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Abstract

Reduction, Reconstruction and Optimal Control

for Nonholonomic Mechanical Systems with Symmetry
by

Wang Sang Koon
Doctor of Philosophy in Mathematics

University of California at Berkeley

Professor Jerrold E. Marsden, Chair

Many problems in robotics, dynamics of wheeled vehicles and motion generation,
involve nonholonomic mechanics. Despite considerable advances in both Hamiltonian and
Lagrangian sides of the theory, there remains much to be done, and this thesis makes
contributions in three important areas.

First, we establish necessary conditions for optimal control using the ideas of La-
grangian reduction. The techniques developed here are designed for Lagrangian mechanical
control systems with symmetry. Lagrangian reduction can do in one step what one can
alternatively do by applying Pontryagin Maximum Principle followed by Poisson reduction.
We apply the techniques to some known examples of optimal control on Lie groups and
principal bundles. More importantly, we extend the method to the case of nonholonomic
systems with a nontrivial momentum equation, such as the snakeboard.

Second, we compare the Hamiltonian (symplectic) approach to nonholonomic sys-
tems with Lagrangian approach. There are many differences between these approaches, and
it was not obvious how they were equivalent. For example, Bloch, Krishnaprasad, Marsden
and Murray [1996] developed the momentum equation, the reconstruction equation and the
reduced Lagrange-d’Alembert equations, which are important for control applications, and
it is not obvious how these correspond to the developments in Bates and Sniatycki [1993].
Our second result establishes specific links between these two sides and uses the ideas and
results of each to shed light on the other, deepening our understanding of both approaches.

We treat a simplified model of the bicycle and obtain new and interesting results.



We also develop the Poisson point of view for nonholonomic systems. Some of
this theory has been started in van der Schaft and Maschke [1994]. In our third result,
we develop the Poisson reduction for nonholonomic systems with symmetry, which enables
us to obtain specific formulas for the Hamiltonian dynamics. Moreover, we show that the
equations given by the Poisson reduction are equivalent to those given by the Lagrangian
reduction.

We hope that these results will help lay a firm foundation for further developments

of control, stability and bifurcation theories for such systems.

Professor Jerrold E. Marsden
Dissertation Committee Chair
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Chapter 1

Introduction

Many important problems in robotics, the dynamics of wheeled vehicles and mo-
tion generation, involve nonholonomic mechanics, which typically means mechanical systems
with rolling constraints. Some of the important issues are trajectory tracking, dynamic sta-
bility and feedback stabilization (including nonminimum phase systems), bifurcation and
control. Many of these systems have symmetry, such as the group of Euclidean motions in
the plane or in space and this symmetry plays an important role in the theory.

Recently there have been considerable advances in the study of such systems from
both the Hamiltonian and the Lagrangian sides of the theory. We refer to papers such as
Weber [1986], Koiller [1992], Bloch and Crouch [1992], Krishnaprasad, Dayawansa and Yang
[1992, 1993], Bates and Sniatycki [1993], van der Schaft and Maschke [1994], Herman [1995],
Marle [1995], Ostrowski [1996] and Bloch, Krishnaprasad, Marsden and Murray [1996] and
references therein.

While these and other references have made considerable progress in recent years,
there remains much to be done. This thesis makes contributions in three important areas.
First, we have developed a “reduced Lagrangian optimization” procedure to find the op-
timal controls for such systems. Second, our work has clarified the relation between the
Hamiltonian reduction (from the symplectic viewpoint) and Lagrangian reduction of non-
holonomic systems, which enables us to write the Hamiltonian dynamics of such systems as
a reconstruction equation, a momentum equation and a set of reduced Hamilton equations.
Third, we have developed the Poisson reduction for nonholonomic systems with symmetry,
which enables us to obtain specific formulas for the Hamiltonian dynamics. We have also

shown that the equations given by the Poisson reduction are equivalent to those given by the
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Lagrangian reduction. All these help to lay a firm foundation for the further development
of control, stability and bifurcation theories for such systems.

The basic setting is a configuration space @ with a distribution (usually nonin-
tegrable) D C T'Q) describing the constraints of interest. For simplicity, we consider only
homogeneous velocity constraints. We are given a Lagrangian L on T'() and a Lie group G
acting on the configuration space and leaving the constraints and the Lagrangian invariant.
In many example, the group encodes the position and orientation information. For exam-
ple, for the snakeboard, the group is SFE(2) of rotations and translations in the plane. The
quotient space @)/G is called the shape space.

1.1 Motivation and Results

1.1.1 Optimal Control and Lagrangian Reduction

Bloch, Krishnaprasad, Marsden and Murray [1996], hereafter denoted [BKMM],
applied the method of geometric mechanics to the Lagrange-d’Alembert formulation, gener-
alizing the use of connections and momentum maps associated with a given symmetry group
to this case. With the help of the generalized momentum and the nonholonomic mechanical
connection, [BKMM] provided a framework for studying the general form of nonholonomic
mechanical control systems with symmetry that might have a nontrivial evolution of their
nonholonomic momentum. The dynamics of such a system was described by a system of
equations of the form of a reconstruction equation for a group element g, an equation for
the nonholonomic momentum p (no longer conserved in the general case), and the equations
of motion for the reduced variables  which describe the “shape” of the system. In terms

of these variables, the equations of motion have the functional form
g~'g=—A"(r)ir +T(r)p
p=rTH(r)i+ 7T K(r)p+p"D(r)p (1.1)
M(r)i = 6(r,7,p) + 7.
The first equation describes the motion in the group variables as the flow of a
left invariant vector field determined by the internal shape r, its velocity 7, as well as
the generalized momentum p, and can be considered as the reconstruction equation for

the group variables. The momentum equation describes the evolution of p and is bilinear

in (7#,p). Finally, the bottom (second-order) equation for # describes the motion of the
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variables which describe the configuration up to a symmetry (i.e., the shape). The variable
T represents the external forces applied to the system, and is assumed to affect only the
shape variables, i.e., the external forces are G-invariant. Note that the evolution of the
momentum p and the shape r decouple from the group variables.

It is natural to ask how can we develop the optimal control of nonholonomic
systems, such as the snakeboard, using this Lagrangian framework.

In this thesis, we have established necessary conditions for optimal control of
both holonomic and nonholonomic systems, using the ideas of Lagrangian reduction. The
techniques developed here are designed for Lagrangian mechanical control systems with
symmetry and will be referred to as “reduced Lagrangian optimization” procedures. The
benefit of such an approach is that it makes use of special structure of the system, especially
its symmetry structure and thus it leads rather directly to the desired conclusions for such
systems.

Reduced Lagrangian optimization can do in one step what one can alternatively
do by applying the Pontryagin Maximum Principle followed by an application of Poisson re-
duction. We have applied it to some known examples, such as optimal control on Lie groups
and principal bundles (such as the ball and plate problem) and reorientation example with
zero angular momentum (such as the satellite with movable masses). More important, we
have extended the method to the case of nonholonomic systems with a nontrivial momen-
tum equation in the context of the work of [BKMM]. The snakeboard is used to illustrate
the method.

1.1.2 Symplectic and Poisson Geometry of Nonholonomic Systems

Bates and Sniatycki [1993], hereafter denoted [BS], developed the Hamiltonian
(symplectic geometry) side of nonholonomic systems, while [BKMM] has explored the La-
grangian side. It was not obvious how these two approaches were equivalent. For example,
[BKMM] developed the momentum equation, the reduced Lagrange-d’Alembert equations
and the reconstruction equation on the Lagrangian side, which are important for the con-
trol theory of these systems. It is not obvious how these correspond to the developments
in [BS] on the Hamiltonian side. Moreover, the two approaches are conceptually very dif-
ferent, especially as the mechanics of the computations are so dissimilar, and the resulting

differential equations appear very different.
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Our second main result in this thesis establishes the specific links between these
two sides and uses the ideas and results of each to shed light on the other, deepening
our understanding of both points of view. For example, in proving the equivalence of the
Lagrangian reduction and the symplectic reduction, we have shown where the momentum
equation is lurking on the Hamiltonian side and how this is related to the breaking up
the dynamics of nonholonomic systems with symmetry into three parts: a reconstruction
equation for the group element g, an equation for the nonholonomic momentum p and the
reduced Hamilton equations in the shape variables r, p, (and p). This way of breaking up
the dynamics may have the same significance for the control theory as what has already
been noted in [BKMM]. Moreover, we have also explored the reduced Lagrange-d’Alembert
equations in greater detail than was done previously.

We have illustrated the basic theory with the snakeboard, a well known example
treated in [BKMM]. We have also treated a simplified model of the bicycle (introduced in
Getz [1994] and Getz and Marsden [1995]) and have obtained some new and interesting
results. This is an important prototype control system because it is an underactuated
balance system.

On the Hamiltonian side, besides the symplectic point of view, one can also develop
the Poisson point of view. Some of this theory has been started in van der Schaft and
Maschke [1994], hereafter denoted [VM]. In our third main result in this thesis, we have
built on the work of [VM] and have developed the Poisson reduction for nonholonomic
systems with symmetry. We have used this Poisson reduction procedure to obtain specific
formulas for the nonholonomic Hamiltonian dynamics and have shown that the equations
given by Poisson reduction are equivalent to those given by Lagrangian reduction via a
reduced constrained Legendre transform.

This Poisson reduction is important for the future development of the stability
theory for nonholonomic mechanical systems with symmetry. In particular, it will be re-
quired for the development of the powerful block diagonalization properties of the energy-
momentum method developed by Simo, Lewis and Marsden [1991]. This technique is very

important for the development of systematic methods for stability analysis.
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1.2 Outline of the Thesis

Chapter2 Optimal Control and Lagrangian Reduction

In §2, we recall some basic facts about both holonomic and nonholonomic mechan-
ical systems with symmetry. We set up a class of optimal control problems for holonomic
mechanical systems on a (trivial) principal bundle as was done in Montgomery [1990] and
Krishnaprasad, Yang and Dayawansa [1991]. We also set up the corresponding problems
for nonholonomic systems. We will call these “Lagrangian optimal control problems”.

In §3 we review some aspects of the theory of Lagrangian reduction and use it
to solve the Lagrangian optimal control problem in the holonomic case, showing that an
optimal trajectory is a solution of Wong’s equations (at least for regular extremals). This
provides an alternative derivation to the approach (based on methods of subriemannian
geometry) in Montgomery [1990] and the approach (based on the Pontryagin maximum
principle and Poisson reduction) in Krishnaprasad, Yang and Dayawansa [1991].

In §4 we generalize these results to the case of nonholonomic systems. Notice in
particular that our techniques allow for nonzero values of the momentum map, which is
interesting even for the holonomic case. In §5 we consider a number of examples, such
as the ball on a plate (as in Bloch, Krishnaprasad, Marsden and Murray [1996]), and the
snakeboard. We also consider optimal control problems for systems on Lie groups such as
the landing tower problem (see Krishnaprasad [1993] and Walsh, Montgomery and Sastry
[1994]) and the plate ball problem considered in Jurdjevic [1993].

In the conclusions, we give a few additional remarks.

Chapter 3 Symplectic Geometry of Nonholonomic Systems

General Nonholonomic Mechanical Systems. We first consider mechanics in the
presence of homogeneous linear nonholonomic velocity constraints. No symmetry assump-

tions are made. In this section,

1. we recall the basic ideas and results of [BKMM] on general nonholonomic systems: in
particular, how to describe constraints using Ehresmann connection and how to write

the Lagrange d’Alembert equations of motion using the curvature of this connection.

2. We review the geometric structure of Hamiltonian systems with nonholonomic con-

straints in [BS], including a general procedure for finding the equations of motion for
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nonholonomic systems from the symplectic point of view.

3. We construct the geometric objects on the Lagrangian side corresponding to those on
the Hamiltonian side using the Legendre transformation in the context of nonholo-

nomic constraints.

4. We prove that these dual procedures give us the same Lagrange d’Alembert equations
as in [BKMM]. Since this proof is done in coordinates, it also provides a concrete
coordinate based procedure for finding the equations of motion on the Hamiltonian

side.

5. We use the symplectic procedure to work out the example of snakeboard taken from
[BKMM].

Nonholonomic Mechanical Systems with Symmetry. Now we add the hypothesis

of symmetry to the preceding development. In this section,

1. we recall the basic ideas and results of [BKMM] on simple nonholonomic mechanical
systems, especially on how it extend the Lagrangian reduction theory of Marsden and
Scheurle [1993a,b] to the context of nonholonomic systems. We shall describe briefly
how [BKMM] modifies the Ehresmann connection associated with the constraints to a
new connection, called the nonholonomic connection, that also takes into account the
symmetries, and how the reduced equations, relative to this new connection, break
up into two sets: a set of reduced Lagrange-d’Alembert equations, and a momentum
equation. When the reconstruction equation is added, one recovers the full set of

equations of motion for the system.

2. We summarize the symplectic reduction formulation of [BS] on finding the reduced

equations of motion for nonholonomic systems with symmetry.

3. We restate the reduction procedure on the Lagrangian side corresponding to those on

the Hamiltonian side using the Legendre transformation.

4. We prove that these dual procedures give us the same reduced Lagrange-d’Alembert
equations as in [BKMM]. Since this proof is done in coordinates, it does provide a
systematic way to carry out the computations on the Hamiltonian side. Also, the proof

clarifies which construction in [BS] corresponds to the momentum equation of [BKMM]
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and how this is related to breaking up the dynamics of the nonholonomic system into
a reconstruction equation for a group element g, an equation for the nonholonomic

momentum p and the reduced Hamilton equations in the shape variables r, p, (and

p)-

5. We apply the symplectic reduction procedure to the examples of the snakeboard, the

bicycle and a nonholonomically constrained particle.

Chapter 4 Poisson Geometry of Nonholonomic Systems

General Nonholonomic Mechanical Systems. As in Chapter 3, we first consider

general nonholonomic systems without symmetry assumptions. In this section,

1. we review the Poisson formulation of nonholonomic systems in [VM], including a
procedure for finding the equations of motion for nonholonomic systems from the

Poisson point of view.

2. With the help of the Ehresmann connection, we use the Poisson procedure to write
a compact formula for the equations of motion of the nonholonomic Hamiltonian

dynamics.

3. We prove the equivalence of the Poisson and Lagrange-d’Alembert formulations for

nonholonomic mechanics.

4. We apply the Poisson procedure to the example of the snakeboard.

Nonholonomic Mechanical Systems with Symmetry. Now we add the hypothesis

of symmetry to the preceding development. In this section,

1. we build on the work of [VM] and develop the Poisson reduction, using the tools like
the nonholonomic connection and nonholonomic momentum. We write the equations
of motion for the reduced constrained Hamiltonian dynamics using a reduced Poisson
bracket. This Poisson reduction procedure breaks the Hamiltonian nonholonomic
dynamics into a reconstruction equation, a momentum equation and a set of reduced

Hamilton equations.

2. We prove that the set of equations given by Poisson reduction is equivalent to those

given by Lagrangian reduction via a reduced Legendre transform.
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3. We apply the Poisson reduction procedure to the example of the snakeboard.

Chapter 5 Conclusions

In the conclusions, we give a few remarks on future research directions.



Chapter 2

Optimal Control and Lagrangian

Reduction

2.1 Introduction

Recently several papers have appeared exploring the symmetry reduction of op-
timal control problems on configuration spaces such as Lie groups and principal bundles.
The mechanical systems which they have modeled vary widely: ranging from the falling
cat, the rigid body with two oscillators, to the plate-ball system as well as the (airport)
landing tower problem. Since the Pontryagin Maximum Principle is such an important and
powerful tool in optimal control theory, it is frequently employed as a first step in finding
necessary conditions for the optimal controls. Finally, different variants of Poisson reduction
on the cotangent bundle T*(@) of the configuration space () are used to obtain the reduced
equations of motion for the optimal trajectories.

In this chapter, we develop a Lagrangian alternative to the method of Pontryagin
Maximum Principle and Poisson reduction used in many of the above studies. More impor-
tantly, our method can handle the optimal control of nonholonomic mechanical system such
as the snakeboard which has a nontrivial evolution equation for its nonholonomic momen-
tum. Our key idea is to link the method of Lagrange multipliers with Lagrangian reduction.
This procedure which will be referred to as “reduced Lagrangian optimization”, is able to
handle all the above cases including the snakeboard. We hope that it will complement other

existing methods and may also have the advantage that it is easier to use in many situations
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and can solve many new problems. In the optimal control problems we deal with in this
chapter, one encounters degenerate Lagrangians; fortunately this does not cause problems
with the technique of Lagrangian reduction. For more information on these degeneracies,
see Bloch and Crouch [1995a,b].

Our objectives in this chapter are limited to presenting reduced Lagrangian op-
timization in the context of both holonomic and nonholonomic systems that may have
conservation laws or nontrivial momentum equations. We use this approach as an alterna-
tive to the Pontryagin Maximum Principle and Poisson reduction. Although an assumption
of controllability underlies most optimal control problems, we are concerned here with find-
ing necessary conditions for optimality and so do not discuss controllability explicitly. We
do not extensively develop the geometry of the situation in much detail and we restrict our
attention to regular extremals throughout the chapter without explicit mention. Of course
all of these points are of interest in themselves.

In the course of working on this chapter, we have found some related ideas in
Montgomery [1990], Vershik and Gershkovich [1994] and Bloch and Crouch [1994, 1995a,b].
The paper Bloch, Krishnaprasad, Marsden and Murray [1996] provides a useful framework
for the present work.

The materials in this chapter has appeared in SIAM Journal of Control and Opti-
mization, Volume 35, Number 3, May 1997, and as the article “Optimal Control for Holo-
nomic and Nonholonomic Mechanical Systems with Symmetry and Lagrangian Reduction”

by W.S. Koon and J.E. Marsden.

Outline of the Chapter

In §2, we recall some basic facts about both holonomic and nonholonomic mechan-
ical systems with symmetry. We set up a class of optimal control problems for holonomic
mechanical systems on a (trivial) principal bundle as was done in Montgomery [1990] and
Krishnaprasad, Yang and Dayawansa [1991]. We also set up the corresponding problems
for nonholonomic systems. We will call these “Lagrangian optimal control problems”.

In §3 we review some aspects of the theory of Lagrangian reduction and use it
to solve the Lagrangian optimal control problem in the holonomic case, showing that an
optimal trajectory is a solution of Wong’s equations (at least for regular extremals). This

provides an alternative derivation to the approach (based on methods of subriemannian
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geometry) in Montgomery [1990] and the approach (based on the Pontryagin maximum
principle and Poisson reduction) in Krishnaprasad, Yang and Dayawansa [1991].

In §4 we generalize these results to the case of nonholonomic systems. Notice in
particular that our techniques allow for nonzero values of the momentum map, which is
interesting even for the holonomic case. In §5 we consider a number of examples, such
as the ball on a plate (as in Bloch, Krishnaprasad, Marsden and Murray [1996]), and the
snakeboard. We also consider optimal control problems for systems on Lie groups such as
the landing tower problem (see Krishnaprasad [1993] and Walsh, Montgomery and Sastry
[1994]) and the plate ball problem considered in Jurdjevic [1993].

In the conclusions, we give a few additional remarks.

2.2 Lagrangian Mechanical Systems with Symmetry

In this section we shall review, for the convenience of the reader, some notation
and results for mechanical systems with symmetry. We will begin with the case of holonomic

systems and then study the nonholonomic case.

2.2.1 Holonomic systems with symmetry
Notation

A simple Lagrangian system with symmetry consists of a configuration manifold @),
a metric tensor (the mass matrix) ((,)), a symmetry group G (a Lie group) and a Lagrangian
L. Assume that G acts on @ by isometries and that the Lagrangian L is of the form kinetic

minus potential energy, i.e.,
1
L(g,v) = 5 llvllg = V(a)

where || - [|; denotes the norm on T,Q and V is a G-invariant potential. For more infor-
mation, see for example, Marsden [1992] and Marsden and Ratiu [1994]. Examples of such
systems are the falling cat (Montgomery [1990, 1991]) and the rigid body with 2 oscillators
(Krishnaprasad, Yang and Dayawansa [1991]).

The associated equivariant momentum map J : T'Q) — g* for a simple Lagrangian

system with symmetry is given by

(J(4,v).€) = (. Eola)) = §—§<§Q>% (2.1)



CHAPTER 2. OPTIMAL CONTROL AND LAGRANGIAN REDUCTION 12

where g* is the dual of the Lie algebra g of G, £ is the infinitesimal generator of { € g
on @, and (,) is the pairing between g* and g (other natural pairings between spaces and
their duals are also denoted (,) in this chapter).

Assume that G acts freely and properly on @, so we can regard @ — Q/G as a
principal G-bundle (Q, B, 7,G) where B = @Q/G is called the base (or shape) space and
7w : Q — B is the bundle projection. On this bundle, we construct the mechanical connection
A as follows: for each ¢ € @, let the locked inertia tensor be the map I(q) : g — g* defined
by

(I{q)n, &) = (na(a),€e(a))-

The terminology comes from the fact that for a coupled rigid body, particle, or elastic
system, I(q) is the classical moment of inertia tensor of the instantaneous rigid system. The
mechanical connection is the map A : TQ — g that assigns to each (g,v) the “angular

velocity of the locked system”

Alg,v) =1(q)~" J (g, v). (2.2)

When there is danger of confusion, we will write the mechanical connection as A™ (addi-
tional connections will be introduced later in the chapter). The map A is a connection on
the principal G-bundle @ — Q/G; that is, A is G-equivariant and satisfies A({o(q)) = &,

both of which are readily verified. The horizontal space of the connection A is given by

horg = {(¢,v) | J(¢,v) = 0},

i.e., the space orthogonal to the G-orbits. The vertical space consists of vectors that are

tangent to the group orbits, i.e.,

verg = Ty(Orb(q)) = {£o(9) | € € g}-

For later use, we would like to say a few words about a general principal connection
and its expression in a local trivialization. As stated above, a principal connection is a g-
valued 1-form A : TQ — g such that A(g-v) = AdgA(v), and A({g(q)) = £ for each
& € g. For example, if Q = G, there is a canonical connection given by the right invariant
1-form which equals the identity at g = e. That is, for v € T,G, we let Ag : TG — g,

Ag(v) = TRy-1-v. In alocal trivialization where we can locally write @ = B x G and the



CHAPTER 2. OPTIMAL CONTROL AND LAGRANGIAN REDUCTION 13

action of G is given by left translation on the second factor, a connection A as a 1-form has
the form

A(?”, g) = Aloc(ra g)d?” + Ag

and
A(r, 9) (7, 9) = Atoc(r, )7 + g1 = Ady(Arec(r, €)7 + g7 3),

where (7,g) is the tangent vector at each point ¢ = (r,g). With abuse of notation, we

denote Ajoc(r,€) = Ajoc(r). Hence, for a principal connection, we can write

A(r, 9)(7, §) = Adg(g™' g + Asoc(r)7). (2.3)

Holonomic Optimal Control Problems

Now we are ready to formulate an optimal control problem for a holonomic system
on a trivial bundle (B x G, B,7,G). As in Montgomery [1990, 1991] and Krishnaprasad,
Yang and Dayawansa [1991], let us assume that the control is internal to the system, which
leaves invariant the conserved momentum map J, and that there is no drift, i.e., p =
J(g,v) = 0. Assume further that the velocity 7 of the path in the base space B can be
directly controlled; then an associated control problem can be set up as

r=u
(2.4)
979 = —Aloc(r)u,
because, from the results above, the constraint that u = 0 is nothing but (,g) € hor, g
which is equivalent to g71g + Ao (r)7 = 0. Here u(-) is a vector-valued function.

Let C be a cost function which usually is a positive definite quadratic function in
u and hence C can be written as the square of a metric on B. Then we can formulate an
optimal control problem on ) = B x G as follows:

Optimal Control Problem for Holonomic Systems Given two points qg,

¢1 in @, find the optimal controls u(-) which steer from ¢y to ¢; and minimize
fol C(u)dt subject to the constraints 7 = u, g7'g = —Ajoe(7)u.

Clearly the above optimal control problem is equivalent to the following con-
strained variational problem:

Constrained Variational Problem for Holonomic Systems Among all
curves q(t) such that ¢(t) € horgy),q(0) = qo,q(1) = q1, find the optimal curves

q(t) such that fol C(7)dt is minimized, where r = 7(q).
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For example in Krishnaprasad, Yang and Dayawansa [1991], they considered a
rigid body with 2 (driven) oscillators, which was used to model the drift observed in
the Hubble Space Telescope due to thermo-elastically driven shape changes of the solar
panels arising from the day-night thermal cycling during orbit. The bundle used was

(R? x SO(3),R% 7, SO(3)) and the corresponding optimal control problem was

Optimal Control for a Rigid Body with Two Oscillators Find the control
u(-) = (u'(-),u?(-)) that minimizes fol((ul)2 + (u?)?)dt, subject to 7 = u, § =
—gAioc(r)u, for 11(0) = #1(1) = r2(0) = r2(1) = 0,9(0) = go, and g(1) = g1 €
SO(3).

For more details on the derivation of this model, see Krishnaprasad, Yang and
Dayawansa [1991]. Below we will take this optimal control problem as given and focus on
finding the necessary conditions for its optimal trajectories. See Montgomery [1990, 1991]

for additional examples.

2.2.2 Simple Nonholonomic Mechanical Systems with Symmetry

Next, we recall some basic ideas and results from Bloch, Krishnaprasad, Marsden
and Murray [1996] which will help to set the overall context for the optimal control of a
simple nonholonomic system. Assume that we have data as before, namely a configuration
manifold @), a Lagrangian of the form kinetic minus potential, and a symmetry group G
that leaves the Lagrangian invariant. However, now we also assume we have a distribution
D that describes the kinematic nonholonomic constraints. Thus, D is a collection of linear
subspaces denoted D, C T;,(, one for each ¢ € (). We assume that G acts on ) by isometries
and leaves the distribution invariant, i.e., the tangent of the group action maps D, to Dg,.
Moreover, we assume that we are in the principal case where the constraints and the orbit
directions span the entire tangent space to the configuration space: Dy + T;,(Orb(q)) = T,Q
for each ¢ € Q). We also assume throughtout the thesis that all the relevant spaces have
constant dimensions.

As discussed in Bloch, Krishnaprasad, Marsden and Murray [1996], the dynam-
ics of a nonholonomically constrained mechanical system is governed by the Lagrange-
d’Alembert principle. This principle states that (at least in the case of homogeneous linear
constraints) the equations of motion of a curve ¢(t) in configuration space are obtained by

setting to zero the variations in the integral of the Lagrangian subject to variations lying
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in the constraint distribution vanish and that the velocity of the curve ¢(t) itself satisfies

the constraints.

