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Abstract

In this thesis, input-output stability results for feedback systems are developed. Robust
Stability conditions are presented for nonlinear systems with nonlinear uncertainty defined
by some function (with argument equal to the norm of the input) that bounds its output
norm. A sufficient small gain theorem for a class of these systems is shown. Then it is
also shown that, for the vector spaces (£, || - ||oc) and (o, ]| - ||2), the sufficient conditions
are also necessary with some additional assumptions on the systems. The application of
those results may now be extended to classes of nonlinear systems that need not have their
output norm bounded by a linear function of the input norm (as before).
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Chapter 1

Introduction

1.1 Summary of previous work

This thesis considers the development of necessary and sufficient conditions for the robust
stabilization of certain classes of nonlinear plants. The problem of robust stabilization may
be stated as follows. Given a nominal plant model and a family of possible true plants,
under what condition does a compensator which stabilizes the nominal plant also stabilize
every plant in the given family?

The idea that a loop of less than unity gain being a way to ensure stability of a feedback
loop has been appreciated since the early days of classical control. In mathematical terms,
it is related to well-known ideas on invertibility of nonlinear operators of the form I + G1G>
where [ is the identity and G, G2 are nonlinear operators on Banach spaces.

The usual form of the small gain theorem assumes gain properties of the form

[(Mu)r[| <~url (1.1)

for the operator M where u denotes the input signal, v = sup; %, and up denotes the
truncation of the signal u at time 7. With this structure, it is shown that, if M is linear, for
p=2,00if[|All¢g,_;.4
and only if [|[M||e,_,,,

for p = 2 (see [5]).

< 1 then the feedback system of A and M achieves robust stability if

< 1. For details, see [1]. For a nonlinear M, the result is shown only

In [4] a new notion of stability for nonlinear systems is introduced. There, a generaliza-



tion of (1.1) is given to allow more general bounding functions of the form

[(Mu)r|| < f(llurll)

where f(-) is a monotone function. Systems satisfying the last inequality are called mono-
tone stable.

While conditions for sufficiency were shown with this new notion of nonlinear gain (also
used by others like [7] or [8]) no results on the necessity of such conditions are known. Such
results are useful to understand the degree of conservatism that the small gain theorem
has. Necessity conditions for linear gain exists (see [1] or [3]). There also exists necessity
conditions for nonlinear systems that have their output norm bounded by a linear function

of the input norm (see [5]).

1.2 Motivation

Studying uncertain dynamical systems is not only practical but a means of addressing the
control problem for a large class of nonlinear systems based on a simplified model.

In this thesis we develop tools that allows us to study robust stabilization of a bigger
class of systems. The tools available now only give us conditions on systems where the
norm of the output is bounded by a linear function of the norm of the input. The idea is
therefore to extend these concepts.

The reason why we develop tools to study the robust stability of nonlinear plants with
nonlinear uncertainty instead of using the available linear ones is because linear systems
typically arise as linearizations of nonlinear systems. Furthermore, adaptive control laws
for linear systems are typically nonlinear. Thus, robust stability analysis tools for nonlinear
systems are desirable.

In this thesis, an extension of the small gain theorem presented in [4] will be given.
Using this theorem we will present sufficient conditions on M in order to guarantee robust
stability. For a certain class of perturbations, these conditions on M will be simplified.
Then, for the vector space (oo, | - ||co) We will give conditions on M so that the sufficient
conditions are also necessary with either NLTV or NLTI perturbations. For the vector field
(£2,] - ||]2) we will also give conditions on M so that the sufficient conditions are necessary

with non causal perturbations. The construction of a causal perturbation is still under



investigation.

1.3 Organization

This thesis is organized as follows. Chapter 2 starts by establishing notation and giving some
mathematical preliminaries. It also covers some basic background, establishes definitions
and presents preliminary propositions in fields like: signals, systems (linear and nonlinear),
stability, etc., all needed to understand the material covered in the subsequent chapters.
Chapter 3 deals with sufficiency of the small gain theorem. Chapters 4 and 5 present
necessary conditions of the small gain theorem in (£, || - ||oo) and (42, || - ||2) respectively.
Chapter 6 gives sufficient conditions on the input signal of some feedback systems in order
to maintain them stable. Chapter 7 shows, using some examples, how the results given in
the previous chapters are important when analyzing the robust stability of a given closed

loop system. Finally, concluding remarks are given in chapter 8.
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Chapter 2

Background

This chapter is intended to provide notation and concepts needed to understand the work
developed in the following chapters. Section 2.1 gives some standard concepts and pre-
liminary definitions. Section 2.2 describes systems as operators between signal spaces. It
also introduces some definitions inherent to nonlinear systems. Section 2.3 introduces the
problem we solve in this thesis: given a system with some properties, and being perturbed
by some family of disturbances, what conditions (necessary and sufficient) do we need in

order to guarantee robust stability?

2.1 Preliminaries

We start by defining some standard concepts. The field of real numbers is denoted by R, the
set of n x 1 vectors with elements in R is denoted by R", and the set of all n X m matrices
with elements in R is denoted by R™*™. The set of nonnegative integers is denoted by Z, .

%’ILXTTL iS

Superscript (-)7 denotes transpose. The maximum singular value of a matrix A €
denoted by omaz[A].

The extended space of sequences in " is denoted by £, for every 1 < p < oo or just by £
when it is obvious or when it just does not matter what p —norm is being used. The restric-
tion of f to the interval [a,b] is denoted by f|j, 5. For every f = {f(0), f(1), f(2),---} € ¢

define ||f||p\[a,b] as

b 1/p
£ 1lplayy = (Z |f(n)|p>

11



The set of all f € £ such that

[e'9) 1/p
1fllp = (Z\f(n)lp) < o0
n=0

in denoted by £,. The set of all f € £ with f ¢ £, is denoted by £\ £,,.
Given f € £ define f* = (f(0)%, f(1)%, f(2)*,...) and the support of f € £ by

supp(f) = {n: f(n) # 0}
For k € Z., Sy denotes the kth-shift (time-delay) operator on £ and is defined as

0, if t<k,
flt—k), if t> k.

Sef(t) =

Define also P, the kth-truncation operator on /¢, as

f(t), if t<k,
0, if t>k

Pef(t) =

Definition 2.1 Let H : £ — £ be an operator. Then, H is called causal if

PiHf = PkHP,f Vgez,

and is called strictly causal if

PeHf = PeHP, 1f Vyez,

In words, an operator H is causal if the current output does not depend on future inputs.
It is strictly causal if the current input depends on past inputs, not including the current

input.

Definition 2.2 Let H : £ — £ be an operator. Then, H is called time invariant if

HS, =5H

In words, an operator H is time invariant if its action is independent of the starting time.

12



2.2 Systems

Abstractly, systems are mathematical operators which map signal spaces to signal spaces.
In symbols, the system’s output is y = Hu, where u is the input signal. Note that both u
and y are representations of signals over all ¢ € [0, 00|, and not at a given instant.

An operator H : X — Y is linear if it satisfies
H(Oé.’[:l + ,8.’1)2) = OzH(.’L‘l) + ,BH(J}Q) (2.1)

for all 1,29 € X and o, 8 € R.
Let now X and Y be normed linear spaces. Then, H is a bounded linear operator from

X to Y if it satisfies (2.1) and its induced norm is finite, i.e.,

H
) = sup L2 o (22)
220 |||l

The induced norm of H indicates the amount of amplification the operator exerts on the

space X.

Definition 2.3 A linear system H : X —'Y is said to be stable if it is bounded as a linear

operator from X to Y.

We now extend some of the previous definitions to nonlinear systems. For that, let X,
and Y, be two signal spaces. Then an operator G : X, — Y, provides an input-output
system representation. We do not make explicit the role of initial conditions although this
can be important in a complete stability analysis (see [2] or [8]).

The following definition provides a concept of input-output stability.

Definition 2.4 The system G is monotone stable if there exists a monotone increasing

homeomorphism f :R; — R4 and a constant € R such that

(Gu)rll < f(llurll) + 8 (2.3)

for allu € X, and T > 0.

If G is linear and bounded then f in (2.3) can be written, for all s > 0, as f(s) = ks,
where k = |G|| > 0 (note that ||G|| represents the induced norm of G and it is defined as

13



su IGall
Paz0 ] )

The reason why this new concept of stability is introduced is because many systems are
input-output stable (in the sense that a bounded input will produce a bounded output) but

they do not satisfy the conditions of definition 2.3. A simple example is the following.

Example 2.1 Consider the system

r = —r+4+u

a

y = ae Ry

which is input-state stable but it does not satisfy (2.2) for o # 1. Nevertheless, it is trivial
to check that it does satisfy

Y7 lloo < Kllurlls + 6

for z(0) # 0. ]

In this thesis, generalizations of the usual affine gain small gain theorem [10] are given

to allow more general bound functions of the form of (2.3).

