g,u.x &g,u.)x U')gK)\
— T T 7 KV F:‘: =—gyﬂ + - . (14)
K 2(a) M)+ (w'MA,)q +2h#,,q q’, (8) \T o o ag< agt
whereh ,, is a metric defined by For more general cases with nonzero angular momentum, see
- Ref. [11].
ap; I, Equation(13) suggests that “forces” can arise as is ex-
h P © pected from the term in which the nonvanishing Christoffel

pa P
=t Jat aa symbol is involved due to the intrinsic non-Euclidean metric
The second term on the right-hand side of EB).is known 9. in the internal space. We next investigate the dynamical
as the Coriolis term. But none of the three terms in the rightSignificance of those forces by specifying particular internal
hand side of Eq(8) is individually gauge invariant, that is, coordinates explicitly.
the decomposition of kinetic energy in E() depends on
the choice of the body frame. Ill. THREE-ATOM SYSTEM

We now work on the structural isomerization dynamics of
three-atom clusters of zero angular momentum on the basis
of the general formalism presented in the preceding section

The metrich,,, in Eq. (9) does not give an appropriate using the PAHC[17-2(0. Although a three-atom cluster is
description of internal motions because of the lack of gaug@bviously the simplest, it contains many of the general and
invariance.h,,, is therefore referred to as the pseudo-metricessential features common to all other isomerization dynam-
tensor. Littlejohn and Reinsdil] have presented a way of ics.

B. Gauge-invariant metric of internal space
and dynamics in it
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&) ®) 1
! 3 ! Psi= \/Z(rsl_rsz)a H1=5,
A—
3 2 2
rs1trs2
Pszz\/ﬂ—z T_rs?))v M2:§a (16)
@ (b) Q)
3 1 2 1 2 3 2 3 1 where the vectorspg; (i=1,2) andrg (i=1,2,3) are all
o——0—0O O0—060—~0V O0—0—0 three-dimensional vectors. Next, we defineXaB matrix W
¢ =2n/3 /3 0 composed of the two Jacobi vectors

FIG. 1. Equilibrium and saddle structures of the three-atom W= (pg Ps). (17)

Morse cluster. The equilibrium structure has two permutational iso-

mers[(A) and (B)], while the saddle has thrdea), (b), and(9)].  According to the singular value decomposition theofé,

The equilibrium structure is an equilateral triangle and the saddk?he 3x 2 matrix W, is generally decomposed into the form
structure is collinearp is the hyperangle defined in E@1). Struc- s

tural isomerization reaction occurs passing through the vicinity of

one of the three saddle configurations. The potential energy of the a, 0 UI
equilibrium structure is- 3.0 and that of the saddle structure is W =RNU'= ( & & es) 0 a . (19
—2.00%. 0 0 uz

A. Model system: M ; cluster

. L i X ixtJ i X
The model system we study in this section is a cIustePNhereR Is a 3x 3 orthogonal matrixt) is a 2x 2 orthogonal

composed of three identical atom®l § cluste), which mu- n:atnx, tandN (;S a 3x2 l?'zgt?]nal _matlrlx WTosem(;hagogal
tually interact through the pairwise Morse potential. The to-S'€MentKA; anaa, are called he singular values ois an

tal angular momentum is restricted to zero throughout. Théhe Oﬁ'd'agonal elements are all zero. .
Hamiltonian H/s of this system has the following dimen- 10 SPecify the decomposition EGL8) more uniquely, we

sionless form: impose the following conditions on the matridesN, andU
for our convenience. First, we sat=|a,|=0, and leta,
H 1 drec|? [drgy\? [drgg)? classify the permutational isomers of the three-atom cluster
e 2 ;1 H dt ) ( dt ) ( dt ) } [22]. That is, ifi-(psl><p52)>0, which is the case for the

structures of typgA) in Fig. 1, a, is positive. Otherwise
+2 [e~2()~do)— pg~(dij—do)], (15) [type (B) in Fig. 1], a, is negative, where is a unit vector
i<i along the positive axis. The squares of the singular values,

where a set of coordinates.(,.r v T=r., represents aZ and a3, are eigenvalues of a>83 matrix WW! and a
sWx ! siyslsiz T Isi i T i T
the position ofith particle with respect to the space frame2><2 matrix Ws W (the nonzero eigenvalues #iWs and

ande represents the potential depth of Morse potential anaN;WS are the sam¢21]). The three column vectors &,
d;; is the interparticle distance between fik andjth at-  Which are denoted b, &, ande;, are the orthonormal
oms. The particle number is equal to three here. The pa- €igenvectors of the 83 matrix W W, that is,

rameterd,, which corresponds to the equilibrium distance of

the pairwise Morse potential, is only one parameter that con- (W W)e,=a%e, (a=1,2,3). (19
trols the system dynamics. We s#§=6.0 throughout this

study, which provides a potential function similar to that of Let a3 be the zero eigenvalue W¥,W with the correspond-
Lennard-Jones that is frequently used to model the van dqﬁg eigenvector;=(0,0,1) =2 This is possible since our

Waals clusters. The masses of all particles can be set to unity, . =0 system is planar in they plane.(For the same

All the numerical results will thus be given in the absolute reason, the components o&, ande, are alwéys zerpThus
nits. The molecule is laid on lane withrg,=r o 1 . . ' ;

units. The molecule is laid on they plane withrs;,=r <, the essential freedom of the matriX is restricted to the

= r532= 0 . .
The M cluster possesses two local equilibrium points atleft-upper 2¢2 part[see Eq.(21) below]. Notice that the

the potential energy/'=—3.00: corresponding to the two ©I9ENVECIOre;, &, ande;=(0,0,1)" coincide with the prin-
permutationally distinctive equilateral triangle structures. 1tCiPal axes of the instantaneous moment of inertia tensor of
also has three saddle points that correspond to three permihliS system, since the nondiagonal elements of moment of
tationally distinctive collinear configurations whose potentialinertia tenso(with respect toTthe space-fixed franincide
energy |SV: —2.00% (See Flg J_ The isomerization reac- W|th those of the matrIWsWs except for the|r S|gn. On the

tion proceeds through the vicinity of these saddles. other hand, the two column vectors composligthe row
vectors ofUT), which are denoted by, andu,, are the