The Momentum Equation

In the case of a simple holonomic mechanical system, setting up an optimal control
problem uses the momentum map J, the mechanical connection A as well as the reconstruc-
tion of path on @ given a path in @@/G. For the case of a simple nonholonomic mechanical
system, we shall need similar notions and they are recalled in the following discussion.

Let the intersection of the tangent to the group orbit and the distribution at a
point ¢ € @ be denoted

Sy = Dy N T4 (Orb(q)).

Define, for each ¢ € @, the vector subspace g? to be the set of Lie algebra elements in g

whose infinitesimal generators evaluated at ¢ lie in S;:

g’ ={¢cg:8q(q) € Sy}

Then gP is the corresponding bundle over Q@ whose fiber at the point ¢ is given by g9.
The nonholonomic momentum map J™" is the bundle map taking 7Q to the bundle (gP)*

(whose fiber over the point ¢ is the dual of the vector space g9) that is defined by

(T (1), €) = §—§<5Q>% (2.5)

where £ € gf.

As the examples like the snakeboard show, in general the tangent space to the
group orbit through ¢ intersects the constraint distribution at ¢ nontrivially.

Notice that the nonholonomic momentum map may be viewed as giving just some
of the components of the ordinary momentum map, namely along those symmetry directions
that are consistent with the constraints.

It is proven in Bloch, Krishnaprasad, Marsden and Murray [1996] that if the La-
grangian L is invariant under the group action and that if £9 is a section of the bundle g7,
then any solution ¢(t) of the Lagrange-d’Alembert equations for a nonholonomic system

must satisfy, in addition to the given kinematic constraints, the momentum equation:

& () = 52 | S >]Q (26)
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When the momentum map is paired with a section in this way, we will just refer to it as
the momentum. Examples show that the nonholonomic momentum map may or may not

be conserved.

The Momentum Equation in an Orthogonal Body Frame

Let a local trivialization (r,g) be chosen on the principal bundle 7 : Q@ — Q/G.

Let n € g? and £ = g~ '¢. Since L is G-invariant, we can define a new function I by writing

L(r,g,7,g) = l(r,7,£). Define Jil : TQ/G — (gP)* by

ol

nh .

<Jloc(7av T, 5)7 77> - <3_f’ 77> .

As with connections, J"® and its version in a local trivialization are related by the Ad map;

i, JN(r,g,7,9) = AdZ TR (r, 7, ).
Choose a g-dependent basis e,(g) for the Lie algebra such that the first m elements
span the subspace g?. In a local trivialization, one chooses, for each r, such a basis at the

identity element, say

er(r),ea(r), ... ,em(r), emi1(r),...  ex(r).

We may require the basis to be orthogonal, that is, their corresponding infinitesimal gener-
ators are orthogonal in the given kinetic energy metric. Keep in mind that the subspaces
D, and T,0rb need not be orthogonal but here we are choosing a basis corresponding only
to the subspace T,Orb. (Actually, all we need is that the vectors in the set of basis vectors
corresponding to the subspace S; be orthogonal to the remaining basis vectors.) Define the
orthogonal body frame by

eq(r,9) = Ady - eq(r);

thus, by G invariance, the first m elements span the subspace g¢. In this basis, we have
nh CR 8l
<J (Tagarag)aeb(rag)> - 8_576b(r) = Db, (27>

which defines py, a function of r, 7 and £. It is proven in Bloch, Krishnaprasad, Marsden
and Murray [1996] that in such an orthogonal body frame, the momentum equation can be

written in the following form:

p =L H(r)i + 7T K(r)p + p? D(r)p. (2.8)
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Note that in this body representation, the functions p;, are invariant rather than equivariant,
as is usually the case with the momentum map, and the momentum equation is independent

of, that is, decouples from, the group variables g.

The Nonholonomic Connection

Recall that in the case of holonomic mechanical systems, the mechanical connection
A is defined by A(v,) = I(g)~'J(v,) or equivalently by the fact that its horizontal space at
q is orthogonal to the group orbit at q. For the case of a simple nonholonomic mechanical
system where the Lagrangian is of the form kinetic minus potential energy and G acts on
Q@ by isometries and leaves D invariant, the result turns out to be quite similar.

As Bloch, Krishnaprasad, Marsden and Murray [1996] points out, in the principal
case where the constraints and the orbit directions span the entire tangent space to the
configuration space (that is, D, + T,(Orb(q)) = T,Q), the nonholonomic connection A™ is
a principal connection on the bundle @) — @ /G whose horizontal space at the point g € @ is
given by the orthogonal complement to the space S, within the space D,. Moreover, Bloch,
Krishnaprasad, Marsden and Murray [1996] develop formulas for A™ similar to those for

the mechanical connection, namely

A" () =T (g) "1™ (v,) (2.9)

where I™ : g? — (gP)* is the locked inertia tensor defined in a way similar to that given

above for holonomic systems. In an orthogonal body frame, (2.9) can be written as

Ady(g™1g + Alge (1)) = Ady(Tige () '), (2.10)

loc loc

where A and Ik

Tow loe are the representations of A" and I" in a local trivialization. For

simplicity in what follows, we shall omit the subscript “loc”.

Control Systems in Momentum Equation Form

With the help of the momentum equations and the nonholonomic mechanical con-
nection, Bloch, Krishnaprasad, Marsden and Murray [1996] provides a framework for study-
ing the general form of nonholonomic mechanical control systems with symmetry that may
have a nontrivial evolution of their nonholonomic momentum. The dynamics of such a

system can be described by a system of equations of the form of a reconstruction equation
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for a group element g, an equation for the nonholonomic momentum p (no longer conserved
in the general case), and the equations of motion for the reduced variables r which describe
the “shape” of the system. In terms of these variables, the equations of motion have the
functional form
g~'g=—A"(r)ir +T(r)p
p = TH(r )i+ i TK (r)p + p" D(r)p (2.11)
M(r)i =6(r,7,p) + T,

where (where I'(r) = I"M(r)).

The first equation describes the motion in the group variables as the flow of a
left invariant vector field determined by the internal shape r, its velocity r, as well as the
generalized momentum p. The term g~'g + A" (r)7 = I'(r)~!p is interpreted as the local
representation of the body angular velocity. This is nothing more than the vertical part
of the bundle velocity. The momentum equation describes the evolution of p and as was
mentioned earlier, is bilinear in (7,p). Finally, the bottom (second-order) equation for 7
describes the motion of the variables which describe the configuration up to a symmetry
(i.e., the shape). The variable 7 represents the external forces applied to the system, which
we assume here only affect the shape variables, i.e., the external forces are G-invariant.
Note that the evolution of the momentum p and the shape r decouple from the group

variables.

The Optimal Control Problem for Nonholonomic Systems on a Trivial Bundle

Assume that we have a simple nonholonomic mechanical system with symmetry;
thus, assume we have data (Q, D, ((,)), G, L) where the Lagrangian L is G-invariant and of
the form kinetic minus potential energy, the distribution D is G-invariant, and we are in
the principal case where the constraints and the orbit directions span the tangent space to
the configuration space. Let us also assume in this section that the principal bundle 7 :
@ — Q/G is trivial; all the examples we consider (including the snakeboard) have a trivial
principal bundle structure. We consider this simplification as a first step to the general case
because in a local trivialization any principal bundle is a trivial bundle (B x G, B, 7, G).

Furthermore, we will assume that

1. Any control forces applied to the system affect only the shape variables which leaves

the generalized momenta and the momentum equation unchanged. Indeed, such forces
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would be invariant under the action of the Lie group G and so would be annihilated

by the variations taken to derive the momentum equation.

2. We have full control of the shape variables; that is, the curve r(¢) in the shape space

B can be specified arbitrarily using a suitable control force 7.

Given a cost function C' which is a positive definite quadratic function of 7(¢) (so can be
written as the square of a metric on the shape space B), we can formulate an optimal

control problem on QQ = B x GG as follows:

Optimal Control Problem for Nonholonomic Systems Given two points
q0,q1 € @, find the curves r(t) € B which steer the system from ¢y to qi,
and which minimize the total cost fol C(r)dt, where r = 7(q), subject to the
constraints ¢g~'g = —A"™(r)7 + I'(r)p, and to the momentum equation p =
T H(r)r + 7+ 7K (r)p + p" D(r)p.

This optimal control problem is clearly equivalent to the following constrained
variational problem:
Constrained Variational Problem for Nonholonomic Systems Among all
curves q(t) with ¢(0) = qo,q(1) = ¢1 and satisfying g~'g = —A™(r)7 + T'(r)p,

where p = 7 H (r)7++T K (r)p+p? D(r)p, find the curves q(t) such that fol C(r)dt
is minimized, where r = 7(q).

Now we are ready to use the method of Lagrange multipliers and Lagrangian

reduction to find necessary conditions for optimal trajectories.

2.3 Optimal Control and Lagrangian Reduction for Holo-

nomic Systems

In this section we consider reduced Lagrangian optimization in the context of
holonomic systems.
2.3.1 A Review of Lagrangian Reduction

We first recall some facts about Lagrangian reduction theory for systems with

holonomic constraints (see Marsden and Scheurle [1993a,b].)
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Rigid Body Reduction

Let R € SO(3) denote the time dependent rotation that gives the current config-
uration of a rigid body. The body angular velocity € is defined in terms of R by

R'R=10Q,
where €1 is the three by three skew matrix defined by Qv := Q x v. Denoting by I the (time
independent) moment of inertia tensor, the Lagrangian thought of as a function of R and R
is given by L(R, R) = $(I9,9Q) and when we think of it as a function of  alone, we write
Q) = %(IQ,Q).

The following statements are equivalent:

1. (R, R) satisfies the Euler-Lagrange equations on SO(3) for L,

2. Hamilton’s principle on SO(3) holds:

5/Lﬁ-&

IN =IO x Q,

3. € satisfies the Euler equations

4. the reduced variational principle holds on R3:

5/ﬁﬁza

where variations in 2 are restricted to be of the form 62 = 1+ n x Q, with n an

arbitrary curve in R3 satisfying = 0 at the temporal endpoints.

An important point is that when one reduces the standard variational principle from SO(3)
to its Lie algebra s0(3), one ends up with a variational principle in which the variations
are constrained; that is, one has a principle of Lagrange-d’Alembert type. In this case, the
term n represents the infinitesimal displacement of particles in the rigid body. Note that the

same phenomenon of constrained variations occurs in the case of nonholonomic systems.

The Euler-Poincaré Equations

Let g be a Lie algebra and let [ : g — R be a given Lagrangian. Then the Euler-

Poincaré equations are:

daol ol
at oc ~ “€he
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or, in coordinates,

)
dt 9&@ ogv’
where the structure constants are defined by [¢,n]* = Cgefdne. If G is a Lie group with Lie

= Cat"

algebra g, we let L : TG — R be the left invariant extension of [ and let &€ = g~'¢. In the
case of the rigid body, £ is ), where Q is the body angular velocity.

The basic fact regarding the Lagrangian reduction leading to these equations is:

Theorem 1 Euler-Poincaré reduction. A curve (g(t),¢(t)) € TG satisfies the Euler-

Lagrange equations for L if and only if £ satisfies the FEuler-Poincaré equations for [.

In this situation, the reduction is implemented by the map (g,9) € TG — g lg=: £ € g.
One proof of this theorem is of special interest, as it shows how to drop variational
principles to the quotient (see Marsden and Scheurle [1993b] and Bloch, Krishnaprasad,

Marsden and Ratiu [1994] for more details). Namely, we transform

5/Ldt—0

under the map (g, g) — ¢~ '¢ to give the reduced variational principle for the Euler-Poincaré

equations: ¢ satisfies the Euler-Poincaré equations if and only if

6/ldt:0,

where the variations are all those of the form

6§ =1+ [&n]

and where 7 is an arbitrary curve in the Lie algebra satisfying n = 0 at the endpoints.
Variations of this form are obtained by calculating what variations are induced by variations
on the Lie group itself.

One obtains the Lie-Poisson equations on g* by the Legendre transformation:

15)
h= g B =€ 1),

Dropping the variational principle this way is the analogue of Lie-Poisson reduction in which

one drops the Poisson bracket from T*G to the Lie-Poisson bracket on g*.
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The Reduced Euler-Lagrange Equations

The Euler-Poincaré equations can be generalized to the situation in which G acts
freely on a configuration space @) to obtain the reduced Fuler-Lagrange equations. This pro-
cess starts with a G-invariant Lagrangian L : T'() — R, which induces a reduced Lagrangian
[ : TQ/G — R. The Euler-Lagrange equations for L induce the reduced Euler-Lagrange
equations on T'QQ/G. To compute them in coordinates, it is useful to introduce a principal
connection on the bundle @ — Q/G. Although any can be picked, a common choice is the
mechanical connection.

Thus, assume that the bundle @ — @/G has a given (principal) connection A.
Divide variations into horizontal and vertical parts — this breaks up the Euler-Lagrange
equations on ) into 2 sets of equations that we now describe. Let r® be coordinates on
shape space /G and Q% be coordinates for vertical vectors in a local bundle chart. Drop
L to TQ/G to obtain a reduced Lagrangian [ : TQ)/G — R in which the group coordinates
are eliminated. We can represent this reduced Lagrangian in a couple of ways. First, if
we choose a local trivialization as we have described earlier, we obtain [ as a function of
the variables (r®,r%,£%). However, it will also be convenient to change variables from £*
to the local version of the locked angular velocity, i.e., the body angular velocity, namely

Q =& 4+ Ajocr, or in coordinates,
O =% 4 AL (r)re.
We will write I(r®, 7%, Q%) for the local representation of / in these variables.

Theorem 2 Lagrangian Reduction Theorem. A curve (¢',¢") € TQ, satisfies the
Euler-Lagrange equations if and only if the induced curve in TQ/G with coordinates given

in a local trivialization by (r*,7*, Q%) satisfies the reduced Euler-Lagrange equations:

O = (£ + O3 (213)
where b oAb
By, = P S o g,

are the coordinates of the curvature B of A, and £2, = ngAg.
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The first of these equations is similar to the Lagrange-d’Alembert equations for a nonholo-
nomic system written in terms of the constrained Lagrangian and the second is similar to
the momentum equation. It is useful to note that the first set of equations results from
Hamilton’s principle by restricting the variations to be horizontal relative to the given con-
nection.

If one uses the variables, (r®

, 7%, Do), where p is the body angular momentum, so
that p = [oe(r)Q = 01/0Q, then the equations become (using the same letter [ for the

reduced Lagrangian, an admitted abuse of notation):

oI

d 0l ol

_ _ — _Rra =B a rde o

dt ore  Ore pa( Bagr” + Eaal Pe) Pd g o Pe (2.14)
d bes a €
e = pa(=Epr +CqI%pe), (2.15)

where 1% denotes the inverse of the matrix I,p.

Connections are also useful in control problems with feedback. For example, Bloch,
Krishnaprasad, Marsden and Sénchez de Alvarez [1992] found a feedback control that sta-
bilizes rigid body dynamics about its middle axis using an internal rotor. This feedback
controlled system can be described in terms of connections (Marsden and Sdnchez de Alvarez
[1995]): a shift in velocity (change of connection) turns the free Euler-Poincaré equations

into the feedback controlled Euler-Poincaré equations.

2.3.2 Reduced Lagrangian Optimization for Holonomic Systems

Let us assume for the moment that we are dealing with a holonomic system on
a trivial bundle and that the momentum map vanishes. Since we would like to use the

method of Lagrange multipliers to relax the constraints, we define a new Lagrangian by £
L=C)+ (A1), & + Asoc(r)r) (2.16)

for some A(t) € g*, where ¢ = g7'g € g. Clearly £ is G-invariant and induces a function [

on (TQ/G) x g* where
L= C0) + (A1), € + Awoc(r)7) (2.17)

Theorem 3 Reduced Lagrangian Optimization for Holonomic Systems. Assume
that q(t) = (r(t),g(t)) is a (regular) optimal trajectory for the above optimal control problem,
then there exists a A(t) € g* such that the reduced curve (r(t),7(t),£(t)) € TQ/G with
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coordinates given by (r®, 7%, &%) satisfies the constraints & = —Ayc(r)r, as well as the

reduced Euler Lagrange equations

d ol ol
d ol ol

_ YV a ed
IS = (%a(jdbg (2.19)

where | = C(7) + (A(t), & + Ajoe(r)7).

Proof If (r(t),g(t)) is a (regular) optimal trajectory, then by the method of Lagrange

multipliers, it solves the following variational problem

1 1
5 /0 Ldt =5 /0 (C(F) + (A1), + Ae(r)i))dt = 0

for some A(t) € g*.

Since B x G — B is trivial, we can put a trivial connection on this bundle and use
it to split the variations into the horizontal and vertical parts. Then by the Lagrangian re-
duction method recalled above, the reduced curve (r(t),7(t),£(t)) € TQ/G with coordinates
given by (r®,r%, %) satisfies the reduced Euler Lagrange equations stated above. (When us-
ing a trivial connection, the coefficients of A and B vanish and the reduced Euler-Lagrange

equations are called Hamel’s equations). W

Now we are ready to generalize one of the results in Krishnaprasad, Yang and
Dayawansa [1991]. Define the components A% of the mechanical connection by Ajoc(r)7 =
A%r%e,, where {e,} is the basis of g and {e®} is its dual basis. Here « runs from 1 to
n —k and a runs from 1 to k where n — k is the dimension of the base space B and k is the
dimension of the Lie algebra g. The result deals with the following problem.

Iso-holonomic Problem for Trivial Bundles Minimize fol C(r) dt, subject
to 1 =u,§ = —gApecu = —gAL(r)u®e,, for given boundary conditions

(r(0),9(0)) = (0,90), (r(1),9(1)) = (0, 91)-

Corollary 1 Let the cost function C' = Z?ik ca(u®)?. be quadratic inu. If (r(t), g(t)) is a

(regular) optimal trajectory with the control u(t) for the iso-holonomic (falling cat) problem,
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then there exist p(t) € T*B, and \(t) € g* satisfying 7* = u®, £* = —A%(z)u® and the

following ordinary differential equations

oy 04,
p.ﬁ - T ors
N = —CHNALT®

where

_ 1 a
ug = %(pﬁ - )‘a-Aﬁ)
with boundary conditions r(0) = 0, g(0) = go,7(1) = 0,9(1) = g1.

Proof According to Theorem 3, there exists some A(t) € g* such that the reduced curve

(r(t),r(t),£(t)) satisfies the reduced Euler-Lagrange equations for
= ca(r)? + (Nae”, (€% + AG7)ea) = ca(P®)? + Aa(€” + AGF).

After some computations, we find

ol . a
W = QCﬂT’g + )\aA/g
A, ok,
o T orP
ol
— = N
b b
Now let
ol .8 a
p[@ = W = QCﬁT + )\aAﬂ
and solve for 7, to give
. 1 a
s = %(pﬁ - )‘aAﬁ)'

Moreover, the reduced Euler-Lagrange equations (2.18) and (2.19) give

oo 4ol o\ OA .
P = o8 o B
d ol dl

}‘b - Cc(llbgd = Céllb)‘afd-

dtogd — oge

After substituting

= a® ¢ = —Ala”,

we get the desired equations. W
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Remarks

1. This Corollary generalizes the result of Krishnaprasad, Yang and Dayawansa [1991]
for the trivial principal bundle (R x R x SO(3),R x R, 7, 50(3)) (see Theorem 3 and
Remark 3.2 in Krishnaprasad, Yang and Dayawansa [1991]).

2. The reduced equations of motion for pg and A\, can be written in intrinsic form as a

special case of Wong’s equations in 73 and A (see the following section).

2.3.3 Optimal Control of a Holonomic System on a Principal Bundle

While the above method seems to work only for the case where the principle bundle
is trivial, it can be easily generalized to an arbitrary principle bundle. In fact, the proof
of the Lagrangian reduction theorem stated above provides all the necessary techniques.
Recall that Marsden and Scheurle [1993b] arrived at the general reduced Euler-Lagrange

equations in two steps:

1. one first gets the Hamel equations in a local bundle trivialization:

ao o
dt ore  Ore

do o,
it O _a—gacdbg ;

2. one introduces an arbitrary principal connection A (which is not necessarily the me-
chanical connection) to split the original variational principle intrinsically and globally
relative to horizontal and vertical parts of the variation d¢, and derived the general
form from the above form by means of a velocity shift replacing £ by the vertical part
relative to this connection:

0% = AZr* 4 &
Here, A% are the local coordinates of the connection A. The resulting reduced Euler-

Lagrange equations are then as given earlier.

Now we are ready to state a general theorem for the constrained variational prob-

lem on a principal bundle. This problem is as follows:

Iso-holonomic Problem for General Bundles (The Falling Cat Prob-
lem) Among all curves ¢(t) such that q(0) = qo,q(1) = q1 and ¢(t) € hory
(horizontal with respect to the mechanical connection A™¢), find the optimal
curves ¢(t) such that fol C(r)dt is minimized, where r = 7(q).
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Observe that while this problem is set up using the mechanical connection A™¢,
when applying the Lagrangian reduction theorem, one may use an arbitrary connection A
to split the variational principle. This observation is used in the proof of the following

result.

Theorem 4 If q(t) is a (reqular) optimal trajectory for the iso-holonomic problem for gen-
eral bundles, then there exists a A(t) € g* such that the reduced curve in TQ/G with coordi-
nates given in a local trivialization by (r®, 7, Q%) satisfies the constraints £* = —(A™)%4 7

as well as the reduced Euler-Lagrange equations (2.12) and (2.13), where
L= C(7) + (A#), & + Asoc(r)7)

and

Q° = AL + ¢

Proof The proof proceeds as in the proof in Marsden and Scheurle [1993b] in the present

context. The needed modifications of what we have done before are minor, so are omitted.
|

Corollary 2 In the preceding Theorem, if we use the mechanical connection A™ to split
the variational principle, then the reduced Fuler-Lagrange equations coincide with Wong’s
equations (see Montgomery [1984] and references therein):
19¢%7
2 Or«
N = =X CHAL

pa = '_AaBgﬁfﬁ DD~

where gag s the local representation of the metric on the base space B, that is

1
C@) = §gaﬁf%ﬁ,

g is the inverse of the matrix Ja,3s Pa 5 defined by

oC 5
= — = T
Pa oro 9ap

and where we write the components of A™ simply as A% and similarly for its curvature.
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Proof Applying Theorem 4 to the function [ where
b= C@)+ (A1), € + Asoc(r)r)
= C@)+A®),Q)

= C(r%) + \ Q%

Clearly,
oL _ 00 s
ora — gpa JOT
ﬂ — a_czlagﬁ“/fﬁf,y
ore ore 2 0re
ol
e Aa-

Since £ = —A%7* (the constraints) and Q% = A%7* 4 £%, we have Q% = 0 and the reduced

Euler- Lagrange equations become

doc oo
dt ore  Ore
S = halE) = MCALE

= _)\a(Bgﬁrﬁﬁ)

But
d 0C oC . 1993, By
diora  ara P9

19g"°

and so we have the desired equations. W

Remark

Recall that in Corollary 3.4, we have the reduced equations:

Y.
p,@ - aarﬂ

)‘\b == —Cgb)\aAi’l;'a.
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But pg = Ag A2 + 2c577 and hence

. 0A% oA
. .03 a B .a o a so
pp = 2cp7" + Ao A + Ag Gra =\ R
Therefore,
) OAL .. OAG ., o o
2e577 = N, 58" — A 87“5T — (—CY N ALT )A%
8"43 8A% a Ad Ab\,.«
a( 8T’6 - 87’(1 - deAOlA,@)’r
= —)\a[)’gaf“o‘.

That is, the reduced equations in Corollary 3.4 (and those in Krishnaprasad, Yang and
Dayawansa [1991]) can be written intrinsically as Wong’s equations after a change of vari-
ables. This should not surprise us because Marsden and Scheurle derived the general reduced
Euler-Lagrange equations from the Hamel equations using a suitable change of variables
from local trivialization variables to those in which the Lie algebra variable is replaced by

the vertical part of the bundle velocity.

2.4 Optimal Control and Lagrangian Reduction for Nonholo-

nomic Systems

Now we are ready to use the method of Lagrange multipliers and Lagrangian
reduction to find the necessary conditions for optimal trajectories of nonholonomic systems

in the case of a trivial bundle.

2.4.1 The General Theorem for Optimization

In Bloch, Krishnaprasad, Marsden and Murray [1996], the reconstruction process
may be seen in a two step fashion: given an initial condition and a path r(¢) in the base
space, we first integrate the momentum equation to determine p(t) for all time and then use
r(t) and p(t) jointly to determine the motion g(¢) in the fiber. But in studying the optimal
control problem, it is better to treat p as a set of independent variables and the momentum
equation as an additional set of constraints. With this viewpoint, it is possible to write

down the reduced equations of motion for the optimal trajectories.
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Since we would like to use the method of Lagrange multipliers to relax the con-

straints, we define a new Lagrangian L:
L= C() + A1), &+ A@r)r =T (r)p) + (k(t),p — 7 H(r)i — 7 K (r)p — p" D(r)p)

for some A(t) € g* and for some x(t) € R™, where m is the number of momentum functions
py. For simplicity of notation we have written A for A™. Clearly £ is G-invariant and
induces a function on (7(Q x R™)/G) x g* x R™ which is also denoted L.
We formulate the main problem to be studied as follows.
Iso-holonomic Problem for Nonholonomic Systems Among all curves ¢(t)
such that ¢(0) = qo,q(1) = q1, 4(t) € Dy and that satisfy g~'g+A(r)i = I'(r)p

and the momentum equation, find the optimal curves ¢(t) such that fol C(r)dt
is minimized, where r = 7(q).

Before we state the theorem and do some computations, we want to make sure

that the readers understand the index convention used in this section:

1. The first batch of indices is denoted a, b, ¢, ... and range from 1 to k corresponding to

the symmetry direction (kK = dim g).

2. The second batch of indices will be denoted ¢, j, k,... and range from 1 to m cor-
responding to the symmetry direction along constraint space (m is the number of

momentum functions).

3. The indices a, 3, ... on the shape variables r range from 1 ton—k (n—k = dim (Q/G),

i.e., the dimension of the shape space).