Definition 2.5 A nonlinear operator G is said to have finite memory if there exists an

increasing integer function FM(;G) : Zy — Z, with FM(t; G) > t such that

(I = Peryya))Gf = (I — Peyya))GUI — By f

for all f € £y, and t € Z.. The function FM(-;G) is called the finite memory function

associated with G.

t time t = time
FM (M)

Figure 2-1: G has finite-memory

14



The last definition states that (see figure 2-1) the effects of a finite-duration of the input
eventually vanish completely and therefore the recent operator output depends only on the
recent inputs and not on the extreme past inputs.

The proof of the following proposition is done in [5] and therefore it is omitted here.

Proposition 2.1 Let G, a nonlinear operator, have finite-memory with associated finite-
memory function FM(-;G). Then for fi € fy with supp(fi) C [0,n] and fo € £y with
supp(fa) C [FM(n; G) +1,00]

G(fi+fo)=Gfi +Gfa

In the following definition, assume that G is some nonlinear operator and || - || = || - ||,

for some 1 < p < 0.

Definition 2.6 Let ng(s) : Ry — R4 be a non-decreasing function such that

IGUHI _

sup ——m+ =1
20 na (I £1)

If G is finite memory, then there always exist an f that achieves the norm. Therefore,
the last definition can be understood as follows: there exists an f € £ such that ||G(f)|| =
na(|fI). Also, for all other u € £, ||G(u)|| < na(||ul])-

If ng exists then G is monotone stable. This is easy to see from the last definition if
we take any f € £ instead of the supremum over f € £. Then it follows that |[(Gf)r| <
na(|lfrl])- If ng is not a homeomorphism then we can always find a monotone increasing
homeomorphism g such that g(s) > ng(s) for any s > 0 which means that G is monotone
stable.

Also, from the last definition it is clear that if there exist an f with ||f|| < oo such that

IG(f)]] = oo then ne(||f]]) is not defined and therefore, for this system, 7 does not exist.

2.3 Robust stability problem
Consider the system in figure 2-2.

15



M

Figure 2-2: Closed loop system

Let A denote the class of allowable perturbations. We now define the subset of A
containing elements with na(s) < ks®, for some given z,k > 0 (if £ = 0 then it is obvious

that the system in figure 2-2 is stable if and only if M is stable).

Definition 2.7 Let Ca p . be a subset of A defined, for some given k > 0, as

Caps={A € A: na(s) < ks™}

This is the same to say that, for every u € £ and T € Zy, ||Aur)|p < na(|lurlp)
where na(s) < ks®. This means that [|A(ur)|[, < kllurl]; and therefore, according to
definition 2.4, all A € Ca p, are monotone stable (note that £s” is a monotonic increasing

homeomorphism for every z,k > 0).

For disturbances A € Ca p s (for some p and z), the problem will be to find necessary

and sufficient conditions on M to guarantee robust stability.

16



Chapter 3

Sufficiency of the Small-Gain

Theorem

In this chapter we will present a sufficient condition to achieve robust stability when the
disturbance belongs to Ca p ;. First, in section 3.1, we will present some concepts that
will be used in section 3.2 to prove the general small-gain theorem. This theorem is an
extension to the one presented in [4]. We will show that it is sufficient to have the condition
for stability given in [4] true only for s > s* for some s* > 0 instead of having it true for all
s > 0 (as in [4]). Finally, in section 3.3, using this theorem, a sufficient condition is given
on some system M, perturbed by A € Ca pz, that guarantees the robust stability of the

feedback system in figure 2-2.

3.1 Preliminaries

Consider the system of figure 3-1.

ry N up Y1

G1

Y2 us ra
G2 W),

Figure 3-1: Closed loop system

17



Assumption 3.1 Let Vi, and Vo, be two signal spaces. The operators G : Vie = Voo and
Gy : Voo — Vi are such that for all input signals . € Vie and ro € Vo there exists unique

signals u1,ys € Vie and us,y1 € Voe.

Definition 3.1 Define the following function classes:

M = {f:R; > Ry| fis a monotonic increasing homeomorphism of R, onto R}
N = {feM|3;eM st f(r) <z-—g(z)}

Ny, = {feM|3 eM st f(z)<z—g(zx) for all x>y} where y > 0.

So, N C Ny. Define also M0 = M U {Or} and NO, = Ny U {Or} where Op denotes
the zero function f = 0.

A function f is isotone on some D C R if f(x) < f(y) whenever z < y with z,y € D. If
the converse is true, the function is called inverse isotone.

Let i denote the identity function. The following facts are proved in [4] with respect to
the set N. Therefore, when proving these facts with respect to the set N,, we will focus
more on points of the proofs where they are different. For details of the proofs with respect

to the set N, see [4].

Fact 3.1 f € M is isotone and inverse isotone on Ry. Also, if f1,fo € M then fl_l,
fiofo, i+ f2€ M.

Fact 3.2 For all f € Ny, there exists a g € M such that i —g¢' € M and f(z) <z — ¢'(z)

for all x > y.

Proof: Suppose g in f(z) < z—g(z), V>, is such that i —g ¢ M. Define ¢’ = (i+¢~ 1)L
Then, ¢’ € M because of fact 3.1. Obviously ¢’ < g which means that f(z) < z — g(z)/,
Vysy- Also, i —¢g' =i—(i+g ) ' =(i+g)"" € M. n

Fact 3.3 For all g1,90,9 € M, if g1 o (1 + g) o go € N, then there exist a ¢ € M and a
b > 0 such that goo (i + ¢') 0o g1 € Np.

Proof: Suppose (g1o(i+g)oge)(z) =(g10(i+g)ogeo(i+g')ogr)(y) where we define
r=((i+g)ogi)(y) >aory> ((i+g)og) '(a) =band ¢’ € M to be specified. The

18



proof will follow as in [4] with the difference that the inequalities there only hold for y > b.
At the end we get

go(i+g)ogi(y) <y—(i+9 ) (y), Yys

which means that g2 o (i + ¢') o g1 € N, (note that (i + ¢g~!)~! € M by fact 3.1). |
Proposition 3.1 f € Ny if and only if 3, € M such that (i + g) o f(z) < z for all z > y.

Proof: (=) Assume that f € Ny. This implies that 3, € M such that f(z) < z — a(z),
Vz > y. This is the same to say that Vz >y, f(z) + a(z) <z or (i+g) o f(z) < = where
g(z) =ao f~! € M from fact 3.1.

(<) (i+g)of(z) = f(z)+9(f(z)) < z,Vz >y. Let h(z) = (go f)(z) € M by fact 3.1.
Then, f(z) <z —g(f(z)) =z — h(z), Vo > y, which means that f € N,. [ ]

Definition 3.2 The feedback system in figure 3-1 under assumption 3.1 is called monotone

stable if there exist functions f1, fo: Ry x Ry — Ry and constants B1, B2 € R such that

N

Il < flllrarlls llrerl) + B

lgerll < falllrirll, lIrerll) + B2

VTZO: vrl S €p1e; Vrg € Epze; and fl(Oa')7 f2(0a'); .fl('af2('a0)) € MO with fl(()aO) =
f2(0,0) = 0.

Comment: The last definition of stability has some implications. First, we see that if,
for a certain system, there are bounded inputs (r1, 79 € £) that produce unbounded outputs
(y1,y2 & £) then there are no functions f; and fy that satisfy the definition and therefore
the system is unstable.

There is another important implication which has to do with the ;. There are systems
that are stable when we allow §; # 0 but they are unstable when we impose 5; = 0. To
see this, assume for instance that /1,52 can be different from zero (as in the definition).
Then, we can actually have systems such that the input norm can be made arbitrarily small

but the output norm remains the same. Although the ratio fyﬁ/r””) goes to infinity (for any

f € M), with stability defined this way, these kinds of systems are stable. This is due to
the fact that we considered 3; # 0.

19



If we want to rule out these kinds of systems we need to have §; = 0 in the definition.
This way, if, for arbitrarily small ||r||, ||y|| is the same and different from zero, then there
is no f € M such that ||y|| < f(||r||) (since f(||r||) = 0 but |ly]| = ¢ > 0). Therefore, those
systems would be unstable (with 3; = 0).

An application of what was described before is the following example (definitions of

some terms used in this example can be found is either [6] or [9]).

Example 3.1 Consider the following system: a bead of mass (m = 1) is sliding along a
frictionless bent wire, under the influence of gravity (g = 1). The potential energy is given

by V. = mgh where h is the vertical displacement corresponding to a horizontal displacement

. Since the force is conservative, it can be written as F = %. The dynamics of such a
system are
. . dVv
T=ytur, Yy=-———+u
dx
where V(x) = —2%/2+x* /4, and u1 and us are external inputs. If we let 11 = z and x5 = y
we can rewrite the dynamics of the system as
L1 = To+ur (31)
To = T1— 33? + uo (3.2)

Assume first that u; = ug = 0. The equilibrium points of this system are: (0,0), (1,0),

and (—1,0). Let’s analyze the linearized system

21222

,ég = (1—3$%)21

around those equilibrium points. For (0,0) we have

2:’1 = Z9
2 = 2
The eigenvalues of this linear system are Ay = —1 and Ao = 1. This means that (0,0) is a

saddle point. The corresponding eigenvectors are vy = (1 —1)T, for Ay, and vy = (1 1)T, for

Xo. We cannot conclude anything for the others equilibrium points since they are centers.