B. The principal-axis hyperspherical coordinates and classical ~ orthonormal eigenvectors of thex2 matrix Wle. That
equations of motion is,

We begin with specifying the mass-weighted Jacobi vec- T 5
tors as (WsWg)ug=agug (B=1,2). (20)
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ParametrizingR and U with anglesé# and ¢, respectively,
within a proper rotation matrix, we rewrite E¢L8) explic-
itly as

cosfd —sinfd O a;

) cose  sing
W,=| sing cosf# O 0 a, ) . 31 2 Democratic
—SINg COSyp Rotation
0 0 1 0O O
21

In the decomposition Eq21), the leftmost matriR iden-
tifies the body frame. In other words, the body frame is the
principal-axis frame in the PAHC. We call this gauge the
principal—axis gauge. With this gauge, the components of the FIG. 2. A schematic figure of democratikinematig rotation of
Jacobi vectors with respect to the body frapgandp,, are a three-atom cluster in configuration space witand the gyration

expressed agcf. Eq. (1)] radii, a; anda, (a,>a,), fixed in Eq.(21). Democratic rotation in
configuration space is#2 periodic, while the shape of the system

a,c0s¢  a;Sing itself distinguishing permutational isomers is periodic. Corre-

- B . spondence between the value of hyperangland molecular con-
(pl ”2) =NU'= azSing  axCose | . (22 figuration depends on the definition of the Jacobi vectors in Eq.

0 0 (16).

Hence, the three variables, a,, and¢ define the internal ~ We next calculate the quantities required for the Lagrang-
coordinates is usually referred to as the hyperangle. ian, Eq.(12), on the basis of these coordinates. The moment

The singular values, anda, are called gyration radii Of inertia tensor, Eq(6), referred to the body fram is
[17], which represent the mass-weighted length of the system

along each principal axidIndeed they are related to the az 0 0

principal moment of inertia by a simple relation. See Eq. )

(23) below] The gyration radiia; anda, are further param- M=| 0 aj 0 : (23
etrized in terms of the polar coordinates in the usual treat- 0 0 a’+aj

ment[17,20. In this study, however, we do not do so in view
of their physical meaning. The angtespecifies the orienta- o . ) .
tion of the principal-axis frame of the three-body systemWhich is a diagonal matrix as naturally required by the
with respect to the space-fixed frame and has nothing to dBrincipal-axis frame. Using Eq23) and the components of
with the shape of the system. The continuous changeaf Jacobi vectorp, andp, in Eq. (22), we find for the gauge
the action of an S(3) matrix to W, from the left corre- Potential Eq.(7) in the PAHC,

sponds to the usudéxterna) rotation of the system. On the

other hand, the continuous changegofr the action of an 0

SO2) [or generally @2)] matrix to W, from the right gen-

erally changes the shape of system and is called the democ- A =0 A =0 A = 0 (24)
racy transformation or the kinematic rotation. We call it ap T Tay T Tl 2a;a, |
“democratic rotation.” Figure 2 shows that the configuration T tal

1 2

of the three-atom cluster on a plane changes in a democratic

manner along an orbit of democratic rotation fram0 to

=2 with a;, a,, and ¢ fixed in Eq.(21). The first and second components of all the gauge potentials
Democratic rotation in the internal space should be distingre zero because the internal motion of three-body systems

guished from that in thétranslation-reducedconfiguration  ynder zero angular momentum is restricted within #ye

space. While the latter is72periodic as in Fig. 2, the former plane. The pseudometric tensuy, , which is defined by Eq.

is 7 periodic[22]. This is related to the fact that the shape of (9) is also diagonal as

the three-atom system itself distinguishing the permutations

of atoms returns to the initial shape and only the spatial

inversion (external rotation byr) occurs after a continuous 10 0

democratic rotation in the configuration space by the angle (h)= 0 1 0 . (25)

(See Fig. 2 This can be also seen by comparing the change 0 0 a2+a?

in ¢ to ¢+ with fixing a;, a,, and 6 in Eq. (21) and the 12

change ofé to 6+ & with fixing a;, a,, and ¢. Thus the

range of the hyperangle as an internal coordinate is set to Putting these quantities all together into Etfl), one obtains

O=<oep<m. the gauge-invariant metric tensor in the internal spageas
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10
01 0
(9u) = (26)
N
a’+aj

As seen from Eq(26), the two-dimensional space of gyra-
tion radii, a; and a,, itself is Euclidean becausgalal

=0a,a,=1 andgala2=gazal=0. We call this &,,a,) space
the gyration space.

To see the intrinsic role of the gauge-invariant metric ten-

sorg,, in Eq.(26), let us consider geodesics on the internal
space. The Lagrangian for the geodesics is

1

S 1., ., (a3-ad)2.
£=50,,0"0"=5| ai+as+ —— ¢

2 P |
2

(27)

aj+a

Since the hyperangle is cyclic in Lagrangian Eq(27), the

PHYSICAL REVIEW A 68, 032714 (2003

4
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a

FIG. 3. Field of the democratic centrifugal fort®@CF) on gy-
ration space. Length of each arrow reflects the strength of the force

corresponding conjugate momentum, democratic angulaat each point for a given value of democratic angular velogity

momentum,

oL (ai-a)”.
=TT 5 2 ¢
2

’ (29
ajta

becomes a constant of motion along the geodesics. Applyin
the Lagrangian Eq(27) to the Euler-Lagrange equation, we

The broken lines are the degeneracy lines between the two gyration
radii, a;=|a,|. In four-atom clustersa, anda, are replaced with
a, andag (a,8=1,2,3p# 8,a,=a,) respectively.

It has been thus confirmed that the geodesics are curved un-
der the influence of the democratic centrifugal force.

g Next, we set the equations of motion for the interacting
three-body systems such as our three-atom clusters. The

obtain classical equations of motion for the geodesics as trivial change of the Lagrangian is

2 2\(a2_ A2
. aj(ajt3ay)(ai—aj).

