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Abstract—This technical note shows that the stationary distributin
for the covariance of Kalman filtering with intermittent obs ervations
exists under mild conditions for a very general class of padk dropping
models (semi-Markov chain). These results are proved usiniipe geometric
properties of Riccati recursions with respect to a particuar Riemannian
distance. Moreover, the Riemannian mean induced by that diance
is always bounded, therefore it can be used for charactering the
performance of the system for regimes where the moments of &
covariance do not exist. Other interesting properties of tiat mean include
the symmetry between covariance and information matrices gveraging
covariances or their inverse gives the same result), and iigterpretation
in information geometry as the “natural” mean for the manifold of
Gaussian distributions.

Index Terms—Kalman filtering, packet drops, intrinsic estimation,
information geometry.

. INTRODUCTION

distribution of the eigenvalues for random Lyapunov andcRic
iterations in the case of a stable system.

This paper addresses two open questions in the literature. T
first question is whether it is possible to prove convergeirte
distribution for a wider class of models other than indegengacket
drops. This would make the system modelling more realigti€act,
network errors are highly correlated in time. Moreover,vimg that
the stationary distribution exists is a necessary stepréeftudying
the system performance. This paper shows (Proposition &)ttt
system converges to a unique stationary distribution wheratrival
of observations is driven by a semi-Markov chain, a gereatibn

of Markov chains in which the system persists in each state fo
a random period of time. This model is much more general than

those considered in the literature (Huang and Dey [8] ceamsal
Markov chain, but do not prove convergence). The technigsesl
are rather different than the literature: Ketral. [12] use essentially

algebraic arguments, modelling the system as an order-preserving

random dynamical systems that has a strong sublinearitgepio
This paper, instead, models the system as an iterated dargystem,
and derives its results from sonmeometric properties of Riccati
iterations with respect to a certain distance on the spagmsifive
definite matrices. As a result, one can obtain stronger tesvith

The Kalman filter was conceived in the 1960s [1] and fountgss effort, by relying on established properties of itedatunction

immediate use at the forefront of engineering [2]. For theceasive

decades, the state-space approach of the Kalman filter was

tool of choice for many filtering and tracking problems, bath
its algebraically equivalent formulations (e.g., Infotioa filter [3],
square root and “array” algorithms [4]) and its extensiansdnlinear
problems (e.g., Extended Kalman Filter, Unscented Kalmi#terf:
In recent years, since the paper by Sinoplial. [5], there has
been intense interest in studying the problem of Kalmanrifiite

with intermittent observations. Sinopdt al. consider the case where

observations are available intermittently with indeperigeobability,

systems.

thThe second contribution concerns defining alternativeoperénce
measures when the expected value of the covariance doesisbt e
Three desirable properties are discussed: existencerjanea, and
covariance/information “symmetry”. It is shown that theeRiannian
mean, induced by the distance used in the first part, satitfesse
properties (Proposition 9). Moreover, according to thformation
geometry interpretation, this is the “natural” mean to use when
“averaging” Gaussian distributions.

This paper is organized as follows. Section Il provides the

and they show the non-obvious result that there exists acalrit Setup. Section lil proves the existence of the stationasgritiiition.

value of the arrival probability such that, under that thid,

Section IV discusses the generalization of means to Rieimann

the expected value of the error covariance matrix is unbednd Manifolds and the properties of a particular Riemannianmmea

Mo and Sinopoli [6] and Plarre and Bullo [7] better charaizeithis
critical probability, for which an explicit expression isillslacking.

Notation: All matrices are assumed to be real. L&t be the
transpose of the matriA, and let{\;(A)} denote the eigenvalues.