20



A more detailed study (not done here) allow us to draw the phase portrait for this system.

This can be seen in figure 3-2.

Figure 3-2: Phase portrait

Now, assume that the initial condition z(0) = (z1(0) z2(0))T = zq is given by o =
e(1 1)T, where € > 0 is a small number, and that the output y is given by y = 1. Then,
|zolloo = € and, no matter how small € > 0 is, we always have ||y|locc = ||Z1]/cc = @ where a
is some finite positive number (as seen in figure 3-2).

The idea is to find inputs ui,us that will take the nonlinear system from (0,0) to xo =

e(1 1)T. For that, let

u; = —Ta+ v

3
Uy = —T1+x]+ V2

where v1,v9 are our new external inputs. Therefore, (3.1,3.2) simplify to ;(t) = v;(t),
i = 1,2. Now, it easy to see that if we define vi(t) = v > 0 for 0 < t < T where
vT = € then z1(T) = z2(T) = €. This means that |Pruillec < ||Prz2lo + ||Prvillec =
€ +v and ||Pruslloo < ||Proille + |Przill3 + [|Prvzlle = € + € +v. So, |Prulle =
max{||Pru1| o, || Pruslloo } < €+ €2 +v. But, because of the relation vT = ¢, v can be made

arbitrarily small (making T arbitrarily large). This way, and letting uq(t) = uo(t) = 0 for

t > T, we can get an upper bound on ||ulloc as a function of e:

lulloo < €+ €

21



So, with z(T) = e(1 1)T, and no esternal inputs for t > T, we have that z(t) — 0 as
t — oo (if € is small enough) and ||y|lcc = a > 0 (as seen in figure 3-2). This means that,
no matter how small we make the input norm, the output norm remains the same.

In this example, we can see that if, in definition 3.2, B; = 0 then the system is not stable
since there is no f € M such that ||y]lco < f(||u|loc).- On the other hand, if we allow B to
be different from zero, then we can make 8 = a and f € M can be found. In this case, the

system 1is stable. [ |

3.2 General case

Let each system be monotone stable with gain functions g; and g5 as in definition 2.4. This

means that

AN

lyirll < g1(llwarll) (3.3)

g2(|[uar ) (3-4)

IN

[Zal

From the interconnection of the feedback system, using the above equations we get

luar|l < lrrll + (lyerll
lyirll < gi(llrirll + lly2rl)
[uzrll < lrerll + [lyaz |
and therefore
lyor|l < ga(g1(lrarll + lly2rll) + [lrerll) (3.5)

and similarly for yi7

ly1rll < g1(gallrarll + lyarl)) + lIrarll)

Next, we will prove an extended triangular inequality.

Proposition 3.2 Let f be a non-negative monotonic increasing function. Then, for every

a,b > 0 and for every function g € M, it follows that

fla+b) < fo(i+g)(a)+fo(i+g "))
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Proof: Assume first that g(a) > b. Then

fol(i+g)(a)+ fol(i+g")(b) fola+gla))+fo(i+g ')(b)
fla+b)+ fo(i+g "))

fla+0b)

v

v

On the other hand, if g~ (b) > a, then

foli+g)a)+fo(i+g7 ")) = fol(i+g)(a)+fo(b+g (D)
fo(i+g)(a)+ fla+D)
fla+Db)

Y

Y

We now present and prove the main result of the section.

Theorem 3.1 Consider the system in figure 3-1. Suppose G and Gy are stable with gain
functions g1 and g as in (3.3,3.4) . Suppose that assumption 3.1 holds. The feedback

system is monotone stable if there exist g € M and s* > 0 such that

g20(i+g)ogs € N (3.6)

Proof: From (3.5) and using proposition 3.2 we have

A\

lyarll < gelgr(llrizll + llyerll) + llr2r|)
< g2o(i+p2)ogillmr| + llyerll) +£

< g2o(i+p2) o gilllrirl + llyorll + 87) +¢€

where py = g € M and & = go o (i + p, )(||rer|]) € M (by fact 3.1). Because of (3.6) and
using fact 3.2 we can pick p; € M such that ¢ — p1 € M and therefore

lyor|l < llrizll + lyerll + 8 = pr(llrirll + llyerll + s%) + €
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or

pr(llrirll + llyerll +s%) < |lrirl| + 8™ + €

which leads to

ly2rll < pr (el + 8%+ €) = (]l + 5¥)

We know that p; € M and i —p; € M. Then, pfl —i=(i—p1) opf1 € M (by fact 3.1).
So,

N

lyerll < pit(Irarll + 8% +€) = (Irarll + 5"+ ) +¢

= folllrarll; lIrer|l) + B2

where fo(|[rir, [rorl)) = pr (il + 8% + &) = (17l — pr ' (5%)) and B2 = p1 ' (s*) — 5 =
(p7! —i)(s*). By definition 3.2 we still need to have ||y17|| < fi(lrizll, |rer|]) + Bi- But,
using fact 3.3 it is clear that f; and 1 can be found in a similar way as were fo and [s.
This completes the proof. [

Comment: From the proof of the theorem, s* # 0 implies that g1 # 0 and £2 # 0
although both systems G; and G5 have zero bias terms. In this case, the §; are used to
accommodate the lack of information on the closed loop system for s < s* (in equation (3.6)).
Since (3.6) only gives us information for s > s*, we need 81 # 0 and 2 # 0 in order to

bound ||y17|| and ||y2r||. Note that if s* = 0 we have exactly the theorem presented in [4].

Corollary 3.1 Consider the system in figure 3-1. Suppose Gy and Go are stable with gain
functions g1 and g as in (3.3,3.4). Suppose that assumption 3.1 holds. The feedback system

is monotone stable if there exist p1,p2 € M and s* > 0 such that

(t4+p1)ogeo(i+p)ogs <s forall s>s" (3.7)

Proof: The result follows from the last theorem and proposition 3.1. [ |
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3.3 Particular case

Consider again the system in figure 2-2. Assume that A € Ca ;. and that M is monotone
stable with gain function m(s). For simplicity, let 6(s) = na(s).

We will prove that it is sufficient to have m(s) < (%)% (and therefore (6 o m)(s) < s)
for all s > s* for some s* > 0 in order to have robust stability. To prove it we will use
the small gain theorem given in the last section. We will show that for this particular case
(and whenever one of the systems has the norm of its outputs bounded by ks™ where s is
the norm of its inputs) we do not need to find monotonically increasing functions p; and po
satisfying (i + p1) o d o (i + p2) o m(s) < s in order to have closed loop stability. Just need

to have (§ om)(s) < s.

Theorem 3.2 The system in figure 2-2 achieves robust stability for all A € Ca p 4 if there

exists s* > 0 such that m(s) < (%)% for all s > s*.

Proof: Assume there exists an s* > 0 such that m(s) < {/% for all s > s*. Also, because
A € CA pg, we have that §(s) < ks”. Then, for a given A € Ca , , we can always find k; > 0
with k1 < k such that 6(s) < k1s%, for all s > 0. This means that ||A(ur)|, < k1llurl; and
therefore A is monotone stable with gain function f(s) = kys*.

So, if we find p1, p2 € M and 5 > 0 such that, Vs>g,
(1 +p1)omo(i+pz)o f(s) <s (3.8)

we meet all the conditions of corollary 3.1 and therefore we prove stability.

Let p1(s) = Bs and pa2(s) = es (with 8 > 0 and € > 0). Then

(i+p1)omo (i+p2)o f(s) =m(kis®(1+¢€))(1+P) (3.9)

8=

Let 5 = ( kl(‘ie))

m(k1s®(1+¢€)) < f/%\m/klsw(l + ¢). Therefore, from (3.9)

. Note that when s* = 0, we have § = 0. Then, for any s > 5,

i+ ) omo i+ pa) o f(5) < s/ 21+ (1 +5)
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1— /k_l 1— 2z /k_l

and if we let € = £ > 0and g = £ > 0 we actually satisfy (3.8) for all s > 5
2/ le 92 lle

which implies (from corollary 3.1) that the feedback system is stable. ]
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Chapter 4

o Stability Robustness Necessary

Conditions

Consider the system in figure 2-2. In [1] necessary conditions for stability robustness were
presented for the case when M is linear time invariant. We will now extend those conditions
to certain classes of nonlinear M. First, we will consider the case where the perturbation
is NLTV. Then, we will prove that the necessity conditions still holds if the perturbation is
NLTT.