2_
a;= ¢ =fpca, (29
(ai+a3)?
. a(aj+3a)(az-al) .,
a= p=fpc2, (30
(a2+a3)?
and
d | (a®—a?)?.
- 1—2¢ =0. (3
dt| a?+aj

Equation(31) merely tells that the democratic angular mo-
mentum is constant. On the other hand, E@®) and (30)
indicate that a force in the gyration spacenoted hereafter
asfpc i andfpc,, respectively arises from the democratic
rotations. We call this force democratic centrifugal force
(DCPF) since it is proportional to the square of the democratic
angular velocityp. A field of the DCF in the gyration space

for a selected democratic angular velogitys depicted with

arrows in Fig. 3. As seen in the field there, the DCF works so
as to avoid the degeneracy of the two gyration radii near the

line of degeneracya; =|a,|. Also, the arrows in Fig. 3 tend
to align parallel to thea; axis for largea; with small|a,|.
To demonstrate the effects of the DCF directly, we show in

2_ 42\2
(a12 az)°. , (32
1

2
2 ® _V(alaa27¢)'

2

Concomitantly, the classical equations of motidar zero

total angular momentujrare modified to

(33

FIG. 4. Geodesics of the internal space projected onto the gyra-

Fig. 4 the projections of geodesics in the internal space ontfon space starting in the vicinity of a poing{,a,)=(8.6,1.0).

the gyration space emanating from a point that is close to thgotal energy of the three-atom systembis- —1.37% and total an-

a; axis. Each of them possesses different democratic angulgular momentum of the system is zero. The broken lines are the
momentum, Eq(28), which is constant along each geodesic.degeneracy lines between the two gyration raaii=|a,).
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0
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3 FIG. 6. A trajectory on the gyration space corresponding to the
i time evolution in Fig. 5. The permutationally distinctive equilib-
=S 41 rium structuregequilateral trianglesare located at (4.24,4.24) and
i XA H (4.24-4.24), and the transition stateollineap is located at
LEIS AR P ! (8.48,0). The broken lines indicate the degeneracy linesiof
\{ i =|ay|.
ol i i S, A ; rapid democratic rotations during which the absolute values

0O 20 40 60 80 100 120 140 160 180

time of the two gyration radii are close to each other, reflecting

the fact that the shape of the cluster is close to the equilateral
FIG. 5. (Color onling Typical time evolutions of the two gyra- triangle, while the other is the period of hyperangle locking

tion radii, a,,|a,| (a;=|a,|) and the hyperangle in the three- during which collective isomerizing motions occur.

atom cluster at total energlg=—1.53. The condition|a,|=0 The locking of¢ on the occasion of barrier crossing con-

represents the collinear configurations. The saddle crossing hdgins important pieces of information about the reaction

taken place three times in this period. The locked angle channel. We observe in Fig. 5 that is locked around O,

=0,7/3,27/3 specifies the three permutationally distinctive saddle/3, or 27/3. (Note thate=0 and ¢== are connected

configurations. since ¢ is 7 periodic) Substitutinge=0, 7/3, and 27/3
. vV into Eq. (22), we see that these angles @fspecify three

ay=focom 7 (349 permutationally distinctive oblate-isosceles-triangle struc-

2 tures of the cluster. This can also be seen in Fig. 2. For an
_ oV extreme instancey,=0 with ¢=0, 7/3, or 27/3, gives rise

Lp=— %, (350  to a respective collinear geometry in which the central atom

is located at the centroitbee Fig. 1 Hence, isomerization

in abbreviated expressions. It is therefore expected that néﬁ’ith the .hypera_nglt'a locked _around @/3, or 2m/3 impli(_es
that the isomerization reaction proceeds mostly keeping the

only the usual potential force but also the democratic cen: X , .
isosceles-triangle configurations.

trifugal force are responsible for the dynamics of the gyra- ) . .
tion radii. Indeed, we will see later that they mutually com-. The_ me_chanlsm_ of locking of the hyperangle in the_
pete to dominate the collective motions of clusters. Isomerization reacthn can be und_erstood phenomenolog|-
cally as follows. We first map the trajectory of Fig. 5 onto the
gyration space as in Fig. 6. In the gyration space, the two
permutationally distinctive local equilibrium structures
We now study the structural isomerization dynamics of(equilateral trianglesare located at (4.24,4.24) and (4.24,
the M3 cluster in terms of the PAHC presented above. First,—4.24), and the collinear transition state is located at
the typical time evolutions o, |a,|, and¢, are depicted (8.48,0). From the trajectory in Fig. 6, a rough picture of the
in Fig. 5. When the cluster geometry passes one of the cokeaction path can be readily obtained. We now plot the
linear configurations, the smaller gyration radagsbecomes potential-energy surface in the gyration space as a function
zero. The trajectory in Fig.(8) exhibits such barrier crossing of the hyperangle. Figure (& depicts contours of
three times. A remarkable fact found is that the hyperaggle V(a;,a,,¢) with ¢ fixed at 0, 7/3, or 27/3. The topogra-
is practically “locked” at certain angles with a slight oscil- phy of them for these three angles is exactly the same. We
lation on the occasion of the isomerizing motideempare observe that the two potential basins in Figa)7are con-
the panelga) and (b) in Fig. 5]. On the other hand, in the nected by a saddle at a reasonably low energy, which allows
time interval of no reactiony varies very rapidly without the isomerization. However, a slightly different hyperangle
such a locking. We have confirmed numerically that thesedeforms the contours of(a;,a,,¢) dramatically as shown
behaviors are common to all the isomerization events of thign Figs. 1b) and 7c), wheree is displaced only byr/30 and
M 5 cluster. Thus it turns out that the dynamics of the clusterr/12, respectively. It turns out that the height of potential
has two qualitatively distinctive stages; one is the period obarrier along the reaction path increases drastically is

C. Reaction path and the potential in the gyration space
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(a) (b) (©
o[ o \ 6 \& FIG. 7. Potential-energy surfac¥$a; ,a,,¢)
‘ \\ 4 \ . %\ in the gyration space. The hyperangle is fixed to
5 2 > B (@ ¢=0, or @/3, or 27/3, (b) ¢=(0,7/3, or
S o S o S o 2m/3)+ w30, and (¢) ¢=(0,7/3, or 2w/3)
2 2 2 - +a/12. The potential energy at(,a,) =(4.24,
4 4 _4 +4.24) is—3.0% in all the three parts. The en-
-6 |3 / -6 / -5 ‘?///% ergy difference between two neighboring contour
4 5 6 7 8 9 1011 456 78 9 0 4 5 6 7 8 9 10 11 lines is 0.23%.
a, a, a

shifted away from 0,/3, or 27/3 and the reaction path is of a;, a,, ande. Once a trajectory successfully gets into the
immediately closed. This explains why the gyration radii  reaction pathway, the hyperangle is locked around the certain
and|a,| are mostly localized in the vicinity of their equilib- values, which leads to a collective motionan anda,.