Huang and Dey [8] consider the case where the availability &t S() be the set of symmetria x n matrices and letP(n)
observations is regulated by a Markov chairhich is more realistic Pe the set of positive definite matrices. Lgt| be the operator

than iid packet dropping. Xu and Hespanha [9] discuss simgisults
in the continuous-time case.

norm (|A||*> = Amax(AA*)), and let|-|| . be the Frobenius norm
(JA3% = Trac§ AA™)). ForP € P(n), let/P be the unique matrix

. ol . Y .
The way the result of Sinopoit al. was often interpreted was thatin (1) such tha(v'P)? = P. All inequalities between matrices are

the system has a qualitatively different behavior abovetsidw the
critical probability. More recently, it has been pointed by Kar et

al. [10] that convergence of the expected covariance is not essacy
condition for convergence in distribution of the Markov pess; that

to be interpreted in the Lowner partial ord@®; > P, iff P; — P>
is semidefinite positive. For a Lipschitz mgp define its Lipschitz

constant as Liff) £ sup,, d(f(z), f(y))/d(z,y). Let G(n) be
the manifold of Gaussian distributions &% [16], andSo(n) C G(n)

is, there is a lower arrival probability such that the pracesnverges the submanifold of Gaussian distributions with mdéanAn element

in distribution, but the expected value of the covarianagnisounded.
For independent packet drops, the stationary distribugikists for
all non zero arrival probabilities, as shown by Censi [114 &tar et
al. [12].

of §(n) is denoted agi(u, P).

Il. PROBLEM SETUP
Consider the discrete-time linear dynamical system

A different line of research is concerned with the overalt de

scription of the stationary distribution. Epsteét al. [13] provide
bounds for the stationary cumulative distribution funistiodf) of the
covariance. Censi [14] describes the fractal nature of tatosary
probability distribution and provides exact expressiomstfie cdf in
some special cases. Vakili and Hassibi [15] analyze theostaty
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Tr+1 = Az + Buwy,

(1)
Y, = Czxp + €,

with £ € R", w € R?, y € R?, and A, B, C real matrices of
appropriate sizes. Assume, and e, are white Gaussian sequences
with zero mean and covariance matrix equal to the identity, that
the initial prior for o is Gaussian with covariancB,. Moreover,
assume that the observations are available intermittendy, one
has available the observationg = .y, Wherey, € {0,1} is a
random sequence.



Channel statistics: This paper consider three models fo,
abbreviated as LGB, LGM, and LGSM, respectively Linear-&ian-

Bernoulli, Markov, and SemiMarkov. The LGSM model subsumes

the other two, but it is still worth considering the simplepdels

separately because for them the statements of some resealts
more elegant and compact. In th&B mode|l 4 is a sequence of

independent Bernoulli random variables, willi{~y, = 1}) = 7,

where? is the arrival rate. This is the setup considered by Sinop

et al. [5] and the majority of the literature. In theGM model,y; is a
Markov chain. Let the transition probabilities B¢{vx+1 = j|lvx =
i}) = ps;. There are two degrees of freedom: the failupgy) and

recovery fo1) rates. This is called the Gilbert-Elliott model and i

the setup considered by Huang and Dey [8].

S

function systems [18], and some particular results abaigdometric
properties of Riccati iterations for a special choice otatise [19].

A. Properties of recurrent iterated function systems

Theorem 1. (Barnsley) Letr,—1 = f1, (z1) be an iterated function
system on a complete metric space{llf} is an irreducible Markov

Ochhain and there exists an integéf > 1 such that

E(Il,b,.“,IK){log Lip(fh ofi,0-+0 fIK)} <0, 4)

then the Markov proces§(1x, zx)} has a unique stationary distri-
bution, and from any initial state, the empirical distrib tends to
the stationary distribution with probability 1.

The LGSM modelis a further generalization, where the channeRemark2. Let us decipher the Theorem and the condition (4). We
state is described by a semi-Markov chain: a Markov chain thare looking at the behavior of the process o¥#rconsecutive time
persists in a certain state for a random period of time, whidteps. The expectation is with respect to all possible sempseof

constitutes an additional degree of freedom. In genera, defines
a semi-Markov chaif{I}52, as follows. Let{(sn, A,)}nro be a
Markov renewal process, wherg, is the state and\,, € Z4 is

the number of steps that the system persists in stat&Ve assume
thats,, and A,, are conditionally independent given,:

P({Snt1 = J, Ans1 = klsn =i, An = 1}) = p;;6" (k).

