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Linear Estimation on SO(2) for Graph-based
Simultaneous Localization and Mapping

Luca Carlone and Andrea Censi

‘Abstract— In this paper we discuss the problem of estimating for batch SLAM [4], allowing to considerably reduce the
orientation of nodes in a pose graph from relative measure-  computational time of optimization by applying a multi-
ments. We formalize some intuitions of previous work showig grid algorithm. A further breakthrough in the literature of

that, when mapping the maximum likelihood problem from . .
the manifold SO(2) o a vector space, it is necessary to inadle  9'@Ph-based approaches came with the usexaemental

integer-valued unknowns ¢egularization terms). We show that, POse parametrizatignproposed by Olsoret al. in [18].
in general, the introduction of such regularization terms makes  Grisetti et al. extended such framework, taking advantage

the solution of the problem challenging, since the maximum of the use of stochastic gradient descent in planar and
likelihood problem becomes a quadratic optimization probem  {ree-dimensional scenarios [6]. Some original attempts t

with integer constraints. However, we propose a techniqueof : : -
reducing the possible choices of the regularization termsy ~€XPloit the mathematical structure of the nonlinear pose

discarding choices with negligible probability of being corect. ~ graph optimization have been recently proposed [5], [8], [7
Experimental results show that, in common problems, a singl  The aforementioned techniques are iterative, in the séiase t
choice has non-negligible probability of being correct. Oge a  at each iteration, they solve a convex approximation of the
fcrg%eec\/tvgriglgggjfe“sor}hsser%rgisrteetrﬁlcevegf’ t‘ﬁg ggteir?{g%’ogf etrrl‘rgrs original problem, and use such local solution to update the
with the corresponding covariancey matrix, hence providing estimate. This process is t.hpfn repeated until the optimizat
probabilistic assessments on the quality of the orientatio Vvariable converges to a minimum of the cost function.
estimate. As a by-product, we show that, exploiting the redts Although state-of-the-art approaches for graph-based
of the present paper, it is possible to estimate a correct pes  SLAM appear to work well in common problems instances,
graph configuration also when state-of-the-art approachesre  one of them can guarantee to attain a global minimum
likely to be stuck in a local minimum. of the objective function. Therefore, they cannot provide
assessments on the quality of the resulting estimate. phgra
based SLAM the assessments we are looking for answer the
Simultaneous Localization And Mapping (SLAM) hasfollowing question: how close is the estimate from the actua
been recognized to be a central topic or research within ti@se graph configuration? This question is hard to answer
robotic community. Its importance stems from the fact thah general for the nonlinear nature of the problem. Since it
the construction of a world model and the estimation of robgs well-known that the nonlinearity of the problem lies in
pose is a crucial prerequisite for performing tasks in westr the orientation variables, in this work we investigate ifsit
tured environments. Most of the techniques for SLAM argossible to retrieve an estimate of the orientations of sode
based on nonlinear estimation methods and the nonlinearjty a pose graph, with probabilistic guarantees of its gyalit
of the underlying problem makes challenging to provide an.e., consistency of the estimation errors). The demrati
alytical assessments on the results of the estimation @mobl of this paper is widely motivated by the recent result [2],
(i.e., accuracy or consistency of the estimate with respegthich shows that it is possible to compute an accurate
to the actual nonlinear solution). In this context we arestimate of the pose graph configuration once a reliable
interested in a batch SLAM problem in which measuremenisstimate of nodes’ orientation is available; in particulat
acquired by the robot are modeled as a network of constrairighlights that, when rephrasing the orientation estiorati
in apose graphin this case the problem can be formulated i;problem in a linear framework, it is necessary to correct
terms of nonlinear optimization and the maximum likelihoogelative orientation measurements with some multiples of
solution can be retrieved using iterative nonlinear teghes. 9or (regularization term} for the result to be meaningful.
The seminal paper [14] paved the way for the solutiom this work we consider the same formulation of [2] and
of this batch problem. The framework of Lu and Milioswe focus on the first phase of the SLAM approach, i.e.,
was extended to the general case of a graph containifige linear orientation estimationWe then formally show
both robot poses and landmark positions in [20]. Thrughat the multiples of2r may appear when mapping the
and Montemerlo showed that it is possible to marginalizeriginal problem, defined on the manifold SO(2), to a vector
out variables corresponding to landmarks, hence reduciggace. In general, the introduction of such regularization
the problem to the pose estimation setup discussed in [14&rms makes the solution of the problem challenging, since
Konolige investigated a reduction scheme for the purpose g¢ie maximum likelihood problem becomes a quadratic opti-
improving the computational effort of nonlinear optimizat  mization problem with integer constraints. Intuitivelijete
[11]. Freseet al. proposed a multilevel relaxation approachare infinite choices of the regularization terms that has to
be considered. However, as a further contribution of this
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that, in common problem instances, a single choice hassumed to have orientation (i.e., it is the reference frame
non-negligible probability of being correct; moreovers@l in which the other orientations have to be estimated).

after inflating a large amount of noise in the orientation In graph-SLAM problems, for everyi,j) € &, also
measurements, a suitable choice of the matrices involved tine relative position information is usually available J18
the screening is still able to determine few admissible@®i however, in this work we will focus on the orientation mea-
for the regularization terms. As a by-product, we show thasurements, since, as pointed out in [2], once a good estimate
exploiting the results of this paper, the approach propased of robot orientation is available, it is possible for approate