rium values &4.24) before an isomerization begifSee

Fig. 5, and also why the isomerization is virtually impos- D. Role of the democratic centrifugal force: Inducing
sible unless the hyperangle is close to 0,7/3, or 27/3. mass-balance asymmetry
Thus, the gate opening of the reaction path is controlled

In the above presented reaction mechanism, the role of the
DCF, which is expected to affect the behavior in the gyration
space as suggested in E§3) and Eq.(34), is quite interest-
ing. According to the field of the DCF in the gyration space
(see Fig. 3 the DCF is generally expected to distort tie
cluster into a collapsed structure, since it tends to incragse
&nd decreaska,|. With this fundamental feature in mind, we
explore the effects of the DCF on the dynamicdvbf in this

in .

On the other hand, the stability of the locking@faround
the collinear configuration is explained as follows. Figure 8
shows the potential profiles along for four given sets of
gyration radii, @;,a,)=(4.24,4.24), (5.0,3.9), (6.0,3.5),
and (8.48,0). These points have been picked up from th
reaction coordinate of Fig.(@. The potential curve against

@ |s_|_1;l)a_tter fo: the values Sf A?gjtfg‘lrad';l clqser to th_glr and next subsections. We first study the dynamics around the
equilibrium values, 4;,|a,|) = (4.24,4.24), allowing a rapi equilibrium structures.

democratic rotation around the equilibrium points. On the At first glance at the definition of DCF in E¢R9) and Eq
other hand, the profile corresponding to the saddle poin&go) or the field of DCF in Fig. 3, one might think that fhe

(a1,a,)=(8.48,0) has a very deep valley in the vicinity of -
¢=0, 7/3, and 27/3. Thus only a very narrow range inis DCF must be smal! n.ear the line of dfegengracy, nanaaly.
=|a,|. However, this is not the case since thelependence

energetically accessible in passing through the saddle regio - : . . .
for the present isomerization dynamics. We will discuss aor} the DCF is not taken into this consideratidRecall that

trapped motion arising from this locking phenomenon laterFig. 3 shows a field of DCF for a fixed value ¢t) In fact,

in a greater detail. as we have actually seen in Fig. 5, very rapid democratic
Based on the above observations, the reaction mechanisf@tation takes place in the vicinity of the local equilibrium

of M3 cluster can be summarized as follows. In the motionsstructure, at which the two gyration radii are close to each

around the local equilibrium structure, a trajectory in theothera;~|a,|. [Compare the panel®) and (b) in Fig. 5]

gyration space searches for a chance to get into the entran@éis situation is understood by expressingexplicitly as

of the reaction channel. The gate to that channel is opened

and closed frequently by the rapid democratic rotations. In

o ul (WIWg+WIWg)u,
this regime, the dynamics of the cluster is dominated by all p=Up- U=

aj-aj

: (36)

which is obtained by differentiating E¢20) with respect to
1 time. Since the numerator of E36) is generally not zero,

T o a;~|a,| should lead to a very large, which in turn implies

N very rapid democratic rotation.
-1 Substituting Eqg.(36) into the expressions for the DCF
217~~~ defined in Eq(29) and Eq.(30), we obtain
-3 ) .
ay(a3+3ad) [u(WIWg+WIW,)u,]? -
0 n/3 2m/3 T POt (a2+ad)2 aZ—aj '
¢
2 2 TpT Ty) 2
FIG. 8. Potential-energy curves against the hyperagglgith e ap(ax+3ay) [uy (WsWs+WsW)uy] (38)

gyration radii  a; and a, fixed to @i,ay)
=(4.24,4.24,(5.0,3.9,(6.0,3.5,(8.48,0) from the bottom to the
top. These values are selected along the reaction coordinate in Figoth of which again diverge to infinity at;=|a,| on gyra-

7(a). tion space. Thus, the rapid democratic rotation near the de-

2, 22 2_ .2 '
(ajtaj) a—a;

032714-8



COLLECTIVE COORDINATES AND AN ACCOMPANYING . .. PHYSICAL REVIEW A68, 032714 (2003

0 —— 12
(a)so- | 10}

50

40t

Joc

30

a;, a

20

10|

S bl Lk.m. I |J

0 20 40 60 80.%00 120 ‘149 160 180

'¢¢‘ tlme “‘ tlme

S A M o N A O ®

0 500 1000 1500 2000

. S FIG. 10. (Color onling A typical time evolution of the gyration
(b) 25 radii, a; anda, (a;=a,), which shows a trapped motion in the
vicinity of the collinear saddle structure frota=400 tot~ 1600,
recrossing the dividing surface many times. Total internal energy of
the trajectory isE=—1.17¢.

these angles. This in turn gives birth to the DCF, which is as
significant as the potential force in the present system. The
| DCF thus generated in the configuration around the transi-
\\ tion state(collinear geometryinduces a trapped motion of

o b= T trajectories: TheéM ; cluster often shows a peculiar behavior
100 105 110 115 1

o

_ 20 125 130 to recross the collinear structure many times before falling
time down to the bottom region of the potential basin. A typical
time evolution of the gyration radii for that kind of motion is

FIG. 9. (Color onling (a) Time evolution of the absolute value shown in Fig. 10. In this figure, the gyration radij anda,

of the democratic centrifugal forcépc=1foc 1t foc,; (Solid line) keep close to the values of the collinear saddle structure for a
along the same trajectory as in Fig.(b) A magnified view of(a),

where the time evolution of the absolute value of the potentialIong time before going to the vicinity of their equilibrium

force, fyo= \(aV/day) 2+ (3VIda,)? (broken ling, is also dis- VAUe éa1=d|a2|=4.2_4), which C'ear('jy hdem‘l’l.”s”ates the
played for comparison. trappe and recrossing motion around the collinear structure.