Theorem 5 Reduced Lagrangian Optimization for the Nonholonomic Systems If
q(t) = (r(t),g(t)) is a (regular) optimal trajectory for the above optimal control problem, then
there exist a A\(t) € g* and a k(t) € R™ such that the reduced curve (r(t),7(t),&(t)) € TQ/G

with coordinates (r<, %, &%) satisfies the reduced Euler Lagrange equations

aoc o
dt orP ors

doc oL ., .
aog 8—§acdb§
aor e
dt OpJ opi
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as well as

§ = —A(r)r+T(r)p
p = +LH(r)r+ 7T K(r)p+pf D(r)p.

Here C3, are the structure coefficients of the Lie algebra g and
L=C()+ (\t),&+ A(r)r —T(r)p) + (k(t),p — +" H(r)7 — #T K (r)p — p" D(r)p)

Proof If (r(t),g(t)) is a (regular) optimal trajectory, then by the method of Lagrange

multipliers, it solves the following variational problem

1
6/ Ldt =0
0

for some A(t) € g* and some k(t) € R™. Since the bundle is trivial, we can put a flat
connection on this bundle and use it to split the variations into horizontal and vertical
parts. Then by the Lagrange reduction theorem, the reduced curve (r(t),7(t),£(t)) € TQ/G

satisfies the reduced Euler Lagrange equations stated above. W

2.4.2 The Optimality Conditions in Coordinates

Now let us work out everything in detail in bundle coordinates. Since
£ = 5Ca(i)? + Xa(§" + AG" = T"pi) + K" (i — Harit ™7 — Kjo7p1 = Di*pipy),

we find after some computations that

oL . : :
Pl Car? + N A% — K (2H 57 + Klgpy)

or . (0An., ore
a8~ e\ g ord i

. (0Huri .., ., OK! DUk
o (S e )

Also we have

oL

ge = M
oL _
opi
oL

= = A\DY - (KD 2DV p)).
apj
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By Theorem 5, we know that the reduced curve (r(t),7(t),£(t)) must satisfy

the following system of differential equations for the given boundary conditions ¢(0) =

(r0,90),q(1) = (r1,91):

d .
—[Cpi? + N AG — K (2Ho 57" + Klgp1)]

dt
B 0A% . Or% i (OHoyi 0. oKL, .., oD
‘A“(wr ‘W“) T\ Ta T g T T g v
and
W= —AIY — (KL + 2D py)
N = Célb)\aﬁd:Célb)\a(—Aifa+Fdipi)
pi = Hayit + KL#*p + D pipy..
Remarks

1. The first set of equations can be simplified somewhat as follows:

d 4
- [Cﬂfﬁ — K (2Hapi™ + Kf,apl)}

dt
a o al—‘ai a Abdi
= )‘OLB,@(XT - )\a ( 8rﬁ + CdbA,@F > Di

. (O0Huryi ...,  OK! DIk
—K ( ar%w FORY 4 87”%& Oy + —81"15 plpk> .

where B%a are the coordinates of the curvature B of the nonholonomic connection A,
which is used to set up the constrained variational problem. Clearly more work is
needed to establish a better form of the first set of equations as well as the geometry
behind them. However, for the snakeboard, the reduced equations of motion for the

optimal trajectories turn out to be rather simple.

2. In proving the above theorem, while variations with fixed endpoints for r(¢) can be
used, we generally can only hold the initial endpoint fixed for the variations of p(¢) and
leave their final endpoints free (which is called ”free endpoint problem” in the language
of calculus of variations). However, we will obtain the same system of differential
equations (namely the reduced Euler- Lagrange equations) except the need to impose
some kind of transversality condition at ¢ = 1, e.g., in this case we need to have

k(1) =0.
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In the following section, we will apply the method of reduced Lagrangian opti-

mization developed in this section to some examples, especially the snakeboard.

2.5 Examples

2.5.1 Optimal Control of a Homogeneous Ball on a Rotating Plate

Bloch, Krishnaprasad, Marsden and Murray [1996] also studies a well-known ex-
ample, namely the model of a homogeneous ball on a rotating plate (for more informations,
also see Neimark and Fufaev [1972] and Yang [1992] for the affine case and Bloch and Crouch
[1992], Brockett and Dai [1992] and Jurdjevic [1993] for the linear case) and writes down
its equations of motion in a form that is suitable for the application of control theory.

Fix coordinates in inertial space and let the plane rotate with constant angular
velocity Q about the z-axis. The configuration space of the sphere is Q@ = R? x SO(3),
parameterized by (x,y,g),g € SO(3), all measured with respect to the inertial frame. Let
w = (Wg,wy,w,) be the angular velocity vector of the sphere measured also with respect to
the inertial frame, let m be the mass of the sphere, mk? its inertia about any axis, and let
a be its radius.

The Lagrangian of the system is
1 . ) 1
L= 5m(ac2 +9°) + kaQ(wf +wy? +w,?)
with the affine nonholonomic constraints

T—aw, = —Qy

Qx.

U+ awy

Note that the Lagrangian here is a metric on () which is bi-invariant on SO(3) as the ball
is homogeneous. Note also that R? x SO(3) is a principal bundle over R? with respect to

the right SO(3) action on @ given by

(z,y,9) — (z,y,9h)

for h € SO(3). The action is on the right since the symmetry is a material symmetry.
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After some computations, it can be shown that (for details, see Bloch, Krish-

naprasad, Marsden and Murray [1996]) the equations of motion are:

1. Qx
Wy + —y=—
a a
1. Qy
wy — —&=—
Y a a
w, = ¢
(where c is a constant), together with
. k2Q 0
€T _— =
a2 + k2
. k2Q 0
- =& = 0.
Py

Notice that the first set of three equations has the form

ggil = _Aloc(r)fa + Floc(r)a

where
1 1
Aloe = —erdy — —eadx
a a
and
Q Q
T = —xey + —yeo + ces.
a a
1 2

Here, r' = z,7° = y and ey, e9, e3 is the standard basis of so(3)_. Also, Aj. is the expression
of nonholonomic connection relative to the (global) trivialization and I',. is the expression
of the affine piece of the constraints with respect to the same trivialization (see Bloch,
Krishnaprasad, Marsden and Murray [1996]).

Now we are ready to apply reduced Lagrangian optimization to find the optimal
trajectories for a homogeneous ball. Clearly the homogeneous ball on a rotating plate is a
simple nonholonomic mechanical system with symmetry as defined earlier, which also has a
trivial principal bundle structure (except that the constraint is affine which can be dealt with
in the same way). Also we can assume that we have full control over the motion of the center
of the ball, i.e., over the shape variables. Now let the cost function be C(i*) = 3[(d)? + (9?)]
and set a = 1 for simplicity, then we can use the method of Lagrange multipliers and
Lagrangian reduction to find the necessary conditions for the optimal trajectories of the

following optimal control problem:
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Plate Ball Problem Given two points qg,q1 € R? x SO(3), find the optimal

control curves (z(t),y(t)) € R? that steer the system from gg to ¢; and minimizes

01 +[(#)? + (y)%]dt, subject to the constraints

gg*1 = —ye1 + xeg + ces + Quxey + Qyes,

where, again, e, is the standard basis of so(3)_.

Following the reduced Lagrangian optimization method developed in the preceding

section, we define a new Lagrangian £ by

1
£ = 5[(@)° + (@)% + A€ + 1§ = Ao — Az — Qz — Doy,

where A(t) € so(3)" (note that we use the negative Lie-Poisson structure because the right
action is used).

By the preceding Theorem in the last section, we know that any of the reduced op-
timal curve (z(t),y(t), 2(t),y(t),£*(t)) must satisfy the reduced Euler Lagrangian equations.

Simple computations show that
oL

oL
— = =0\
ox !
oL .
o = g+ =p2
oL
— = =0\
oy 2
oL
— =\
b b
Therefore
o= —Q\
p2 = —QAg,
and
Ay = ChAa?,
that is:

Moo= A2 =2 = N3(p + A+ Qy) —cho
Ao = A&+ NE = A3(p2 — M — Q) Fen
Az = A€l =M€= —(Aip1 + Aap2) + Qhoz — A1y).



CHAPTER 2. OPTIMAL CONTROL AND LAGRANGIAN REDUCTION 36

In the special case where ¢ = 0 (no drift) and £ = 0 (no rotation) studied in

Jurdjevic [1993], we have
m =0
p2 = 0
Moo= s+ M)
e = Ns(p2— A1)
ds = —(Aip1+ Aapa).

which gives the same result as in Jurdjevic [1993] obtained through the application of the

Pontryagin Maximum Principle.

2.5.2 Optimal Control of the Snakeboard

The snakeboard is a modified version of a skate-board in which the front and
back pairs of wheels are independently actuated. The extra degree of freedom enables
the rider to generate forward motion by twisting their body back and forth, while simul-
taneously moving the wheels with the proper phase relationship. For details, see Bloch,
Krishnaprasad, Marsden and Murray [1996] and the references listed there. Here we will
include the computations shown in that paper both for completeness as well as to make
concrete the nonholonomic theory.

The snakeboard is modeled as a rigid body (the board) with two sets of inde-
pendently actuated wheels, one on each end of the board. The human rider is modeled
as a momentum wheel which sits in the middle of the board and is allowed to spin about
the vertical axis. Spinning the momentum wheel causes a counter-torque to be exerted on
the board. The configuration of the board is given by the position and orientation of the
board in the plane, the angle of the momentum wheel, and the angles of the back and front
wheels. Thus the configuration space is @ = SFE(2) x S' x S x S1. Let (z,y, ) represent
the position and orientation of the center of the board, 1 the angle of the momentum wheel
relative to the board, and ¢ and ¢ the angles of the back and front wheels, also relative
to the board. Take the distance between the center of the board and the wheels to be r.

The Lagrangian for the snakeboard consists only of kinetic energy terms and can

be written as

. 1 . ) 1 . 1 . . 1 . . 1 . .
L(q,q) = §m(~’02 +97) + §J92 + §Jo('9 +9) + §J1(9 +é1)? + §J2(9 + ¢2)%,
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where m is the total mass of the board, J is the inertia of the board, Jj is the inertia of the
rotor and J;, ¢ = 1,2, is the inertia corresponding to ¢;. The Lagrangian is independent of
the configuration of the board and hence it is invariant to all possible group actions.

The rolling of the front and rear wheels of the snakeboard is modeled using non-
holonomic constraints which allow the wheels to spin about the vertical axis and roll in
the direction that they are pointing. The wheels are not allowed to slide in the sideways

direction. This gives constraint one forms

wi(q) = —sin(0 + ¢1)dx + cos(0 + ¢1)dy — 1 cos p1db
wa(q) = —sin(f + ¢a)dx + cos(f + ¢2)dy + r cos padh.

These constraints are invariant under the SFE(2) action given by

where (a,b,a) € SE(2). The constraints determine the kinematic distribution D,:

a7 +b—+c—

e A S R TN

where a, b, and ¢, are given by

a = —r(cospicos(d + ¢2) + cos Pz cos(0 + ¢1))
b = —r(cos¢ysin(f + ¢2) + cos pasin(f + ¢1))
c = sin(gi)l - qbg)

The tangent space to the orbits of the SE(2) action is given by
o 0 0
T,(Orb = — =, =
Q( r (q)) Span{axuayaae}
The intersection between the tangent space to the group orbits and the constraint distribu-
tion is thus given by
D, NT,(Orb(q)) 8—|—ba+ 0
r =a— +b—+c—.
¢ L) = s T T 06

The momentum can be constructed by choosing a section of DNT'Orb regarded as a bundle

over Q). Since D, NT,0rb(q) is one-dimensional, the section can be chosen to be

13 *ag—l—bg—l—cg
Q" Tox oy 00’
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which is invariant under the action of SE(2) on (. The corresponding Lie algebra element
in se(2), €%, is
£1= (a+yc)eg + (b—zc)ey + cey

where e, is the basis element of the Lie algebra corresponding to translations in the xz
direction (and whose corresponding infinitesimal generator is 9/9z), etc. The nonholonomic

momentum map is thus given by

p = Jnh@q)—g—;(%)i

= max + mby + Jcb + Joc(é + lb) + ch(é + ¢1) + ch(é + ¢2)

In Bloch, Krishnaprasad, Marsden and Murray [1996] a simplification is made which we
shall also assume in this chapter, namely ¢1 = —¢2, J1 = Jo. The parameters are also
chosen such that J + Jy + J; + Jo = mr? (which eliminates some terms in the derivation
but does not affect the essential geometry of the problem). Setting ¢ = ¢1 = —¢9, the

constraints plus the momentum are given by

0 = —sin(f+ ¢)i + cos(d + ¢)y — 7 cos pf
0 = —sin(0 — ¢)i + cos(d — @)y + r cos pf
p = —2mrcos?(p)cos(6)i — 2mr cos®(¢) sin(h)y

+mr?sin(20)6 + Jo sin(20)¢.

Adding, subtracting, and scaling these equations, we can write (away from ¢ = 7/2),

Jo . . -1
cos(0)x + sin(6)y - 2727“ sin(2¢)y Y
—sin(f)x 4 cos(f)y | + 0 = 0 . (2.20)
) Jo . . tan ¢
i J0 .2
mr2 5 (9)v 2mr?
These equations have the form
979+ Awoe(r)i = T(r)p
where
J() . JO )
Alge = — 5o sin(2¢)e, di + —asin (p)eq dip
-1 1
I(r) = ST — tan(¢) eg.
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These are precisely the terms which appear in the nonholonomic connection relative to the
(global) trivialization (r,g). The momentum equation, which governs the evolution of p, is
given by
- Bl
= 4mr cos(0) cos(¢) sin(¢)i¢ + 4mr sin(f) cos(¢) sin(¢)j¢
+2Jy cos(2¢)q§¢ + 2mr? cos(2¢)6}</5
—2mr cos() cos?(¢)yh + 2mer sin(6) cos® ()40

Solving for the group velocities , g),é from the equations which define the nonholonomic

connection, the momentum equation can be rewritten as

p = 2Jy cos®(¢) ¢p — tan(¢) po

This version of the momentum equation corresponds to the coordinate form in body repre-
sentation but it contains no terms which are quadratic in p, due to the fact that g¢ is one
dimensional.

These equations describe how paths in the base space, parameterized by r € S x
St x 81 (in fact, the base space is S! x S! if we assume ¢1 = —@»), are lifted to the fiber
SE(2). The utility of these equations is that they greatly simplify the process of solving
for the motion of the system given the base space trajectory.

Now we are ready to apply the method of reduced Lagrangian optimization to
find the optimal trajectories for the snakeboard. Clearly the snakeboard is a simple non-
holonomic mechanical system with symmetry as defined earlier and which also has a trivial
principal bundle structure. Moreover, the control forces are only applied to the shape vari-
ables which we have full control of. Let the cost function be C(#) = 3[(1))? + (¢)?] for
simplicity. We can use the method of Lagrange multipliers and Lagrangian reduction to
find the necessary conditions for the optimal trajectories of the following optimal control
problem:

Optimal Control Problem for the Snakeboard Given two points qg,q1 €
SE(2) x S' x 81, find the optimal control curves (¢(t),¢(t)) € S' x S* that
steer from ¢g to ¢; and minimize fol %((1&)2 + (¢)?)dt, subject to the constraints
979+ Atoe(r)i = T(r)p
p=2Jycos> (@)pp — tan(¢)pe
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where
Jo . Jo . o
Aiope = — o sin(2¢)e, dy + ) sin®(¢)eg dip
-1
I(r) = pT— + 53 tan(¢) eg.

Following the general procedures in the previous section, we define a new L by

Lo MR O A S sin) + ()
mr mr
5%;Mp“mma&wmu@p+mp—2&mcw%¢ww++nmw¢m¢

where £ = g71g € g, A\(t) € g* and k() € R! are Lagrange multipliers. Here £ and ), are
the components of £ and A in the standard basis of se(2) and se(2)* respectively.

By Theorem 5, we know that reduced optimal curves (1(t), ¢(t), 1 (t), d(t), £(t))
must satisfy the reduced Euler Lagrangian equations for £ . After some computations, we

find

Z_fb = - 2‘]#)\1 sin(2¢) + %)\3 sin2(qb) —2JoK cos2(<b)q5

oL

% = 0

Z_g = ¢—2Jyk cosQ(¢)¢ + ktan(¢)p

oL J, ; N/ ;

% = m—(;“)\l cos(2¢)1) + m—;)\:a sin(2¢)y) — o2 As sec’(¢)p
+2Jok sin(2¢) ¢) + K sec?(¢)po

oc

5 K

oL 1 ;

= N g stan(d) + wtan(9))

oL

E = M

Substitute the above calculations into the reduced Euler Lagrangian equations and simplify,
giving
P - %Al sin(2¢) — %)\1 cos(20)p + %Ag sin(2¢)
+ %)\3 sin (@) — 2Jyk cos® ¢ d + 2Jok sin(20)(4)? — 2Jyk cos®(¢)p = 0
¢ — 2Jokcos?(¢)h — 2Jok cos?(P)) + i tan(p)p + k tan(¢)p
= —%)\1 cos(26)1) + %)\3 sin(2¢)1) — A3 sec?(¢)p.

1
2mr?
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Also, we have

b= gh 5 hstan() + stan(9)d

2mr 2m
tan(¢)p)

: Jo :
M= = <_m—?(32 sin’ (¢)o) + 2mr?

. J .

Ao = =& =-\ <—m—7(32 sin?(¢)y + 53 tan(qb)p)
. J .1

s = —dofl=—)y (27727« sin(2¢)y) — %p>

p = 2Jycos’(¢) ¢i — tan(¢) po.

After eliminating A, A3, i and p from the first set of two equations, we finally obtain

Jo

7l 3‘]02 A3 sin(20)¢ + Jor sin(2¢)($)* — 2Jyk cos®(¢) = 0

2mr

1&— 1 +3005(2¢))gi3+

and

.. J, . 1
o — —0)\1 sin® ¢ Y+ ——A tan(o)p
mr 2mr

1 Jo . ) o
+ - Asp — 52 Az sin(2¢)y — 2Jyk cos”(¢)y = 0.

2.5.3 Optimal Control on a Lie Group

Krishnaprasad [1994] considered the following optimal control problem on a finite
dimensional Lie group G which has been used to model various problems in several other
papers (e.g. the plate-ball problem in Jurdjevic [1993], and the landing tower problem in
Walsh, Montgomery and Sastry [1994]). While it is possible to model this class of problems
as a special case of the optimal control of nonholonomic system on a trivial principal bundle
and apply reduced Lagrangian optimization, it may be useful to provide in this section a
more direct proof that uses simpler machinery.

Optimal Control Problem for a Lie Group Given a left invariant control

system on G, g = g &,, where &, = eg+ Y v, u'(t)e;, find the optimal controls
u(-) that steer from gg to g; and minimize fol L(u)dt.

Here {eg,e€1,... e} spans an (m + 1)-dimensional subspace of the whole Lie
algebra g of G, m+1 < n = dim (g), u(-) is a vector valued control function with u’(¢) € R,
L is a cost function on R™ which is the space of values of controls, and L(u) = 37" | I;(u’)?

with I; > 0.
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To apply the method of Lagrangian reduction, we recast the above optimal control
problem as a constrained variational problem. For simplicity of exposition, we will deal with
the vector space case first where there is no ey term and will take up the affine case later.

Let C be the m-dimensional subspace of g spanned by {e1,... ,e,}. We make the

following points
(i) & =2, ul(t)e; lies in C;

(ii) if we define Ly = Lo ¢ where L = > I;(u®)? with I; > 0 and ¢ = (e',... ,e™)
with {e!,... ,e™} as the dual basis of {ey,... ,en}, then Ly : C — R is nothing but %
of the square of a metric on C which is intrinsically defined and does not depend on

the basis chosen;

(iii) we can extend L; to be half of the square of a metric L on g such that L = L; on C.
As we will see, the necessary conditions for an optimal control do not depend on how

the extension is done.
(iv) For the affine case, we will simply set &, —eg = > 1w, u’(t)e;.
Now it should be clear that the original problem is equivalent to the following
constrained variational problem:

Constrained Variational Problem for Optimal Control on Lie Groups
Given an m-dimensional subspace C of g, find the optimal control curves { —eg €
C such that ¢(0) = go, g(1) = g1 and minimize fol L(& — ep)dt.

Since we want to use the method of Lagrange multipliers to relax the constraint

on the variations, we define a new Lagrangian

L= L(& —eo) + At)(€ — eo) = L&) + At)(€) (2.21)
where A(t) lies in the annihilator C° of C; furthermore 7(£) = £ —eg, L = Lo7 and A = AoT.

Theorem 6 Optimization Theorem for Nonholonomic Systems on Lie Groups.
If € is a (regular) optimal control curve in C +ey= {6 € g:& =&+ eq, & € C}, then there

exists a \(t) € g* such that & satisfies the Euler-Poincare equation:

d (6L . (oL
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Proof If £(t) is an optimal control curve in C + eg, then by the Lagrangian reduction

method, £(t) is a solution of the following variational problem

1 1 _ 5
5 [ et =5 [ (L©)+ My =0

for some A € g*, where the variations take the form 8¢ = € + [€,9Q] with Q = g71 - dg

arbitrary except vanishing at the endpoints. Since

(
1)
<5—6§ +A (5{)) dt
V(oL .
= /O <—5 +)\> <Q+ [5,9]) dt
Ll oa (oL 5L
= —— | =4+ +adi | =+ | | Qdt,
[ (G ) e ()
we conclude that £(t) satisfies
d (6L . (0L
a <5—§+)\> —&dg (E—’_)\) . N
Corollary 3 Given a left invariant control system on G, g = g - &, where
&u=¢ep+ Zui(t)ei.
i=1

If u(-) is an optimal control, then

> i (t)
(2 t —
i) = 1
where t =1,... ,m, and u;, t = 1,... ,m is the solution of the following system of differen-

tial equations
. k i
f1i = Cj; k8],
where 1,7,k =0,... ,n— 1, and where ij are the structure constants of g.

Proof Extend {eg,e1,... ,en} to a basis {eg,... ,e,_1} and let {e°,... ,e"~!} be its dual

basis.
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(i) Fori=1,...,m, and &, € ep + C, we have
SL 0L ;
' _ 9" L
o0&, ou

because L(£,) = Lo ¢ o 7(&,) = L(u) and &, = u*; furthermore,
)\Z'ZO, izl,...,m
because \ lies in the annihilator C°.

(ii) If we set

5L
Hi:@7 2217”’ , M,
and -
oL ‘
Mizﬁ—i—)\i’lzm—i—l’...’n_l,o,

44

and write out the Euler-Poincare equation using the above coordinates, we will get

the desired system of differential equations. M

Remarks

1. From the above computations, we can see that the necessary conditions for an optimal

control u(-) depend only on L and have nothing to do with how the extension is done,

because not only u'(t) = p;(t)/1I;, but also ji; = Cfiukfﬂ do not depend on L.

2. The necessary conditions given in the above Corollary are the same as those in Kr-

ishnaprasad [1994]:

IZ 7m7
oh
o= —uCk == i i k=0,... -1
i Mk ij 6#] 1,7, 5 , ;
where m
1 5
h = - ==,
Ho + 5 2
=1
This is because C]’% = —Cikj and
1 j=0
5—h frnd & = u‘] j = 1, . ,m fnd §]
OpL; I !



CHAPTER 2. OPTIMAL CONTROL AND LAGRANGIAN REDUCTION 45

Conclusions

We have found a procedure based on reduced Lagrangian optimization that can

be used to directly establish results on
1. optimal control for left invariant system on Lie group with velocity constraint,

2. optimal control for holonomic system on principal bundle with the constraint of the

vanishing of the momentum map, and

3. optimal control for nonholonomic system on (trivial) principal bundles that may have

a nontrivial evolution of its nonholonomic momentum.

In fact, the first two results can be seen as special cases of the last result even
though we have derived each of them in a parallel way. Recall that in the nonholonomic

case, we have

L=C)+ (\t), &+ A(r)r —T(r)p) + </<a(t),p — 'TH(r)f“ — fTK(r)p - pTD(r)p> .
(2.23)

In the drift-less holonomic case, D, = T,Q for each ¢ € @), the momentum is conserved and

assumed to be zero, so the above Lagrangian £ will be reduced to
L=C0)+ At),§+ A(r)r),

which is exactly the same Lagrangian used in the second case. As for system on Lie group
G with velocity constraint (say, g~'g = > v, u'e; for simplicity), it can be seen as system
on (trivial) principal bundle G x R™ whose (nonholonomic) connection is independent of
the shape variable r, i.e.,

£ = AL

where A% =1 and 7* = u®.
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Chapter 3

Symplectic Geometry of

Nonholonomic Systems

3.1 Introduction

The General Setting. Many important problems in robotics, the dynamics of wheeled
vehicles and motion generation, involve nonholonomic mechanics, which typically means
mechanical systems with rolling constraints. Some of the important issues are trajectory
tracking, dynamic stability and feedback stabilization (including non-minimum phase sys-
tems), bifurcation and control. Many of these systems have symmetry, such as the group
of Euclidean motions in the plane or in space and this symmetry plays an important role
in the theory.

In the last several years, several basic works have been done on both the Hamilto-
nian and the Lagrangian sides of the theory. Papers like Weber [1986], Koiller [1992], Bloch
and Crouch [1992], Krishnaprasad, Dayawansa and Yang [1992, 1993], Bates and Sniatycki
[1993], van der Schaft and Maschke [1994], Hermans [1995], Marle [1995],0Ostrowski [1996]
and Bloch, Krishnaprasad, Marsden and Murray [1996] have laid a firm foundation for
understanding nonholonomic mechanical systems with symmetry.

Bates and Sniatycki [1993], hereafter denoted [BS], developed the Hamiltonian
side, while Bloch, Krishnaprasad, Marsden and Murray [1996], hereafter denoted [BKMM],
has explored the Lagrangian side. It was not obvious how these two approaches were equiv-

alent because, for example, [BKMM] developed the momentum equation and the reduced
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Lagrange-d’Alembert equations and it is not obvious how these correspond to the develop-
ments in [BS]. Our aim is to establish links between these two sides and use the ideas and
results of each to shed light on the other, with the goal of deepening our understanding of
both points of view. We hope that it will aid related efforts such as extending the results
of energy-momentum method for stability of relative equilibria and the theory of Hamilto-
nian bifurcations to nonholonomic mechanics. In the spirit of [BKMM], we do many of the
calculations in coordinates to help in the study of examples.