[2] can estimate a correct pose graph configuration also whéme nonlinear pose optimization with a linear estimatioobpr
state-of-the-art approaches are stuck in a local minimurtem. Moreover, the relative position measurements belong t
Finally, from the derivation reported in this paper it tumg a vector space and linear estimation theory easily applies,
that theregularizationprocedure proposed in [2] correspondsvhereas orientations belong to a manifold, SO(2) in our
to select the maximum likelihood regularization terms give planar setup, and the application of linear estimation seed
measurements (then such terms are used for computibhg carefully investigated. This reasons motivate the Walig

the maximum likelihood solution for nodes’ orientation);development.

however, we here show that a formal approach requires

solving the maximum likelihood problem on both variables Il L INEAR ESTIMATION ON SO(2)
(regularization terms and orientations) at the same time. Let us rewrite the measurement model:
Notation and Preliminaries. I,, denotes the: x n identity matrix, bij = ®(0; — 0; + €;;) € SOR) (i,j) € £. (1)

0, denotes a (column) vector of all zeros of dimensienThe

cardinality of a generic sef is written as|S|. A directedgraphG  Notice that we can apply the following substitution without
is a pair(V, £), whereV is a finite set of elements, callegrticesor ~ altering the result:

nodes and¢ is a set containing ordered pairs of nodes. A generic 1.5 1% .

elemente € &, referred to asedge is in the forme = (i, ), 0ij = ®(@71(0;) — @7 (0:) +€iy), (i) €E, )
meaning that edge, incident on nodes andj, leavesi (tail) and  sjnce the exponential map is invariant under addition of
is directed towards nodg (head [9]. The number of nodes and multiples of2x. Therefore, recalling thad—! : SO(2)— R,
edges are denoted with + 1 (the reason for this choice will be \ye can rephrase the problem in the unknodin e R,

clear later) andn, respectively, i.e.[V| =n+1and|f] =m.The ; _ g 1 1 as follows:
incidence matrix4 of a directed graph is a matrix iRFY*™ Y
in which each column contains the information of an edgein dij = ®(0; — 0; +¢€i5), (i,5) € €. 3)

in particular the column corresponding to the edge (¢, ), has
the i-th element equal te-1, the j-th element equal ter1 and
all the others equal to zero. Apanning treeof G is a subgraph )

with n edges that contains all the nodesdnThe edges ofj that of (3):

do not belong to a given spa_nning tree of th_e graph are referre Sij — Ok =0, — 0; + i, (i,]) € E. 4)

to aschords[3]. The exponential mag{for the circle group),® :

R — SO(2), maps any real number into an element of the specilit order to write the measurement model in a more compact
orthogonal group SO(2). In particular the exponential mape R~ form, let us number the relative orientation measurements

Finally we can formulate the measurement model as a linear
function by applying the inverse map~! to both members

is6 = ®(0) = mod 2r(A), where mod 2. is the modulo2r  from 1 to m. Define accordinglyd = [01 0> ... dm]"
operator. Accordingly, we define thaverse mapas®~! : SO(2) (measurement vectprk = [ky ko ... k,]T (regular-
— R, that can be written explicitly ag = ®~1(d) = 0 — 2kx, ization vecto}, ¢ = [e; e ... €, (noise vectoy,
with 6 € SO(2) andk € Z. and P; = diago?,03,...,02,) (measurement covariance

Furthermore, let) = [0y ... 6,]" € R"*! be the unknown
nodes’ orientation Then (4) can be rewritten as:

T < m

Let V = {vy,...,v,} be a set ofn + 1 nodes (represent- A0=0-2%km—c kel ©)
ing subsequent poses assumed by a mobile robot travelimpere A is the incidence matrixof the graphg. The
in a planar setup) an® = {éo,...,én}, 0; € SO(2), problem of retrieving a maximum likelihood estimate of
i = 0,1,...,n denote the corresponding set of absoluteobot orientations can be then formulated as the mininogati
orientations assumed by the robot. Suppose that it is dessilof the following cost function:
to measure the relative orientation between some nodes, say . T < 5
nodes(i, j); in particular node can measure the orientation 'y A6 =6+ 2k,
qu in its local reference_framézi, ie., 0; = <I>_(9j - subject to: k € Z™, (6)
0; + €i;) € SO(2), where;; is a zero mean Gaussian noise S _ _
with standard deviationr;;. Now the objective is to find where theMahalanobis distances defined as||z|r =
a maximum likelihood estimate of the unknowd. The z'P~lz. The previous problem is hard to solve, due to
problem can be naturally modeled using graph formalisnits combinatorial nature. However, as pointed out in [2],
each node in the sét corresponds to a vertex of a directedonce the regularization vectdr is known, the estimation
graphG(V, ) (often referred to apose graph where&  problem becomes linear and can be solved in closed-form. In
(graph edges) is the set containing the unordered node padarticular, if we know the regularization vector, sky= k*,
(i, 7) such that a relative pose measurement exists betweethen the solution of the problem can be computed-as-
andj. By convention, if an edge is directed from nodeo  (AP; 'AT)"YAP; (6 — 2k*7). Moreover, for the linearity
nodej, the corresponding relative measurement is expressefithe estimation problem we can guarantee that the covari-
in the reference frame of node Moreover, the first node is ance of the estimation errors i3 = (14P5‘1AT)—1 [16] (a