It is not trivial for this trapped motion to take place in
such a saddle region. This phenomenon can be physically
rationalized as follows. As we have seen in Fig. 3, DCF
generally arises in the direction that makes the gyration ra-
dius a; larger and|a,| smaller (recall we defineda;
=|a,|). This general characteristic tends to push a trajectory

generacy linea;=|a,|, can generate a very strong DCF.
Figure 9a exemplifies a time evolution of fpe

= \/fzoc,ﬁfzoc,z along the trajectory of Figure 5. Fig(l9
magnifies the scale of Fig.(8, in which the force arising

. ” 5 5.
frlom the pOtﬁm'?' energypo=(9V/day) +((f9V/(9a2) 'S in the gyration space toward the lin@,|=0, which corre-
plotted together for comparison. In Fig. c often appears sponds to the collinear structures. This force applies from

as as-function-like peak in response to the rapid democratic,, basins, preventing the trajectory from falling down to

rotations.(Compare Fig. 9 with Fig. $.Figure 9 suggests e yalley regions. To make this point clearer, let us regroup
that the DCF is well comparable with the potential force iny, o Lagrangian of Eq32) as

magnitude. What is more, the DCF is much stronger than the

potential force near_the degeneracy.lineag%ﬂ|§2|. 1 . 1 (a2—a?)2.
Thus, the dynamics near the equilateral triangle structure  £=—[a%+a3]—|V(a;,a,¢)— = ﬁcpz ,

is strongly influenced by the DCF. In fact, we see from Fig. 2 2 aj+a;

6 that the trajectory in the gyration space is strongly repulsed (39

from the line of degeneracya;=|a,|. That is, a;=|a,] _ . o _

tends to be avoided so that the mass-balance deviates froffith which the dynamics ind; ,a,) space under a givea

that of the equilateral triangle structure. In this way, the DCFand ¢ is represented. We thus see an effective potential as

helps trajectories to get into the reaction pathway.

2 2
——0
2 2
2 a+aj

Veff: - 2+V(a11a21¢)' (40)

E. Role of the democratic centrifugal force: Trapping
the trajectories around the transition state

The effect of the DCF becomes more prominent in theFigure 11 exemplifies such an effective potential—energy sur-
vicinity of the transition state. When the trajectories undergdace for =0 (or /3, or 27r/3) with |¢|=0.05, which is a
reaction with the hyperangle being locked around Oz/3, roughly averaged value during the period of the trapped mo-
or 27/3, ¢ generally oscillates within a small range aroundtions. The figure exhibits a basin that newly appears at the
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FIG. 11. Effective potential-energy surface, E40), on the gy-

@ 1 © 4 ® 2
ration space fixing the hyperangteto 0, 7/3, or 27/3. The demo- 4 2 3 2 4 1
cratic angular velocity is set thp|=0.05. The energy difference
between two neighboring contour lines is 0.231

(n/4,1/2,37/4)  (3w/4,n/2,m/4) (n/4,m2,m/4)

former saddle point. With increasing, the present basin FIG. 12. Local equilibrium and saddle structures of a four-atom
becomes wider and deeper in general. The trapped motion Morse cluster. The local equilibrium structuréetrahedral struc-
thus rationalized from the view point of energetics, too. tures and the first rank saddle structur@sanar rhombus-shaped
In chemical reaction dynamics of three atomic exchangetructurep have the energies-6.0 and —5.02, respectively.
reaction such as the-HH, reaction, recrossing over a divid- ¢1, ¢», and @3 are the hyperangles. Whep,=0, ¢; and ¢3
ing surface at the transition state has been studied within theannot be determined uniquely and only the summatiptt ¢3 is
scheme of collinear configuratid@8,29. The existence of a meaningful due to the convention for Euler angles in Ep).
resonance on the skewed potential surface yields bouncinigence, we sep;=0 wheng,=0.
motions in the transition-state region. The trapped motion we
have discussed above is different from this well-establishegarded essentially as collective coordinates that dominate the
one. As seen in Fig. 11, the trapped motion is basically supisomerization reaction.
ported by the effective local minimum on the transition state,
which allows the oscillations not only within the collinear
configuration(alonga;) but in the direction of the bending-
like motion out of collinear configuratiofalongas,). The Hamiltonian of the system in this section is similar to
The above argument leading to Fig. 11 also sheds light ofeq. (15 except thath=4. Local equilibrium structures of
the dynamical regularity in the dynamics around the saddl¢his cluster are tetrahedral, having the potential energy
region. Berry and co-workerg3—5| have found and dis- —6.0s. There exist two permutationally distinctive isomers
cussed that dynamics and related phase-space structume shown in Fig. 12. The first rank saddle point on the
around the transition state is more stable than is expected astential-energy surface corresponds to the planar rhombus-
a theoretical foundation of the statistical chemical reactiorshaped structure, whose potential energy-i5.02. (The
theories like the transition-state theory. There are two majosquare planar structure is a second-rank saddleere are
points to account for this phenomenon from our point ofsix permutationally distinctive saddles on the potential sur-
view. First, the effective degrees of freedom that dominatdaces which are also depicted in Fig. 12. Structural isomer-
the collective motion in crossing the saddle region are reization proceeds through these saddle structures.
duced (from three to two in the present casdue to the
hyperangle locking. As shown in Fig. 5 through Fig. 7, the B. PAHC and classical equations of motion
collective motion was essentially dominated by the two pa-
rameters,a; and a,. Second, the regularity of the saddle
crossing motions is brought about by the existence of th
new basin in the transition-state regidfig. 11).

A. Model system: M, cluster

We now introduce the principal-axis hyperspherical coor-
inates for the four-atom systems extending the methods for
he three-atom systems in the preceding section. First, we
define mass-weighted Jacobi vectors as

1
IV. FOUR-ATOM SYSTEM Ps1=Vu1(rs1—Trs), Ml:?
We proceed to the structural isomerization dynamics of a

Morse cluster composed of four identical atonvs,. The L
total angular momentum is again zero. The basic strategy of o _*
our analysis here is similar to that of three-atom systems 2= Vpala=Taa)y  M2=3, (41)
studied in the preceding section. The main difference is that
the gyration space in six-dimensional internal space becomes
three dimensional. Nevertheless, it is shown that only two PR fsitls2  Ts3Tlss a1
gyration radii out of six independent variables can be re- s3 3 2 2 ' s
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This choice results that reaction channels are specified by (Wle)UBZa,%UB (B=1,2,3. (44)

multiples of 7r/4 in the hyperangles.