We illustrate the basic theory with the snakeboard, the well known example treated
in [BKMM]. We also treat a simplified model of the bicycle (introduced in Getz [1994] and
Getz and Marsden [1995]) and obtain results that were not known previously. This is an

important prototype control system because it is an under-actuated balance system.

Outline of the Chapter. We begin in §3.2 by recalling some of the main results of
[BKMM] and of [BS] in the general context of nonholonomically constrained systems. In
that section, we establish the precise link between them. The snakeboard example is begun
in this section.

In §3.3, we treat systems with symmetry and study the momentum equation,
the reconstruction equation and the reduced Lagrange-d’Alembert equations from both
the Hamiltonian and the Lagrangian points of view. This clarifies which construction in
[BS] corresponds to the momentum equation of [BKMM]. This section also continues the

snakeboard example and treats the bicycle.

Summary of the Main Results. The main results of the present work are as follows:

e The precise relation between the constructions in the papers [BS] and [BKMM] are

given.

e The reduced Lagrange-d’Alembert equations established in [BKMM] are shown to be

equivalent to the reduced nonholonomic Hamilton equations implicitly given in [BS].

e The relation between the constructions is illustrated with two specific examples, the

snakeboard and the nonholonomically constrained particle.

A simplified model of the bicycle is treated.
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3.2 General Nonholonomic Mechanical Systems

Following the approaches of both [BS] and [BKMM], we first consider mechanics
in the presence of homogeneous linear nonholonomic velocity constraints. For now, no
symmetry assumptions are made; we add such assumptions in the following sections.

In this section,

1. we recall the basic ideas and results from [BKMM] on general nonholonomic systems:
in particular, how to describe constraints using Ehresmann connections and how to
write the Lagrange-d’Alembert equations of motion using the curvature of this con-

nection.

2. We review the geometric structure of Hamiltonian systems with nonholonomic con-
straints from [BS], including a general procedure for finding the equations of motion

for nonholonomic systems from the Hamiltonian point of view.

3. We construct the geometric objects on the Lagrangian side corresponding to those on
the Hamiltonian side using the Legendre transformation in the context of nonholo-

nomic constraints.

4. We prove that these dual procedures gives us the same Lagrange d’Alembert equations
as in [BKMM]. Since this proof is done in coordinates, it also provides a concrete
coordinate based procedure for finding the equations of motion on the Hamiltonian

side.

5. We will use the Hamiltonian procedure to work out the example of snakeboard taken

from [BKMM].

3.2.1 Review of the Lagrangian Approach

We start with a configuration space @ with local coordinates denoted ¢',i =
1,...,n and a distribution D on @ that describes the kinematic nonholonomic constraints.
The distribution is given by the specification of a linear subspace D, C T,() of the tangent
space to () at each point g € Q.

In this chapter we consider only homogeneous velocity constraints. The extension

to affine constraints is straightforward, as in [BKMM].
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The dynamics of a nonholonomically constrained mechanical system is governed
by the Lagrange-d’Alembert principle. The principle states that the equations of motion
of a curve ¢(t) in configuration space are obtained by setting to zero the variations in the
integral of the Lagrangian subject to variations lying in the constraint distribution and that
the velocity of the curve g(t) itself satisfies the constraints; that is, ¢(t) € Dy). Standard
arguments in the calculus of variations show that this “constrained variational principle” is

equivalent to the equations

doL OL\ .,

for all variations dq such that dq € D, at each point of the underlying curve ¢(t). These

equations are often equivalently written as

doL 0L
dtogt  oq "
where )\; is a set of Lagrange multipliers (i = 1,... ,n), representing the force of constraint.

Intrinsically, this multiplier A is a section of the cotangent bundle over ¢(¢) that annihilates
the constraint distribution. The Lagrange multipliers are often determined by using the
condition that ¢(t) lies in the distribution.

In Bloch and Crouch [1992] and Lewis [1996], the Lagrange-d’Alembert equations

are shown to have the form of a generalized acceleration condition
Vig=0

for a suitable affine connection on @) and the force of constraint A is interpreted as a gener-
alized second fundamental form (as is well known for systems with holonomic constraints;
see Abraham and Marsden [1978], for example). In this form of the equations, one can add
external forces directly to the right hand sides so that the equations now become in the
form of a generalized Newton law. This form is convenient for control purposes.

To explore the structure of the Lagrange-d’Alembert equations in more detail,
let {w?}, a =1,...,k be a set of k independent one forms whose vanishing describes the
constraints; i.e., the distribution D. One can introduce local coordinates ¢¢ = (r®, s%) where

a=1,...n—k, in which w® has the form

w(q) = ds* + AL (r, s)dr®
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where the summation convention is in force. In other words, we are locally writing the
distribution as

D={(r,s,78) €eTQ| s+ A%r® = 0}.

The equations of motion, (3.1) may be rewritten by noting that the allowed vari-

ations d¢° = (6r%,§s%) satisfy 05 + A%6r® = 0. Substitution into (3.1) gives

d oL 0L . (dOoL oL
(aw - %) =4a (aa— - a) (32)

Equation (3.2) combined with the constraint equations

§ = —A%y© (3.3)

«

gives a complete description of the equations of motion of the system; this procedure may
be viewed as one way of eliminating the Lagrange multipliers. Using this notation, one finds

_ a _ d oL _ 9L
that )\ = )\aw s Where )\a = Jt9aa sa -

Equations (3.2) can be written in the following way:

doL. OL. 0L 0L , .,
dt oo ore T Aaga = g las’ (3.4)

where
L(r?, s, 7%) = L(r*, s, 7%, — A% (r, s)ir%).

is the coordinate expression of the constrained Lagrangian defined by L. = L|D and where

oAb 0A DAY oAb
b _ a 8 a B jpa o
Ea <8rﬁ ore * Js As s |- (8:5)

Letting dw® be the exterior derivative of w’, a computation shows that
dw’(q,-) = B gi*dr®

and hence the equations of motion have the form

L L L L
—0L, = (d OL. 0L +A“8 C) ore = _a_dwb(q',é'r).

dt ore  Oro @ Hga d5b
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This form of the equations isolates the effects of the constraints, and shows, in particular,
that in the case where the constraints are integrable (i.e., dw = 0), the equations of mo-
tion are obtained by substituting the constraints into the Lagrangian and then setting the
variation of L. to zero. However in the non-integrable case the constraints generate extra
(curvature) terms, which must be taken into account.

The above coordinate results can be put into an interesting and useful intrinsic
geometric framework. The intrinsically given information is the distribution and the La-
grangian. Assume that there is a bundle structure 7 g : @ — R for our space ), where R
is the base manifold and 7@ g is a submersion and the kernel of T, 7 r at any point ¢ € Q
is called the wvertical space V;. One can always do this locally. An Ehresmann connection

A is a vertical valued one form on () such that
1. A, : T,Q — V, is a linear map and
2. Ais a projection: A(vg) = v, for all vq € V.

Hence, T;,Q = V, ® Hy; where H, = kerA, is the horizontal space at q, sometimes
denoted hor,. Thus, an Ehresmann connection gives us a way to split the tangent space to
Q) at each point into a horizontal and vertical part.

If the Ehresmann connection is chosen in such a way that the given constraint
distribution D is the horizontal space of the connection; that is, H, = D,, then in the
bundle coordinates q' = (r®, s*), the map mQ,R 1s just projection onto the factor r and the
connection A can be represented locally by a vector valued differential form w®:

0
A= w“@, w(q) = ds® + A% (r, s)dre,

and the horizontal projection is the map

(7%, %) — (7, =A% (r, s)7).
The curvature of an Ehresmann connection A is the vertical valued two form

defined by its action on two vector fields X and Y on @) as
B(X,Y) = —A(Jhor X,hor YY)

where the bracket on the right hand side is the Jacobi-Lie bracket of vector fields obtained
by extending the stated vectors to vector fields. This definition shows the sense in which

the curvature measures the failure of the constraint distribution to be integrable.
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In coordinates, one can evaluate the curvature B of the connection A by the

following formula:

B(X,Y) = dw®(hor X, hor Y)%,
s

so that the local expression for curvature is given by
B(X,Y)" = BlsX°YP

where the coefficients By ; are given by (3.5).

The Lagrange d’Alembert equations may be written intrinsically as
L. = (FL, B(4,0q)),

in which dq is a horizontal variation (i.e., it takes values in the horizontal space) and B is

the curvature regarded as a vertical valued two form, in addition to the constraint equations

A(q) -4 =0.

Here (,) denotes the pairing between a vector and a dual vector and

0L, d OL, aaLC>

TOre  dt Ore * Psa

0L, = <6r°Y

As shown in [BKMM], when there is a symmetry group G present, there is a natural
bundle one can work with and put a connection on, namely the bundle Q@ — @Q/G. In the
generality of the preceding discussion, one can get away with just the distribution itself
and can introduce the corresponding Ehresmann connection locally. In fact, the bundle
structure @ — R is really a “red herring”. The notion of curvature as a 7,Q /D, valued
form makes good sense and is given locally by the same expressions as above. However,
keeping in mind that we eventually want to deal with symmetries and in that case there
is a natural bundle, the Ehresmann assumption is nevertheless a reasonable bridge to the

more interesting case with symmetries.

3.2.2 Review of the Hamiltonian Formulation

The approach of [BS] starts on the Lagrangian side with a configuration space @

and a Lagrangian L of the form kinetic energy minus potential energy, i.e.,

1

L(qd) = 546 0)) ~ V(@)
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where ((, )) is a metric on @ defining the kinetic energy and V' is a potential energy
function. We do not restrict ourselves to Lagrangians of this form.

As above, our nonholonomic constraints are given by a distribution D C T'Q). We
also let D° C T*@ denote the annihilator of this distribution.

As above, the basic equations are given by the Lagrange-d’Alembert principle.

The Legendre transformation FL : T'Q)Q — T*(Q), assuming that it is a diffeomor-
phism, is used to define the Hamiltonian H : T*@ — R in the standard fashion (ignoring

the constraints for the moment):

Here, the momentum is p = FL(v,) = 0L/0q. Under this change of variables, the equations

of motion are written in the Hamiltonian form as

g OH
q = .
Op;
. OH
i = - aqz + )\awgu
where ¢ = 1,... ,n, together with the constraint equations.

The preceding Hamiltonian equations can be rewritten as
X 1Q=dH + AgmHw?,

where X is the vector field on T*@Q governing the dynamics, €2 is the canonical symplectic
form on T*Q), and 7 : T*Q — @ is the cotangent bundle projection. We may write X in
coordinates as X = q'iﬁqi + DiOp, -

On Lagrangian side, we saw that one can get rid of the Lagrange multipliers. On
the Hamiltonian side, it is also desirable to model the Hamiltonian equations without the
Lagrange multipliers by a vector field on a submanifold of 7*(). We do this in what follows.

First of all, we define the set M = FL(D) C T*Q, so that the constraints on the
Hamiltonian side are given by

p e M.

Besides M, another basic object we deal with is defined as
F = (Tng) (D) c TT*Q.

Using a basis w® of the annihilator D°, we can write these spaces as
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M={peT*Q|w"((FL)" (p) = 0}, (3.6)
and
F={ueTT*Q| (row",u) = 0}. (3.7)

Finally, we define
H=FNTM.

Using natural coordinates (q%, p;, ¢*,p;) on TT*Q, we see that the distribution F
naturally lifts the constraint on ¢ from T'Q) to TT*(. On the other hand, the space M
puts the associated constraints on the variable p and therefore the intersection H puts the
constraints on both variables.

To eliminate the Lagrange multipliers, we regard the Hamiltonian equations as a
vector field on the constraint submanifold M C T*(@Q which takes values in the constraint
distribution H. Next we recall from [BS] how to construct these equations intrinsically
using the ideas of symplectic geometry.

A result of [BS] is that €4y, the restriction of the canonical two-form Q of T*Q
fiberwise to the distribution H of the constraint submanifold M, is nondegenerate. Note
that €4 is not a true two form on a manifold, so it does not make sense to speak about it
being closed. We speak of it as a fiber-restricted two form to avoid any confusion. Of course
it still makes sense to talk about it being nondegenerate; it just means nondegenerate as a
bilinear form on each fiber of H. The dynamics is then given by the vector field X3 on M

which takes values in the constraint distribution H and is determined by the condition
Xy 1 Qy =dHy (38)

where dH7 is the restriction of dH g to H. We will be exploring the coordinate meaning
of this condition and its comparison with the Lagrangian formulation in the subsequent

sections.

3.2.3 Lagrangian Side

We now construct the geometric structures on the tangent bundle T'Q) correspond-

ing to those on the Hamiltonian side from the preceding subsection and formulate a similar
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procedure for obtaining the equations of motion. By doing this, it will be easier to made
comparison with the geometric constructions and analytic formulations in [BKMM].

First of all, we can define the energy function E simply as £ = H o FL and pull
back to T'Q) the canonical two-form on 7*@Q and denote it by .

We define the distribution

C=(Trq) '(D) C TTQ,

where 7 : TQQ — @. In coordinates, the distribution C consists of vectors annihilated by

the form Téwa:
C={ueTTQ| (tHw", u) = 0}. (3.9)

When C is restricted to the constraint submanifold D C T'Q, we obtain the constraint

distribution /C:
K=CnNnTD. (3.10)

Clearly M =FL(D) and H = TFL(K).
The dynamics is given by a vector field X, on the manifold D which takes values

in K and satisfies the equation
Xy 4 Qx = dEx, (3.11)

where dEx and € are the restrictions of dEp and Qp respectively to the distribution I

and where Ep and ()p are the restrictions of £ and 27, to D.

3.2.4 The equivalence of the Hamiltonian and the Lagrange-d’Alembert

formulations

The Lagrangian procedure on T'(Q) formulated in the preceding subsection acts as a
bridge between [BS] and [BKMM]. We can show the correctness of the Lagrangian procedure
given above by (carefully) invoking the results of [BS] (generalized to arbitrary Lagrangians
and with some gaps filled in), or by checking the methods against the results of [BKMM].
We choose the latter method.

Theorem 7 Consider a configuration space Q, a hyper-reqular Lagrangian L and o distri-

bution D that describes the kinematic nonholonomic constraints. The K-valued vector field
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Xy on D given by the equation
X 1 Qx =dEx

defines dynamics that are equivalent to the Lagrange-d’Alembert equations together with the

constraints.

Proof To keep things concrete and to provide additional insight, we shall give a coordinate
based proof. Introduce local coordinates (r®,s® %, $%) for T'Q as described earlier. Local
coordinates for the manifold D are given by (r¢, s®,7®).

Let us first compute dEp and X 4 Qp. We claim that

oL
_OLc 4
= 9

ED - Lw

where L. = L|D is the constrained Lagrangian. This is because F = qui ¢* — L and so

restricting it to D we get

oL . oL .
E’D = (WTQ + 8$asa> - LC
0L, . oL . oL .
= gral HAagnt - Adg - Le
oL, .
= Sa 74 — L.

The differential of Ep is then computed to be

0’L 0*L 0%L oL oL
dBp = P =S dr® 70 i P 2 dst — S — =Sds”
P " oreonP T OB T 9sbOrB § Ora r Db S
0°L 0°L 02L
_ B C_dr® .3 Cd'a—‘ﬁAb e .3 c db Abdo‘
W oragrm ™ T g T Aeggm T e (15 T Aedr)
oL oL oL
N cd o Ab Cd a c d b Abd @
gra A 835( + Aadr®)
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As for Qp, we have

Qp = —d

ab

ﬂ
p OL oL
B8 B8
>/\d d< 895 > dr d<8s>/\d8

Adrf — d<Ag8—>Adr

oL oL
b
Ao dr’ + ——ds }

Db
oL oL
8b)/\d’r 550 ) A (ds® —I—Aﬁdr)

oL oL
° B Z—d(Ab — b4 AbdrP
- >/\dr e 7d( ﬁ)/\d'r d<aéb>/\(d8 + Apdr”)
82 2 2

Cgio n grB
araarﬁ ~ Gragm TN~ s

oA
OL %25 yge p dnh — d(gL> (ds® + Abdr®)

ds® A dr”

- 93b Oro 93 9so $b
2L, . 0°L. 0L 9AY 9L 0AY
(‘araaffﬂ t Ao g0 T 93 Gra T e gt gan
%L, %L,
~Grag N — 5o
oL 8Ab
95 9se

> dr® A dr®

(ds® + A%dr®) A drP

—B(ds® + A%dr®) A dr® — d<gl;>A(dsb+Agdrﬁ),

where there is a sum on all o, (.

Now we are ready to find the equations of motion. Any vector field Xp on D has

the following coordinate form:
Xp = 7%Opa + §%0sa + #%0pa.

Since Xx lies in the distribution K, it is annihilated by the one-forms ds® + A%dr® and

hence must be of the form
X}C — ’I;aara - Ag’l;'aasa —|— 7'“'0‘87'“0‘,

i.e., for the vector field X,

sa a o
§ = —ALr™.
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As for X 1 Qx, we have

“rogip o Bga0i8 0 Gro | o0 den
b b
[ OLe | 4o 9L OLOA; ,0LO4;) L,
Oreors “9s20rB 95t Ore “sb 9s@
d9’L 9*L
c e Y c B
dia0id " 7 prag

2 2 DAL HAL
XicdQx = 7’“a< O Le o O Le OL 945 A“aL ﬂ)drﬁ

+ 7P

This is because X J {2 is the restriction of X 1 Qp to the distribution of I and hence
all the terms in p which involve (ds® + A%d’rﬁ ) vanish. The same is true for dEp.
Equating X J Qx with dEx and recalling that we have already obtained $* =
— A%, we get the following set of equations
2 PLe L5,y PLe 0L L g OLe
Oreorb “9sborB  Ore @ dsb
_ B 0?L. Y %L, _E)?_LﬁAIZv N a@_L@Ag
OrBore T TP gsagie  9sb orf T TP 9sb s
b b
s 0L, o4 0*L. QL OAy  ,OLOAR\ o 0%L,
Oreons “9s20rB Db Ore “0sb 9s® OrBora

After simplification, we have

O%L O%L O%L oL oL
-3 c -3 c -6 pa [ c Ab c
" oo T grpare | Cgsegia  gre T e gs
_ 5OL [ 9Ah L 0AY  OA) B , AL
=7r"— )
0sb

o A 0s® + ore * Jsa
which indeed gives the Lagrange-d’Alembert equations in [BKMM]:

doL. oL 0L _ 0L
dt Ore  Ore “9sd  9gd

By’ W

Remarks.

Here is another way of viewing the preceding theorem. Consider the following
form of the equations:

X3 1 Q= dH pmq on H;

that is,
(X Qpyu) = (dHpq, )
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for all u € H. If we rewrite this in the form

(dHp — X Qpq,u) =0,
then on the Lagrangian side, this is nothing but

(dEp — Xic 1 (21)p,v) =0,

where v € K. With appropriate interpretations, this is equivalent to Lagrange-d’Alembert

principle:

where w(dq) = 0.

3.2.5 Example: The Snakeboard

The snakeboard is a modified version of a skateboard in which the front and back
pairs of wheels are independently actuated. The extra degree of freedom enables the rider to
generate forward motion by twisting the body back and forth, while simultaneously moving
the wheels with the proper phase relationship. For details, see [BKMM] and the references
listed there. Here we will include some of the computations shown in that paper both for
completeness as well as to make concrete the nonholonomic theory.

The snakeboard is modeled as a rigid body (the board) with two sets of indepen-
dently actuated wheels, one on each end of the board. The human rider is modeled as a
momentum wheel which sits in the middle of the board and is allowed to spin about the
vertical axis. Spinning the momentum wheel causes a counter-torque to be exerted on the
board. The configuration of the board is given by the position and orientation of the board
in the plane, the angle of the momentum wheel, and the angles of the back and front wheels.
Let (z,y,0) represent the position and orientation of the center of the board, ¢ the angle
of the momentum wheel relative to the board, and ¢; and ¢- the angles of the back and
front wheels, also relative to the board. Take the distance between the center of the board
and the wheels to be r. See figure 3.1.

In [BKMM], a simplification is made which we shall also assume in this chapter,

namely ¢1 = —¢o, J1 = Jo. The parameters are also chosen such that J+Jp+J1+J2 = mr2,
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P
[

Figure 3.1: The geometry of the snakeboard.

where m is the total mass of the board, J is the inertia of the board, Jy is the inertia of
the rotor and Ji, Jo are the inertia of the wheels. This simplification eliminates some
terms in the derivation but does not affect the essential geometry of the problem. Setting
¢ = ¢1 = —¢o, then the configuration space becomes Q = SE(2) x S' x S' and the
Lagrangian L : T'QQ — R is the total kinetic energy of the system and is given by
L= %m(dc? +9%) + %mr%’? + %Joqﬁ + Jof + J1 2.

The Constraints. The rolling of the front and rear wheels of the snakeboard is modeled
using nonholonomic constraints which allow the wheels to spin about the vertical axis and
roll in the direction that they are pointing. The wheels are not allowed to slide in the

sideways direction. The constraints are defined by

— sin(f + @)z + cos(f + @)y — rcos ph = 0 (3.12)
—sin(0 — ¢)i& + cos(f — @)y + rcos pf = 0 (3.13)
and can be simplified as
£ = —rcot¢cos 66
1y = —rcot¢gsin 00.

Since the constrained Legendre transform FL|D on the constraint submanifold D
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and its inverse are given by

pr = —mrcot¢cos 00
py = —mrcot@sin 00
pe = mril+ Jyp
pw = J0¢ + JOé
P _W+—Jo cot ¢ cos 0(pg — py)
. T 1
y = pE— cot ¢sin B (pg — py)
g — m—pe
mr? — Jp
b o= mrps = Jops
Jo(mr2 — Jy)
;. _ Pe
o = o

the constraint submanifold M is defined by

M = {(‘T7y7‘97¢7¢7px7py7p97p’¢)7p(b) |

mr mr

cot ¢ cos 0(pg — py), Dy = p—a— cot ¢psinf(pg — py).}

P = ——5—F
v mr? — Jy mr? — Jy

Notice that M may be thought of as a graph in T*@Q) and we can use the induced
coordinates (x,y, 0,1, ¢, ps, Py, Pe) as its local coordinates. Hence the distribution H of M

is

H = ker{dz + rcot ¢ cos0df,dy + r cot ¢sin 0dO}

= span{—7 cot ¢ cos 0, — 7 cot ¢sin 09y + 9y, Oy, Oy, Opy, Op,;,, Op, }-

The Hamiltonian. The corresponding Hamiltonian is given via the Legendre transform

by

2 1 2

H = —(p; +p,) + 2—J0p¢ + m(?o —py)° + 4—le¢-

2m
Now if we restrict the Hamiltonian H to the submanifold M, we get

mr? 1, 1 1

Hoy — ™ o2 N2, L S S S §
M= S = o2 d(po — py) +2J0p¢+2(mT2_JO)(pe py) + 1P
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After computing its differential dH ¢ and restricting it to H, we have

mr2

_ 2 2
dHy = _(mr2 =) cot ¢ csc” ¢ (py —pw) do
2
mr 2
—————cot — dpg — d
+(mr2 — )2 cot” ¢(pg — py)(dpe — dpy)

1 1 1
—pud S T—— — dpg — d —Dedps.
o pudpy + (r? = JO)(pe py)(dpe — dpy) + 57 Pedpo

The Two Form. After pulling back the canonical two-form of T*@Q to M, we have

Qv = dx ANdpy + dy A\ dpy + dO N dpg + dip A dpy, + do A dpg

= kdx A [csc? ¢ cos O(py — Py)do + cot ¢sin O (pg — py)dO — cot ¢ cos §(dps — dpy)]
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+kdy A [csc? ¢ sin 0(py — Py)de — cot ¢ cos 0(pg — py)dO — cot ¢ sin O (dpg — dpy,)]

+df A dpg + dip A dpy + do A dpg,
where k = mr/(mr? — Jy). If we restrict Q2 to the distribution H, we get

Qy = —krcot¢costdd N

[csc? ¢ cos O(pg — Py)dd + cot ¢sin 0(pyg — py)dO — cot ¢ cos §(dpg — dpy)]

— kr cot ¢ sin 0df N

[csc? psin O(pg — Py)de — cot ¢ cos O(pg — py)df — cot ¢psinO(dpg — dpy)]

+d0 N dpg + dip A dpy, + do A dpg
= df A [~krcot ¢ csc? ¢(py — py)do + kr cot? ¢(dpg — dpy) + dpe]
+dyp A dpy, + do A dpg.
The Equations of Motion. Notice that any vector field X ¢ is of the form

X = 205 + 50y + 00 + 190y + ¢ + Pa0Op, + PyOp,, + PO, -

But Xy also lies in H = ker{dx + r cot ¢ cos 8df, dy + r cot ¢ sin #df} and hence must be of

the form

Xy = 9(—7“ cot ¢ cos 00, — r cot ¢sin 00, + 9p) + @Z}ﬁw + gf)@d, + PoOpy + PyOpy + DeOp, s

which gives us the first set of relationships

T = —rcotgbcosﬂé

y = —rcotpsind d.
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Moreover,

Xy 1Qy = —krcotocesc? o(py — pw)édqb + kr cot? gbé(dpg —dpy) + 6 dpy
+ w dpy, + kr cot ¢ csc? o(pg — pw)QBdH + qfﬁdp¢ — kr cot? ¢pp dO — pp db
+ kr cot? ¢py dO — py dip — py dop,

and if equated with dHy, we will get the following set of equations:

kr cot ¢ csc? ¢ (pg — Py) b — kr cot® ¢ pg — pg + kr cot? ¢pyp =0

—py = 0
2
. mr
Dé 7 cot ¢ csc” d(pg — py) (mr? — )2 cot ¢ csc” p(pg — py)
2
. . 1
kreot?df+0 = — ot d(pg — L _
7 cot” ¢pf + (i — g2 ©° d(po — py) + (WQ_JO)(pe Py)
2
. 1
—k t240 — o mr 2 _ il
rcot® ¢+ iz — Jo)2 P(pg — py) + TP
(o — )
(mr? — Jy) Po — Py
. 1
¢ = P
After simplification, we have
cot @
Sy — — 3.14
Py = 0 (3.15)
pg = 0 (3.16)
; Po — Dy
g = ——— 3.17
mr2 — Jy ( )
: mr?py, — Jope
= v CUrY 3.18
¢ Jo(mT2 — Jo) ( )
. p¢
= —. 3.19
b= b (3.19)

Notice that the last 3 equations are nothing but the inverse of the constrained
Legendre transformation FL|D written in local coordinates. The first equation is equivalent
to the momentum equation (discussed below and in [BKMM]) written in Hamiltonian form
and the 2nd and 3rd equations are the reduced equations on the shape space, again in their

Hamiltonian forms.
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Moreover, the corresponding Lagrangian procedure gives the equations of the mo-

tion on the Lagrangian side as
. R / .
0 — cot ¢ + —02sin2¢w =0
m/,a .. .
Jov+Jof = 0
21p = 0

and it can be shown that both systems of equations are equivalent via the Legendre trans-

form FL|D.