Il. PROBLEM STATEMENT AND MOTIVATIONS
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probabilistic assessmenf the quality of the estimate). If we where (., P,) denotes a Normal density with mean

denoted* = [65 ... 07] € R"™1, it is then easy to verify and covariance matrix>,. Let 4; and p,, denote thei-

from equations (1) and (2), that the corresponding solution th element ofy and ., respectively, andrgi denote the

SO(2) is given byo* = { mod 2.6, ..., mod 2,0}. i-th diagonal element of the covariance matfx. Then,
In the following derivation we show that it is possibleconsidering the marginal probabilities of each element,of

to mitigate the combinatorial complexity of retrieving thewe can write:

correct solution, thus assuring with arbitrary high prob-

ability to estimate the correct orientations. In particula { %i ~ N, 0%) (12)
we show that it is possible to compute a finite det= v €2

{k1, ko ..., ky} C Z™, such thatt* € K with high From the first condition in equation (11), we have that, for
probability. Therefore, we will transform (6) into: a desired confidence levél — «), +; belongs to the inter-

min |ATO & + 2kn3, val T; = [ty — \/xi(l_a)ffw;,uw +.\/xi<1_a>ffﬂ’ with
subject to: & € K. ) pr20b§1bll_|ty (_1 - oz_), Wherexﬁ_’(lﬂ) is the quantile of the.
) ] . x* distribution with 3 degrees of freedom and upper tail
If || is small, we can solve (7) by computing the solutiorpropability equal toa [1]. Considering also the second
0}, for eachk € K, and the maximum likelihood estimate will condition”in (11) we obtain that the following set has to
be the pair(¢;, k) minimizing the objective function in (7). contain with probability(1 — ) the correct value ofy;,

The rest of this article addresses the problem of computing=1 2. ... ¢
the setk. r; = f‘l N7 (12)

IV. MITIGATING THE COMBINATORIAL COMPLEXITY ¢ s easy to see that each sBf contains all the integers

For limiting the possible choices df we should exploit iy the interval defined by;. Therefore we restricted the
problem constraints. Let us start from the measuremepbssible selections of from the infinite setZ to the finite
model (5). If we defingd = AT0, § € R™ needs to satisfy setl = I'; x I'» x ... x ['y; the previous Cartesian product
the zero-sum propertyi.e., after mapping nodes’ orientation means that the sdf contains all the vectors in the form
in a vector space, the actual relative orientations between— [~, v, ... ~,], such thaty; € I';.
nodes have to sum up to zero along cycles in the graphThjs screening can be made even more effective by
[19]. A necessary and sufficient condition for the zero-surgevising an iterative procedure for selecting the setyof
property to be satisfied is thatd = C(A76) = 0,, where having non-negligible probability of being correct. Let us
C € 7™ is acycle basis matriof graphG, and? = m—n.  call T;[1] the set of integers obtained from equation (12), for

Let us multiply both members of equation (5) by i=1,2,...,L ltis possible that, for somi T';[1] contains a
C(A9) = (6 — 2km —¢), ke Z™ 8) single integer, sa¥;[1] = {u;}; therefore, the corresponding
_ correction termry; can be uniquely determined. Let us call
We already observed that the first member needs be zetg1] the set of indices corresponding to the entries dhat
hence we can write (8) as: can be uniquely determined, i./[1] = {i : |T;[1]| = 1}.
e m Accordingly, we calll{[1] the set of indices of the elements
ZW?]{* 051 Ce, keZ of ~ that still present ambiguities, and we cal[2] the
— Ck = 2_05 — 2_06, kezm. (9) Vvector containing elements, i € U[1]. We can improve the
™ ™

estimate for the elements 6f2], computing the conditional
Since C' is an integer-valued matrix ankd € Z™, alsoCk  probability prob(y([2] | {7; = u;,i € U[1]}). The previous
needs be integer-valued and we can apply the change mbbability is a Normal distribution, say (u[2], P,[2]),
variablesy = Ck in (9): and can be easily obtained fraM(y., P,) by conditioning
on-~; = u,, i € U[1]. Then, we can recompute thi¢ — a)-

—1los_ L i .
v =5-C00— 5-Ce . (10) admissible sets as:
vezt y o
In the previous expression we can identify two conditions I;[2] = T[] icUfl]’

on~: (i) a probabilistic conditiond is a random vector) that y
. S . : SSSSUSI 3 5
mposesy 1 b, ditited accoring o 2 Cauesen Wi 2=l 2y Xy 24y i P
YT 2w T s A — 4n? . ! — - :
(ii) a deterministic condition that imposesto be an integer. n general, at iteratiop, the (1 - a)-admissible sets become
In the following section we propose a simple procedure Ii[j] =
for computing the vectors that satisfy equation (10) with L] =
arbitrary high probability. Then, in Section IV-C we diseus .
how to retrieve the set of regularization vectdifrom v.  wherel’;[;] are the(1—«)-confidence intervals, defined over
the Gaussian densityrob(y[j] | {vi = us,i € U[j — 1]}).
Therefore, at each iteration, we shrink the intervals for