The 3xX 3 matrix Wy whose columns are the three mass-

weighted Jacobi vectors is decomposed as

W=

Ps1  Ps2 ps3>:RNUTE(e1 € e3>

a, 0 O u;
x| 0 a 0 u o, (42)
0 0 a3 ug

where both matriceR and U belong to S@3). The unit
vectors{e,} and{ug} (a,8=1,2,3), and the singular values
a,,a,, andas are solutions of the eigenvalue problems,

(WWhe,=a%e, (a=1,2,3), (43

We define the order of the singular valuesaas=a,=|as|.

The planar and collinear configurations gigag=0 anda,
=a,;=0, respectively. Furthermore, we let the sign af
specify the permutational isomers of the clu$@s]. That is,

if (detW,)=pq;-(ps2X ps3)=0, which is the case for iso-
mer (A) in Fig. 12,a;=0. Otherwise,a;<0. Eigenvectors

e, (e=1,2,3) coincide with the principal axes of instanta-
neous moment of inertia tensor. We thereby refer to the
principal-axis frame as a body frame. On the other hand, the
triplet of axes (i1,u,,u3) or an S@3) matrix U constitutes a
democracy frame. The democracy frame rotates in a three-
dimensional space and is parametrized by the usual Euler

angles (p1,¢,,¢3) as[32]

COSp1COSp3—SiN@1COSY,SiN @4 COS@1SiN@3—SiNECO0SP,COSe3  SiNg4SiNg,

UT=| —sing;C0Sp3—COS@p,COS@,SiNg; —SiNg,Sin@;+ C0S@,C0SP,C0Se3  COS@ SiNg, | . (45)

Sing,Sin @3

—SiNg,COSE3 COS¢p,

The angular velocity of democracy frame with respect to thesince we refer to the principal-axis franke The gauge po-
democracy frame itselfyp, is expressed in the usual manner tential in our principal-axis gauge is obtained by invoking

[32] using the Euler angles and their time-derivatives as

5 -

V23 0 cosp; SingSing, 1
yo=| Y| =| 0 —sing; cosg;sing, ¢ |,
Y12 1 0 COSp> ©3

(46)

where we have defined the components gf as v,z
=u,- ug (a,8=1,2,3a# ), which represents the strength
of coupling between theith andBth axes in the democracy
frame. The componentg,; are antisymmetric with respect
to the exchange o and 8, namely,y,z= — v5,. We also
define the X3 matrix in the right-hand side of E@46) as
A. It can be proved20,23 that the ranges of the hyper-
angles in the internal space(,a,,az,¢1,9,,¢3) are re-
stricted to

O<ey,p3<m, Osg@,=m. (47)

Eq. (7). The result for the gyration radé,,a,, anda, is

Aa,=Aa,=Aq, =0, (49)

2

which is similar to the result of Eq24). On the other hand,
the components of the gauge potential for the hyperangles
¢©1,02, and ¢4 are expressed collectively in a<3 matrix
form as

(A<P1 Ag, A@s)ZM_le, (50

where a 3< 3 diagonal matrixb is defined as

—2asa; 0 0
b= 0 —2aza, 0 , (51
0 0 —2a;a,

and A is the 3x3 matrix defined in Eq(46).
The pseudometric tensdr,, in Eq. (9) for the internal

Next, we construct the Lagrangian for the zero-angularcoordinates &,,a,,as,¢1,®,,¢3) becomes

momentum case. The moment of inertia tenlgbin Eq. (6)
is diagonal as

as+a: 0 0
M=| 0 ai+ai 0 |, (49)
0 0 a’+a;

| 0
(h,w)=(0 ATMA>’ (52)

where | is a 3X3 unit matrix. The components of the
matrix are ordered in accordance with that of
(a1,a2,a3,91,92,¢3). For example, the (3,4) component
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Of (h,.,) 1S Ny, Putting Eqs(48), (49), (50, and(62 into 532+ 3a%)(a3-a3) , ay(aj+3ad)(a3—ad)
Eqg. (11) we obtain the gauge-invariant metric tensor of in- az= 2, 22 Y3t 2, .22 Y31
ternal space as (az+az) (aztai)
I 0 i (59
(@u=| | ° = ; 9as’
L7100 AT(M=—bM™b)A 0 A™™MA)’ . :
(53) and for the hyperangle part, based on ¥iebeinformalism
[11], we have
where the diagonal matri is defined as ; NId@,
(a2—a2)? 5t Myo)+ 90X (Myp) = —(A™HT| VIde, | . (60)
2.2 0 0 NIdgy
as;+as
(a2—a?)? In a system free of the potential term, the following demo-
M=M—bM b= 0 s T 0 ~ cratic angular momentum vector:
a3+a? .
Lo=UMy, (61)
0 o (ai-a? v
a’+a’ becomes a constant of motion.

Similarly to the three-body systems, the democratic cen-
trifugal force arises in the gyration space as is evident from
the first and the second terms on the right-hand sides of Eqs.
(57)—(59). Coupling betweena axis and 8 axis («,f
=1,2,3,a# B) of the democracy frame, which is character-
ized by y,z= u,- ug, yields the field of democratic centrifu-

(54

In terms of the vectorsa=(a;,a,,a3)’ and ¢
=(¢1,92,93)", the kinetic energK with zero angular mo-
mentum is represented with use of Ef3) as

| 0 I 0\/a gal force on all the planes parallel to tag-az plane in the
2K=(a' "PT) . =@ ),B) . ) gyration space. Appearance of this field is exactly the same
0 ATMA/\ o 0 M/\m as that in Fig. 3, whera, anda, in Fig. 3 are replaced by,

(55 andag (a,=ag), respectively. Each term of the democratic
centrifugal force is, again, proportional to the square of the
where we have used the democratic angular velocity definedomponents of the democratic angular velocé,&ﬂ. Along
in Eq. (46) in the second equality. Thus, the Lagrangian isthe a, axis of the gyration space, the democratic centrifugal
obtained as force works always in the positive direction sinaé— a3
=0 anda?—a3=0 in Eq.(57). While, along thea, axis, it
can work in both positive and negative directions depending
on the sum of the first terfalways negativeand the second
2 2o term (always positive on the right-hand side of E(58).
,  (az—ap)” , Finally, along theas axis, it always works in the direction
Va3 2(a2+a?) Va1 that the absolute value @f; is diminished sinc@’—a3<0
and a%—ai&O in Eq. (59). Thus the four-atom cluster gen-
—V(ay,a;,83,91,¢2,¢3). (56) erally tends to be distorted in such a direction that massive
directions should become more massive.
Classical equations of motion are then derived, the gyration
components of which are

1. 1 .. 1. . .
L= 58+ SypMyp—V(ag) = 5 (af+aj+ad)

2_.2\2 2_ .22
(a;—az)” , (az—aj3)

Y
2(a+a3) ' 2(ad+ad)

C. Reaction path in the gyration space

As we did in the case of three-atom clusters, we begin by

2 2 (a2 A2
ay(ait3a3)(a1—a3) , searching the reaction paths for the four-atom cluster. In Fig.