3.3 Nonholonomic Mechanical Systems with Symmetry

Now we add the hypothesis of symmetry to the preceding development. Assume
that we have a configuration manifold @, a Lagrangian of the form kinetic minus potential,
and a distribution D that describes the kinematic nonholonomic constraints. We also assume
there is a symmetry group G (a Lie group) that leaves the Lagrangian invariant, and that
acts on @ (by isometries) and also leaves the distribution invariant, i.e., the tangent of the
group action maps Dy to Dyq (for more details, see [BKMM].) Later, we shall refer this as
a simple nonholonomic mechanical system.

In this section,

1. we recall the basic ideas and results from [BKMM] on simple nonholonomic mechanical
systems, especially on how it extend the Lagrangian reduction theory of Marsden and
Scheurle [1993a,b] to the context of nonholonomic systems. We shall describe briefly
how [BKMM] modifies the Ehresmann connection associated with the constraints to a
new connection, called the nonholonomic connection, that also takes into account the
symmetries, and how the reduced equations, relative to this new connection, break
up into two sets: a set of reduced Lagrange-d’Alembert equations, and a momentum
equation. When the reconstruction equations are added, one recovers the full set of

equations of motion for the system.

2. We summarize the Hamiltonian reduction formulation of [BS] on finding the reduced

equations of motion for nonholonomic systems with symmetry.

3. We restate the reduction procedure on the Lagrangian side corresponding to those on

the Hamiltonian side using the Legendre transformation.
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4. We prove that these dual procedures give us the same reduced Lagrange-d’Alembert
equations in [BKMM]. Since this proof is done in coordinates, it does provide a sys-
tematic way to carry out the computations on the Hamiltonian side. Also, the proof
shows where the momentum equation is lurking on the Hamiltonian side and how
this is related to breaking up the dynamics of the nonholonomic system into 3 parts:
a reconstruction equation for a group element g, an equation for the nonholonomic
momentum p and the reduced Hamilton equations in the shape variables r, p, (and p).
This way of breaking up the dynamics may have the same significance for the control

theory as what has already been noted in [BKMM].

5. We apply the Hamiltonian reduction procedure to the examples of the snakeboard,

the bicycle and a nonholonomically constrained particle.

3.3.1 Review of Lagrangian Reduction

We first recall how [BKMM] explains in general terms how one constructs reduced

systems by eliminating the group variables.

Proposition 1 Under the assumptions that both the Lagrangian L and the distribution D
are G-invariant, we can form the reduced velocity phase space TQ/G and the constrained
reduced velocity phase space D/G. The Lagrangian L induces well defined functions, the
reduced Lagrangian

1:TQ/G — R

satisfying L = 1 o mpg where g : TQ — TQ/G is the projection, and the constrained
reduced Lagrangian

lc.:D/G — R,

which satisfies L|D = l. o mp where p : D — D/G is the projection. Also, the Lagrange-
d’Alembert equations induce well defined reduced Lagrange-d’Alembert equations on D/G.
That is, the vector field on the manifold D determined by the Lagrange-d’Alembert equa-
tions (including the constraints) is G-invariant, and so defines a reduced vector field on the

quotient manifold D/G.

This proposition follows from general symmetry considerations, but to compute the

associated reduced equations explicitly and to reconstruct the group variables, one defines
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the nonholonomic momentum map J™*, and extends the Noether Theorem to nonholonomic
system and synthesizes, out of the mechanical connection and the Ehresmann connection,

a nonholonomic connection A™ which is a connection on the principal bundle Q — Q /G.

The Nonholonomic Momentum Map. Let the intersection of the tangent to the group

orbit and the distribution at a point ¢ € @@ be denoted
Sy = Dy NT4(Orb(q)).

Define, for each ¢ € @, the vector subspace g? to be the set of Lie algebra elements in g

whose infinitesimal generators evaluated at g lie in Sy:

g'={6egllq) €S}

We let gP denote the corresponding bundle over QQ whose fiber at the point ¢ is given by gq.
The nonholonomic momentum map J™" is the bundle map taking 7Q to the bundle (gP)*

(whose fiber over the point ¢ is the dual of the vector space g9) that is defined by

(T (1), ) = g’—;m, (3.20)

where ¢ € g?. Notice that the nonholonomic momentum map may be viewed as encoding
some of the components of the ordinary momentum map, namely the projection along those
symmetry directions that are consistent with the constraints.

[BKMM] extends the Noether Theorem to nonholonomic systems by deriving the
equation for the momentum map that replace the usual conservation law. It is proven that
if the Lagrangian L is invariant under the group action and that £9 is a section of the bundle
g?, then any solution ¢(t) of the Lagrange d’Alembert equations must satisfy, in addition
to the given kinematic constraints, the momentum equation:

i

% (Jnh(£Q(t))) _ 2_; [%(g(t))]d (3.21)

When the momentum map is paired with a section in this way, we will just refer to it as

the momentum. Examples show that the nonholonomic momentum map may or may not

be conserved.
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The Momentum Equation in Body Representation Let a local trivialization (r, g)
be chosen on the principal bundle 7 : @ — Q/G. Let n € g? and & = g~ 'g. Since L

is G-invariant, we can define a new function [ by writing L(r,g,7,g) = I(r,7,£). Define

Jie 1 TQ/G — (gP)* by o
<Jlr(1)}(§(7477;7£)777> = <8_§777> .

As with connections, J™ and its version in a local trivialization are related by the Ad map:;
1.€.,

T (r,g,7,9) = A T (r, 7, €).

Choose a g-dependent basis e, (q) for the Lie algebra such that the first m elements
span the subspace g?. In a local trivialization, one chooses, for each r, such a basis at the

identity element, say
er(r),ea(r), ... ,em(r), emi1(r),...  er(r).
Define the body fixed basis by
ea(r,9) = Adg - €q(r);
thus, by G invariance, the first m elements span the subspace g?. In this basis, we have
nh PR ol
<J (rvgvrvg)veb(rag)> - 6_576b(r) ‘= Db, (322)

which defines py, a function of r, 7 and £. Note that in this body representation, the functions
pp are invariant rather than equivariant, as is usually the case with the momentum map.
It is shown in [BKMM] that in this body representation, the momentum equation is given

by

d al 8ei .
Epz = <8_§7 [57 ei] + 8’/"O‘T > ) (323)

where the range of 7 is 1 to m. Moreover, the momentum equation in this representation is

independent of, that is, decouples from, the group variables g.

The Nonholonomic Connection Recall that in the case of simple holonomic mechanical
system, the mechanical connection A is defined by A(v,) = I(¢)~'J(v,) where J is the
associated momentum map and I(q) is the locked inertia tensor of the system. Equivalently

the mechanical connection can also be defined by the fact that its horizontal space at ¢
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is orthogonal to the group orbit at ¢ with respect to the kinetic energy metric. For more
information, see for example, Marsden [1992] and Marsden and Ratiu [1994].
As [BKMM] points out, in the principal case where the constraints and the orbit

directions span the entire tangent space to the configuration space, that is,
Dy + T4(Orb(q)) = T5Q, (3.24)

the definition of the momentum map can be used to augment the constraints and provide
a connection on Q@ — Q/G. Let J"" be the nonholonomic momentum map and define

similarly as above a map A7™ : T,Q — S, given by

AV (yg) = (I (q) "1 T™ (vg))q

(this defines the momentum “constraints”) where I"" : g? — (gP)* is the locked inertia
tensor defined in a similar way as in holonomic systems.

Choose a complementary space to S; by writing 7;(Orb(q)) = S, ® U,. Let Alq‘in :
T,Q — U, be a U, valued form that projects U, onto itself and maps D, to zero. Then the

kinematic constraints are defined by the equation
A™(q)g = 0.

This kinematic constraints equation plus the momentum ”constraints” equation can be
used to synthesis a nonholonomic connection A" which is a principal connection on the
bundle @ — @/G and whose horizontal space at the point ¢ € @ is given by the orthogonal

complement to the space S, within the space D,. Moreover,
AP () = T ()1 (). (3.25)
In a body fixed basis, (3.25) can be written as
Ady(g™1 g+ Al (r)ir) = Ady (I (r) " 'p)-
Hence, the constraints can be represented in a nice way by
g 'g=¢=—A(r)r +I(r)p, (3.26)

where A(r) is the abbreviation for A (r) and I'(r) = I ()~
Moreover, with the help of the nonholonomic mechanical connection, the Lagrange-

d’Alembert principle may be broken up into two principles by breaking the variations dq into
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two parts, namely parts that are horizontal with respect to the nonholonomic connection
and parts that are vertical (but still in D), and the reduced equations break up into two sets:
a set of reduced Lagrange-d’Alembert equations (which have curvature terms appearing as
'forcing’), and a momentum equation, which have a form generalizing the components of
the Euler-Poincaré equations along the symmetry directions consistent with the constraints.
When one supplements these equations with the reconstruction equations, one recovers the

full set of equations of motion for the system.

3.3.2 Hamiltonian Reduction

In working out the nonholonomic Hamiltonian reduction, [BS] also starts out with
a simple nonholonomic mechanical system. Recall from Section 2 that the Legendre trans-

formation FL : T'QQ — T*Q is used to define the constraint submanifold M C T%Q where
M =FL(D).

On this manifold, there is a distribution H
H=FNTM,

where

F = (Im)~(D),

and ™ : T*Q — Q. Also recall that {2y, the restriction of the canonical two-form 2 of
T*(@ to the distribution H of the constraint submanifold M, is nondegenerate and that the

dynamics is given by a vector field X on M taking values in H and satisfies the equation
Xy 1 Qy =dHy (327)

where dHyy is the (fiberwise) restriction of dH v to H.

Now let G be the symmetry group of this system and assume that the quotient
space M = M /G of the G-orbit in M is a quotient manifold with projection map p : M —
M. Since G is a symmetric group, all intrinsically defined vector fields and distributions
push down to M. In particular, the vector field X s on M pushes down to a vector field
Yﬂ = p« X\, and the distribution H pushes down to a distribution p,H on M.

However, (23 need not push down to a two-form defined on p,H, despite the fact

that Q is G-invariant. This is because there may be infinitesimal symmetry &4 that lies



CHAPTER 3. SYMPLECTIC GEOMETRY OF NONHOLONOMIC SYSTEMS 70

in ‘H such that
Emd Qg # 0,
To eliminate this difficulty, [BS] restricts Q% to a subdistribution U of H defined by

U={uecH|W(u,v)=0 forall veVNH}=HNVNH), (3.28)

where V is the distribution on M tangent to the orbits of G in M and is spanned by the
infinitesimal symmetries and (VNH)* is the Qy-orthogonal complement of (VNH). Clearly,
U and V are both G-invariant, project down to M and p,V = 0. Define H by

H= pU.
It is proven in [BS] that

1. The vector field X7, which satisfies the above Hamiltonian equation of motion (3.27)
lies in the distribution U.

2. The restriction Y of €2 to the distribution &/ pushes down to a nondegenerate 2-form
Qg7 = p+Qy on 'H, which is modeled by the symplectic space (VNH)=/(VNH)N (VN
H)L.

3. Furthermore,

where hy; = p«Haq is the pushdown of the restriction to M of the Hamiltonian H and
dhz; is the restriction of dhzz to H. This is because the equation X3¢ 1 Qyy = dHyy,
restricted to U C ‘H, vanishes on vectors in V, and is G-invariant. Hence both sides

push down to H.

Note that the original equations of motion are
Xy 1 Qy =dHy

where H is a distribution in the constraint manifold M. After the reduction of symmetry

we obtain equations of the same type
XﬁJ Qﬁ = dhﬁ,

where H is a distribution in the reduced space M = M/G.
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3.3.3 Lagrangian Side

By using the Legendre transformation FL, we can construct dual geometric struc-
tures on the tangent bundle T'Q) and formulate a similar Lagrangian reduction procedure.
This allows us to better compare with the geometric constructions and analytic formula-
tions on the manifold @ in [BKMM], and in the course of doing this, we realize that the
requirement (see point (1) of last subsection) that the vector field X4 lies in the subdistri-
bution U is equivalent to the extended Noether Theorem; that is, that any solution of the
Lagrange-d’Alembert equations must satisfy the momentum equation.

Recall from Section 2. We consider D as a constraint submanifold of 7'Q) and then
construct the distribution

K=CNTD,

on 1TT(Q, where
C = (Tq)'(D),

and 7¢ : TQ — Q. Clearly D = (FL)"*(M),K = (I'FL)"'(H). The motion is then given

by a vector field Xx on the manifold D which takes values in K and satisfies the equation
Xx 1 Qg =dEx, (3.30)

where dEx and (Q are the restrictions of dEp and Qp respectively to the distribution K.

Now let G' be the symmetry group of this system and assume that the quotient
space D = D/G of the G-orbit in D is a smooth quotient manifold with projection map
A : D — D. Since G is a symmetric group, all intrinsically defined vector fields and
distributions push down to D. In particular, the vector field Xp on D pushes down to a
vector field 75 = M\ Xp, and the distribution K pushes down to a distribution \/C on D.
Here we use the push forward symbol A, to mean that the vector fields are A-related.

For the same reason as the Hamiltonian side, Qx need not push down to a two-
form defined on A /C, despite the fact that Qg is G-invariant. We can restrict Qx to the
subdistribution W of K defined by

W={weK|Q(w,v)=0forallveTNK}=Kn(TND)*, (3.31)

where 7 is the distribution on D tangent to the orbits of G in D and is spanned by the

infinitesimal symmetries. Clearly, YW and 7 are both G-invariant, WV projects down to D
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and A\, 7 = 0. Define K by
K= AW.

Since the above constructions are dual to those in the Hamiltonian side, we also

have

1. The vector field Xx which satisfies the above equation (3.30) takes values in the
distribution W.

2. The restriction 2yy of 1p to the distribution W, pushes down to a nondegenerate
2-form Qg = A,y on K, which is modeled by the symplectic space (7 N )Y/ (Tn
K)yn(T nk)*.

3. The reduced equations of motion are given by

where E§ = M\Ep is the pushdown of the restriction to D of the energy function
E. This is because the equation Xx 1 Qx = dEx, restricted to W C K, vanishes on
vectors in 7, and is G-invariant. Hence both sides push down to K. All these will

become clearer in the subsequent computations.

3.3.4 The equivalence of Hamiltonian and Lagrangian Reductions

Theorem 8 Consider a simple nonholonomic mechanical system with symmetry and as-
sume that it is in the principal case. Then the reduction procedure on TQ described in the

preceding section gives the same set of equations as in [BKMDM].

Proof The first difficulty is how to represent the constraint submanifold D C TQ in a
way that is both intrinsic and ready for reduction. The comparison with the geometric
constructions in [BKMM] and the desire to have the dynamics break up in a way that
are ready for reconstruction give hints that we should use the tools like nonholonomic
momentum p and the nonholomomic connection A in [BKMM] to describe the constraint
submanifold D

Recall that in [BKMM], the nonholonomic constraints together with the basic iden-
tity of the nonholonomic momentum map are used to synthesis a nonholonomic connection

A and the nonholonomic constraints are then written in the form

9 'g=—A(r)F +T(r)p,
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where p is G-invariant. Hence, the constraint manifold is nothing but

D ={(g,7:9,7) | 9 = g(=A(r)i + T'(r))p)}.

It is a submanifold in T'Q) and we can use (g,r,7,p) as its induced local coordinates. Then,
clearly, the corresponding coordinates for D = D/G are (r,7,p). From now on, we will use
A(r) to abbreviate AL ().

The next difficulty is to find the corresponding representations for the distribution

KC, the subdistribution 7 N X and its annihilator distribution W where
W=Kn(TnK)"*.

Recall that in [BKMM], a body fixed basis
ep(g,7) = Adg - ep(r)

has been constructed such that the infinitesimal generators (e;(g,7))q of its first m elements
at a point ¢ span S; = D, N T,(Orb(q)). Assume that G is a matrix group and e¢ is the
component of e;(r) with respect to a fixed basis {b,} of the Lie algebra g where (b,)qg = 0ye,
then

(eig.1))q = gief Oge-
Since K = (T't)"!(D) where D, is the direct sum of S, and the horizontal space of the

nonholonomic connection A™, it can be represented in the induced coordinates by

K = span{gSeddye, —gi AL Dya + Oy, 0z, Dy} (3.33)

Also, we have
T N K = span{geldya}. (3.34)
To find the distribution W, we have to compute ggefﬁga 1Qp,foralli=1,... ,m.

Since L is G-invariant, we have
oL oL
0 _ a - a el
D dg /\d(aga>+dr /\d(afa)
ol ol
- a —1\b a
= dg /\d<(g )a—8§b> +dr /\d(—&;a>
o(g~Hb ol ol

ol
= ——dg® A dg° Noqgt And [ =— droAd | —
9gc oe% Adg®+ (g7 )adg® A (a§b>+ A <87‘~a>
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Hence

—1\b
g?ezfﬁga 1Qp fa( Jo Ol —dg® — {8( a ﬂdg d( ol >

890 88’ 914 " pge ogb e

C a ol
<( >8§bdg +d<8§f>>
_ gf T aga 8l —1\a 8l
- < < 9y * Bgr f) perd edst *d(asf»

az ol
b 71 a e
afagb dg”+d <a—gf>>

balf

= ap - Laely-c g h)dge.
Here, C’gf is the structural constants for the Lie algebra g and p; = 9T ef as defined in
(3.22). Therefore, the subdistribution W C K is
o 8l b al f —1 a e
W = ker {dpi 8§fd( hy - C“fagb (g )edg® » . (3.35)

Since the constraint manifold D has the induced local coordinates (g, 7,7, p), any

vector field Xp on the manifold D is of the form
Xp = gaaga =+ ’I'”aa,«a + 7.“'0187204 —|—pi8pi.

If Xp lies in the distribution K, then we have § = g(—A7r + I'p). Moreover, if Xp lies in
the distribution W, then for each j, we have

. ol 86 e b ol a d
pj — 8fd 8?”0‘ - ad 8§b§
ie.,
. ol
pj = < 26 1€ e5] + 6]> (3.36)

which gives exactly the momentum equation (3.23). Therefore, any vector field Xyy taking

values in W must be of the form
Xy = g5€°0ga + 1O + ¥ Oser + Py,

where

ol

¢=—Ar+Tp pj_<8—5

(€ e5] + éj> ; (3.37)
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Now we are ready to do the reduction. But before that, we need to compute all
the ingredients of the equation

X 1 Qx = dE.

Notice first that since E is G-invariant, we have

oL
E = —¢-L
aq"
8L 8L
= *“—L
ag IR
8[
— a 'OL _ l
85“5
After restricting it to the submanifold D, we have
ol dl. ol
Ep = ALY 4 T, *—1
o = AT+ (i)
ol ol
= —T%y. c a_lc
oga” P gpal
Therefore,
ol (or% ; 0%l 0%l 0?
dEp = pidr® + T%dp; I'p; dr® - dr® dp;
P aga( i p) o ( oreags " T grag T op0¢ pf)

021 021 921, ol ol
. c d ﬁ c d.ﬁ d i o c a cd ;.
tr <87“ﬁ87*a "t 5i80ia ™ T apor0 > o " op, P

Furthermore,

a a( 71)2 6l g° c a( ) ol a - ol
XdQp = gfgf ggc 8517 gf e 8fbd +9 gf( 1) d(8§b>

0 ol 0 ol 0 ol . _ @
o <ﬁ (agb) + ore (8§b> + ap; <8—§b> Pi) (9 1)2d9

+ (7‘“0137«04 + 7#40pa —I—pzapz) il <d’l”a Ad <ﬁ)>

ore
ol d (al e
= a(ger) + (g 5 (7))
+ (F900 + 0 + pip;) J (dra Ad (%)) . (3.38)

Clearly, both sides of the equation

X 1 Qx =dEx
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are G-invariant, and when restricted to subdistribution W C K, they vanish on the distri-
bution 7 NX. This can be shown to be true either by invoking how W has been constructed

or by direct calculation, noticing that when

ol AN 1o
< ?aaé'bgf <a§a>>(g 1)edg (339)

is paired with gzef in 7 N K, it is equal to zero on W. Hence both sides push down to K

where

YE = 7%Opa + #%Oa + piapi,

pi = <8é € e + ez>.

To find the remaining reduced equations, notice that the restriction of (3.39) to

with

the subdistribution spanned by {—g¢A%d,a + Opa, Do, Dy, } is equivalent to

d (ol
( ;a agbgf (aga)) A%dre. (3.40)

o r 8l>) " " (8l>
(f“a§b5 (8&@ Aadr® T8\ Fea

+(’I;'a8ra + faaq‘«a + pzﬁpl) i (d?" ANd <aa7ala >>

If we compute

and equate its terms with the corresponding terms of dEf which is the same as dEx, we
have the following equations after some computations

. 0A% ain.
dt \ ore ore 8£b - oge "o’ ore

After plugging in the constraint £ = — A7 4 I'p and simplify, we get the desired

reduced equations

d (0l ol, o ; .
dt (aw) T ore agb(B + F7pi), (3.41)
where
0Ab 8Ab
b (&3 b fga gc
Bas = 35~ ara — Coc A A (3.42)
A bi A
sz _ or B ngAgl_‘dz_ (343)

@ Oore
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In an orthogonal body frame where we choose our moving basis e;(g,7) to be
orthogonal, that is, the corresponding generators [ey(g,7)]g are orthogonal in the given
kinetic energy metric (actually, all that is needed is that the vectors in the set of basis
vectors corresponding to the subspace S; be orthogonal to the remaining basis vectors), the

momentum equation (3.36) can be written as (see [BKMM])

d ; P o
Epi = C’]]“.Ihlpjpl + Dgaro‘pj + Dagirarﬁ, (3.44)
where
DI = —CUAY 4] 4 Ao CF TV
Da,@i = )‘a’a(_cgz{A% + ’Yz('l,@l)'

Here v;,, and Ay are defined by

Oey, .
Ora = Ypabe
N ol ol b

EY Pro PEA PEb Ao

Notice that while the summation range of a, b, c,d... are over all Lie algebra element (1 to
k). those over i, j, [, ... are the restricted (constrained) range (1 to m) and those over @', V', ...
run from m + 1 to k& (which correspond to the symmetry directions not aligned with the
constraints).

Similarly we can rewrite the above reduced Lagrange-d’Alembert equations (3.41)
using the orthogonal body frame. Essentially, it is a change of basis. Instead of using the
natural fixed basis {b,} where (b,)g = O4e, we do all the computations in the orthogonal
body frame {e;}. With the abuse of notation, we shall still use I(r,7,&) and l.(r,7,p) to
denote the reduced Lagrangian and the constrained reduced Lagrangian (in the orthogonal
body frame) respectively. But it should be clear that for the following computations, & =
€,. Similar interpretation should apply to all other notations. Now let us compute the

right hand side of the reduced equations in the new basis. Since

o . oAb
grpAate) =
8 i al“bz at

%(Fb piey) = Hrabien t T YoaDi€b;

ey + Alrbges
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we have
d (ol ol ol (oAb 0AY
a c\ c _ _ a _CbAaAc Acb_cb -0
it (a&a) aro o€v <arﬂ gra _ CactpfaT Aa¥es T A% | T
o _ AQF 12 i FC'L i
i (T — Chusr v L

Now applying Proposition 7.1 of [BKMM] to the above reduced equations and
notice that in the orthogonal body basis, I'*" = 0 for any b > m (recall V¢ = [/%), we can

rewrite the reduced equations in the following form

d (ol ol , - 3.
pr ( W;) — oa = —(Kipipr + Kl i pj + Kopsr i) (3.45)
where
, YL . .
K= o = QAL 4 I
Kly = Map(—CoALT" 45, I") + B2 |
/Cag5 = )\a/(ng/ﬁ.
Here ,
oAb 0A
Bly =55 — 5 — CocAbAL + A0l — Al B
Remarks

1. A careful reading of the proof of Theorem 8 and the subsections 3.2 and 3.3 shows
that the Hamiltonian reduction procedure still works as long as the constrained Leg-
endre transform FL|D is invertible. This is important because in some examples like
the bicycle the Legendre transform FL is singular, but its restriction to the constraint
submanifold D is invertible and the Hamiltonian reduction procedure is also applica-

ble.

2. In many examples like the snakeboard and the bicycle, the constraints satisfy a special
condition, namely, they involve only the velocities of the group variables ¢ and are
independent of the velocities of the shape variables 7 (see equations (3.12) and (3.13)).
Under this special condition, the distribution K in equation (3.33) can be represented

by

K = span{g3eldya,dy, 0, 0} (3.46)
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This representation simplifies the computation for finding the reduced equations be-
cause the restriction of the one form (3.39) to the subdistribution X spanned by
{0,,0;,0,} will equal to zero. Hence in pushing down Xy J Qp in (3.38) to K, we
can simply omit the one form (3.39). In the following subsections, we will use this
simplified procedure for the examples of the snakeboard and the bicycle. We will use
a modified version of a nonholonomically constrained particle to illustrate the general

procedure.

3. Since the momentum equation is central to the theory of nonholonomic mechanical
systems with symmetry, we make a few additional remarks about it. Before that, we
state the following proposition, the result of which is implicit in both [BKMM] and
Ostrowski [1996].

Proposition 2 For a nonholonomic mechanical system with symmetry, we have

(& (5) - o) e () @) - 55 (o),
where £9 € g

Proof: Choose a section of g? and apply the chain rule to give

() - 4 (gL)(§Q)+8—L<( € ) + (%g)@)

Invariance of the Lagrangian implies that

L(exp(s€?) - q,exp(s¢?) - ) = L(q, q)-

Differentiating this expression and evaluating it at s = 0, we get

oL . 0L
57 €)' + 5 (Tl i) = 0

OL <

After eliminating the term W(ng2 -q)" from the above two equations, we arrive at the
q

desired result. W

The above equation can be rewritten as

(@5 x o0 er) = 4 (%) ) - ox (aer)

Q
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where (§4) € T N K and T7g((&))") = &, Since both the energy function E and the
submanifold D are G-invariant, the left hand of the above equation reduces to Qp(Xp, (522)’ )
and hence any vector field Xp which takes values in W = K N (7 N K)* will make the left

hand side zero and hence must satisfy the momentum equation (3.21)

£ ((22) ) -2 (e, o

as we have already seen in the proof of Theorem 8.