LNz ieUlj—1]
L1 deulj-1)

A. First Screening ony: Marginal Probabilities

We can express equation (10) as follows: the elements ofy that are still ambiguous. The iterative
v~ Ny, Py) procedure stops when no further reduction of the cardinalit
{ N ezt ) ofthe setd’;,7 =1,2,...,£is possible. It can be easily seen

that an upper-bound on the number of iteration& iat each
IFor simplicity we use the notation ~ A(u-,P,) meaning that iteration, at least one elementine Z*' needs be included
prob(v|4) is Normally distributed according t&/ (s, P-) in U[j], otherwise the algorithm halts; moreover, after fixing
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all ¢ elements no further iteration is needed. In practiceC. Computation of the Sét

the numbgr of iterations in this first screening is smaI.I (see afier computing the finite seT[V + M], we need to
the experimental section). As outcome of the screening Q@trieve the admissible regularization vectors, i.e., see
marginal probabilities we have restricted eaghto some - By definition, K = {k : Ck = ~,v € T[N + M]}
integer valuesl';[N], i = 1,2, .../, whereN is the number o refore we need to compute the regularization vegtor
of iterations performed by the algorithm described so fagg, each~. Since the systeni’k = ~ is underdetermined
Therefore, the only1 — «)-admissible values foy have 10 tor each choice ofy there exists an infinite number of

be found in['[N] = 't [N] x T2 [N] x ... x T'¢[N]. vectorsk satisfyingCk = ~. However, for eactk we will
be lately required to solve a linear estimation problem like
B. Second Screening on Joint Probability ming [|AT0 — & + 2kx|%,, hence we needK| finite and

ossibly small. The following result allows to consider a

ngle k for each choice ofy, assuring thatX| is finite.

Proposition 1: Given a vectory € Z*, every regulariza-
tion vector k satisfying Ck = #4 will produce the same

In the previous section we used the marginal probabiliti
of N(u., P,) for selecting the set each has to belong to.
In particular, afterN iterationsT';[N] = {u;}, i € U[N]
(elements with a single possible choice), wher@agV]| >

AL | = solution®*, where©* = { mod 2,65, ..., mod 2,05}
1,1 € U[N]. Let us cally[V + 1] the vector comprising and0* = [0} ... 0] € R"™! solves the linear estimation
vi,© € U[N]. The vectory[N + 1] can assume values in problemming [|AT6 — 5 + 2|2

. . - - Ps-
the setx;cynLi[IV], where the symbok,;y; denotes Proof. See Appendix. s .

the cartesian product of the sets whose index ig/jiV].

) . X J Then we only have to solve a single linear estimation
Computing the Cartesian product we obtain a collection cHr y 9

oblem for eachy. Moreover, the following results provide

_ _ w = =
vectors ez Ii[N] = {7', 7%, ..., 7'V} that have non- o gyaighiforward way to computela satisfyingC'k — 5.
negligible probability of being the1 corgrect chmcsvﬁp[N]. Lemma 1:Let G be a pose graph and order the edges in
By construction, all vectors if~", ~*, ..., y"} are {ne graph such that the firstedges belong to a spanning tree

integer-valued. As an output of this first screening we alsg' of the graph and the remainingedges are chords with
obtained a Gaussian density associated with the elemepigpect toT; moreover let us write the cycle basis matrix
ofy[N],_ |.e.,N(u7[N],PW[N]). From the Gaussian den_S|ty, C = [Cr Cy1], whereC;, € Z**" contains the columns in
for a given confidence level, sajl — ), we can build ¢ corresponding to edges il andC;, € Z/*¢ contains the
an ellipsoid I'[N] with center n,[N] and shape matrix columns inC' corresponding to chords with respect To

XQE{[NH 1_oP~[N] that has to contain the correct value ofThen,C/, is invertible.

ny] with probability(1—«). Therefore the second screening Proof. See Lemma 3 in [13]. O
simply selects among vectofg/!, 72, ..., v} the ones Proposition 2: Given a vectory € Z‘, a graphgG, and
falling in the (1 — a)-confidence ellipsoid. We shall call a cycle basis matrbxC' = [Cr C] defined as in Lemma
L[N +1] C {7, 42, ..., ¥} the set of vectors falling in 1, a solution toCk = 5 can be computed ag =
the confidence ellipsoid. o 'ymT.