Define the time until the:-th renewal as, = > _ | A.,. Letn(k)

m=1

be the number of renewals until time, such thatr,;) < k <

length K. The numbetog Lip(fi, o fi, 0- - -0 fi,.) is the logarithm of
the Lipschitz constant of the composition of the maps cpording

to the discrete state sequence; it is negative if the cortiposis
contracting the state space. Therefore, condition (4) isresttaint

on the average separation of the phase space under theaimcert
dynamics. In the degenerate case in which there is only ameifun

(n = 1), the condition (4) is simply Lipf) < 1, thus Theorem 1 can
be seen as a stochastic generalization of the contractigpinm
theorem. Such generalization is quite powerful: in factjsitnot

Ta(k)+1- Then we can defin, to be a semi-Markov chain by setting assumed that any of the magsbe contractions by themselves. The

Iy = sn(k). Definet;, to be the time since last renewdl, = &k —

generalization to the semi-Markov case is due to Stenflo. [20]

Tn(k)- One can show thaft(lx, tx)} is @ Markov chain. One recovers thegrem 3. (Stenflo) Assume that a IFS is driven by a semi-Markov

the LGB model by setting® (k) = 0 for k& > 1.

Evolution of P, as an iterated function systenEven if some
observations are missing, the conditional estimatecgf given the
available observations until timé is still Gaussian [5]; letPy
be the corresponding covariance matrix. If the observatiare
always available, the evolution @, is deterministic; if(A, B) is
stabilizable and A, C) is detectableP;, tends to the fixed poirP
from anyPy [3]. If there are missing measuremerik, is a random
walk in P(n) that is described by the recursion

{h(Pk)7
9(Pk),
Let Q 2 BB* andZ £ C*C. The two mapgy, h : P(n) — P(n)
can be written compactly as

if Yk = 07
Pri =
if Y = 1.

h: P~
g: P—

APA" +Q )
(APA*+Q) ' +1I)" (3)

The Kalman filter and analogous variants implement the sioor

1

chain {I, }, whose construction was presented in Section Il. Assume
that: the chain{s, } is irreducible; the chain{(1x, tx)} is aperiodic;
there is finite expected switching timE{A,} < oo. Moreover,
assume that there exists an integé€r> 1 such that(4) holds. Then

the random walK (Ix, z) } has a unique stationary distribution, and
from any initial state, the empirical distribution tendstte stationary
distribution with probability 1.

B. Geometric properties of Riccati recursions

We recall some of the results developed by Bougerol [19]rdigg
the geometric properties of the mapsg. These properties hold
when the set of positive definite matric@¢n) is equipped with the
following unusual distance; later, in Section 1V-B, we wibmment
more on its significance and interpretation.

Lemma 4. P(n) is a complete metric space when equipped with the

with different representations f@, and faster and more numerically Theorem 5. (Bougerol) In the metriel defined by(5),

stable algorithms than (3), which is used in the presentyaizafor
convenience and compactness.

This setup is well described by the formalism of iteratedcfion
systems [17]. Formally, one assumes to have a metric sp¥ce),
and a finite number of map§f;} from X to itself. Given a random
sequencéy, one defines a random walk as follows;_1 = f1, (z).
In our caseX = P, the sequence ik, = v, and the maps ar¢ =
h, f1 = g. In the following we keep using the generic nantas d),
{fi}, L, for generic statements about iterated function systems.

I11. EXISTENCE OF THE STATIONARY DISTRIBUTION

This section proves the existence of the stationary digioh of
P, under very mild conditions. The proof is simple and buildstwo
lines of results: some general results concerning the yhafaterated

distance ) n ) .
d.>(P1,P2) = log” (A:(P1P5")). (5)
=1
1) If A is non-singular, the mapa and g are nonexpansive:
Lip(h) <1,  Lip(g) < 1. (6)

2) If A is non-singular,(A,B) is controllable, (A, C) observ-
able, there exists an integeK such that the composition
g% =go-..0g of K copies ofg is a strict contraction:

Lip(¢™) < 1. (7)

C. Convergence results

Proposition 6. AssumeA non-singular,(A, B) controllable,(A, C)
observable, and:
« for the LGB model The arrival probability is positivey > 0.
« for the LGM model The Markov chain{~;} is irreducible.



« for the LGSM modela) The Markov chair{s, } is irreducible;
b) The Markov chain{(~x,tx)} is aperiodic; c) There is finite
expected switching timé&{A,} < co.