To prove necessity, we add the following assumption on M.

Assumption 4.1 Assume that the bound np defined in definition 2.6 satisfies, for all

s> 0:
1Ml _
1 llo=s 102 (1 flloo)

or equivalent

m(s) = sup [|M(f)eo
1£lloo=s

This assumption tells us that for any s > 0, there exists a signal f with || f||co = s such
that ||M(f)||co is equal or arbitrary close to nas(|| f]leo). Without the assumption, for large
values of s, we are only sure that | M (f)|leo < nas(]|f]lo0), that is, there may not exist an f

such that || M (f)|ls is equal or arbitrary close to nas(|| f]lso)-
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4.1 [/, stability robustness with NLTV perturbations

Assume that Ca; 00,0 Tepresents the set of all causal NLTV perturbations according to

definition 2.7. Also, M is stable, causal, and NLTV.

Theorem 4.1 Under assumption 4.1, the system in figure 2-2 achieves robust stability for
all A € Cayy 00 if and only if there exists an s* > 0 such that nar(s) < (%)% for all

s > s*.

Proof: We first prove sufficiency. Assume that there exists an s* > 0 such that nas(s) <

*

(%)% for all s > s*. This is the same to say that for any u € £ with |ur|w > s*,
| M (ur)]|co < (%)% which means that M is monotone stable with gain function m(s) =
(%)% for every s > s*. We can now use theorem 3.2 and conclude that the closed loop
system is stable.

We now prove necessity. To simplify the proof, consider M and A SISO and let m(s) =
na(s) and 0(s) = na(s).

The approach we use is to show that we can construct a destabilizing perturbation
A € CApy 00,z Whenever the conditions of the theorem are not satisfied. So, assume that
Vo0, Jamses m(s) > ()7

As in [1], the proof is divided in two parts: construction of an unbounded signal and
construction of a destabilizing perturbation using that signal.

Construction of the unbounded signals

We need to construct ¢ satisfying;:
1. ¢ is unbounded;

2. We want §(s) < ks® which means that we need to have ||P¢|lcc < k|Pyl||% (or

”11;:16/”:0 < k) for all t > 0.

For simplicity assume that M has finite-memory. From definition 2.5, this means that
there exists an increasing integer function FM(-; M) : Z; — Z, with FM(t; M) > t such
that

(I - PFM(t;M))Mf = - PFM(t;M))M(I - P)f

forall felandte Z,.

28



y(@® &(1)

YO 21 ()

M (=—

+

r(t)=sgn(z(t))

Figure 4-1: Construction of ¢

The construction of & proceeds as follows (assume Ny = 0 and sp = 0). Let (see

figure 4-1):

o Ny = FM(0;M). Let sf = k. Then 3,,54:: m(s1) > (5)=. Choose |[£(t)| <
sy for t = 0,...,N; — 1 with ||Py,-1&|lcc = s1 such that m(s) is achieved (this
means that for some sequence £(t),t = 0,..., N1 — 1 with ||Pn;—1€|lcc = s1 we have
| PNy —12|lo0 = m(||Pny—1€]|0o)). Note that this is possible because of assumption 4.1.

Then || Py, 12]lso > (5)%. This implies that || Py, 1y]lec > (3:)% + 1. Note that
1 1
1Pwi-19loe > (1Pw-i6llo) ” +1

e Ny = FM(Ny; M). Let now s = k((%)% +1)z. Then J5,>535: m(s2) > (%)%
Choose ()| < sg for t = Ni,...,Na — 1 with ||Pn,—1€|lcc = s2 such that m(s) is
achieved. Then || Py,—12|cc > (%)% This implies that ||Py,—1%|cc > (%)% + 1. We
have again that

1
1 z
1Pny—1Ylloo > | Zl[Pny—1€lloc ] +1
k

Note that || Py, 1€llec = 52 > k ((3£)2 +1)" > k2 and therefore || Py, 13]|oo > 3.

e We can do this recursively. For all n = 1,2,3,---, let N, = FM(N,,_1; M) and
sh = k((2)7 +1)". Then 35,551 m(sn) > (%)%, Choose [£(t)] < s, for t =
Np—1,.eey Np—1 with || Pn, —1£]|co = Sn such that m(s) is achieved. Then || Py, —12||c0 >
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(%)% This implies that || Py, —19||cc > (%)% + 1. So, we have

1

1 @
1Pyt > (E1PN.1€lle) 1

Note that
1PN, ~1€llc = sn > sy,
Sn—l 1 T 3*71 1 ).CU
= k @ 1 > n z 1
(s 1) 2 k(225 +
Sp—2.1 r
- !
(( k) ”)

and ||Py, -1Y|lcc > n + 1. This means that both ||£(¢)|| — oo and ||y(t)|] — oo as

n — oo (or as t — 00).

Also, fort =N; — 1,1 =1,2,3, ..., we have

1
1 z
I1Ploe > (1P l) " +1

and because of the way £(t) was constructed we actually have

1 s
1Pl > (1Pl (@.1)

for all . So, both requirements for £ are met.

Construction of the destabilizing perturbation

We have & = {£(4)}2, € £ and y = {y(i)}52, € £ such that (4.1) is satisfied which is
equivalent to || P||eo < k|| Pry||%.

Constructing the destabilizing perturbation the same way as in [1] we have that A
is trivial if y = 0: just pick A itself to be zero. So, assume that y # 0. Constructing
(y(i1),y(i2),-..) as in [1] we can now construct our A.

So, A is constructed by having (see figure 4-2) ¢ = A(y) = Ay®. This can be seen as

a serie of two systems. The first raises every element of y(¢) to the power of z (and it is
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Figure 4-2: Structure of A

therefore nonlinear) while the second (A) is just an LTV system.

A is a matrix constructed as follows

0
(i)
0 y(ill)“ 0
£(ix—1)
yz(zl)“” 0 0
A — &(i2)
A y(i;)” 0
£(is—1)
31(32)m 0 0
&(is)
:l/(i?,a)m 0

where the first nonzero column is 4;th, the second is the isth, and so on.
It is easy to see that £ = A(y).
Each row of the above matrix has at most one nonzero element which has absolute value

less than k. This means that || Al < k.

co—ind
Now, let’s see if A € Ca .y 00,z For every t we have || Pié|loo = [[PAW) |loo = [[APY* |00 <
1At inal Py lloo < Kl Pey®lloo = kIl Peyll% or just | Piéllec < kl[Pryl|% which means that

5(s) < || Alle s* < ks®. So, A € Cayy,00,z- Moreover, A is causal and NLTV.

co—ind

So, we found a bounded input that produces an unbounded output. This means that in

definition 3.2 there is no monotonic increasing homeomorphism f; such that

lyarll < frlllrarlls lrerl) + A1

because there is a bounded r (with 9 = 0) that produces an unbounded y;. Therefore, we

conclude that the closed loop system is unstable. [ |

31



Remark 4.1 For x = 1 the above theorem provides a necessity proof for Lo, — stability of

finite memory systems that satisfies

1Ml _
I I

Moreover, the destabilizing perturbation can be LTYV.

Remark 4.2 Assumption 4.1 which states that the supremum is achieved for each s can be

relared. Instead, let s, be a sequence with the properties
1. |sk — sk—1| < L for some L > 0 and
2. limy_ oo S = 0
The above proof can be modified with this new assumption:

M (D

sup ————~ =1

Il1=s, M (ILFID

The proof will be omitted.

4.2 [ stability robustness with NLTI perturbations

Assume here that Ca,; 00, represents the set of all NLTT perturbations according to defi-

nition 2.7. The proof of the following theorem is similar to the one done in [1].

Theorem 4.2 Under assumption 4.1, the system in figure 2-2 achieves robust stability for

all A € Cayy 00,0 if and only if there exists an s* > 0 such that nar(s) < (%)% for all s > s*.

Proof: The proof of this theorem follows exactly as the proof of theorem 4.1 except for
the construction of the destabilizing perturbation. Given the signals y and &, we show that
a nonlinear time invariant perturbation can be constructed to destabilize the closed-loop
system.

Let the signals y and ¢ be given as before. Then A must be such that

5(s) < |Alle. . 8% < ks® (4.2)

co—ind
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and £ = A(y). We just need to redefine A. So, let A be defined as follows

_ k&E(t —7), if for some integer j >0, P.f = P.S,y,
(Af)(t) = !

0, otherwise.

where S; is the shift operator by j steps. It is easy to see that the new A is a nonlinear,

time invariant, and causal system. It satisfies (4.2) (because |Al| < k) which means

oo—ind

that A € Ca;; 00,z and maps y to . [
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Chapter 5

/o Stability Robustness Necessary

Conditions

Once again, we will extend the conditions for stability robustness presented in [1] to certain
classes of nonlinear M.
To prove necessity, we add the following assumption on M, similar to the one in the £,

case.