Also in this case the procedure can be made iterative. Proof. First of all, notice that the existence df is
After computing '[N + 1], it is possible that, for some guaranteed by Lemma 1. We can develop the prodlicas
j, the j-th entry of all vectors in[[N + 1] is equal: this follows: Ck = [Cr CL][0,} (C;'9)T]T = CL(CL'7) =7,
means that the value of theth element can be univocally which proves our claim. O
determined. Therefore we can compute a new distribution for
the undetermined elements, s&§(, [N + 2], Py[N + 2]), V. OPTIMAL CHOICE OF THECYCLE BASIS MATRIX
conditioning on the value of thg-th element. Then, the  So far we have not discussed how to choose the cycle basis
(1 — a)-confidence ellipsoid is computed fronf (1, [N +  matrix C' and if there is a particular selection that turns out to
2], P,[N + 2]) and the test is repeated on the undeterminese more convenient in the screening of admisstl&ince
elements iny. The second screening stops when there existhe possibility of reducing the cardinality of the $eheavily
no index;j such that all vectors iif[N + M| have the samg-  relies on the covariance matr,, in this section we discuss
th entry, withA denoting the number of iterations performeda choice ofC that allows to minimize some measure Bn.
by the second screening. Also in this case, an upper-bountthis context we consider the trace Bf as measure to be
on the number of iterations i& at each iteration, at least minimized by the choice of. The trace is the sum of the
one element iy € Z* needs be univocally determined,diagonal elements aP,, and the diagonal elements directly
otherwise the algorithm halts. As outcome of the seconiiffluence the length of the confidence intervals in the first

screening we obtain a collection of vectdr§V + M] = screening. Moreover, the trace is proportional to the sum of
% vV} that have non-negligible probability of the squares of the lengths of the semiaxes of (the- a)-
representing the correct choice for ellipsoid I that is used in the second screening. Therefore

Remark 1:The first screening is performed element-wisgye want to determine:
on v, whereas the second is done on integer-valued vectors.
Before the first screening can assume all the values in C* = argmin trP,(C0) (13)
Z*; after the first screening, due to the boundedness of the ©
intervalsT"; (for « > 0), each element can assume onlyBefore establishing the key result in Proposition 3 we need
a finite number of values, hence the possible choices ofto introduce the following concepts (with slight abuse of
becomes finite. This enables to perform the second screenimptation we will identify with C' both the cycle basis and
the second screening requires to check all admissible rgectahe cycle basis matrix).
~ and it could be performed in finite-time only when the Definition 1 (Weights of cycles and cycle basikpt us
possible choices fof are finite. O consider a cycle basi€, comprising cycles’, ¢s, ..., Cy;
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then theweight of a cyclds Q(¢;) = Z(i_j)eét wi;, where ‘ H FCM(T%) ‘ FCM(T}) ‘ MCB ‘ MCB,

(i,j) € ¢ means that the sum comprises eddes;)
belonging to cycle; andw;; is a weight associated with INTEL || <001 | <001 | 02 | 009
edge(s, j). Moreover theweight of a cycle basis Q(C) = MIT <0.01 < 0.01 0.01 | 0.01
o QA&). 0

Definition 2 (Minimum cycle basis)Given a graplg and M3500 <00l 03 154 L1l
a weight functiom) : £ 5 (4,j) — wi; € R that associates TABLE |

a weight to each edge ig, a cycle basis with minimum
weight is said to be aninimum cycle basigith respect to
the pair(G, ). O

We denote the minimum cycle basis with M@B ). The
following result establishes the optimality of the minimum
cycle basis for problem (13).

Proposition 3 (Optimal choice of the cycle basis matrix): i ) ,
Let us consider the pose grapghand the following weight @ Spanning tre€l in the fundamental cycle basis, each

function v : (i,§) — o2; then the minimum cycle basis Cycle comprises a chord in the graph with respect/to
J say (4,7), and the unique path ifi' from nodei to node

with respect to the paifG, ¢») minimizestrP, in (13). : . . .
Proof. We here want to demonstrate that MCBv) = - In particular, we consider thundamental cycle matrix

argmin, trP, (C). By definition P, = 2, CPsCT. First built on the odometric spanning tred=CM(T,) and the
., (C). = InZ . O S ;
of all we notice that the factog% does not influence the f%g%%mzni?éggg\eﬂ (?a;”k.)lfﬂlé Ooré (t)rr]r?er?rligms}g;#irr:;egggty
zglﬁgré(gflzr;e_problem, hteng;tgeT c::agrtnugageﬁr?ecreggtte the spanning tree comprising the edges corresponding to
o ) = arg i LI L6t . . t the odometric constraints [2]; siné, is given in common
the ¢-th row in C' and with ¢, the corresponding cycle in the SLAM problems, the computation of FCNI) is inexpen-
?r{ger:]éiﬁxégmoﬂgl |Qgp]>3egt¥)|iwswepno{uc_e tzk;at thih t%”*‘ﬂ?g sive. The minimum uncertainty spanning tree, in this contex
; gonal o id Ct 5%,[“76 rgl ')fEEF]UiJ"h is the minimum weight spanning tree over gragh[3],
previous expression coincides with tveight of thet-th cy- — here the edges weights are defined by the weight function
cle under the weight functiom, see Definition 1. Therefore, .. ; ",y ;2" \We test the four aforementioned algorithms
the trace ofC'PsC' " is the sum of the weights of the CyCIeSon well-known SLAM benchmarking scenarios [12], namely
in the cycle basis, which by definition 8(C'). We hence o '510] Research Lab(INTEL), the MIT Killian Court
established thahin trP, (C) = minc (C); by definition 1y "3ng theManhattan world(M3500). In each scenario
MCB(G, v) attains the minimum of}(C), therefore it holds o consider the pose graph and we compute the cycle basis
MCB(G, y) = argming Q(C) = argming trP(C). U mawix FCM(T, ), FCM(T,, ), MCB and MCB,. The CPU
VI. EXPERIMENTS AND DISCUSSION times required for computing the matrices are reported in