Then the Markov process has a unigue stationary distrilotand
from any initial state, the empirical distribution tendstte stationary
distribution with probability 1.

Proof: Consider the hypotheses of Theorem 1, wifhas in (7).
Equation (4) is a positive combination of terms of the KiaglLip (ho
ho---0oh), logLip(goho---0oh), and so on, for all possible
permutations off andh of length K. By Theorem 5, and in particular
by equations (6)-(7), all those terms are nonpositive. Meee the

termlog Lip(g%) is strictly negative, due to equation (7). Therefore,

the right-hand side of (4) is strictly negative, and the teeoholdsm

Remark?7. Note that the proof would not be valid with the usual dis
tance based on the Frobenius nordy (P1, P2) £ |P1 — P2 ),
because the majp would not be nonexpansive A is unstable. The
contraction properties (6) suggest th&tis a convenient choice for
studying random Riccati recursions.

Remark8. In contrast to Kart al. [12], who provide a proof in the
LGB case, we have the additional assumption #ds non-singular.
This, however, is a very mild assumption, and it is alwaye tifu
the discrete dynamical system (1) arises from the disettiz of a
continuous-time system.

IV. PERFORMANCE MEASURES AND EXISTENCE
OF THE RIEMANNIAN MEAN

The expected value of the covariance is perhaps the eabigisec
for assessing the performance of the system; however,¢tpectation
is unbounded when operating below Sinopoli’s critical @toibity,
while the process has a stationary distribution in esdntid non
degenerate cases (Proposition 9). The stationary distifjlbeing a
fractal density [14], cannot have a compact descriptiorer&tore, it
is of interest to investigate alternative performance mess in the
spirit of a “mean”, that can synthesize the performance efsystem.

Admittedly, there is no intrinsic “correct” choice of perfoance

measure. However, we can find some desirable properties for

hypothetical performance measuvg{P}:

1) ExistenceThe performance measure should exist if the statio
ary distribution exists.

Invariance to change of coordinate¥he measure should be
invariant to a linear change of coordinate (~ Tz) of the
original system:

2)

M{TPT"} = TM{P}T".

3) Covariance-information symmetryfthe Information Filter is

in the LGB scalar case, each mom&HfP" } ceases to exist at certain
critical probabilities. Therefore, this choice does ndtséga the first
existence requirement.

Averaging information matricesAnother alternative is taking the
expectation of the information matri ~'. Because the stationary
distribution of P has support in the sé > P, the information
matrix P! is bounded above bP_'. ThusE{P '} is always well
defined. This expectation is also invariant to a change ofdionates.
However, this solution is somewhat unsatisfying, becatdgeaaks
the symmetry between covariance matrices and informatiamices:
E{P} AE{P~'}""

The alternative proposed in this section is based on theitiefirof
a Riemannian mean. Section IV-A defines the notion of Rierngmnn
mean. Section IV-B describes the properties of the Rienanmiean
according to the distance (5) and proves its existenceid®ebt-C
discusses the interpretation of the mean in informationnggoy.

Section IV-E shows some numerical simulations.

A. Means on Riemannian manifolds

Let X be a random variable taking values R" with joint
cumulative distribution functiori.. The expected value oX (or
Euclidean mean, or simplynear) is defined, in the most general
terms, as the Lebesgue-Stielties integllX} = [., xdu(x).
This definition is not directly generalizable to manifoldschuse it
assumes that the set has a vector space structure. Howexengan
satisfies a variational property, being the point that minés the
quadratic risk:

8)

Equivalently, the mean is the poiptwhere the “errorsE{y — X}
balance to zero:

E{X} = argminE {|| X - yll3}-

E{E{X} - X}=0. )

The latter is more general, because it does not require gpeidion

in (8) to be bounded. Equations (8)-(9) can be used to extead t
idea of mean to Riemannian manifolds.

£ Riemannian manifoldM,m) is a differentiable manifoldvt
equipped with a smooth metrien on the tangent space [21].
The “length” £(c¢) of a curvec : [0,1] — M is defined as

rl}'(c) = folx/m(é(t), ¢(t)) dt. Given the notion of length, the distance

between two points is
d(z,y) = inf{l(c) | cis a differentiable curve joining: andy}.