In showing that the vector field X3 which satisfies the equation Xy 1 Qy = dHy
must lie in the subdistribution U, one might think that any vector field Y € VN H can be
expressed as a linear combination of infinitesimal generators (generated by fixed Lie algebra
elements). But this is not the case, as we have pointed out earlier in the Lagrangian side,
in general (5%)’ is the (vertical) lift of a section of the bundle S (generated by a section of

the bundle gP). This is also true on the Hamiltonian side.

3.3.5 Example: The Snakeboard Revisited

Now we return to the snakeboard and discuss the role of the symmetry group

G = SE(2). Recall from our earlier discussion that the Lagrangian is

1 ) 1. .. )
er2¢92 + +§JOT)Z)2 + JO¢9 + Jlgb%a

which is independent of the configuration of the board and hence it is invariant to all possible

. 1 . .
L(g,q) = §m(w2 +97) +

group actions.

The Constraint Submanifold. The condition of rolling without slipping gives rise to

the constraint one forms
wi(gq) = —sin(0+ ¢)dx + cos(0 + ¢)dy — r cos pdf
wa(q) = —sin(0 — ¢)dx + cos(§ — ¢)dy + r cos pdb,
which are invariant under the SE(2) action. The constraints determine the kinematic

distribution Dy:
D, = span{0y, 04, a0y + b0y + cOp},

where a = —2r cos? ¢ cosf,b = —2r cos? ¢sinf, ¢ = sin 2¢. The tangent space to the orbits

of the SE(2) action is given by

T,(Orb(q)) = span{d,, 0y, Og}
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The intersection between the tangent space to the group orbits and the constraint distribu-

tion is thus given by
Sq =Dy NT,(0rb(q)) = span{ady + b0y + cOy}.

The momentum can be constructed by choosing a section of S = DNT'Orb regarded
as a bundle over (). Since D, NT,Orb(q) is one-dimensional, the section can be chosen to
be

522 = a0, + b0y + cOp,

which is invariant under the action of SE(2) on . The nonholonomic momentum is thus

given by
L g
p = 8—qi(§Q)
= max + mby + mrcf + Jocip.

The kinematic constraints plus the momentum are given by

0 = —sin(0+ ¢)z + cos(0 + ¢)y — rcos Y.
0 = —sin(@ — ¢)i + cos(d — d)y + 7 cos pd
p = —2mrcos® ¢cosOi — 2mr cos® ¢sin 0y

+mr? sin 206 4 Jy sin 2¢0).

Adding, subtracting, and scaling these equations, we can write (away from the point ¢ =

™/2),

. Joo oo —1
cos 0% + sin Oy o sin 2¢1p erp
—sin 0% + cosfy | + 0 = 0 . (3.47)
’ mr2 o ov 2mr?
These equations have the form
9 g+ A(r)r =T (r)p
where
Ji J
Alr) = - 0 sin 2¢e; dy + —02 sin? peg dip
2mr mr
-1 1
I(r) = ex + —5 tan¢ep.

2mr 2mr
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These are precisely the terms which appear in the nonholonomic connection relative to the
(global) trivialization (r,g).
After applying the constrained Legendre transformation and its inverse to the

constraint equations (3.47), we have

i mr sin ¢ cos ¢ ] i —mr T
cos 0p, + sin Op,, (mr2 — Jy gin? ¢)p¢ 2(mr? — Jy sin? ¢)p
—sinfp, + cosbtlp, | + 0 = 0 )
mr? cos? ¢ (mr? — Jy) tan ¢
Do E— —5 Py 2 2 P
(mr? — Jysin®¢)" | | 2(mr? — Josin® @)

where

p = —2rcos? ¢ cos Opy — 2r cos? ¢ sin Opy + sin 2¢pg

and is SFE(2)-invariant.
Therefore, the constraint submanifold M C T*Q is defined by

mr sin ¢ cos ¢ mr
P = (mr2? — Jysin? qﬁ)m cost = 2(mr? — Jysin? gb)p cos
mr sin ¢ cos ¢ . mr .
Py = (mr2? — Jysin? qﬁ)m sinf = 2(mr2 — Jysin? gb)p sin 6
- mr? cos? ¢ (mr? — Jy) tan ¢

+
(mr? — Jo sin? ¢)p¢ 2(mr2 — Josin? gi))p

It is a submanifold in 7*Q and we can use (x,y,0,, ¢, py, s, p) as its induced local coor-

dinates.

The Distributions H,V N'H and /. With the induced coordinates, the distribution H
on M is

H = span{—2r cos® ¢ cos 00, — 2r cos® ¢ sin 00, + sin 2¢dy, Oy, O, Opys Opys Op )
and the subdistribution V N'H is
V N'H = span{—2r cos? ¢ cos 00, — 2r cos® ¢sin 00, + sin2¢0p }.

As for the subdistribution U, we first calculate the two form Q4. After pulling
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back the canonical two-form of T*(@) to M, we have

Qv = dx Ndpy + dy A dpy + dO N dpg + d A dpy, + do A dpg

mr sin 2¢ donr — mr P >
2(mr? — Jysin? ¢) Py 2(mr2 — Jysin? ¢) b
mr(mr? cos 2¢ + Jysin? ¢)

= (cosfdx + sin fdy) A <

+(cos Odx + sin Ody) A (2 — Josin? 6)2 pydo
. mrJosin 2¢
— 0d fdy) A d
(cos Odx + sin §dy) (2 — Jo sin? ¢)2p ¢
b A ( mr? cos® ¢ (mr? — Jo) tan ¢ P >
(mr? — Josin? @) T 2(mr? — Josin? ¢)
mr?(Jy — mr?)sin 2¢
do N d
* (mr? — Josin? ¢)?2 Py
2 _ 2 o2 tan2 9
+d0/\+(mr Jo)(mr sec® ¢ + Jy tan® ¢ cos ¢)pdq§

2(mr? — Jysin? ¢)?2
mr sin 2¢ B mr ) 40
2mr? — Josin? ) Y 2(mr? — JosinZ )’

+(—sinfdx + cos Ody) N <
+dp A dpy + do A dpy

Since U = (VN H)L = ker{(VNH)J Qy}, we need to calculate (VN H)J Qu,
and restrict it to H:

(VNH)1Qy = ‘
—2r cos? ¢ <2(mgr_si2§n2 &) dpy — 2(mr? jn;o sin? ¢) dp)
oot (M S0 )y IR
reinzs (0 S o 2((27;22 )
boingpM Lo mr )20, g

(mr? — Jysin? ¢)2
(mr? — Jo)(mr? sec? ¢ + Jy tan? ¢ cos 2¢)
2(mr? — Jysin? ¢)2 pd¢

2mr? cos® ¢ (mr? + Jo cos 2¢) tan ¢

= dp— d
b mrQ—Josin2¢p¢ o+

+ sin 2¢

d
mr2 — Jysin? ¢ pd¢

Hence,

U = ker {dp B 2mr? cos? ¢ (mr? + Jy cos 2¢) tan ¢pd¢} .

Py dd +

mr2 — Jysin? ¢ mr2 — Jysin? ¢
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Figure 3.2: The momentum p is the angular momentum of the snakeboard system about
the point P.

The Reconstruction and Momentum Equations A vector field X;; taking values in

U must be of the form

Xy = 205 + 50y + 00 + 100y + $0y + PyOp, + PO, + DOy

where
J . 1
T = 0 sin 2¢1p cos§ — ——pcos 0
2mr 2mr
. Jo . . r .
Yy o= sin 2¢ sinf — ——psin 6
2mr 2mr
: Jo .o, tan¢
b = ke W+ 9mr2?
and
2mr? cos? ¢ . (mr?+ Jycos2¢)tang -
) = — 3.48
L Jo sin? ¢p¢¢ mr2 — Jysin? ¢ pe (3.48)

The equations for &, ¥ and 6 are the same reconstruction equations as equations (3.47) and
the last one for p is the momentum equation on the Hamiltonian side. As noted in [BKMM],
the momentum p is the angular momentum of the system about the point P shown in figure
3.2.

It can be checked that the momentum equation (3.48) is equivalent to the equation

(3.14) via a change of variables with

p = —2rcos?¢cosOpy — 2rcos? dsin Opy + sin 2¢pg
2(mr? — Jysin? ¢) cot ¢ 2mr? cos? ¢ cot ¢
= 2 Po — 2
mr? — Jy mrs — Jy
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as the key link. Similarly the two full sets of equations of motion in both section 3.2.5 and

this section are also related in the same way.

The Reduced Hamilton Equations. To find the remaining reduced equations, we need

to compute
Xy 1 Qg = dH pg,

restrict it to the subdistribution U and then push it down to the reduced constraint sub-

manifold M. Let us first compute Xz 1 Qg

Xy 1 Qp =

(& cos@ + ysinh) (

mr sin 2¢ mr p )
2(mr? — Jg sin? qb) 2(mr? — Jysin? ¢) P
mr(mr? cos 2¢ + Jo sin? ¢) mrJosin 2¢ ¢>

+ (4 cos @ + 9sin dé —
(& cos § +5sin ) ( (mr2 — Jysin? ¢)2 pydd 2(mr? — Josin? ¢)2p

. mr? cos? ¢ (mr? — Jy) tan ¢
0 d
* ((mr2 — JosinZg) P T 2mr? — JysinZ g) >
(mr? — Jo)(mr? sec? ¢ + Jo tan? ¢ cos 2¢) d¢>
2(mr? — JosinZ )2 P

. 2J— 2 in 2
_Hg(m(r (Jo — mr?) sin ¢p¢d¢+

mr? — Jysin? ¢)2

+hdpy + Gdpy — pydih — pedsd

] mrsin 2¢ mr
- - —sinfd 0d
<2(’m"”2 ~JosinZ )" T 2(mr? — Jysin? ¢)p> (= sinfdz + cos fdy)
mr?cos2¢ + Josin?¢ . Jo sin 2¢ )
- - bz + sin 6d
" ( (mr2? — Jysin? ¢)2 py¢ 2(mr? — Jysin2 ¢)2 qu) (cos fdx + sin fdy)

B mr?(Jo —mr?)sin2¢ . (mr? — Jo)(mr?sec? ¢ + Jo tan? ¢ cos 2¢)
( (mr? — Jysin? ¢)2 Pud 2(mr? — Jysin? ¢)2 ¢> 40
2

mr sin 2¢ ) . mr? cos? ¢
— 0d 0dy) —
Py (cos Odx 4 sin Ody) o Josin )

2(mr2 — Josin? ¢)

n mr (mr? — Jo) tan ¢
2(mr? — Jysin? ¢) 2(mr? — Jysin? ¢)
As for dHyy, recall that the constrained Hamiltonian H a4 is

Pudd

(cos Odx + sin Ody) — pdb.

2
mr 9 1 1 5
t —
2(’m’r2 — J0)2 Cco ¢(p9 p’lﬁ) 2J pd) + (

Hy = —  (pp—p) 4+ —
M — ) (po — py)” + 17 P
Notice that Hxy is SE(2)-invariant and hence Hnq = hy; where

2(mr?

b - mrQ( 1 B sin” ¢ >2+L2
MT T\ o — Josin2 o). 20mr? — Josin?9) V) T 20V

2 in2 2

mre — Jy tan ¢ sin“ ¢ 1

+ - +—p2
2 (2(mr2 — Jp sin? gi))p mr2 — Jysin? qbpw) 1p¢
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Compute dHp = dhy; and we have

dh =
mr?(p — sin 2¢py) ( 1 p sin 2¢ >
2(mr? — Jysin? ¢) \ 2(mr? — Jysin? ¢) P 2(mr? — Jgsin? qb)
mr?(p — sin 2¢py) 1 sin 2¢
T2 — JosinZg) (pd (2(mr2 ~ Jo sin? ¢)) Py (2(mr2 ~ Jo sin? ¢)>)
(mr? — Jo)(tan ¢p — 2sin” ¢py,) tan ¢ B sin? ¢
* 2(mr? — Josin? ¢) <2(mr2 — Josin? ¢) ap (mr? — Jysin? ¢) dp¢>
N (mr? — Jo)(tan ¢p — 2sin” ¢py) g ( tan ¢ >
2(mr? — Jysin? ¢) P 2(mr? — Jysin? ¢)

B (mr? — Jo)(tan ¢p — 2sin” ¢py,) p ( sin? ¢ >
2(mr? — Jysin? ¢) P (mr? — Jysin® ¢)

1 1
+—=pydpy + +DpdDy.

Jo 2J;

It is easy to check that X3y 1 Qa = dHpq is SE(2)-invariant, and vanishes on VN'H
when restricted to ¢. Hence both sides push down to H. The push down of X 1 Qg is

given by
XﬁJ Qﬁ =
2
< Jo sin(26)7 > mrsin qb2 B mr i dp)
2mr 2(mr? — Jysin ¢) 2(mr? — Jysin® ¢)
2
n sin(20)) o mr(mr? cos 2¢ + Jo sin® ¢)p¢d¢

(mr2 — Jysin? ¢)2

(
)
) mrJosin2e
/)
/)

<
5
™o
%
’3

2(mr? — Jysin? ¢)?2

mr? cos? ¢ (mr? — Jo) tan ¢
( apy + 2(mr? — Jysin? ¢) dp

mr2 Jo sin? ¢)
mr?(Jo — mr?)sin 2¢
d
(mr? — Jysin? ¢)2 Pydo
tan ¢ ) (mr? — Jo)(mr? sec® ¢ + Jo tan? ¢ cos 2¢)
2(mr2 — Jysin? ¢)2

2( : tan 0]
n
mr2 2m1“2

+ <i sin (qb)i/) +
mr?

+ihdpy + ddpy — pydip — pede.

pd¢

2m’r2

Equating the terms of dhz; = dhy; with those of the push down of X3 4 Qq gives
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the remaining reduced Hamilton equations:

. tan ¢ mr?
_ + 3.49
¥ 2(mr2 — Jy sin? ¢)p Jo(mr2 — Jj sin? ¢)p¢ ( )
= 2 3.50
¢ o (3.50)
Py = 0 (3.51)
ps = 0. (3.52)

Notice that both the momentum equation (3.48) and the above set of reduced equations are
independent of the group elements of the symmetry group SE(2). If we add in the set of
reconstruction equations (3.47), we recover the full dynamics of the system, and in a form

that is suitable for control theoretical purposes.

Finding the Reduced Equations on the Lagrangian Side As shown in the proof of
Theorem 3.2, we can derive the reduced Lagrange-d’Alembert equations in two ways. Here

we will first use the equations (3.41).

d (9l Ol ol , .
il (87“) ~5e= agb(Bb/@r + FYp)), (3.53)
where
oAb DAY
b _ « b pa gc
Bly = S5~ 87“0‘ — ChASAS
A or A
sz _ o Cb Aardz.
« Ira ad**a

From the Lagrangian L, we find the reduced Lagrangian
. 1 1 1. . . .
Ur, 7€) = §m((51)2 +(6)%) + §m7“2(§3)2 + §J0¢2 ++Jo(€%) + g7,
where ¢ = g~'¢. After plugging in the constraints (3.47), we have the constrained reduced

Lagrangian
2

2m

1
le(r, ', p) = —5-25 sin® ¢ t 32 5 sec” gp” + Jolb ++J19%.

Let us find all the ingredients of the above equations:

ol Jo 1

88—;2 = m£2 =0

ol Jo . .
6—53 = m?"2 (—m—”% S1n anﬁp) + JOQZ)?



CHAPTER 3. SYMPLECTIC GEOMETRY OF NONHOLONOMIC SYSTEMS 88

since 88_512 = 0, we do not need to compute Biﬁ and F? (notice that i = 1). Also it is

straightforward to find

0 Jo . J,
Bi, = 90 <— 2'rr(z'r sin 2¢> = _m_(?r cos 2¢
B}, = a% (ﬁ sin? ¢) = %sinw)
B 0 (tang _ sec? ¢

2 0o \ 2mr? 2mr?’

and F! = F} = F} = 0. Substituting into (3.53), we get the reduced equations after some

computations

(1—%@%)& _ D in 2¢0d — Jo op (3.54)

omr? 2mr?
Jip = 0 (3.55)

It is easy to check that these two equations are equivalent to the set of reduced equations
(3.49)-(3.52) on the Hamiltonian side through the constrained Legendre transformation
FL|D.

Next we will find the reduced equations use the equations (3.45)

d (0l ol . - .
at (87;2) - 87; = —(Ki'pipi + K2, 57 pj + Kapsii0) (3.56)
where
. Y EL , ,
! b 7hl hi
IC‘& = ara — CZhAaI + ,‘Y}jLOéI
Kly = AXap(—CipAod" + 47, 1") + B,
Kags = )\a/(ng,ﬁ.
Here ,
HAb  O0A
Bl =58 = 5 — CacABAL + Alls — Afl.
First we need to construct the orthogonal body frame. Recall that
(e1(g,7))g = g4efya = —2r cos? ¢ cos 00, — 2r cos? ¢ sin 0, + sin 2¢y.
Hence

e1 = —2r cos? pey + sin 2pey,
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where e;, ey, eg are the generators of 0,0y, 0. Using the kinetic energy metric, we find
1 . 1 1
ea = ——singe, + — cos pe, — — cos ey
m m mr
1 . 1 1
e3 = — singe, + — cos pe, + — cos pey
m m mr

Recall that we only need e; to be orthogonal to e; and es.

Let n® be the components of £ in the new basis, i.e., £ = &le, +§22y +8&3ep = ney,

then
1 1
¢ = —2rcos? ¢nt — — sin¢n® + — sin ¢
m m
1 1
2 = —cosén? + — cos o’
m m
1 1
' = sin2¢n! — — cos ¢n® + — cos ¢,
mr mr

and [(r,7,n%) = I(r,7, T’n") where T{ is defined as above by & = T

Notice that in the new basis, the constraints (3.47) become

Jo . 1

1 2

g 2mr?2 tan ¢y A2 >° op

n? | =- 0 + 0 , (3.57)
n’ 0 0

but the constrained reduced equation I.(r,7,p) remains the same and is equal to l.(r, 7, p).

Let us find all the ingredients of equations (3.56). After finding from (3.57) that

Jo

A% = 5.2 tan ¢
1

M = Tr? sec? ¢

and the rest of A% equal to zero (which is not true in general), it is straightforward to
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calculate
Kit = 0
1
1 _ 2
Ky = 12 S€C ¢tan ¢
K%l - 0
Jo
Kiy, =
12 2mr?
’Cél — 0
2
IC121 = 2m7“2 S1n 2¢)
Ki22 = 0

After substituting into (3.56) we get the same reduced equations as (3.54) and (3.55).

3.3.6 Example: The Bicycle

Control of the bicycle is a rich problem offering a number of considerable challenges
of current research interest in the area of mechanical and robotic control. The bicycle
is an underactuated system, subject to nonholonomic contact constraints associated with
the rolling constraints on the front and rear wheels. It is unstable (except under certain
combinations of fork geometry and speed) when not controlled. It is also, when considered
to traverse flat ground, a system subject to symmetries; its Lagrangian and constraints are
invariant with respect to translations and rotations in the ground plane.

Here a simplified bicycle model will be considered. The wheels of the bicycle are
considered to have negligible inertia moments, mass, radii, and width, and roll without side
or longitudinal slip. The vehicle is assumed to have a fixed steering axis that is perpendicular
to the flat ground when the bicycle is upright. For simplicity we concern ourselves with a
point mass bicycle. The rigid frame of the bicycle will be assumed to be symmetric about
a plane containing the rear wheel.

Consider a ground fixed inertial reference frame with  and y axis in the ground
plane and z-axis perpendicular to the ground plane in the direction opposite to gravity.
The intersection of the vehicle’s plane of symmetry with the ground plane forms a contact
line. The contact line is rotated about the z-direction by a yaw angle . The contact line is

considered directed, with its positive direction from the rear to the front of the vehicle. The
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Figure 3.3: Notation for the bike.

yaw angle 6§ is zero when the contact line is in the z-direction. The angle that the bicycle’s
plane of symmetry makes with the vertical direction is the roll angle 1) € (=%, %). Front and
rear wheel contacts are constrained to have velocities parallel to the lines of intersection of
their respective wheel planes and the ground plane, but free to turn about an axis through
the wheel/ground contact and parallel to the z-axis. Let o € (=%, 5) be the steering angle
between the front wheel plane/ground plane intersection and the contact line. With o we
associate a moment of inertia J which depends both on ¥ and ¢. We will parametrize the
steering angle by ¢ := tano/b. For more details, see Getz and Marsden [1995] and Getz
[1996]. See figure 3.3.

The configuration space is Q = SE(2) x S* x S and the Lagrangian L : TQ — R
is the total kinetic energy minus potential energy of the system and is given by

1
L = —mgacosy + QJ(w’ }) >
+%(cos 0 + sin 0y + a sin 16)>
+% ((— sin 02 + cos 0y — a cos Y1) 4 cf)? + (—asin ¢¢)2>
where m is the mass of the bicycle, considered for simplicity to be a point mass, and J (v, ¢)

is the moment of inertia associated with the steering action. The nonholonomic constraints

associated with the front and rear wheels, assumed to roll without slipping, are expressed
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by
0 — ¢(cos 07 +sinfy) = 0
—sinfx +cosfy = 0.

Clearly both the Lagrangian and the constraints are invariant under the SFE(2) action.
Notice that the Legendre transform FL is singular but by the remark following
Theorem 8 the Hamiltonian procedure still works because the constrained Legendre trans-

form FL|D is invertible.

The Constraint Submanifold The constraints above give rise to the constraint one

forms

wi(q) = df — ¢cosbdx — ¢sinfbdy

wo(q) = —sinfdx + cosfdy
which determine the kinematic distribution Dy:
Dy = span{0y, 0, cos 00, + sin 60, + ¢y }.
The tangent space to the orbits of the SFE(2) action is given by
T4(Orb(q)) = span{0y, dy, Iy},

and the intersection between the tangent space to the group orbits and the constraint

distribution is thus given by
Sy = Dy NT,(Orb(q)) = span{cos 00, + sin 69y, + ¢0p}.

The momentum can be constructed by choosing a section of S = DNT'Orb regarded
as a bundle over Q. Since D, N T;0rb(q) is one-dimensional, the section can be chosen to
be

5% = cos 00, + sin 00, + ¢,

which is invariant under the action of SE(2) on ). The nonholonomic momentum map is
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thus given by

p = g—;(éé)i
= m(& + asini cos 06 + a cos 1 sin O — csin 66) cos 6
+m(y + asin 1 sin 00 — a cos 1 cos 01) + ¢ cos 00) sin 6
+m(cos 0 + sin 09 + asin ) apsin
+m(—sin 0& + cos 0y — a cos v + cé)cgb.

The kinematic constraints plus the momentum are given by
0 = &g
0 = ¢
p = m(E 4 asiny€?) + mapsin (€' 4+ asinye?)
me(c€? — ca cos i + 2¢3)

where
¢ = cosbi + sinfy
€2 = —sinbi + cosby
& =0

Adding, subtracting, and scaling these equations, we can write

o i _ca¢lc(osw¢ i mLKP
& |+ 0 = 0
3 cag? cos) ¢
¢ - mK?

where
K = (1+ agsinv)? + 2>
These equations have the form

g g+ A(r)i =T(r)p.

93

(3.58)

(3.59)
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Next find the Legendre transform FL and restrict it to the constraint submanifold

D CTQ, we get

pe = m(l+apsiny)e cosf — m(cpet — acosi))sin b
py = m(l+agsiny)e!sinf + m(cpe' — acos i) cos b
po = masin(l+agpsing)s’ +m(P¢¢" — cacos i)
py = ma*h —maccos P!

py = J(,0)0.

After applying the constrained Legendre transformation FL|D and its inverse to the con-

straint equations (3.58), we have

[ cpcos(l + apsini) py [ 1+ agsiny T
p1 B F a F2 P
1 i 2 cgsin
us |+ ( —|—a¢)s111;1/)) COS¢% _ ¢ - ¢p ’
13 ccos (1 + agsini)) py (14 apsinp)asiny + c2¢psin? 1)
I F a 1 1 F P
where
1 = cosblp, + sinfp,
p2 = —sinfp, + costp,
K3 = Do
and
F = (1+a¢sine)?+2¢?sin?y (3.60)
P = Dpycost+py,sinb + pao. (3.61)

Therefore, the constraint submanifold M C T*Q is defined by

Pr = p1cosf — posind
py = p1sing+ pscosd
Po = W3

It is a submanifold in 7*Q and we can use (z,y,0, v, ¢, py, pg,p) as its induced local coor-

dinates.



CHAPTER 3. SYMPLECTIC GEOMETRY OF NONHOLONOMIC SYSTEMS 95

The Distributions H,VN'H and Y. Using the induced coordinates, the distribution H
on M is
H = span{cos 00, + sin 00, + ¢Jp, Oy, 0y, Op,, Op,, Op}

and the subdistribution ¥V NH is
VYV N'H = span{cos 80, + sin 00y + ¢0g }.

Notice that in the case of the bicycle, the constraints are independent of the veloc-
ities of the shape variables and hence the simplified procedure employed in the snakeboard
is also used here.

As for the subdistribution U, we first calculate the two form Qx4. After pulling

back the canonical two-form of T*(@) to M, we have

Qv = dx Ndpy + dy N dpy + dO N dpg + dip A dpy, + do A dpg
= (cosBdx + sinOdy) A dpy + pu1(—sinfdx + cos 6dy) A db
+(—sin Odx + cos Ody) A dug — po(cos Odx + sin fdy) A df

+dO A dps + dip A dpy + do A dpy

Since U = (VN H)* = ker{(VNH) J Q}, we need to calculate (VN H) J Quy,
and restrict it to H:

(VOH)1Qy = dus — p1¢(—sinbdx + cos 0dy)
—2df + po@(cos Odz + sin 0dy) + ¢dus

= dui + ¢pdus
_ gpg EoO P(l ;a¢sinw)%d¢ _asing(1+ a¢Si;¢) + 2psin? ¢
Hence,
U — ker {dp+ ccos (1 ;aqﬁsin?ﬂ)%w _asing(1 + a¢si;¢) + 2 sin? ¢pd¢} |
(3.62)

The Reconstruction and Momentum Equations A vector field X;; taking values in

U must be of the form

Xy = ©0y + 40y + 009 + Y0y + 0 + Py, + POy, + POy
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where
i = &lcosh—E2sing = (cwl‘?S%Jr lep> cos 6
j = &sinf+E2cosh = (CW;(OS%JF lep> sin 0
: =¢€=<mﬁ?”%+é§@

and

P

ccosYP(1 + apsing) py . asiny(1 + agpsiny) + c?psin®
F a F
(3.63)

The equations for &, ¥ and 6 are the same reconstruction equations as equations (3.58) and
the last one for p is the momentum equation on the Hamiltonian side. Similar to the example
of the snakeboard, the momentum p equals the angular momentum of the system about a
fixed point P that can be determined in the same way as in the case of the snakeboard.