In this section we present an experimental validation c)%able I. Now we can evaluate the effectiveness of the first

the derivation presented so far. The two screeninas ars €ening. In Table 1l we report for. gach scenario and for
applied in cascgde: () the first screening takes as ingut t §Ch choice of the cycle basis matrix:

relative orientation measurementsand the corresponding 1) the number of iterationsV performed in the first
covariance matrixPs and provides as output the JeftV] C screening, reporting details of each iteration when
Z*; (i) the second screening takes as input thel¥&f] and significative;

CPUTIME FOR COMPUTING THE CYCLE BASIS MATRIX FOR
EACH BENCHMARKING SCENARIQ. TIME IS EXPRESSED IN
SECONDS CODE IS IMPLEMENTED INC++.

returns as output the sEfN -+ M] C I'[N]. Both screenings ~ 2) the percentage of elements that are univocally deter-

rely on the cycle basis matrix, from which it is possible to
computeu., and P,. Then, for eachy € I'[N 4 M] we have
to retrieve the correspondinig The collection ofk defines

mined atj-th iteration, i.e.,u(j) = |U[4]|/¢ - 100;
the densityd of the matrix to be inverted to compute
the conditional Gaussian probabiliyob(~[j] | {7 =

the set/C which is the output of our algorithm. u;,i € U[j — 1]}). The densityis defined as the
The results in this section are aimed at the understanding number of non-zero elements in the matrix over the
of the following points: total number of elements;
1) how important is the choice of the cycle basis matrix; 4) the cardinality of the self[V]; _ .
2) what is the cardinality ok in real applications; 5) the CPU time required for completing the first screen-

3) what is the Computationa| effort for Computiy(g |ng in our Matlab implementation; this time includes

Let us start by the computation of the cycle basis matrix. ~ the CPU time required for computing, and .
There is a vast literature on minimum cycle basis and ikVe can notice that in common SLAM scenarios the first
this context we used the algorithm described in [15] andcreening is sufficient in identifying a single possibleueal
the C++ implementation available at [17] for computing theor ~, i.e., [I'[N]| = 1; therefore, in these cases, no second
minimum cycle basis matrix, MCB{, ¢’). For sake of clarity screening is needed. Regardless the choice of the cycle basi
in the following we omit the dependence on the graph anahatrix, the first iteration of the first screening allows to
on the weight function and we simply write MCB. With the uniquely identify most of the elements in However, the
purpose of speeding-up the computation we also consideinimum cycle basis (approximate or exact) can easily selec
an algorithm for computing &¢ — 1)-approximation of the few admissible vectors after the first iteration, whereas
cycle basis [10], (in our testg = 2). We shall call the the number of admissible after the first iteration may
approximate minimum cycle basis matrix MGHBesides the be still prohibitive for the fundamental cycle bases. The
minimum cycle basis matrix, for our numerical evaluationfundamental cycle bases usually requires more iterations f
we consider thdundamental cycle matrixvith respect to completing the first phase. Moreover, they usually require
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FIRST SCREENING ONy is able to restrict the choice of to few vectors § in both
scenarios). In the scenario M3500b, both MCB are able to
N u d IT[N]| | CPU|  determine a single admissible vectgr making superfluous
the application of the second screening. In M3500c, instead
FCB(To) || 1 100 - 1 0.18 | two hypotheses survived the first screening. We can now
o || Fesm|| 1 100 _ 1 0.07 | @analyze the second screening, considering scenarios 83500
= and M3500c. The corresponding statistics are summarized in
=1 McB 1 100 - 1 0.07 | Table IV. For the FCBI,) is was not possible to perform
the second screening due to the overwhelming number of
MCBua || 1 100 - 1 0.07 | hypotheses to be tested. After one iteration, using AGB(
the number of hypotheses is reduced fr@no 1 in the
FCB(T,) || 2 { ! 80 0-20 1 16 007 | scenario M3500b, and fromto 2 in M3500c. For the MCB
2 20 - 1 (exact and approximate) the screening did not reduce the
= number of hypotheses, i.&[N + M] =T'[N]. In all cases
S || FCB(Tm)|| 1 100 - 1 0.06 | the computational effort is an order of magnitude lower that
the effort devoted to the first screening.
McB ! 100 _ ! 0.06 After computing the self'[ N+ M, we need to retrieve the
MCB, 1 100 _ 1 0.06 | SetkC, according to Section IV-C. In all the tests presented so
far the time for retrievingC was find to be negligible with
1 5292 | 0.02 | >107%0 respect to the cost of the other phase<)(01 seconds). The
9 99.42 0.16 S 1RO only _scenario in which th_e cardinalit_y of sktis greater than
FCB(T,) || 4 3.12 | one is M3500c (according to Section IV/E| = |T'[N +
3 19.19 1 >10° M]]); in this case, the set contains two hypotheses, K es
4 547 _ 1 {k1, k2}. Inour tests, FCBL;,), MCB and MCB, produced
° :
3 the same two hypotheses.
& 1 98.62 0.02 > 10° As answer to the three main questions motivating this
2 || FCB(Tm)|| 2 ) Lsg . 0.67 | experimental section we can then state that (i) the choice
i _ of the cycle basis is crucial in assuring to retrieve a small
1 09.95 0.004| 3 set K with limited computational effort; (i) in common
MCB 2 043 | SLAM scenarios the cardinality ok is one, and, when
2 0.05 - ! using MCB (exactly or approximatel)C| remains small also
1 99.95 | 0.005| 3 after inflating a large amount of noise in the orientation mea
MCB, 2 0.43 | surements; (iii) regarding the computational effort, thisra
2 0.05 - 1 clear tradeoff between the effort of computing a cycle basis

matrix (larger for MCB) and the effort of performing the two
screenings (larger for FCB). From the results presented so
far it turns out that a good compromise can be obtained using
the @n—1)-approximate minimum cycle basis which assures
similar performance with respect to its exact counterplauts
being computationally cheaper to compute.