Consider a Riemannian manifol@, m) with corresponding dis-
tanced. Generalizing (8) for a random variahké taking values iri\(,
define the Riemannian mean (also called: Riemannian basmcen
Riemannian center of mass, Frechét mean or Karcher meamgas t

covariance matrix are two different parameterizations the
scribe the same object (the dispersion of the error digtdbj

If one considers this point of view, because of the one-t®-on
correspondence between covariance and information realricM

and the fact that they live in the same space (positive defin
matrices), it is reasonable to require that averaging cavees
corresponds to averaging information matrices, and thesrtin
ing:

M{P} = M{P~'}"".

Moments of covariance matrice$Dne alternative is considering
different moments of the covariance; that is, consideri{P"}
for somer > 0. Particularly interesting isE{v/P}, because it
corresponds the expected error norm, instead of the expsgtared
error norm. It is implied by some results of Huang and Dey Fgitt

Ma{X} £ arg jnf B {d*(X,y)}. (10)
oreover, thedispersionE {d*(Ma{X}, X)} can be taken as a
generalization of the (trace of) the covariance matrix sTdefinition
assumes that the expected squared distance is bounded;karwea
generalization can be derived from (9) by replacing the rsitibn

by the inverse of the exponential map, as explained in Coacaed
Kendall [22], but that is not needed for the purpose of thipgpa
The Riemannian mean is unique for a simply connected mahifol
of non positive sectional curvature [23] — as counterexas\pthe
reader may consider the distribution consisting of a pa@mfpodal
points on the unit circl&' (a non-simply connected, zero curvature
manifold) and on the unit sphe®® (a simply connected, positive
curvature manifold).



B. A Riemannian mean for the manifold of Gaussian distrimgi boundP. < P(~)
Firstly, we recall some facts about the distangedefined by (5): thatd:(Pec, P(7))

« It is a Riemannian distance [24] arising from using the naetri expectations,
m(X,Y) = 1Trace{P~'XP'Y}. (11) Ex{dy* (Poo, P(7))} < Er ) {d* (P, 177 (P))}. (14)

h™™) (P). By Lemma 10 below, we obtain
d

<
< d, (P, k™) (P)). By squaring and taking

To summarize, so far we can conclude that the Riemannian mean
exists if the expressioi, (,){d,*(Pe, h” ™ (P))} is bounded.
This expression only depends on the statistics 6). The critical
d-(P1,P2) = d. (TP, T, TP,T"). (12) observation is that, in all three models, the probabiligtth(v) = &

o It is the only Riemannian distance preserved under inve(rj-ecreases geometrically witly that is, for big enougfk, we have

sion [24]: that

« It is invariant to a linear change of coordinates of the orgi
system [25]:

P({r(y) =k}) < ar®, 0<r<l. (15)

This can be seen directly for the LGB/LGM models; for the LGSM
model, it follows from the fact thafs, } is assumed irreducible, and
that6(”) (k) is assumed to eventually decrease geometrically. At this
point, the proof consists in using (15) to show that (14) isrzed.
Proposition 9. Properties of the Riemannian meafi,, {P }: The distancel,. is invariant to change of coordinates in the original
O§ystem, so we can choose a frame of reference suctPthat 1. It
easy to bound the distance frdivof a matrixX > I:

d.(P1,P2) = d.(P7 ', P5 7). (13)

Now consider the corresponding Riemannian mi&n {P} defined
by (10). We can prove that it satisfies all the desirable ptagzewe
discussed at the beginning of the section.

1) (Existence)lt exists and it is unique under the hypotheses
P(rc))position 6; for the LGSM model, add the constraint that
0'°’ (k) is eventually bounded by a geometric series. "~

2) (Invgari)ance) It is invariant to a change of coordinates of the dr*(1,X) = Zlogz Ai(X) < nlog® (X)) (16)

original system: =t

Note that the second step is valid only & > 1 (A:(X) > 1). In
Mgy, {TPT"} = TMq, {P}T". our caseX = Th™ ) (P) T*, for someT such thatTPo, T* = T;