Assumption 5.1 Assume that the bound 1y defined in definition 2.6 satisfies, for all
s>0:
[ M(f)l]2

sup —————~ =1
1 lla=s M1 ([ £ 1l2)

or equivalent

nu(s) = ||J§|1|111 1M (f)ll2

5.1 {, stability robustness with non causal perturbations

The following theorem gives a necessary and sufficient condition on the system M in figure 2-
2 in order to guarantee that the closed loop system is stable. Here, M is assumed to be
some NLTV system with its output norm bounded (to an input u) by nas(||u|2) according
to definition 2.6 and assumption 5.1.

Assume here that Ca 2, represents the set of all non causal perturbations according
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to definition 2.7.

Theorem 5.1 Let x < 1. Under assumption 5.1, the system in figure 2-2 achieves robust
stability for all A € CAyp 2,0 if and only if there exists an s* > 0 such that na(s) < (%)%

for all s > s*.

Proof: We first prove sufficiency. As in the 4, assume that there exists an s* > 0
such that nps(s) < (%)% for all s > s*. This is the same to say that for any u € ¢ with
llurlle > s*, [|M(ur)le < (@)% which means that M is monotone stable with gain
function m(s) = (%)% for every s > s*. We can now use theorem 3.2 and conclude that the
closed loop system is stable.

The method of proof of necessity will again be similar to the one in [1]. Once again,
for simplicity, let m(s) = nas(s) and d(s) = na(s). We will show that one can construct
a destabilizing perturbation A € Ca .2, Whenever the conditions of the theorem are not
satisfied. So, assume that V<o, Js>s+: m(s) > (%)%

A particular signal £ € £\ 45 is constructed for which there is an admissible A such that
one has (I — AM)¢{ € £9. The lack of invertibility of (I — AM) then follows immediately.

This will be done in two steps. The first step is to construct that signal £. The next
step is to use this signal to construct a destabilizing perturbation.

Construction of the unbounded signals

The signal ¢ to be constructed has to satisfy (a) be unbounded and (b) if y is the output
of M to & then, for any 0 < ¢; < 1, ||Pyyll2 > (%HPt{Hg)% (1 — €) for all t where ¢; is such
that it can be made arbitrarily close to zero.

Assume that M is finite-memory. The construction of £ proceeds as follows (assume

to =0 and so = 1). Let:

e a1 > 1 and s7 = a;. Then, for any a; > 1, 35,55 m(s1) > (%)% Let a; = :_% >1
and ¢; = aja; > 1. Choose f1 € lo, with ||f1|l2 = s1, and an integer N7 > 0 such
that supp(f1) = [0, N1] and m(s) is achieved. Note that this is possible because of
assumption 5.1 and because M is finite memory. This means that for this particular

f1 we have
S1

Mgy = mUs ) > (H1102) = (32)°

Note that ||f1||2|[0’N1] = || f1||2. For simplicity, from now on, let || M f;||2 = “MfiH?\[o,N,-}
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and let z; represent some signals in £y of appropriate length for ¢+ = 1,2,---. Let

t1 = FM(Nl;M) + 2 and Bl_1£ = (fl,O). Then, Ptl_ly = (Mfl,.Tl).

1
az > 1 and s = ags1. Then, for any ag > 1, Jg,>551 m(s2) > (£)=. Letag = 3 > 1
- 2
and ¢ = agas > 1. Then, so = a285 = asans; = cos1. Choose fo € £y, with

|| f2]]2 = s2, and an integer No > 0 such that supp(f2) = [0, N2] and m(s) is achieved.

1 1
S9\ = C281\ =
it — (=2
sl > (2)7 = (22)

Let to = FM(Na; M) + t1 + 2. Define also P;,_1& = (f1,0, f2,0).

This means that

From proposition 2.1 it follows that the response M¢{ = M Y, fr, = >, M f,, despite
the nonlinearity of M. Given this decomposition, M¢ may be block partitioned as

follows

Py,_1y = (M f1,21, M f, )

Note that [Py, 1€ll2 = \/IIf1l3 + I f213 = /53 + 3s? = s14/1 + 3. Then, [P, 1y]l2

is given by

[Pry—1yll2 = \/IIMf1||§ +llz1ll3 + 1M fol[5 + 2213
> VIMAIB + 1M £l
2 2
S1\= C281 \ =
> — —
1
S x
(@) v
1 2/x
1 z 1+ Cy
= | =s1y/1 +c§) —
(k (1 —}—cg)%
1 1
— (§IPuitlls)” (- )
2/
where 0 < ex =1 — % < 1. Tt is easy to see that when as — o0, co2 — 00, and
+c3)@
therefore €5 — 0.
this can be done recursively. For any n = 1,2,3,---, let o, > 1 and s}, = apsp—1.

Then, for any an, > 1, 35, >s:: m(sn) > (%)% Let ap, = 22 > 1 and ¢, = apan > 1.

*
Sn
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Then, s, = ans;, = anopsSp—1 = CpSp—1 = CpCp—18p—2 = CpCp—1---Cc251. Choose
fn € Lo, with ||fn]l2 = sn, and an integer N,, > 0 such that supp(f,) = [0, N,] and

m(s) is achieved. This means that
1 1
Sp \ @ CnCp—1-""C281 \=
M Sn)® _ (Galnm1 281
A e
Let t, = FM(Nyp; M) + t,—1 + 2. Define also

Ptn—1£ = (f1705f2705"'afn50)

Again, from proposition 2.1, this means that

Py, 1y=(Mfi,x1,Mfo,x0, -, M fr,xn) (5.1)

Therefore, we have ||P;, 1£||2 given by

|1P, 1€l = \/||f1||% + 1 f2lls + -+ [ fall
= \/8% + C%S% +-o (Cncn—l Tee 02)23:12

= 81\/1+cz + (cnen—1---2)?

and || P, —1yl|2 given by

1Pyl = IMAN + w13+ 1M f03 + lzal3 + -+ 1M fall3 + a3

2 2 2
51\ % c251\ ® CnCp—1 -+ €281 2
\/(z) (%) +"'+<T>
N ( ) \/1+ 2/m + (cncn—1 v+ c2)?/®

1 1—I—02/w+ + (cpep—1 -+ - co)?/®
- (EuPtn_l&uz)J o

L+ G+ (encn1-e2)?)/*
1 @
— (§IPrgl) (1= e

\%

8=

where

0<e,=1- <1

1+ 02/3C + -+ (cpen_1 -+ c2)%/®
(14+c+ -+ (cncp1-- 02)2)1/$

37



Once again, it is easy to see that when «,, — oo, ¢, — 0o, and therefore ¢, — 0.

Also, sy >1and for alli=1,2,---,n, ¢; > 1. This means that

|Po—iblls = s1/1+ G+ + (cucnor - c2)?
> VIitl+--+1
- Vn

Therefore, when n — oo, ||P;,—1£||2 — oo and therefore ¢ is unbounded. So, both

requirements for £ are met.

Construction of the destabilizing perturbation

Given the signals y and ¢, we show that a nonlinear, non causal perturbation can be
constructed to destabilize the closed-loop system.

Let the signals y and & be given as before. A must be constructed such that §(s) < ks®
and & = A(y). Consider the perturbation defined as follows

0, if k< t,
(Af)(k) =< &(k—j), if for some integer j >0, Ppf = P,Sjy,

0, otherwise.

It can be verified that A is a nonlinear and non causal perturbation. We notice that

the maximum amplification occurs when the input signal of A is £. We also know that

1
1 T
I1Pcryle > (§1Poiéllz)” (L)

or equivalent

1
1_6n

T
Hﬂrﬂb<( )M%rwﬁ

and if take the infimum on the right side of the last inequality over €, we actually get

1Py, —1€ll2 < k|| P, 1913

which means that d(s) < ks® and therefore A € Ca 2,0 and maps y to &.
So, A is constructed to have A(y) = & — (f1,0,0,0,---) = (0,0, f2,0, f3,0, fa, ).
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Now, we just need to show that this is indeed a destabilizing perturbation. If we let £

be the input to (I — AM) then we have

(I-AM)(E) = &—A(MY)
= (.flaOafZ_f27Oa"'a07fn_fnaoa"')
= (flaoaoaoaoa"')€€2

This implies that the system in figure 2-2 is not ¢o — stable because it maps a signal
in £, to a signal in £\ £;. Therefore, as in the case of the /o, proof, we conclude that the
system is not monotone stable. This completes the proof. [ |

Comment: One of the assumptions in the last theorem is £ < 1. The reason that
the theorem does not follow for z > 1 is because we assumed in the proof that M is finite
memory. In fact, if > 1 then M can not be finite memory. It has to be infinite memory.
We will show this by contradiction.