Notice also that the last equation can be written simply as p = ugé.

The Reduced Hamilton Equations. To find the remaining reduced equations, we need
to compute

Xy 1 Qg = dH pg,

restrict it to the subdistribution &/ and then push it down to the reduced constraint sub-

manifold M. Let us first compute Xz 1 Qg
Xy 1 Qpm =
(cos 0 + sin 09)dpy + p1(— sin 0 + cos 09)d — p1160(— sin Odx + cos Ody)
+(—sin 0 + cos 05)dpg — pi2(cos 0 + sin 05)df + pob(cos dzx + sin Ody)
+0dpis + Pdpy + ddpg — pydip — psdo
—((Y0y + ¢y + PyOp,, + POy, + POp) 1 dpu)(cos fda + sin fdy)
—((V0y + ¢y + PyOp,, + PsOp, + POp) 1 dp)(— sin Odz + cos Ody)
As for dHp, we can find the constrained Hamiltonian H 4 via the constrained

Legendre transform and have

1
Hy = —p?
M mga cos 1 + ij¢>+

1 Ksinyp c¢ sin v cos 2
—<u%+u§+( VPy oy Q’Z’p)>.

2m F a F
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Notice that Haq is SE(2)-invariant and hence Hpq = hy;. Compute dHpa = dhy; and we
have
dhy; =
1

1
—mgasin Ydy + p¢dp¢ J2p¢ <3¢ dy + a—¢d¢>

1
t— (padpy + padps)

1 (KsinYypy cosinycosy Ksinypy,  cpsinicosy
+m< Foa P TFE LT F )

It can be checked that Xy 1 Qa = dHpq is SE(2)-invariant, and vanishes on VN'H

when restricted to ¢. Hence both sides push down to H. The push down of X 1 Qg is
given by
X371 Qs = (cosOi + sin0y)dus + 0duz + Pdpy + ddpy — pypdip — peds
= Eldp + Edpy +ddpy + ddpy — pudip — pedd
Equating the terms of dhs; = dhy; with those of the push down of X3y 1 Q0 gives

the remaining reduced Hamilton equations:

b oo L (Kne cbemn)

F a F
) — Do
¢ = J
. . L o . 132 : 1)
Py = mgasiny + ﬁm)% +m(1+ agsin)agcos Y(£)° + mead sin Y& p
. 1L oaJ,
by = 2J2 a¢ ¢>’
where
1ic¢c051/) 1 7C¢COS@Z)& 1
&= lb-l— Kp_ mF a mF

as defined earlier in (3.58). The first two equations are nothing but the inverse of the
constrained Legendre transform. Notice that both the momentum equation (3.63) and the
above set of reduced equations are independent of the group elements of the symmetry
group SE(2). If we add in the set of reconstruction equations (3.58), we recover the full

dynamics of the system, and in a form that is suitable for control theoretical purposes.

3.3.7 Example: A Nonholonomically Constrained Particle

In [BS], the example of a nonholonomically constrained particle has been used to

illustrate its theory. Here, we would like to modify this example slightly in order to show
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concretely what need to be done to find the reduced equations of motion if the constraints
involve also the velocities of the shape variables.

Consider a particle with the Lagrangian

1
L= §(ab2+z)2+22)

and the nonholonomic constraint
z=yzr+y.
The constraint and the Lagrangian are invariant under the R? action on R? given by

(2,9,2) = (T + Ay, 2 + ).

Notice that in the original example used in [BS], the constraint does not involve the y-term
and hence it also satisfies the special condition that the constraints are independent of the

velocities of the shape variables. But the slight modification changes all these.

The Constraint Submanifold The constraint above gives rise to the constraint one
form

w(q) = dz — ydx — dy.

The tangent space to the orbits of this group action is given by
Tq(orb(Q)) = span{@x, 82}7

and the intersection between the tangent space to the group orbits and the constraint

distribution is thus given by
Sq = Dy N T,(0rb(q)) = span{0d, + y0.}.

The momentum can be constructed by choosing a section of S = DNT'Orb regarded
as a bundle over Q. Since D, N T;0rb(q) is one-dimensional, the section can be chosen to
be

& = 0, + yo..

The nonholonomic momentum map is thus given by

0L

- qi:. o
p= 5 €)=tz
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The kinematic constraint plus the momentum are

Solving for & and 2, we get

Yoo 1
BEETL s ey
y
Tty

5D

.

l+y 2P

After applying the constrained Legendre transform, we find that the constraint submanifold

M C T*Q is defined by

Y 1
= — + 3.64
P L L (3.64)
1 Yy
= + . 3.65
pz 1 ygpy 1 ygp ( )

It is a submanifold in 7*@Q and we can use (z,¥, z, py, p) as its induced local coordinates.

The Distributions H,VN'H and U. With the induced coordinates, the distribution H
on M is

Y
‘H = span {835 +y0,, — 1542 Or + g y23z + 0y, Op,, 8p} (3.66)
Notice that we are using —gg A%9ya + Oya, i.e, —#&c + ﬁ@z + 0, instead of 9,. In fact,
0y does not even lie in the distribution H.
The subdistribution V NH is
VNH = span{0d, + y0; }. (3.67)

As for the subdistribution U, we first calculate the two form Qa4. After pulling

back the canonical two-form of T*(@ to M, we have
Qv = dx Ndpy +dy Ndpy + dz N dp,

Y 1
= deAd|-
’ (1+ﬁm+1+¢o

1 )
+dy AN dp, +dz N d + .
y N\ dpy z (1 ypr 1 y2p)
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Since U = (VN H)* = ker{(VNH)J Qy}, we need to calculate (VNH)J D,
and restrict it to H:

y 1—y? 1 2y
O +90.) 1y = ——2—dp,— ——2 _p.d dp — d
( U z) H 1+y2 Dy (1+y2)2py Y+ 1+y2 D (1+y2)2p Y
2y y? y(1—y?)
——d ———n,d d d
1+y2 Py = (1+y2)2pyy+1+y2 p+(1+y2)2py
Yy
= d dy — d
Hence,
U =kerdd L ,d Y__pd (3.68)
= ker - - . .

The Reconstruction and Momentum Equations A vector field X;; taking values in

U must be of the form

Xy = i0y + 90y + 20, + PyOy, + D0y

where
. y oo 1
_ 3.69
* 1+ 27 T 15,20 (369)
. Y
— 3.70
1+y P 2P (3.70)
and
1 y
) — ] — ) =0 3.71
L A w1 (3.711)

The first set are the reconstruction equations and the last one is the momentum equation

on the Hamiltonian side.

The Reduced Hamilton Equations. To find the remaining reduced equations, we need

to compute

Xog J Qpp = dH (3.72)
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restrict it to the subdistribution ¢ and then push it down to the reduced constraint sub-

manifold M. Let us first compute Xz 1 Qg

1—y® 2yl —y?). y . I
XpdQy = (—== - d
Ny Sl (P Sy ) P
T+ (149?70 1T+ 14y
+ —iip _273/:&]9_273451) _|_1_7yQép_p dy
(1+y2)2™ (1+y2)? (T+y2)2 ™ (1 +y?)? Y

+ (—1fy25c+y+ ﬁz) dp, + (1 +1y2:'c+ 1j_’y2,:;:> dp
Notice that in pushing down Xy 1 Q4, we cannot simply just throw away the terms involv-
ing dr and dz, instead we have to replace them by —AZ%dr®, i.e.,by —#dy and ﬁdy
respectively, as it has been done in the proof of Theorem 8.

As for dHyp, we first find the constrained Hamiltonian H g
1 Y 1 2 9 1 Y 2
Hy = -[(-——— -
- 2<< 1+y2py+1+y2p> T T T Tt

1 p? 2 Py
- §<1+y2+py+1+y2

Clearly Hy, is R2-invariant and hence Hj = hzz. Compute dHa = dhy; and we have

_ Yy
1+y 1+92)

Equating the terms of dhs; = dhy; with those of the push down of X3y 1 Q¢ gives

1
dhsg sp7dy + pydpy + ——5pydpy — ( g 2)2p§dy

d _
PP 1 1+y Ity

the remaining reduced Hamilton equations:

Y = Dy (3.73)

. 1
by = ——2+y2pxpya (374)

where
Y
1_|_y2py+ 1+y2p7

Pz =

as defined earlier in equation (3.64).

Conclusions.

In this chapter we have analyzed the relation between the Lagrangian and Hamil-

tonian approaches to problems in nonholonomic mechanics. In the course of doing this,
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we have clarified each of the pictures. For example, we have shown how the momentum
equation first found on the Lagrangian side fits into the Hamiltonian approach. We have
also explored the reduced Lagrange-d’Alembert equations in greater detail than was known
previously. An example, a simplified model of the bicycle is used to illustrate the ideas.
This chapter concentrates in comparing different but equivalent formulations of
mechanics with nonholonomic constraints from the intrinsic point of view. While a further
comparison with the extrinsic point of view taken in Dezord [1994] and Marle [1995] would

be interesting, we will leave it to the future.
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Chapter 4

Poisson (Geometry of

Nonholonomic Systems

4.1 Introduction

The General Setting. On the Hamiltonian side, besides the symplectic point of view,
one can also develop the Poisson point of view. Because of the momentum equation, it is
natural to let the value of momentum be a variable and for this a Poisson rather than a
symplectic viewpoint is more natural. Some of this theory has been started in van der Schaft
and Maschke [1994], hereafter denoted [VM]. In this chapter, we build on their work and
develop the Poisson reduction for the nonholonomic systems with symmetry. We use this
Poisson reduction procedure to obtain specific formulas for the nonholonomic Hamiltonian
dynamics. We also show that the equations given by the Poisson reduction are equivalent
to those given by the Lagrangian reduction via a reduced constrained Legendre transform.

Two interesting complications make this effort especially interesting. First of all, it
is well known that symmetry need not lead to conservation laws but rather to a momentum
equation. Second, the natural Poisson bracket fails to satisfy the Jacobi identity. In fact,
the so-called Jacobiizer (the cyclic sum that vanishes when the Jacobi identity holds) is
an interesting expression involving the curvature of the underlying distribution describing
the nonholonomic constraints. We shall explore these in detail in the forthcoming paper
“Poisson Reduction of Nonholonomic Mechanical Systems with Symmetry”.

These results are important for the future development of the stability theory for
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nonholonomic mechanical systems with symmetry. In particular, they will be required for
the development of the powerful block diagonalization properties of the energy-momentum
method developed by Simo, Lewis and Marsden [1991]. This technique is very important

for the development of systematic methods for stability criteria.

Outline of the Chapter. In Section 2, we first consider general nonholonomic systems

without symmetry assumptions. In this section,

1. we review the Poisson formulation of nonholonomic systems in [VM] which includes
a procedure for finding the equations of motion for nonholonomic systems from the

Poisson point of view.

2. With the help of the Ehresmann connection, we use the Poisson procedure to write
a compact formula for the equations of motion of the nonholonomic Hamiltonian

dynamics.

3. We prove the equivalence of the Poisson and Lagrange-d’Alembert formulations for

the nonholonomic mechanics.
4. We apply the Poisson procedure to the example of the snakeboard.

In Section 3, we add the hypothesis of symmetry to the preceding development.

In this section,

1. we build on the work of [VM] and develop the Poisson reduction, using the tools like
the nonholonomic connection and nonholonomic momentum. We write the equations
of motion for the reduced constrained Hamiltonian dynamics using a reduced Poisson
bracket. This Poisson reduction procedure breaks the Hamiltonian nonholonomic
dynamics into a reconstruction equation, a momentum equation and a set of reduced

Hamilton equations.

2. We prove that the set of equations given by the Poisson reduction is equivalent to

those given by the Lagrangian reduction via a reduced Legendre transform.

3. We apply the Poisson reduction procedure to the example of the snakeboard.
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4.2 General Nonholonomic Mechanical Systems

Following the approaches of [BKMM], we first consider mechanics in the presence of
homogeneous linear nonholonomic velocity constraints. For now, no symmetry assumptions

are made; we add such assumptions in the following section.

4.2.1 Review of the Poisson Formulation

The approach of [VM] starts on the Lagrangian side with a configuration space @
and a Lagrangian L (possibly of the form kinetic energy minus potential energy, i.e.,

1

L(qd) = 546 0)) = V(@)

where ((, )) is a metric on @ defining the kinetic energy and V is a potential energy
function.)

As above, our nonholonomic constraints are given by a distribution D C TQ. We
also let D° C T*(@Q denote the annihilator of this distribution. Using a basis w® of the

annihilator D°, we can write the constraints as
W (q) = 0.

wherea =1,... k.
As above, the basic equations are given by the Lagrange d’Alembert principle and

are written as

490L oL _
dt ¢t Oqt

where )\, is a set of Lagrange multipliers.

a
19

aw
The Legendre transformation FL : T'Q)Q — T*(@), assuming that it is a diffeomor-
phism, is used to define the Hamiltonian H : T*@ — R in the standard fashion (ignoring

the constraints for the moment):
H=(p,g)—L=pij — L.

Here, the momentum is p = FL(v,) = 0L/Jq. Under this change of variables, the equations
of motion are written in the Hamiltonian form as
- OH
i = . 41
o, (4.1)

Pi = —o A, (4.2)
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where i = 1,... ,n, together with the constraint equations
- OH
wi'q' = wj =0.
o * Opi

The preceding constrained Hamiltonian equations can be rewritten as

i oH
oH 0 "

Tl o |4 , w08 g, (4.3)

Pi gTIj Aqw Opi

Recall that the cotangent bundle T*Q is equipped with a canonical Poisson bracket and is

expressed in the canonical coordinates (q,p) as

{F,G}(q,p) = :

OF 0G _0F oG _ (OF" oF"\ [ 2
93¢’ Op; - 9p; O¢°

~\ 9qg " 0Op 9G

Here J is the canonical Poisson tensor

which is intrinsically determined by the Poisson bracket {,} as

S {qi,qf} (U (4.4)
{pi ¢’} {pipj}
On Lagrangian side, we saw that one can get rid of the Lagrangian multipliers.
On the Hamiltonian side, it is also desirable to model the Hamiltonian equations without
the Lagrange multipliers by a vector field on a submanifold of 7*Q. In [VM], it is done
through a clever change of coordinates.
First, a constraint phase space M = FL(D) C T*Q is defined in the same way

as in [BS] so that the constraints on the Hamiltonian side are given by p € M. In local

co-ordinates,

M—{(q,p)eT*Q!wq 0 }
Let {X,} be a local basis for the constraint distribution D and let {w®} be a local basis for
the annihilator D°. Let {w,} span the complementary subspace to D such that (w?, wp) = 6%
where 0; is the usual Kronecker delta. Here a = 1,... ,k and a = 1,... ,n — k. Define a

coordinate transformation (q,p) — (¢, Pa, Pa) by

Da = Xépia Da = Wépi' (4'5)
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[VM] shows that in the new (generally not canonical) coordinates (q,pa,Pa), the Poisson

tensor becomes

. {d, ¢} {d'.ps}

Jp) =1 ~ T (4.6)
i d’y AP, by}
and the constrained Hamiltonian equations (4.3) transform into
! o ’ o
3 _ i | oem L
]Za = J(q,p) ?135 + ob : 8ﬁa(q,p) 0. (4.7)
P, by )‘bKa(Q)

with K%(q) := wiw? and where H(q,p) is the Hamiltonian H(q,p) expressed in the new

coordinates (g, p).

Then, let (pa, Pa) satisfy the constraint equations %(q, p) = 0. Since

. __.0H, K _ _
M= {(q,pa,pa) | ﬁ(q,pa,pa) = 0},

[VM] uses (g, Do) as an induced local coordinates for M. It is easy to show that

O o) = 20 5
3qj q,PasPa) = 8qﬂ' q; Do
OH  _ _ OHpn,
aﬁﬁ((bpmpa) - (q7p01)

9ps
where H ,, is the constrained Hamiltonian on M expressed in the induced coordinates.
Now we are ready to eliminate the Lagrange multipliers. Notice that g—g(q, p)=0
on M, and by restricting the dynamics on M, we can disregard the last equations involving
A in equations (4.7). In fact, we can also truncate the Poisson tensor .J in (4.6) by leaving
out its last k columns and last k£ rows and then describe the constrained dynamics on M

expressed in the induced coordinates (¢*, ) as follows

) OH pm ~ i
q' | Tt pa) q
N R VICN SN T S em. (4.8)
Pa D5 (4, Da) Pa

Here Ju is the (2n — k) x (2n — k) truncated matrix of J restricted to M and is expressed
in the induced coordinates.

The matrix Ja defines a bracket {, } o¢ on the constraint submanifold M as follows

i OFT, OFT o s
{Fm; Gamym(q, Pa) = <8—q/;/l 813/;) Im(¢" Pa) aac?L

opg
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for any two smooth functions Fa(, Gaq on the constraint submanifold M. Clearly this
bracket satisfies the first two defining properties of a Poisson bracket, namely, skew sym-
metry and Leibniz rule, and it is shown in [VM] that it satisfies the Jacobi identity if and
only if the constraints are holonomic.

In the coming paper, we will develop a general formula for the Jacobiizer (the
cyclic sum that vanishes when the Jacobi identity holds) which is an interesting expression
involving the curvature of the underlying distribution that describes the nonholonomic
constraints. From this formula, we can see clearly that the Poisson bracket defined here

satisfies the Jacobi identity if and only if the constraints are holonomic.

4.2.2 A Formula for the Constrained Hamilton Equations

In holonomic mechanics, it is well known that the Poisson and the Lagrangian
formulations are equivalent via a Legendre transform. And it is natural to ask whether the
same relation holds for the nonholonomic mechanics as developed in [VM] and [BKMM]. But
before we answer this question in the next subsection, we would like to first use the general
procedures of [VM] to write down a compact formula for the nonholonomic equations of

motion.

Theorem 9 Assume that we have same setup as in the preceding subsection. Let ¢' =

(r®, s*) be the local coordinates in which w® has the form
w(q) = ds® + AL (r, s)dr® (4.9)

where A% (r, s) is the coordinate expression of the Ehresmann connection described in section
2.1 in Chapter 3. Then the nonholonomic constrained Hamilton equation of motion on M

can be written as

OH vy

P = 4.10

P A (4.10)
OH vy

ga — _Aa _ 411

1 (1.11)

= - A — B’ g——— 4.12

Pa gra AaTgp T PPasTgs (4.12)

where Bgﬂ are the coefficients of the curvature of the Ehresmann connection given in equa-
tion (3.5) in Chapter 3. Here, p, should be understood as py restricted to M and more
precisely should be denoted as (py)m-



CHAPTER 4. POISSON GEOMETRY OF NONHOLONOMIC SYSTEMS 109

Proof As mentioned in subsection 2.1 in Chapter 3, no additional assumption is needed

since one can always choose a local coordinates where
w(q) = ds* + AL(r, s)dre.
In this local coordinate system,
D = span{Oya — A5 0sa}. (4.13)

Then the new coordinates (7%, s%, pa,Pa) of [VM] are defined by

~ a

Pa = Pa — Aapaa Da = Pa + Agpa (4'14)

and we can use (1%, s% p,) as the induced coordinates on M.

Moreover, we can find the constrained Poisson structure matrix Ja(r®, s, pq)
by computing {¢’,¢’},{¢", Pa}, {Pa,Ps} and then restrict them to M. Recall that Juq is
constructed out of the Poisson tensor .J in equation (4.6) by leaving out its last k& columns

and last k rows and restricting its remaining elements to M.

Clearly
{¢.d}=0.
And we have
{Tﬁaﬁa} = {Tﬁapa - Agpa} = {Tﬁ,pa} - {Tﬁv Agzpa} = 5g
{sbaﬁa} = {sbvpa - Agpa} = {Sbvpoé} - {sbaAglpa} = _Agu

where 65 is the usual Kronecker delta. It is also straightforward to find

{ﬁaaﬁﬁ} = {pa - Agpaapﬁ - A%pb}
= —{pa, A4po} — {A%pa, D} + {A%pa, Alpy}
0AY  pAb 0A? DA
_ 8, a a b ja 8
T g Bt + Dsb Pady = Aa fsa P

04, 9Ab dAb DAL
8 _ o a a _ pa B
<8r0‘ orP As 0s? Aa gse | P

= —Blspp.

After restricting the above results to M, all other terms remain the same but the last

line should be understood as —Bgﬂ(pb) M. But for notational simplicity, we keep writing
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it as —Bgﬁpb. Putting the above computations together, we can write the nonholonomic

equations of motion as follows

. OH
7 0 0 (Sg W'BM

s | = o 0 —AY S (4.15)

~ OH
Pa —0a (AT —peBSy )\ G4

which is the desired result.

4.2.3 The Equivalence of the Poisson and the Lagrange-d’Alembert For-

mulations

Now we are ready to state and prove the equivalence of the Poisson and Lagrange-

d’Alembert formulations.

Theorem 10 The Lagrange-d’Alembert equations

§* = AL (4.16)
d 0L, 0L, o OLc IL ., .3
— — = ——B 4.17
dtore oo | Mo gse gav o’ (417)
are equivalent to the constrained Hamilton equations
OH p
o 4.18
' e (419
: OH pm
i _A%a—ﬁﬁ (419)
= — A — ppBos—— 4.20
Pa gra T e T PPes g5 (4.20)
via a constrained Legendre transform which are given by
~ 6LC .o 6HM
= = ) 4.21
pOl 3?”0‘ r 6]504 ( )

Proof Recall that
D={(rs,r8) €TQ| s+ A%r® =0}.

And we can use (r,s,7) as the induced coordinates for the submanifold D. Since the

constrained Lagrangian is given by
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We have

oL. oL OL ,
gre  gra gsa’ e PaTPa

A% = B, (4.22)

Hence, % = P, does define the right constrained Legendre transform between the sub-
manifolds D and M with the corresponding induced coordinates (7%, s%,7%) and (r®, s%, pa)-

Now notice that if £ = g—;qi — L, then restricting it to D we will get

oL ., oL

Ep = (%T +8.§“S>D_LC
0L, . oL . oL .
= 87’"; 7+ Ag 95a T — Ag 95a 7% — L,
0L, .
= a 7 — L.
Hence, the constrained Hamiltonian is given by
Hpm = par® — Le. (4.23)
And it is straightforward to show that
OHym ., . 08 oL.of®
~— =T PBa=——"F".353- =T
OPa Opa 0P Opa

which gives the equation (4.18). Clearly, $* = —A%?’“ﬁ together with equation (4.18) gives
equation (4.19).
Furthermore, we have

OHm _ - 0F"  OLc 0L Or® _ OLc (4.24)
o8 P98 T 908 T g o8 orB’ '

and

OHm _ - 07" OLe 0L Or® _ OLc (4.25)
ost  Peast T b T o ast | ost '

Substituting the results of (4.24) and (4.25) into equation (4.17), we get the remaining
equation (4.20).

4.2.4 Example: The Snakeboard

The snakeboard is a modified version of a skateboard in which the front and back

pairs of wheels are independently actuated. The extra degree of freedom enables the rider
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to generate forward motion by twisting their body back and forth, while simultaneously
moving the wheels with the proper phase relationship. For details, see [BKMM] and the
references listed there.

The snakeboard is modeled as a rigid body (the board) with two sets of indepen-
dently actuated wheels, one on each end of the board. The human rider is modeled as a
momentum wheel which sits in the middle of the board and is allowed to spin about the
vertical axis. Spinning the momentum wheel causes a counter-torque to be exerted on the
board. The configuration of the board is given by the position and orientation of the board
in the plane, the angle of the momentum wheel, and the angles of the back and front wheels.
Let (z,y,0) represent the position and orientation of the center of the board, ¢ the angle
of the momentum wheel relative to the board, and ¢; and ¢ the angles of the back and
front wheels, also relative to the board. Take the distance between the center of the board
and the wheels to be r. See figure 3.1 in Chapter 3.