3) (Symmetrylt is the only Riemannian mean invariant to inver-We can write it explicitly as

sion: -
MdT{P} :MdT{Pfl}*l. X:T(AT(‘K)ﬁ(A*)T(’Y) + Z ALQ (A*)Z)T*
Proof: The last two properties follow directly from proper- =0

ties (12)-(13). As for the first property, if we prove existen 1he norm of the matrixX can be boundeg by co*™ ) f0r250me
uniqueness follows from the fact that the manifold has neitpe ¢1,¢2 > 0 not depending ory. Thus nlog® (|| X|[|) < 7(v)cs +
curvature [23]. To prove that the Riemannian mean existss it 7(7¥)ca + cs for somecs, ca,cs > 0, and from (16),

sufficien'_[ to show that the min2imization_problem (8) _is fédasj i.e., . dTQ(Poo, P(y)) < ‘r(7)203 +r(y)es + cs.
there exists &X such thatE{d,“(X, P)} is bounded; in our case it
is convenient to choosX = P... Take the expectation directly with respectito
For computing the necessary expectation, we consider tharico o0
ance at a generic time instant, and we write it as a functiothef E{d.*(Ps,P)} < Y P({7T =k})(csk® + cak + c5)
past arrival events. Ley € {0,1}" be the infinite sequence of past k=0

arrivals, and letP(v) be the covariance as a function of We
will show that B, {d.?(Ps, P (7))} is bounded. Let{0,1}} be
the subset of{0, 1} composed by arrival sequences that contain,
at some point, K consecutive 1’s, with K as in (7). Given the Series of the kindy_;” , k“z* with o > 0 are convergent ifz| <
hypotheses, for the three models considered, the{@et}). has 1, hence the dispersioRi{d,” (P, P)} is always bounded and the
measure 1, because, under the hypotheties probability that an Riemannian mean always exists. =
infinite sgquence does nc_)t contalfi consecutive s is 0. Thus, Lemma 10. For the distance defined i), P, < P» < P3 =
when taking the expectation, we can assume {0, 1}}; . Define d.(P1,Ps) < d,(P1, P3).

the quantityr (+) as the number of step since the last receptiof of o

measurements. Thus each sequence is composed-yelements, Proof: (sketch) First, reduce to the caBe = T by lettingP; =
followed by K “1”s, followed by an infinite tail: MP;M", with M chosen such thaMP.M* = I. Then verify

d,(I,P5) < d,(I,P%) by direct computation using (5). [

< ¢+ Zark(c;;kQ + cak + c5).

k=0

last received
~ =10010010---001001111---1111101010001010 - - -.

T(v) steps lastK-event infinite tail

C. Interpretation ofd, in information geometry

Information geometry [16], [26] is a relatively new branch o

For any sequence, let us definey as~ with the firstT(v) elements  statistics that studies the properties of families of philitgt dis-
set to0: tributions considered as Riemannian manifolds. With ite aran
5 = 00000000 -- - 000001111 - - - 1111101010001010 - - -. ri.gor.ouslly define the Riemannian distan.ce t.)etwee.n two ;tmbt;a

distributions, and, based on the construction in SectieA,l¥ notion
of Riemannian mean. It is interesting to look at this thebscause,
From the order-preserving propertiesgfh, it follows thatP(~) < while it is debatable how one can average “generic” positigénite
P(%). Moreover, we can boun#(¥) as follows: afterK consecu- matrices, information geometry gives a unique answer whesider-
tive measurements, the covariance is bounded by some nRtrix ing that those matrices represent Gaussian probabilityilaliions.

g%() < P < oco. ThusP(¥) < BT (?) and we find the In particular, the distance (5) is theatural distance between two

() steps last K-event infinite tail



Gaussian distributions with the same mean; we briefly dis¢his one stable, and one unstable (see the caption of Fig. 1 faraion
fact. details). The figures show the valuesRffP}, E{v/P}? E{P '},
Information geometry gives families of probability diswition and My, {P} for the empirical distributions as a function of the

a Riemannian structure by using a generalization of the eFisharrival probability, assuming the LGB model. The results piotted
Information Matrix (FIM) as a Riemannian metric. In the Gaustwice: once as as covariances (variances), and as infamatatrices
sian case, one defines the FIM as follows [27]: if the avadlabiscalars). Note that, due to Jensen’s inequality, there [segise
observationsz € RY have a Gaussian distribution whose mean anarder: E{P} > E{~/P}? > My, {P} > E{P~'}~!. In the stable
covariance are parametrized by an unknown param@ter R™: case (Fig. 1a-1b), all the statistics have the same queditaehavior,
z ~ G(u(8),%(8)), then the FIM forf is the semidefinite positive while in the unstable cas&{P} and E{+/P}? are expected to

matrix Z[0] defined as

Tiols = gL w0 gL+ )
%Trace{i)(e)’l agg(f) 2(9)*1%—0(5)} .(18)