Assume m(s) = nu(s) = (%)% and M is finite memory. Then, there exists an f € £y

and an integer N > 0 such that supp(f) = [0, N] and || M fllg,, \; = m([|fll2/ ;). This

means that for this particular f we have

1 .
19 -y = 1351 = (1712 ) -2

Let T = FM(N; M) + 2. Define

§= ZSZTf = (f,OIS,f,OIS,f,O’S,"') (53)

1=0

where 0's denotes a string of zeros of length T'— N — 1. From proposition 2.1 it follows
that the response M& = M Y, fn = Y., M f, despite the nonlinearity of M. Given this

decomposition, M£ may be block partitioned as follows
y:(MfaxlaMfaanMfa"') (54)

where z; € {5 are some signals. From (5.3) we see that

|Par—all = IFIB+1FIB+ + 1 £13
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= Vnllfl2

and from (5.4) we have

| Par—1ylle = \/llellg + lz1ll3 + IM U5+ llzll3 + - + 1M FII5 + llzall3
> V/n||Mf2
Therefore
| Per—1yll2 Vnl|Mfll2
T 2 I
(HlParaatl)”  (Rvallflle)”
_ Vn|IMfe
= I
(V/n)= | Mfl2
= nx2__w1 >1

1
z

for z > 1. This means that in fact m(s) = nu(s) > (7)= which is a contradiction.
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Chapter 6

Sufficient Conditions on Input

Disturbances

In this chapter we will consider a feedback system perturbed by some input disturbance.
Local sufficient conditions will be given on this input disturbance in order to keep the
feedback system stable. The feedback system will consist of systems that need not to be
linear. They can be nonlinear as long as they are monotone stable. The idea of this chapter

is to extend some concepts of linear systems to nonlinear systems that are monotone stable.

6.1 Particular cases of G; and G

Consider the feedback system in figure 6-1.

ri up Y1
Y Gy

Y2 uz
G2

Figure 6-1: Closed loop system

As in chapter 3, we will assume that the feedback system is well-posed. Assume also

that each system is stable with gain functions ng, and 7g, as in definition 2.6. This means

41



that

IN

[t 161 ([lurr])

lyerll < na,(lluarll)

For simplicity, let g1 = ng, and g2 = 7ng,. From the last two inequalities and the

interconnection of the feedback system we have

N

lurirll < izl + llyer]|
lyirll < gilllrarll + llyerll)

Juar|l =y

which leads to

917l < g1(g2(llwar ) + [lrarll) (6.1)

Definition 6.1 The feedback system in figure 6-1 is called locally stable if there exist §,e > 0
such that ||y17|| < € for every r1 € £ with ||ri7|| < § and for every T >0 .

Next, conditions on the input signal 1 will be given in order to keep the closed loop
system locally stable. This will be done for the particular case where G is linear and G»

has g5(s) = s where g = 1, is given as in definition 2.6.

Theorem 6.1 Consider the system in figure 6-1. Assume that g1(s) = kis (& ||G1]| = k1)

2

and go(s) = s%. The closed loop system is locally stable if, for all T, ||ri7| < —

%2 ASSUMINg

all initial conditions equal to zero. Moreover, ||yi7| < ﬁ for all T.

Proof: From inequality (6.1) and from the fact that g;(s) = k1s and ga(s) = s2

A

lyirll < gi(g2(llnrll) + [lrrll)

= ki(llyirl® + [Irir)

or

killyir|? = llyirll + Killrr]| > 0 (6.2)

We want to maximize ||r17|| and ||yi7|| and therefore we just need to look for equality
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0| Ya Yo 1 1Yl

Figure 6-2: ki||y17]|? — ||yl + E1l|ri7|| as a function of ||yi7||

of (6.2). Therefore, we get
14 /1 =4k |17
2k,

7]l = (6.3)

which only makes sense if (1 — 4k?||r17]|) > 0 and ||ly1|| > 0. It is easy to see that ||ri7||

achieves its maximum at ﬁg. Define the set S as follows
1

1
S:{TEK:HTH<W}

Call y, and y; the two solutions of ||y;r|| in (6.3) where y, < yp. Figure 6-2 shows the
graph of k1||ly17]|? — ||yir|| + k1||r17|| as a function of ||yir|, for a given ri7 € S. From this
figure, it is clear that (6.2) it is satisfied for 0 < ||y17|| < yq or for ||yi7|| > yp. Now, if all

initial conditions are zero and if 717 € S then

lyirll < va
_ 1-— 1-— 4k%||7"1T||
B 2k,
< 1
2k

which means that for that range in ||ri7||, ||y17|| is bounded and therefore the feedback
system is locally stable. [ |

Assume, in the last theorem, that k&1 = 1 and the ¢, — norm is being used. Then, as
seen, to achieve local stability it is sufficient that |[r1]| < + with all initial conditions equal
to zero. The next theorem gives a sufficient condition on the initial condition of y;. The
idea is, for a given r1 € £y with ||71]je < %, to find a range on |y1(0)| (as a function of

l71]lco) such that the feedback system in figure 6-1 is locally stable.
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Assume, for simplicity, that in figure 6-1 = = yo, ¥y = y1, and e = u;. Assume also that

[Ynlloo = 1Prylloc = supg<i<y [y(2)] for some n > 0.

Theorem 6.2 Consider the system in figure 6-1. Assume that |G1|| = 1 (or equivalent
that g1(s) = s) and that Go is a strictly causal system with go(s) = s?. Assume also that
Ir1lloc =7 < 1. Then the closed loop system is locally stable if |y1(0)| < yp = vy W with

all other initial conditions equal to zero.

Proof: Let o = 11V =1 V21_4'7. From the assumptions of the theorem we have that |y1(0)| < a.

For any given n, because ga(s) = s?, we have [|Pazllco < |1PayllZ = llynllZ.- Also

[Prelloc = 1Pa(r +2)lloo = [Par + Pozllo
< Parllee + ([ Przlloo
< v+ llynllZ

Now, assume that ||yn||cc < . Then, because G is strictly causal, and because |G1]|| =

1, we have

lyntilloc < ||Prellco
< v+ llynllZ
< 79+ o?

. 1+ T =4)*
4

14++1—-4y
2

Then, by induction, the sequence {||yn||oo} is bounded which means that the closed loop

system is locally stable. [

Example 6.1 Assume that g1(s) = s and go(s) = s". Table 6.1 provides, for different n,
sufficient conditions for the closed loop system in figure 6-1 to be locally stable. For example,
if n =2, to get local stability it is sufficient that ||ri7| < 1/4 for all T. Then, ||lyir| < 1/2

for all T' (as seen in theorem 6.1).
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lrrll < | [lyirll <
1/4 1/2

0.3849 0.5776

04724 | 0.6245

R RSN NGRS

10| 0.6959 | 0.7613

25| 0.8395 | 0.8738

50| 0.9048 | 0.9230

Table 6.1: Bounds on ||r17|| and ||y;7|| for different n

To find the values in the table, the following equation was solved

[zl = llyazll + [lrarll = 0 (6.4)

It was solved numerically by finding its unique positive root and therefore mazimizing
the range of ||rir||. Later, we will show that there is another way (close form) to compute
ezactly the values in the table.

Also, from equation (6.4), it was found numerically that as n — oo, the upper bounds of

llrir|l and ||yir|| given in the table approach 1 and satisfy ||ri7|| < ||lyir| < 1 for any finite

n. |

6.2 Linearization of the perturbation

r y

O M

A

Figure 6-3: Closed loop system
Assume we have a feedback system as in figure 6-3 where M is an LTT system with
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||[M|| =1 and A a nonlinear disturbance with 7 (s) < s™ (remember that this means that
for some y € £, the norm of the output of the disturbance A is bounded by ||y||™ or just
that [ A@)I < Iyl

The problem that we will solve in this section is the following (see figure 6-4): find
0 < k < 1 such that the perturbation can be modeled by a new A with ||A|| = k (or with
na linear) and having the largest range on ||rr|| (and therefore on ||yr||) as possible, and

keeping the closed loop system locally stable (for that range of ||rr||).

Ay — X d

I

I

I

I

|

A1 sy
k

Figure 6-4: Problem setting

From figure 6-3, the norm of the output y at time 7" can be bounded by

lyrll = [1M(rr + Alyr))

[Mrr + MA(yr)|

< [ Mre| + [MA(yr)|]
< M |lllrzll + (M AGy)
= llrrll+ 1A
< lrell + Ellyz
and therefore we have
lyrll < 1= llrrll < k77

because |yr| needs to satisfy ||yr| < k7T for all T. This constraint cames from the
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linearization (see figure 6-4). Then
Irrll < (= BR=T v

Now, let f(k) = (1 — k)kﬁ We want to maximize f(k) (where 0 < k < 1). Then, we
look for the derivative of f(k) and equate it to zero, that is, f'(k) = 0 <> k = 1 (note that
1

f”(%) < 0 which means that ¥ = - is a maximum of f(k)).