According to the derivation in [2], after selecting the
correct regularization vectdr it is possible to compute the
pose graph configuration from relative pose measurements.
In Figure 1 we report the estimated pose graphs for each
to manage matrices with higher density, when computingcenario and for each € K. It is possible to notice that in
prob(v[j] | {7 = ui,i € U[j — 1]}). Both reasons justify all cases th&C contains the correct regularization vector. As
the higher CPU time required by the FCB. For testing the side comment we notice that we are already considering
proposed approach in more challenging scenarios we consigtenarios with severe orientation noise in which statthef-
ered the scenario M3500 and we added further random noiag techniques are likely to be stuck in local minima; for
on the orientation measurements. In the scenario M3500b Westance, in Figure 2 we report the estimated pose-graphs
added zero mean Gaussian noise with standard deviaién with TORO [6] for the scenarios M3500b and M3500c.
(angles are expressed in radians), whereas in the scendriothe proposed approach, when the cardinality kofis
lately referred to as M3500c we added zero mean Gausne, the approach assures the consistency of the oriamtatio
sian noise with standard deviatidn3 to each orientation errors (roughly speaking we can guarantee to be close to
measurement. The corresponding statistics regardingriie fithe actual nodes’ orientation); moreover, when increasieg
screening are reported in Table Ill. In this case the chofce @oise affecting orientation measurements, the approaigh on
the cycle basis appears to be even more important: besidaslarge the number of possible choices for the regulacmati
the computational effort, that is remarkably lower whemgsi vectors, thus assuring with high probability that one of the
MCB (due to the smaller number of iterations and to thehoices is correct.
sparsity of the involved matrices), it is possible to noticat
the fundamental cycle basis FCB) is not able to select a VII. CONCLUSION
sufficiently small number of hypotheses fpfthe cardinality In this work we show that is possible to recast the
of T'[N] remains larger than02"°), making the application problem of estimating orientations in SO(2), from relative
of the second screening prohibitive. The matrix FCB] measurements, into a linear framework. We formalize the

TABLE I
N': NUMBER OF ITERATIONS %(j): PERCENTAGE OF ELEMENTS
THAT ARE UNIVOCALLY DETERMINED AT j-TH ITERATION; d:
DENSITY OF THE MATRIX TO BE INVERTED AT EACH ITERATION,
IT[N]|: CARDINALITY OF THE SETI'[N]; CPU:TIME REQUIRED
FOR COMPLETING THE FIRST SCREENINGMATLAB).
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SECOND SCREENING ONy
T[] ‘ M ‘ @ ‘ d ‘ T[N + M]| | CPU
FCBost > 10200 * * * * *
Qo
FIRST SCREENING ONy 8 FCBo,st 8 1 041 | - 1 0.03
Ln
N a d I[N] | CPU S| wmcs 1 - - 1 -
© MCB, 1 - -] - 1 -
E-; 200
* * * * *
T |9 63.10 | * > 10200| 3.22 o |[FCBost || > 10
=] B
1 74.00 0.008 > 10200 3 FCBmat 8 e 2 0-03
=1l 9 91 65 0.39 S 1025 = MCB 2 1 0 - 2 0.02
S 1.53 MCB; 2 1] 0 |- 2 .02
el 3 4.2 0.73 27 a 0.0
2|l o
S || * 4 0 — 8 TABLE IV
3 " M: NUMBER OF ITERATIONS %(j): PERCENTAGE OF ELEMENTS
= 1 98.21 0.004 > 10 THAT ARE UNIVOCALLY DETERMINED AT j-TH ITERATION; d:
m || 3¢ 9 1.74 0.38 3 0.43 DENSITY OF THE MATRIX TO BE INVERTED AT EACH ITERATION,
% |T[N]|, IT[N + M]|: CARDINALITY OF THE SETSI'[N] AND
3 0.05 - 1 I'[N 4+ M], RESPECTIVELY, CPU:TIME REQUIRED FOR
1 98.05 0.05 > 1012 COMPLETING THE SECOND SCREENINGMATLAB). * NO
s SCREENING POSSIBLEDUE TO THE CARDINALITY OF ['[N].
S8y 2 1.89 0.38 3 0.44
=
3 0.05 - 1
g
8 ;
9 )
= || 16 5031 | * > 10290| 4.24 =
1 65.51 0.006 > 10200 N “:] )
2 22.21 0.16 > 1080 i —
<59 3 9.93 0.53 > 10| 0.85 7
E EQ 3 0 5 0 3 200 EE 700 50
@) 4 2.20 0.44 27 (a) (b)
o L
o
% 5 0 — 8 i
= 1 95.45 0.004 > 1028
2 4.35 0.50 32 i
84 0.43
s 3 0.15 0.55 2
4 0 - 2 -t
1 95.04 0.04 > 1030 (c)
. 2 4.76 0.48 32
ED; 4 0.45
Q 3 0.15 0.55 2
4 0 - 2 )
-0
TABLE Il - xusan
N': NUMBER OF ITERATIONS @(j): PERCENTAGE OF ELEMENTS “
THAT ARE UNIVOCALLY DETERMINED AT j-TH ITERATION; d: e e e oo
DENSITY OF THE MATRIX TO BE INVERTED AT EACH ITERATION, (e) (f)
|C[N]|: CARDINALITY OF THE SETI'[IV]; CPU:TIME REQUIRED
FOR COMPLETING THE FIRST SCREENINGMATLAB). * WE Fig. 1. Estimated pose graph configuration with the approach
OMIT THE DETAILS FOR SPACE REASONS proposed in [2] for each admissible valig when relevant we