This FIM can be interpreted as a Riemannian metric for the-man

ifold G(n). If we restrict to the submanifolGo(n), given two
elementsX,Y € §(n) in the tangent space &(0,P), the Fisher
Information Metric coincides with (11) (compare it with tisecond
term in (17)), and therefore the natural distance betweenz®ro-
mean Gaussian distributions is exactly(P1, P2).

It is worth noting thatd,(P1, P2) has also gractical significance
in estimation, as it is linked to the probability of distinghing the
two distributionsG (0, P1) andG(0, P2) by observing their samples,

diverge at their critical probabilities (in the simulatgnwe obtain
finite but very large averages).

V. CONCLUSIONS

Algebra is the offer made by the devil to the mathematician.
The devil says: ‘I will give you this powerful machine, it wil
answer any question you like. All you need to do is giving me
your soul:give up geometrnand you will have this marvellous
machine.'[30]

— Sir Michael Atiyah (1929-)

Riccati recursions are nonexpansive in a particular Rienaandis-
tance for the manifold of positive definite matrices. Thiometric
property allows to easily prove the existence of the statipmlistri-
bution, by applying well established properties of itedafanction

in a sense which is made precise by Amari [16]. By contrast, ygystems, for a wide class of arrival models (PropositionGiyen

Euclidean distancgP1 — P2|| . (implicitly used when considering
E{P}) does not have such a property.

D. Computational issues

There are some open issues regarding the computation of
Riemannian mean of the distribution of interest. Just likelased-
form expression for the Euclidean meB{P} as a function of the
system parameters and packet dropping statistics is netrkneven

such particular choice of distance, one can define the Riei@an
mean for the stationary distribution. As a performance mess
it has interesting properties (Proposition 9): it existddem very
mild conditions, it is invariant to a change of coordinatestthe
original system, and it respects the symmetry of covariaace
th®rmation matrices: the mean of the information matrigeghe
inverse of the mean of the covariance matrices. For someergad
it might be interesting that, according to the informaticgometry
interpretation, this is the “natural” distance to use forermaging

in the LGB case, we do not have a closed-form expression ®r titaussian distributions.
Riemannian meall, {P} either. In either case, part of the difficulty These results show that thgeometric properties of Riccati re-

in obtaining a closed-form expression lies in the fact tiat LGB
distribution has fractal support [14].

cursions complement the well-studiealgebraic properties (e.g.,
order preservation) and offer the researcher interestids tand

For the Riemannian mean, there is an additional computtionnterpretations for studying the problem.
problem. Given a set of samples, it is immediate to compuge th

Euclidean mearE{P}. However, a closed-form expression for the

Riemannian mean of a set of samples is not available in gerera
is an open question whether this computational difficultyelevant
to the problem of characterizing the Riemannian mean of {68 L
distribution.

For the current research efforts regarding the problem ofpedgat-

ing the Riemannian mean of a set of samples, see the work by Fio

and Tanaka [28] for the general case, and the work of Fortatat
al. [29] for the particular case of positive definite matricesd ats
application to the problem of target detection.

E. Numerical example

It is challenging to illustrate the behavior of the systermeu-
cally, because some phenomena of interest, such as thergence

of E{P} and its moments, cannot be simulated on a computer,

because, over finite trajectorieB,. is always bounded. Moreover,
the stationary probability distribution faP is a fractal [14], hard
to visualize. Also, one should note that there might be ineamies
due to the floating-point representation, because for ctingpthese
statistics one has to work simultaneously with very largd =sery
small numbers. With these caveats in mind, it is still insérg to
look at the performance measures that we discussed, iatedpas
empirical means over finite trajectorieBvo systems are simulated:
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