So, finally we have ||yr|| < (%)ﬁ and ||rr|| < (1 — %)(%)ﬁ

This is exactly the solution (in a close form) of the problem in the previous section
(example 6.1). We have here the same range for ||r7p| and ||yr| although the setting of
the problem is different. Instead of a nonlinear na, we have now a linear one. The only
difference in using this linear na is that we are now restricting ||lyr|| to satisfy ||yr| <
(%)ﬁ, constraining |lyr|| to necessarily stay on this bounds; whereas before, this was only
a sufficient condition. So, we are loosing something using a linear na instead of the original
nonlinear na. On the other hand, using the linear nA we have more tools available to
synthesize controllers and to analyze the robust stability of the feedback system.

Let’s consider now that the norm of the output of the disturbance A is bounded by some
function h : R, — R, that is, [|A(z)| < h(||z|) where h(s) = a15™ + ass™ 1 +--- +a,s =
S a;s™ 1 (instead of having h(s) = s™ as in the previous case). We will try to solve
the same problem as before for this function A.

First we need to find the point 5 of intersection of h(s) with the line defined by ks. For
that, we solve the equation h(5) = k3 or a15" ! +a25" 2 +---+a, = k. From this equation
we find the smallest s > 0 that satisfies it. Then s can be written as s = g(k) for some
function g : Ry — R, such that (hog)(k) =k and (g o h)(s) = s.

From before we know that ||yr|| < 2z||r7|l < 5 and therefore ||rp|| < (1 — k)5 for all T.
Let f(k) = (1 —k)s = (1 — k)g(k). Deriving f(k) in order to k we get

f'(k) = —g(k) + (1 - k)g'(k) = 0 (6.5)

Let f(k,s) = h(s) —k = >, a;8"* — k = 0 where 5 = g(k). From the theorem of the

implicit function we know that

Dy f(k,g(k)) + Dsf(k, g(k))Drg(k) = 0
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or that
Dyg(k) = —[Dsf(k,g(k))] ' Dif(k, g(k))

Using the last equality we have that the derivative of g(k) in order to k is given by

1
gl(k) ali——

1 (n — i)ai[g (k)i (6.6)

From (6.5) and (6.6) we have

1-k
"(k) = —g(k — =
PO =0 S a1 "

or equivalent
n—1
Z n—i)agk)]" P =1—k
=1

Then

n—1

Z(n—z a;[g(k)]"™ Z—I—X:az[g =

=1

or
n

1= (n—i+1aifg(k)]" "

=1
With this formula it is possible to find g(k) for n = 2,3,4. After finding g(k) we apply
h(3) and solve the equation for k. So, finally we have na linear with ||A|| = k and bounds
on ||rr|| that guarantees the stability of the feedback system.

Example 6.2 Let n = 2. Then we have h(s) = a1s? + ags and h(s) = a15 + ag = k.
Following the previous procedure we have f = a15+ag —k, Dpf = —1, and Dsf = a1 which
gives g'(k) = 2. Therefore

1

Solving for g(k) we have

1-k%
p» =gk) & 1=a19(k)+k=aig(k)+ aig(k)+ as
Then
1-— a9
g(k) = Sar
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Using the fact that (h o g)(k) = k and solving for k we get

1—a9 " 1+ao
= 93 ao =
2, 2
Finally, we have na linear with ||A] = H’% and to have local stability it is sufficient

1—(12)2

that ||rr| < % which as a result guarantees that ||yr|| < %5

a2
2a1
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Chapter 7

Examples

In this chapter we will give some examples where the theorems presented in the previous
chapters can be applied to conclude stability or instability of closed loop systems in the

form of the one in figure 2-2.

7.1 First order system
Consider the following first order system

i=-z+ex’ +u, z(0)=zp, 0<e<l1 (7.1)

where u is the control input and z is the output. Also, ex?

is an uncertain parameter where
0 < e < 1. The problem that we are interested in studying is the following: given a control
law u = k(x), is the closed loop system stable for all 0 < € < 1? Note that if u = 0 then (7.1)
is unstable (as we will see later).

To answer this question, we will use two different notions of stability. First, we will
analyze the closed system using Lyapunov stability. For that, we will find and check if
the equilibrium points of (7.1) are stable in the sense of Lyapunov (see [9] for details of
Lyapunov stability). The second notion of stability will be the one we have been using,
that is, monotone stability. Using the theorems presented in previous sections we will find

if the close loop system is monotone stable or not.

There are some results available that relate monotone stability and stability in the sense
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of Lyapunov. For instance, if we have a system described by

& = fle,y), 2(0)=x0

Yy = g(:c,u) (g(OaO):O)

where u € ™, x € R", and if f and g satisfy some conditions we can guarantee monotone

stability. A result in [4] tells us, assuming well-posedness of the system, that if
e z =0 is a globally exponentially stable solution of Z = f(z,0),
e f is globally Lipschitz in z,
o |g(z,u)| <Ili|z|? + lo|u|®? for some q1,q2,01,l2 € R4, and
o |f(z,u1) — f(z,u2)| < (ka|z|P + k3)|u1 — ua|P? for some py € [0,1] and po, ko, k3 € R4

then the system is monotone input-output stable in the following sense: if u € £, then
Y € Loce and ||y7||oo < n(||ur||oo), for all T > 0 and some n € M.

More results in relations between monotone stability and stability in the sense of Lya-
punov can be found in [8, 11].

Let’s now rearrange the system to make it look like the one in figure 2-2. For a given
control law u = k(z), (7.1) can be viewed as a block diagram as in figure 7-1 where 6(z) =

6.’L‘2.

LE-0
O~ | X

-1

k()

Figure 7-1: First order system

So, in figure 2-2, we define M as the system that maps the signal w to x and A as the
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system that maps = to w. The dynamics of M can be written as
t=—-c+k(x)+w, 2(0)=u1x

and A as

w=06z)=ez®, 0<e<l

Let’s now study the stability of the closed loop system for different control laws and

different notions of stability.

7.1.1 Linear gain control law

Assume that k(z) = az, o € R. This means that v = az is just a linear gain. Then (7.1)

can be written as © = —1 + ez? + az = z((a — 1) + €z).

e Lyapunov stability — the equilibrium points for this system can be found by solving
the equation z(( — 1) 4 ex) = 0 which has two solutions: z1 = 0 or 73 = =2 (note
that if & = 1 there is only one equilibrium point at = 0). To check if they are locally
stable, we linearize the system around each of them. The linearized system has the

form

zZi= (@ —1) + 2ex) |g=g;2i , 1=1,2

or z1 = (@ —1)z; and Zo = —(a— 1)22. If @ > 1, z; is unstable and any z(0) > z; =0
would make z(t) — oo as t — oo. If @ < 1, z2 is unstable and any z(0) < z2 would
make z(t) — —oo as t — oco. In the case where o = 1 then & = ez? > 0 and any

z(0) > 0 would again make z(t) — oo as t — oo.

Therefore, we conclude that the system is unstable. Moreover, no linear gain can
stabilize the system. Note that if @ = 0 the system is in open loop and, as seen, it is

unstable.

e Input-output stability — let’s consider the £, — norm. We need to find 1 and na
for M and A respectively. For A it is easy to see that na(s) = supjg|.=s [|A(7)]lc =

SUP||z||o0=5 |lez?||oo = €s?. Define the set S as follows:

S={AcA: na(s)=es?, 0<e<1}
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na can be easily found since £ = —(1 — @)z + w is linear. If @ < 1, M is stable with

1M ]]e

o ina = T which means that n(s) = .

To see if the closed loop system is not monotone stable we follow the same procedure
of the proofs of theorems 4.1 and 4.2. Therefore, we will mainly focus on points where
the proofs have differences and we will not get into small details. Again, the approach
is to try to construct a destabilizing perturbation A € S for the system M. We first
construct an unbounded signal and then try to construct a destabilizing perturbation
A € S using that signal. For simplicity, and without loss of generality, consider o = %

Then, nar(s) = 2s. Also, assume that M has finite pulse response of length T'.
Construction of the unbounded signals

We need to construct ¢ satisfying:

1. ¢ is unbounded;

2. We want na(s) = es? for some 0 < € < 1 which means that we need to have

1Piélloc = €| Pyll3o-

First we note that the maximum gain of M is 2, that is, |Mu||cc < 2||ul/c-. Also,
because M is linear, changing the frequency of an input sinusoid, changes the gain
of the output, that is, if we have an input signal u(¢t) = sin(wt) then the output,
after some time, is given by y(t) = A(w)sin(wt + ¢(w)) where 0 < A(w) < 2 and
—2% < ¢ <0. It can be shown that A(w) is continuous on w. This way, with sinusoids

at the input we can control the gain of the output.

y(@® &(1)

— = A —=

y(®) 2zt &(t)

M (=

+

r(t)=2 sgn(z(t))

Figure 7-2: Construction of ¢

The construction of £ proceeds as follows (see figure 7-2). Assume that w; represents

some frequency for i = 1,2,---. For 0 <t < T, let £(t) be a sinusoid with frequency
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wy (to be specified), and amplitude 4 (or with |Pré||cc = 4). Then, 3, such that

|| Prz||co = 4, which means that ||Pry|/c = 6.