2 2y(a2_ 42
. a(ajt+3ay)(ai—ay) ,

u (a+a3)? 12 (a+a3)? "3 13 we show a typical time evolution of gyration radii,
a,, a,, andag, and hyperangless;, ¢,, andes. When the
_ ﬂ (57) values of the three gyration rada, , a,, anda; are mutu-
day’ ally close, theM, is nearly tetrahedral. For the local equilib-

rium structure, it holds thagt;=a,=|a;|=4.24. On the

. _a2(a§+3a§)(a§—ai) , az(a§+3a§)(a§—a§) other hand, the largest and the smallest gyration esdédnd

a,= Ya+ v a; deviate largely from their equilibrium values in the
2 2, .2\2 21 2, .2\2 23 . . . .
(az+aj) (az+aj3) isomerizing motions, and; reaches zero at an instant that
Py the system crosses the so-called dividing surface at the tran-
- (58)  sition state(planar structurk In this example, the isomeriza-
day tion reactions happened to take place three times. It is ob-
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FIG. 14. Potential-energy surface on thgas plane fixing the
remaining gyration radiua,=4.25 and all the hyperangles to one
of the sets given in Fig. 12. There exist local potential minima at
(4.24,4.24) and (4.24,4.24) which correspond to the permutation-
ally distinctive tetrahedral structures. The saddle point is located at
(ay,a3)=(7.33,0) which corresponds to the rhombus-shaped struc-
ture. The energy difference between the neighboring contour lines is
0.27&.
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can be continuously deformed keeping the puckered-
rhombus symmetry to the planar rhombus structimeint
groupD,y,), which is the saddle structure. Therefore the ob-
FIG. 13. (Color onling A typical time evolution of the internal  served hyperangle locking during the periods of isomerizing
variables for a four-atom cluster. Three gyration radii, a,, and  motions indicates that the cluster undergoes the reactions
ag are shown §;=a,>=a3) in panel(a), while (b) shows the three nearly keeping the symmetrjpuckered rhombusplanar
hyperanglesgp;(+), @2(X), and 3(*). Structural isomerization rhombus—puckered rhombys The set of locked angles is
reaction has occurred three times in this example by crossing thigsted in Fig. 12. Although the locked angles depend on the

planar structures as indicated by the conditgrs0. Total internal  choice of the Jacobi coordinates, the phenomenon of locking
energy isE=—3.91¢. does not.

. Figure 13 highlights that the collective variables dominat-
served that the hyperangles vary rapidly when the systern1g this isomerizing dynamics are the gyration raaiji and
comes close to the equilibrium structure, while they are al-

) X . .""ajs, sincea, and all the hyperangles do not vary much during
most chkgd to certam Va'“?s during the period of COIIeCt'Vethe period of collective motion. Hence, a reaction path can
isomerization motions as will be seen later. '

The origin of the rapid democratic rotations in the vicinity be effectively described on ttm,-as plane. In Fig. 14, we

o T show the potential-energy surface on #eag plane fixing
of the local eq“"'b”“m structures I|es_|nl the degeneracythe remaining internal variables to values corresponding to
among the three gyration radii there. _S|m|larly to £80), .. the rhombus-shaped saddle structues=4.25 and all the
the components of the democratic angular Veloc'tyhyperangles given in Fig. 12. On tm_as’ plane in Fig. 14
Yap (0.f=1,2,3a# f5) are expressed as two equilibrium points corresponding to the permutationally

time

' uT (WIW, +W§W5)uﬁ dlstln_ctlve tetrahe_dral structures are connected by_a curved
Yeap=Uq Ug= @ , (62)  reaction path which passes through a saddle point corre-
a’—aj sponding to the planar-rhombus structure. The isomerizing

motion of the M, cluster proceeds overwhelmingly along
which suggests that the coupling between the two axes of th@js reaction path. As in the case of Fig. 7, the reaction path
democracy framey, and ug, should be enhanced in the of Fig. 14 is closed as soon as the hyperangles deviate from
vicinity of the degeneracyaimaé. Another reason for the the values listed in Fig. 12. In this way, hyperangles switch
rapid democratic rotations comes from the flatness of théhe reaction gate in tha;-a; space.
potential in the vicinity of the tetrahedral structure with re-
spect to the democratic rotations, just as we have seen in Fig.
8 for the M 5 cluster.

The angles at which the hyperangles are locked are asso-
ciated with the symmetry of molecular structure. For in- It is remarkable that isomerization of tiv, cluster thus
stance, the set of angleg{, ¢, ,¢3) =(m/4,7/2,7/4), which  extracted on the,-a; plane is found to be quite similar to
appears as the first reaction in Fig. 13, represents the synthe dynamics ofM; cluster. Thereforea; and az are re-
metry of puckered rhombu&oint groupC,,), as can be garded as collective coordinates dominating dynamics in the
confirmed in Eq.(45). Projection of theM, cluster in this six-dimensional internal space. Likewise, it is expected that
symmetry onto a plane perpendicular to the principal axis the role of the DCF in thél, must be as crucial as that for
leads to the planar rhombus. Of course, lihg cluster itself — the M3;. We next verify this presumption.