also report the optimal objective valug?(k)) for the configuration
[5]- (@) Intel research lab; (b) MIT Killian Court; (c) Manttan
World; (d) Manhattan World with noise inflation (M3500b);) (e
Manhattan World with noise inflation (M3500c) and = k1,
x2(k1) = 3.17 - 10%; (f) Manhattan World with noise inflation
(M3500c) andk = k2, x*(k2) = 1.32 - 10° (local minimum).
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where(' is the cycle basis matrix. Let us write the quantity

: §*[1]—6*[2):
. 27 (k1 —k2) if m=n
. 21 (k1 —k2) — PsCT(CPsCT)'C(2n(k1—k2))] if m>n >

Recalling thatCk, = Cky; = 7, both cases reduce to
0*[1] — 6*[2] = 2w (k1 — k2). Therefore, elements of*[1]
andd*[2] only differ by multiples of2r; then,0*[1] —0*[2]
D(6*[1] = 6*[2]) = 2mD(k1 — k2), and sinceD is an integer-

(a)

Fig. 2. Estimated pose graph configuration with TORO. (a) Manyg|ued matrix, also the elements@f1] and6*[2] only differ

hattan World with noise inflation (M3500b)? = 1.57-10* (local
minimum); (b) Manhattan World with noise inflation (M3500c)
x? = 2.61 - 10* (local minimum).

intuitions in [2] showing that, when mapping the maximum [1]
likelihood problem from the manifold SO(2) to a vector 2l
space, it is necessary to include integer-valued unknowng
(regularization termy In general, the introduction of such
regularization terms makes the solution of the problem3]
challenging, since infinite possible regularization tetmase 4]
to be considered. However, we proposes@eeningthat
allows to reduce the possible choices of the regularizatiorEE]
terms by discarding choices with negligible probability of
being correct. Experimental results show that, in common
problems, a single choice has non-negligible probability o [6]
being correct. Once a correct regularization term is nedde

the linearity of the framework assures the consistency ef th[7]
estimation errors with the corresponding covariance matri
hence providing probabilistic assessments on the quality g
the orientation estimate. Moreover, also after inflating a
large amount of noise in the orientation measurements, a
suitable choice of the matrices involved in the screeningg;
can be still effective in determining few admissible chgice
for the regularization terms. As a by-product, we show that,
exploiting the results of this paper, the approach propased 1
[2] can estimate a correct pose graph configuration also when
state-of-the-art approaches are stuck in a local minimum. [11]

APPENDIX [12]

This appendix contains the proof of Proposition 1. Let
us consider two regularization vectoks and ko such that [13]
Cky = Cky = 7. Let us callg*[1] and#*[2] the solutions to [14]
the linear estimation problemsing [|A"6 — & + 2k 7|3,
andming [|AT0 — &+ 2kor||3,, respectively. Moreover, we [15]
recall that, by convention, the orientation of the first nagle [1¢)
set to0. Let us defineg*[1] = AT0*[1] and§*[2] = AT6*[2].
First of all, observe that, after setting the orientationttof
first node to zerog*[1] andd*[2] uniquely identify6*[1] and
6*[2], sincef*[i] can be rewritten as an integer-valued lineaf18]
combination ofé}, ¢ = 1,2; for instance, the orientation
of node j can be rewritten a®;[i] = >, Ay, - [19]
where p(0, j) is the set of edges along a path connectln%O
node0 and nodej and )\, is +1 if the edgesr is traversed I
forwards along the path;1 otherwise. In general, we have
0*[i] = Dé*[i],i = 1,2, whereD is an integer-valued matrix.

Now we recall from [19] that the linear estimation problem
ming [|AT0 — 6+ 2k;7[|3,, i = 1,2, can be solved directly
in function of §*[i],< = 1,2 as follows:

wii={

(17]

ifm=n
ifm>n

§+2hﬂ 5
642k — PsCT(CPsCT) " C(5+2k;m)]

)

mod 2.05[1]} = { mod 2.65[2]
©*[2], which concludes the proof.

by multiples of2r. Therefore©*[1] = { mod 2.63[1] ...

mod 2,0%[2]} =
O
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