In general, for (n — 1)T < t < nT, let £(t) be a sinusoid with frequency w,, and
amplitude (n + 1)2 (or with ||Pyré|leo = (n + 1)2). Then, 3, such that ||Pr7z| e =
2(n 4 1), which means that ||Pyry|cc = 2(n + 1) + 2 = 2/|| Pyré]| o + 2

The way £ was constructed, we have
1 2
1Pilloo < < I1Peyllse (7.2)

and ||Ppré|loc — 00 as n — oo (or as t — 00). So, the first requirement for ¢ is met
but the second is not. We got an inequality in (7.2) instead of an equality. This, as

we will see, will bring some problems in the construction of A.
Construction of the destabilizing perturbation

Let the signals y and £ be given as before where they satisfy (7.2). So, A is constructed
by having £ = A(y) = A(y?) = A(j) where §j = y? and A is defined as follows

_ &(k — j), if for some integer j >0, Pf = PS,;y,
(Af)(k) = !

0, otherwise.

It can be verified that A is a nonlinear, time invariant, and causal perturbation.
We notice that the maximum amplification occurs when the input signal of A is &.

2 < 52 which means that

Therefore, using (7.2), we find that na(s) < ||All 4

oo—inds
A € CA,0,2- But, we do not know if A € S because A can be any perturbation as
long it satisfies na(s) < % and therefore it does not need to be necessarily of the form
na(s) = es? (0 < e < 1). So, the conclusion is that we found a dynamic perturbation

that will destabilize the system but we do not know if this perturbation belongs to

the set S.

7.1.2 Nonlinear control law

Consider the following control gain: k(z) = —z3. This means that (7.1) can be written as
t=x(-1+ex—2%), 2(0)=m (7.3)
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e Lyapunov stability — this system has just one equilibrium point. To see this we
solve the equation z(—1+ ex —z?) = 0, z € R. = = 0 is a trivial solution and the
only one since €2 —4 < 0 for all € € (0,1). To check if this equilibrium point is locally

stable we linearize (7.3) around the origin and get
Z= (—1 + 2ex — 3:152) lg=02 = —2

which means that the origin is locally stable.

Let c(z) = z — ez + 23. Then, zc(z) > 0 for z # 0 (since zc(z) = 0 & z = 0
and for z = %1, zc(z) > 0). From [6, pp. 66] we conclude that z = 0 is a global

asymptotically stable equilibrium point.

e Input-output stability — the dynamics of the system M are
i=—z—-2>+w, z(0)=mx (7.4)

We want to find a function f such that ||z]|e < f(||w|lec) with f(s) > nas(s) for s >0

such that the conditions of theorem 4.1 are satisfied.

To find such a function, we will first consider the following linear system
2=—pz4+w, 2z(00=2z, B>0 (7.5)

and find an upper bound for ||z||« as a function of |z(0)|, £, and ||w||ec- If 2(0) =0

then, because the system is linear, ||z]|cc < % If 2(0) = zp then ||z|loc < |20] +

llloo

If 5 =1, we can see that given the same initial condition to (7.4) and (7.5) we have
always that |z(t)| < |z(t)| for all t > 0 (because of the —z2 term in (7.4)). Therefore,
we have that for zo = 0, ||z||cc < ||w||co. But this bound on ||z||« is too conservative

and does not satisfy the conditions of theorem 4.1. So, we need to find a better bound.

Assume that o = 0. Then for a given w with |w||cc = 10 we know that |z(t)| < 10

for all ¢. But, if for some time ¢1, (t1) = 5 then the maximum value that z(¢) can
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have, over t > t1, is upper bounded by the following linear system

E=—-¢-5%+w=-266+w, £0)=5

that is, ||Z]lco < ||€]le < [€(0)|+ % = 5+ 39 < 10 which means that we got a better
bound. We can generalize this result an find a better bound for ||z||« by solving the
following minimization problem:

s
< = i + ——3 <
nm(s) < f(s) 0<1nf<S{B 1 B2}_S

In figure 7-3 we can see f(s) as a function of s. We can also see the function /s and
verify that for s > s* = 50 we have 157(s) < f(s) < +/s. Therefore, using theorem 4.1,

we conclude that the closed loop system is stable.

10 ; ; ; ; ; ; ; ; —

— 1)
— - square root of s

I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100
S

Figure 7-3: Upper bound of ||z

7.2 Linear system with a nonlinear feedforward term

Consider the following SISO system

z(t) = Az(t) + bu(t)

y(t) = cx(t) + f(w)
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f()

C

Figure 7-4: Closed loop system

where ¢t > 0, z(t) € R, u(t),y(t) € R, A € R™" (with Re(A(4)) < 0), b € R
c € R*" and the only information we have of f is that ||f(ur)|leo < |lur|?, for every
u€land T > 0.

Suppose that only the output is available for feedback and that some control law u =
K () was designed. In this example, we will show that the controller K needs to be nonlinear
in order to stabilize the feedback system.

Like in the previous example, we need to rearrange the system to make it look like the
one in figure 2-2. For a given control law v = K(z), the result is in figure 7-4.

Let P represent the initial system but with f(u) = 0, that is, P is a linear system with

matrices (A, b, c,0). Then, we redraw the closed loop system to a simpler form (figure 7-5).

¢ W
u y
P W),
K

Figure 7-5: Simplified closed loop system

So, in figure 2-2, we define M as the system that maps the signal w to v and A as the
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system that maps u to w. The dynamics of M, at any time ¢ > 0, are

z(t) = Axz(t) + bu(t)

u(t) = K(w(t) + cx(t))

and for A are

w(t) = f(w)

M can be written as the operator M = (1 — PK)"'K. For A it is easy to see that
na(s) < s? and therefore A € Ca o2 = {A € A na(s) < s?}.

Let’s now study the stability of the closed loop system for different control laws.

7.2.1 Linear controller

Assume that K is a linear controller (static or dynamic) such that (1 — PK) 'K is stable.
This means that 7y(s) = as where a = ||M||s,—ind- S0, there is no s* > 0 such that
nu(s) < +/s for all s > s* and therefore, using theorem 4.1, we conclude that the closed
loop system is unstable. Moreover, there is no linear controller K that can stabilize the

system.

7.2.2 Saturation controller

Assume now that the controller K is a saturation as in figure 7-6.

I VN b

Figure 7-6: Saturation controller

In order to prove the stability of the closed loop system, we need now to find 7ys or an
upper bound m of nps such that the conditions of theorem 4.1 are satisfied.

If the input w is such that it produces an output u with ||jul]lcc < b (or equivalent
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llyllco < @) then M is linear because K is operating in the linear region. Assume that

if K(y) = %y for all y, then |[|[M||¢,—ina = @, for some o > 0. Then, for the range

0 < JJw|loo < % we have that 7(s) < m(s) = as for 0 < s < . For ||w||s > g we can

[¢]
bound ||u||s by b.

S

Figure 7-7: m(s) for different values of a and b

From figure 7-7 it is easy to see that for every a,b > 0 there exist s* > 0 such that
v (8) < m(s) < /s for all s > s*. Therefore, using theorem 4.1, we conclude that the

closed loop system is stable.
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Chapter 8

Concluding Remarks and Future
Work

In this thesis it was studied a generalization of the small gain theorem for feedback systems.
Sufficient conditions on a system M perturbed by a family of disturbances A were presented.
Then, it was shown that those conditions are also necessary in the vector spaces (£, || - ||co)
and (fo,|| - ||2) under appropriate assumptions on the system M. For the vector space
(£oos || - |loo) those conditions are necessary with either NLTV or NLTI perturbations and
for the vector field (43, || - ||2) those conditions are necessary with non causal perturbations.

The sufficient conditions are a generalization of the small gain theorem presented in [4].
With this new theorem, the computation work involved in finding the function 73 of some
system M is much smaller since the conditions of the theorem only require that nas(s) <
(%)% for big values of s. This way, we only need to find 7y (or a suitable upper bound of
na) for big values of the norm of the input signal of M such that n/(s) < (%)% This is
very useful since in most cases it very hard to find 7(s) for all s > 0.

In [10] results for the case where the nonlinearities are sector bounded by linear functions
are given. As future work, this results should be extended to the case where the nonlin-
earities are sector bounded by a certain class of monotonic increasing functions. Also, as
future work, in the #5 case, a causal perturbation A should be constructed instead of non
causal one like in the £,, case where the conditions for stability hold for both NLTV and
NLTI causal perturbations.

Finally, a remark is in the order to the effect of initial conditions. Since only input-
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output stability is considered, the effects of initial conditions is not addressed explicitly.
For general NLTV systems, the initial condition can dramatically alter the resulting input-
output behavior. However, since in the proofs of necessity in both £, and s cases we
assume having finite memory for M, the effects of initial condition vanish after some finite

time.
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