D. Effects of DCF and trapped motion around
the transition state

032714-13
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time FIG. 16. Effective potential-energy surfaces, E63), on the

. ) ) ‘ . a,-as plane fixing the remaining shape variables to the same values
FIG. 15. (Color onling A typical time evolution of the gyration  as in Fig. 14.(a) y1,=0.05y,3=0.1,y3;=0.05. (b) y1,=0.2,y23

radii, a;, a, andaz (a;=a,>a3), showing the trapped motion =0.1,y,,=0.05. The energy difference between the neighboring
around the planar saddle structure. The four-atom cluster stays ifontour lines is 0.278

the region around the planar structure from150 tot~300 and
from t=700 to t=~950, recrossing the dividing surface several

times. Total internal energy of the trajectoryfs- — 3.06e. o=

2_.2\2 2_ 22
(a7—a3)® , (a;—a3)

2 .2
. y2,— ‘)/2 . (a3_al)2 72
12 23 31

2(a%+a3) 2+a?

2(a5+a3) 2(a3+a3)

In the motions in the vicinity of the tetrahedral structure,
it is expected that thvl, cluster always tends to be col- +V(ai,az,a3,91,¢2,¢3). (63
lapsed so as to avoid the degenerdcgincidencgé among
the three gyration radii due to the strong DCF arising fromA typical energy surface of the effective potential on the
the rapid democratic rotations seen in Fig(d3Figure 14 aj-az plane is shown in Fig. 18), where we have set the
suggests that the largest gyration radiysnust increase and components of democratic angular velocity ag;,
the absolute value of the smallest gyration radag must ~ =0.05;y,3=0.1,y3;=0.05, and the remaining internal vari-
decrease in order for the trajectory on taga; plane to ables are fixed to the same values as in Fig. 14. We see that
proceed to the transition-state region. The DCF works ta basin structure of the effective potential certainly has ap-
enhance this distortion: it tends to enlarge the largest gyragpeared at the saddle point of the usual potential-energy sur-
tion radiusa, and to decrease the absolute value of thefaceV(a;,a,,a3,¢1,¢,,¢3). This clearly accounts for the
smallest gyration radiuka;|, which are confirmed in Egs. fact that the planar rhombus-shaped saddle structures are
(57)—(59). Thus, it is again recognized that the DCF tends tostable enough to allow for the relevant trapped motion. The
push theM, into the reaction pathway in theg-a; space. components of the DCF proportional 44, (or y3,) do not

Just as the three-atom cluster, tMg, often shows a act on the smallest gyration radiws, directly but act ora,
trapped motion around the planar rhombus-shaped saddanda, to enlargea; and to diminisha, [cf. Eq.(57) and Eq.
structures. In Fig. 15, we show a typical example of the(58)]. Therefore it is expected that the increasqzﬁ)jshould
time-evolution of the three gyration radd, , a,, andag, in have an effect of broadening the basin on the effective po-
which the values of; and|as| are kept apart for a while tential around the saddle point on tlag-a; plane in the
without going to their equilibrium values. This clearly indi- direction of positivea, axis. This effect can be observed in
cates that theM, cluster is trapped around the planar Fig. 16b), where only the value of/,, is increased toy,,
rhombus-shaped saddle structure and recrosses the potentiad).2 with other values fixed to the same values as in Fig.
barrier several times. The similar behavior is frequently ob-16(a). In addition, it is also expected that the components of
served especially at high internal energy. Again, this peculiathe DCF proportional tay?, should have an effect to further
motion is attributed to the DCF. When a trajectory on thegistort a trapped planavi, cluster into a linear structure.
a,-a; plane gets to the vicinity of the line;=0, that is, the
vicinity of the transition states, the democracy frame oscil-
lates slightly around one of the orientations specified by the V. CONCLUDING REMARKS

hyperangles in Fig. 12 as we have seen in Fig. 13. These \ne have studied structural isomerization dynamics of
small oscillations generate DCF in the gyration space anghree- and four-atom clusters using the PAHC to extract the
can affect the behavior of trajectories on theas plane. In - effect of the intrinsic non-Euclidean metric inherent to the
particular, the two components of the DCF appeared in thgnternal space. First, it has been revealed that the PAHC are
right-hand side of Eq559), which are proportional to,and  quite effective to extract a few parameters that essentially
ygl, always act on the smallest gyration radiag, to di- dominate the collective isomerization dynamics. In both
minish its absolute value. This means that these componentsree- and four-atom clusters, it has turned out that the demo-
of DCF can have an effect of trapping the system within thecratic rotation(changes of the hyperang)eswvitches reaction
planar structure. In order to make this point more explicit,path in the gyration space, and only when the hyperangles
we define an effective potenti®l; regrouping the Lagrang- are locked to certain appropriate angles, the gate for isomer-
ian Eq.(56) as ization in the gyration space becomes open.
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Second, we have extracted a metric force called DCF asecross the dividing surfaces. Our approach has clarified
an intrinsic factor to dominate the internal dynamics ofquantitatively the manner of competition between the ordi-
n-body systems. The DCF arises as a consequence of thery force arising from the static potential and the kinematic
democratic rotations and works in the gyration space. Wéorce.
have shown that the DCF is of comparable magnitude with  Finally we would like to emphasize again that molecular
the usual potential force and thereby plays important roles ifnotion is subject to a significant kinematic force arising
the collective motions of clusters. In general, the DCF actgrom the DCF, even if it is free of a potential function. To the
on the gyration parametetgyration radi) to avoid degen- pest of our knowledge, the importance of this kind of kine-
eracy between them. That is to say, the DCF generally tendsatic force has not been fully appreciated before in the con-
to distort the three- and four-atom clusters so as to be morgentional reaction-rate theories, which are based mostly on
massive in the massive direction and to be less massive ifhe topography Of potentia| Surfaces_ Our theoretica' deve|_
the less massive direction. As a result, the vicinity of theopment has provided a different view of the mass effects.
local equilibrium structures where gyration radii are degen<ijnce the concept of internal space, gauge-invariant metric
erate tends to be avoidetess frequently visitedin their  tensor on it, democratic rotations, and the DCF, are all com-
dynamics, although this fact is not in harmony with our in- mon to general many-body systems, such as nuclear systems,
tuition. In this sense, the DCF tends to induce another ki”(ﬂ)olymers, celestial systems, and so on, irrespective of the
of symmetry breaking27] associated with the degeneracy. individually working interaction potentials, the DCF can
We have found that the present asymmetry among the gyrgyenerally be responsible for an important part of internal

tion radii induced by the DCF helps the clusters to proceed t¢notions.

the reaction pathway in the gyration space.

Furthermore, we have shown that the motions around the

transition states of the three- and four-atom clusters are dy-
namically stabilized by the DCF. The origin of this phenom-
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