In [BKMM], a simplification is made which we shall also assume in this paper,
namely ¢1 = —¢o, J1 = Jo. The parameters are also chosen such that J+Jp+J1+J2 = mr2,
where m is the total mass of the board, J is the inertia of the board, Jy is the inertia of
the rotor and Ji, Jo are the inertia of the wheels. This simplification eliminates some
terms in the derivation but does not affect the essential geometry of the problem. Setting
¢ = ¢1 = —¢o, then the configuration space becomes Q = SE(2) x S' x S' and the
Lagrangian L : T'QQ — R is the total kinetic energy of the system and is given by
1

. 1 . .. .
2mr2¢92 + §J0¢2 + Joth0 + J1 %

1
L= 5m(jc? +9%) +

The Constraints. The rolling of the front and rear wheels of the snakeboard is modeled
using nonholonomic constraints which allow the wheels to spin about the vertical axis and
roll in the direction that they are pointing. The wheels are not allowed to slide in the

sideways direction. The constraints are defined by

—sin(@ + @) + cos(f + )y —rcosphd = 0
—sin(f — )i + cos(d — ¢)y +rcospd = 0

and can be simplified as

£ = —rcot¢cos 66

Yy = —rcot@sin 00.
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Since the coordinate expressions of the Ehresmann connection A% are zeroes except
Al =rcot ¢cosb A? = rcot ¢sin 6,
the coefficients of the curvature of this connection are zeroes except

Bi;=-B) = —rcsc®¢cosh

Bi, = -B% = —rcsc? ¢sind.
Also, the constrained Lagrangian is given by
L. = L(r% s r% —A%r")

1 . 1. . .. .
= §mfr2 csc? ¢f? + §J0¢2 + Jof + J1¢*

The Constrained Hamiltonian. The constrained Legendre transform on the constraint

D is given by

~ aLC 2 2 - .
=— = mr°csc’ ¢ + J
Do % ¢ 0y
aLC . .
Dy = —— = Jo + Jpb
Dy 0 0 + Jo
0L, .
Dy = —— = 2J10.
D¢ 9 19
Its inverse are
. sin? ¢
6 — _
—Jy sin? ¢( pqp)
¢ _omr pw — Jo sin? ¢pg
— Jo(mr? — Jysin® ¢)
. ﬁd’
¢ - 2J1 9

And we can find the corresponding constrained Hamiltonian on the submanifold

M via the inverse of the constrained Legendre transform in the following way

e 1 . 1. . . .
Ha = ol + Dyt + Do — (Gmr® ese® $6° + S.Jo0” + Joub + 116°)
sin? ¢

- - 1 1
— 2(mr? — Jysin® )2 (o —po) + 2.Jo VAR 4.J, AL




CHAPTER 4. POISSON GEOMETRY OF NONHOLONOMIC SYSTEMS 114

The Equations of Motion. Now we can write the constrained Hamilton equations of

motion using the constrained Poisson matrix as follow

0 0 0 0 0 0 1 0 0 0
¥ 0 0 0 0 0 0 1 0 0
¢ 0 0 0 0 0 o o0 1 T
& | [ o o 0o 0o o -4 o0 0 0
g 0 0 0 0 0 —42 0 0 0
bo -1 0 0 Al A2 0 0 —pBl Cilas
By 0 -1 0 0 0 0 0 0 G
= 0
2 0 0 -1 0 0 —-pBY 0 0 E
where Al = rcot ¢ cos 6, A2 = r cot ¢psin @ and
OHpy mr? sin ¢ cos ¢ (o — P )2
op  (mr2— Jysin? )2 b6 — Py

OHpy sin? ¢ (Fo — )

Oy mri— JosimnZe ol ¥

OH pm _ mr2ﬁw — Josin? ¢pg

0Dy Jo(mr? — Jysin? ¢)

OHy 1

s 2h”

As for pyBY,, notice first that
AL . oL .

Restricting them to M is the same as restricting them to D and then applying the con-

strained Legendre transform, i.e.,

mr sin ¢ cos ¢

= —mrcot¢pcoshf = — Do — D) COS O
P ) r? — Jo i qb(pe Py)
t i 06 mr sin ¢ cos ¢ (~ 5, sin 6
= —mrcot¢psinfh = — — sin 6.
Py mr2 — Jysin? ¢ Po = Py
Therefore,
Bl = pu(—rcsc? pcosh) + py(—rcsc? psinb)
mr? cot ¢

= mr2— Jo sin? ¢(ﬁ9 ~Py)-
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After simplification, we have the constrained Hamilton equations

. sin? ¢
0 = Dg — D
mr2 — Jy sin® qb(pe by)
1}[) _ m?”Qﬁw — J() Sin2 ¢ﬁ9
J()(mT2 — J() Sin2 ¢)
, _ Ps
¢ = 2J;
- mr? cot ¢ (o — 7 )i
Po = Tz _ Josin? ¢ Po = Py 2.J1
Py = 0
Py = 0

together with the constrained equations

. rsingcos¢ . 5

v 2 — Jo sin? qb(pe ~ by)cost
. rsingcos¢ . I
vo= Cmr? — Jo sin? ¢(p9 ~Py)sind

4.3 Nonholonomic Mechanical Systems with Symmetry

Now we add the hypothesis of symmetry to the preceding development. Assume
that we have a configuration manifold @, a Lagrangian of the form kinetic minus potential,
and a distribution D that describes the kinematic nonholonomic constraints. We also assume
there is a symmetry group G (a Lie group) that leaves the Lagrangian invariant, and that
acts on @ (by isometries) and also leaves the distribution invariant, i.e., the tangent of the
group action maps Dy to Dyq (for more details, see [BKMM].) Later, we shall refer this
as a simple nonholonomic mechanical system. Furthermore, this section uses many
results of the Lagrangian reduction developed in [BKMM]. For a brief review of Lagrangian

reduction, see subsection 3.1 in Chapter 3 of this thesis.

4.3.1 Poisson Reduction

Now let G be the symmetry group of the system and assume that the quotient space
M = M/G of the G-orbit in M is a quotient manifold with projection map p: M — M.
Since G is a symmetry group, all intrinsically defined vector fields push down to M. In this

subsection, we will write the equations of motion for the reduced constrained Hamiltonian
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dynamics using a reduced ”Poisson” bracket on the reduced constraint phrase space M.
Moreover, an explicit expression for this bracket will be provided.

The crucial step here is how to represent the constraint distribution D in a way
that is both intrinsic and ready for reduction. The work in both [BKMM] and Koon and
Marsden [1997] suggest that we should use the tools like nonholonomic momentum p and
the nonholonomic connection A in [BKMM] to describe D

Recall that in [BKMM], a body fixed basis

ep(g,7) = Adg - ep(r)

has been constructed such that the infinitesimal generators (e;(g,7))q of its first m elements
at a point ¢ span S; = D, N T,(Orb(q)). Assume that G is a matrix group and e¢ is the
component of e;(r) with respect to a fixed basis {b,} of the Lie algebra g where (b,)g = 0ye,
then

(ei(g.7))q = gieiOge.
Since Dj, is the direct sum of S, and the horizontal space of the nonholonomic connection

A, it can be represented by
D = span{g4efdya, —g AL Dga + Oya }. (4.26)

Before we state the theorem and do some computations, we want to make sure

that the readers understand the index convention used in this subsection:

1. The first batch of indices is denoted a, b, ¢, ... and range from 1 to k corresponding to

the symmetry direction (kK = dim g).

2. The second batch of indices will be denoted ¢, j, k,... and range from 1 to m cor-
responding to the symmetry direction along constraint space (m is the number of

momentum functions).

3. The indices a, 3, ... on the shape variables r range from 1 ton—k (n—k = dim (Q/G),

i.e., the dimension of the shape space).

Then the induced coordinates (g%, 7%, p;, Do) for the constraint submanifold M are

defined by

Pi = g5€lpa = paey (4.27)
Do = Pa—98A%D0 = Do — 1pAL. (4.28)
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Here p is an element of the dual of the Lie algebra g* and p, is its coordinates with respect
to a fixed dual basis. Notice that p; are nothing but the corresponding momentum functions
on the Hamiltonian side.

We can find the constrained Poisson structure matrix Ja((g%,r%, pi, Do) by com-
puting {¢%, ¢*}, etc. and then restrict them to M. Recall that .Ju is constructed out of the
Poisson tensor J in (4.6) by leaving out its last k columns and last & rows and restricting
its remaining elements to M.

Clearly
{ga’gb} =0, {gavra} =0, {Taarﬁ} =0.

And we also have

{g".0i} = {9 geipe} = gles

{g%Pat = {0%pa — giALpc} = —gf Al
{r*,pi} = {rf, gem} =0

{rps} = {rps — g5 Ahpe} = 53

It is also straightforward to find

(B0} = {98€Spa, gieim}

g2 d agcbz d

gy gy d
= pb( Ugfz - angcT eje;

arvb _c d
= _pagbccdeiej

ced

_ a
= —1aCrq€; §

where C?, is the structure coefficients of the Lie algebra g. Similarly, we have

{pisha} = {9%€Paspa — 95A DA}

= {g%€5pa,pa} — {9%€iPar 65AL pa}

a

[
= Maa—ré + ,uacgdegAi
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and
{Pa-Bp} = {pa— 95 Aparps — 95A%DC}
= —{Pa» 95A%pc} — {98 Alpa, s} + {98 Abpas 95 ALD}
8A% dAL

b
Mb% — Hb OB - MbCacAgAcﬂ
= _:U’ng/@7

where Bgﬁ are the coefficients of the curvature of the nonholonomic connection and are

given by

b
g, 04O

— CP A2 AC,
gro  ra + actalls

Therefore the constrained Hamilton equations can be written as follows

e 0 0 goes —ge A %ny
7 0 0 0 55 Ofp
P ~(ke)T 0 —paCigeled  paF || B (1.29)
Pa (2A)T =60 —(uaF8)T —aB2g %Hﬁxﬁn '

where Fj is defined by

pa oef

b= 55+ CraeiAj (4.30)

Since G is the symmetry group of the system and the Hamiltonian H is G-invariant,

we have Hyq = h ;. Hence

OH
B

OHpm  Ohw
orf - orf
OHpm  Ohw
Op; Op;
OH pm Ohpm
0pgs Ips

After the reduction by the symmetry group G, we have

b b b
3 0 0 ¢! —AY ; }?
- 0 0 0 05 s
| = . o 2 o (4.31)
pi =€) 0 —nCpeief  paki s
. dh x4
Pa (Ag)T _5g _/J’(I(F]qa)T _MaBgﬁ opg
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where €0 = (g71)54".
From the above computations, we have proved the following theorem

Theorem 11 The momentum equation and the reduced Hamilton equations on the reduced

constraint submanifold M can be written as follows

v = —MaCfde?e?aa}Zj + fa Z%%}LTJ\; (4.32)
= %};A: (4.33)
Pa = —aaffﬁ - uaﬂ@a% — gﬂ%};ﬁ;. (4.34)
Adding in the following reconstruction equation
¢ — 0 o Oha (4.35)

€ s
s 8]3/3 J 8@
we recover the 1ull dynamics Of the System.

Notice that equation (4.32) can be considered as the momentum equation on the
Hamiltonian side which corresponds to the momentum equation developed in [BKMM]. It
generalizes the Lie-Poisson equation to the nonholonomic case.

Moreover, if we now truncate the reduced Poisson matrix .J in equation (4.31) by

leaving out its first column and first row, the new matrix J; given by

0 0 55
Jyg = 0 —paCpyeled  paFy (4.36)
B a \T a
—0a  —pa(Fj,)"  —HaBhg

defines a bracket {,} 4 on the reduced constraint submanifold M as follows

9G
orB
~ - G
) J_/\;l(raapiapa) E;']M
aq >
0pg

OFL oFL OFT
Foaon (o sy | ZEm v P
{ M’GM}M(T 7pl7p04) <ara 8]31 8p~a

for any two smooth functions Fy;, G y; on the reduced constraint submanifold M whose
induced coordinates are (r®,p;,p,). Clearly this bracket satisfies the first two defining

properties of a Poisson bracket, namely, skew-symmetry and Leibniz rule.
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4.3.2 The equivalence of Poisson and Lagrangian Reduction

Theorem 12 The equations (4.33) to (4.35) given by the Poisson reduction are equivalent

to the equations given by the Lagrangian reduction

fb
Di
i ol. B ol
dt \ ore ore

via a reduced Legendre transform

Pa =

= —Abif +TVp; = — A%’ + b (4.37)

_ ol a ¢ca, d 66;‘1 -0

= 6—£b (de£ ei =+ arﬁ’r ) (438)
ol b .08 b Ot

al, L

i T

Proof Define the reduced constrained Lagrangian

le(r,7,Q) = U(r, 7, — AT + Qe).

where € is the body angular velocity and e(r) is the body fixed basis at the identity defined

earlier. Notice first that

o _ oL _
ore  ora Pa-
Since
oL oo oL
Po =35 = Geaggp ~ pead b
we have
o _
pea ~ M
Hence,
ol. ﬂ . ol 0&*
ore gra T 9ga g
ol ol .
= o et
= Pa — ,uaAg
= ]3047
and
ol al og® o .

001 ~ age o~ age TP
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That is, po = % and p; = % do define the right reduced constrained Legendre transform

between the reduced constraint submanifolds D and M with the corresponding reduced
coordinates (r®, 7%, Q) and (r®, pa, p;)-
To find the reduced constrained Hamiltonian 5, notice first that since F is G-

invariant, we have

E = g—qu —L
L L
= gg “+ g?fa —L
= gl
After restricting it to the submanifold D, we have
Ep = aila (= A% 4 Qe?) + <§l A 8‘1) e,
- aaga Qled + gla —1.
Therefore, we have
by = Di + Par® — Lo, (4.40)

via the Legendre transform (r®, 7% Q%) — (r®,pa,p;). Differentiate hy with respect to
Pa and p; and use the Legendre transform, we have
Oh o' orP ol. or8 0l 09
M o P O o ST =
Opa OPa OPa 8Tﬁ OPa 0" Opg,
which is equation (4.33). Also, we have
8h~M %+ 5, 85~2i ore 8?6 or 8lc‘ o’ _
Op;j Op;
ol

which, together with equation (4.37), gives equation (4.35). Moreover, since 65 = Gh e =

wy and p; = p;, we have
. al ad oef B
b = 8£b (def or ﬁ >
, el

Ooh Ooh 0el Oh
_ _ap ey b Ol i O
(Cw (5 ) o)

oe?

oh 2N Oh
_ a d_d ./Vl a b gd i M
= ,uadeez ej a~‘ /La <deeiAﬂ + 8’r’/6> —_—

Ipg’
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which is equation (4.32).

Finally, differentiate h y; with respect to r*, we have

Oh

o o ol ol o’ ol 9 ol

aro ~ Pigia TP T g T gifore o ore | ora

which together with equation (4.39) gives

Ol L Ohy ohy
Po = — ./;4 — Ha ja ;A/l — Ha af ;AA
or 0p; pg

which is equation (4.34).

Remark: Notice that equations (4.39) are the same as the reduced Lagrange-d’Alembert
equations in [BKMM]. The only difference is that in this chapter, the reduced constrained
Lagrangian [. is a function of r, 7, Q where in [BKMM] (and in Chapter 3) it is considered as
a function of r,7,p. Since it is more natural to use the body angular velocity as a variable

on the Lagrangian side, the formulation here looks better.

4.3.3 Example: The Snakeboard Revisited

Now we return to the snakeboard and discuss the role of the symmetry group

G = SE(2). Recall from our earlier discussion that the Lagrangian is

1 1 . 1 . .. .
L(q,q) = §m(d62 +9%) + §m7"202 + +§J0¢2 + Jovf + J1 43, (4.41)

which is independent of the configuration of the board and hence it is invariant to all possible

group actions.

The Constraint Submanifold. The condition of rolling without slipping gives rise to

the constraint one forms

wi(q) = —sin(@+ ¢)dx + cos(0 + ¢)dy — r cos pdf
wa(q) = —sin(f — ¢)dx + cos(0 — ¢)dy + r cos pdb,
which are invariant under the SE(2) action. The constraints determine the kinematic

distribution Dy:
D, = span{0y, 04, a0, + b0y + cOp},
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where a = —2r cos? ¢ cosf,b = —2r cos? ¢sinf, ¢ = sin 2¢. The tangent space to the orbits

of the SE(2) action is given by
T,(Orb(q)) = span{d,, 0y, Og}

The intersection between the tangent space to the group orbits and the constraint distribu-

tion is thus given by
Sq =Dy NT,(0rb(q)) = span{ady, + by + cOy}.

The momentum can be constructed by choosing a section of S = DNT'Orb regarded
as a bundle over (). Since D, NT,Orb(q) is one-dimensional, the section can be chosen to
be

522 = a0y + b0y + cOp,

which is invariant under the action of SE(2) on . The nonholonomic momentum is thus

given by
L gy
p = 8_q,i(§Q)
= max + mby + mr2ch + JOCQ,Z}.

The kinematic constraints plus the momentum are given by

0 = —sin(@+ ¢)i + cos(d + ¢)y — 7 cos pd
0 = —sin(d — @)@+ cos(f — @)y + rcos ¢
p = —2mrcos? ¢cosli — 2mr cos? ¢ sin Oy

+mr? sin 206 + Jy sin 269

Adding, subtracting, and scaling these equations, we can write (away from the point ¢ =

™/2),

Jo . . -1
cos 01 + sin 6y - 2772r sin 2¢) ot
—sinfz + cosfy | + 0 = 0 . (4.42)
) Jo . . tan ¢
0 J0 .2
——— i 2mr2

These equations have the form

97+ Alr)i =T(r)p
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where
Ji J,
Alr) = - 9 sin 2¢e; dy + —02 sin? peg dip
2mr mr
-1 1
I(r) = T + ) tan ¢ eg.

These are precisely the terms which appear in the nonholonomic connection relative to the
(global) trivialization (r,g).

Since I'p = Qe, we can rewrite the constraints using the angular momentum ) as

follows
¢l Jo sin 2¢¢ —2r cos? ¢
2mr
&2 | = 0 + 0 : (4.43)
& - i2 sin? ¢u) sin 26
mr

The Reduced Constrained Hamiltonian From the Lagrangian L, we find the reduced
Lagrangian

Ur,#,6) = 5ml(E) + (€)%) + 3mr (€ + 3Iod? + +Iod(€) + 1,

where & = g~'¢. After plugging in the constraints (4.43), we have the reduced constrained
Lagrangian
2

J, . 1. .
lo(r, 7, Q) = —Qmoﬂ sin? ¢1)? + 2mr? cos? pQ% + §J0¢2 + +J19% (4.44)

Then the reduced constrained Legendre transform is given by

= <=4 Q
P 70 mr< cos” ¢
~ alc Jg .92 7 7
pw = a—qj}:—WSID ¢¢+JOT,Z)
ol .
Dy = — = 2J10.
D¢ 9 10
And its inverse is
b
0O = £
4mr2 cos? ¢
¢ B mrQﬁw
N Jo(m?”2 — J() Sin2 ¢)
- D
b = Yo

21
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Therefore, the reduced constrained Hamiltonian h y; is

hyy = P+ Pyt + Ped — e
sec?g o mr? 9 1,
smr2l T2 (mr2 — JosinZg) v 4T

The Reduced Poisson Structure Matrix Recall that in computing the reduced struc-

tural matrix, we only need to calculate {jn,Pg}, etc. and then restrict them to M. Since

p = —2rcos¢cosbfp, — 2rcos? psin Opy + sin 2¢pg
_ Jo o . Jo o . . Jo . o
= 2 0 ——sin2 Op, — —
Dy 52 sin 2¢ cos Op, + Sy sin 2¢ sin p,, . sin” ¢pg + py,
Py = D¢

we have

{p, g} = {—2r cos® g1, pg} + {sin2¢p3, pg} = 2rsin 21 + 2 cos 2¢pu3.

(4.45)
Similarly, we find
L Jo Jo .
= — 2 - — 2 4.46
{Py: Do}t - C08 201 — —sin 263 (4.46)
{p.py} = 0. (4.47)
As for py, po, p3 (restricted to M), recall that
1 = cosOp, + sinbp,
= cosf(mi) + sin 0(my)
= —mrcot gbé
Ji ¢
= —mrcot¢ — 0 gin? oY + anqbp
mr?2 2mr?2
J, |
= cos ¢sinpp — —p
r 2r
_ mrsingcos¢ 1
e — Jysin? ¢p¢ ot
We can also find po, g in a similar way. Therefore
mrsingcos¢ _ ] -1
i (mr? — Jpsin? ¢)** P
po | = 0 + 0 . (4.48)
mr?cos®¢ tan ¢
#s3 2 2 Py p
L (mr? — Jysin® ¢)” " ] 2
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So after substituting the constraints (4.48) into equations (4.45) to (4.47), we have

2mr? cos® ¢

Gala = —t 5 4.49
{p, Do} a1 an ¢p + 2 — Josin® ¢pw (4.49)
. Jo Jo sin ¢ cos ¢
e = N 4.50
Py, Potat omr2l T 2 — Jo sin? ﬁ¢p¢ (4:50)
p:optm = 0. (4.51)

Therefore the reduced Poisson structure matrix is given by

0 0 0 0 0 —2rcos’¢ 2 sin2¢ 0
0 0 0 0 0 0 0 0
0 0 0 0 0 sin 2¢ — -0, sin? ¢ 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
2rcos’¢p 0 —sin2 0 0 0 0 {p,Ds} x4
—5% sin2¢ 0 Lsin?¢ -1 0 0 0 {By, Do} 5
0 0 0 0 =1 —Ap.pstms —{Pv:Po}tia 0

where {p, Py} 1 and {py, Py} 1 are given as above by (4.49) and (4.50).

The Reduced Constrained Hamilton Equations It is straightforward to find that

Oh x4

ap

Ohyy sec?gtang , mr? sin 2¢ 9
op 4mr? 2(mr2 — Josin? ¢)2pw

Oh x4 sec? ¢
Op = ame2?

Oh x4 mr? _

Opy A (mr? — Jgsin? ¢) Py

Oh \4 1

pe 2g, ber



CHAPTER 4. POISSON GEOMETRY OF NONHOLONOMIC SYSTEMS 127

Then by using the formula in (4.31) and after some computations, we obtain the momentum

equation and the reduced constrained Hamilton equations as follows

p o= (—tan op + mignf;;zfnf ¢ﬁw) ﬁm (4.52)
. 2
v = Jo(mTQn—WJO sin? qﬁ)ﬁlﬁ (4.53)
o = ﬁm (4.54)
ﬁw = - (nﬁg + 5 (mrio_snjfzﬁ ¢)ﬁ¢> %I% (4.55)
py = O (4.56)

Also, we can obtain the following reconstruction equations on the Hamiltonian side

1 7 sin 2¢ -
i = ¢lcosf—&7sinf = — 0 4.57
v § cosf —&7sin omr’ 2(mr? — Jysin? ¢) P ) €08 (4.57)
;) = &lsing — E%cosf = (— ! + rsin 2¢ p. >sin«9 (4.58)
vo= ~\ome? 2(mr2 — Jysin? ¢) Py '
. 1 2
0 = - tan ¢ sin” ¢ (4.59)

~omr2? T 2 Jo sin? ¢p¢-
Together, these two sets of equations give us the dynamics of the full constrained systems

but in a form that is suitable for control theoretical purposes.
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Chapter 5

Conclusions and Future Work

This thesis builds on the recent advances made by Bates and Sniatycki [1993],
van der Schaft and Maschke [1994], Bloch, Krishnaprasad, Marsden and Murray [1996] and
others in the study of nonholonomic systems. It helps to lay a firm foundation for a gauge
viewpoint of such systems.

[BKMM] has started this work on the Lagrangian side and generalized the use of
connections and momentum maps associated with a given symmetry group to nonholonomic
systems. It has shown how Ehresmann connections can be used to write the kinematic
constraints as the condition of horizontality with respect to the connection and shown how
the equations of motion can be written in terms of base variables and that these equations
involve the curvature of the connection. It has also shown that the presence of symmetries
in the nonholonomic case may or may not lead to conservation laws and has developed the
momentum equation, which plays an important role in control problems of such systems.
The process of reduction and reconstruction for these systems is worked out by making use
of a nonholonomic connection which is obtained by synthesizing the mechanical connection
and constraint connection. Moreover, using the tools of Lagrangian reduction, it developed
the reduced Lagrange-d’Alembert equations.

The major part of this thesis extends this gauge viewpoint of such systems to the
Hamiltonian side, building on the works of [BS] and [VM]. With the help of nonholonomic
connections and momentum maps, we have developed the Poisson reduction of nonholo-
nomic systems with symmetry. We have shown that the Lagrangian reduction for the
nonholonomic mechanics is equivalent to both the symplectic reduction and the Poisson

reduction via a reduced constrained Legendre transform. But most importantly, we have
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shown where the momentum equation is lurking on the Hamiltonian side and how this is
related to the breaking up the Hamiltonian dynamics of such systems into a reconstruction
equation, a momentum equation and the reduced Hamilton equations.

Furthermore, we have developed in the first part of this thesis a “reduced La-
grangian optimization” procedure which can be used to find the optimal controls for such
systems. The techniques use the framework obtained in [BKMM] for studying nonholo-
nomic mechanical control systems with symmetry that might have a nontrivial momentum

equation. The snakeboard has been used to illustrate the method.

Future Work

In the immediate future, we will finish the work started in Chapter 4 in exploring
the failure of the Jacobi identity when the constraints are nonholonomic. As pointed out in
that chapter, the so-called Jacobiizer (the cyclic sum that vanishes when the Jacobi identity
holds) is an interesting expression involving the curvature of the underlying distribution
describing the nonholonomic constraints. From this formula, we can see clearly that the
Poisson bracket satisfies the Jacobi identity if and only if the constraints are holonomic.

Besides this, some other interesting topics for future work are

Optimal Control and Numerical Method In our work, we have initiated the in-
vestigation of optimal control for nonholonomic systems like the snakeboard, using the
Lagrangian framework developed in [BKMM] and coupling it with the method of Lagrange
multipliers and Lagrangian reduction. Interestingly, Gregory and Lin [1992] has used the
same method of Lagrange multipliers to devise a general, accurate and efficient numerical
method to solve the constrained optimal control problem. Ostrowski, Desai and Kumar
[1997] has built on these advances to study the optimal gait selection for nonholonomic
locomotion systems. This kind of finite element method applied to the variational problem
in integral form developed in Gregory and Lin [1992] fits well with the Lagrangian frame-
work and gives good and interesting results in the case of a relatively complicated problem,
namely the optimal control of a snakeboard. We would like to use this Lagrangian approach
to study the optimal control of a simplified model of the bicycles, which is an underactuated

balance system.
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Geometric Phase for Nonholonomic Systems The geometric effect of holonomy plays
an important role in the understanding of phase drifts and is a crucial ingredient in problems
of stabilization and tracking. The basic idea of holonomy is that if the system undergoes
cyclic motion in the shape space (this is sometimes the control space), then it need not
undergo cyclic motion in the configuration space. The difference between the beginning
and the end of the motion is given by a drift in the group variables and this is the geometric
phase. But the basic theory for the holonomy is not as well developed in the case of
nonholonomic systems as for holonomic ones.

The geometric tools to further develop the theory for systems with nonholonomic
constraints are laid in Marsden, Montgomery and Ratiu [1990] and in [BKMM]. We aim
to develop the theory by combining the approach in these two papers and also by making
the calculations more concrete and accessible. In particular, in [BKMM] the notion of the
nonholonomic connection is defined and this is what replaces the mechanical connection
in the case of holonomic constraints. What makes this theory more interesting is the
presence of of the constraint distribution as well as the fact that the momentum need not

be conserved.

Stability and (eventually) Bifurcation theories for Nonholonomic Systems Be-
cause of the momentum equation, it is natural to let the value of the momentum be a variable
and for this a Poisson rather than a symplectic viewpoint is more natural. This approach is
also natural for understanding the block diagonalization procedure in the energy-momentum
method developed by Simo, Lewis and Marsden [1991]. With the development of the Pois-
son geometry in this thesis, we hope that these results will lead to further progress on the

stability issues started by Zenkov, Bloch and Marsden [1997].
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