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Abstract— In this paper we discuss the problem of estimating
orientation of nodes in a pose graph from relative measure-
ments. We formalize some intuitions of previous work showing
that, when mapping the maximum likelihood problem from
the manifold SO(2) to a vector space, it is necessary to include
integer-valued unknowns (regularization terms). We show that,
in general, the introduction of such regularization terms makes
the solution of the problem challenging, since the maximum
likelihood problem becomes a quadratic optimization problem
with integer constraints. However, we propose a technique for
reducing the possible choices of the regularization terms by
discarding choices with negligible probability of being correct.
Experimental results show that, in common problems, a single
choice has non-negligible probability of being correct. Once a
correct regularization term is retrieved, the linearity of the
framework assures the consistency of the estimation errors
with the corresponding covariance matrix, hence providing
probabilistic assessments on the quality of the orientation
estimate. As a by-product, we show that, exploiting the results
of the present paper, it is possible to estimate a correct pose
graph configuration also when state-of-the-art approachesare
likely to be stuck in a local minimum.

I. I NTRODUCTION

Simultaneous Localization And Mapping (SLAM) has
been recognized to be a central topic or research within the
robotic community. Its importance stems from the fact that
the construction of a world model and the estimation of robot
pose is a crucial prerequisite for performing tasks in unstruc-
tured environments. Most of the techniques for SLAM are
based on nonlinear estimation methods and the nonlinearity
of the underlying problem makes challenging to provide an-
alytical assessments on the results of the estimation problem
(i.e., accuracy or consistency of the estimate with respect
to the actual nonlinear solution). In this context we are
interested in a batch SLAM problem in which measurements
acquired by the robot are modeled as a network of constraints
in apose graph; in this case the problem can be formulated in
terms of nonlinear optimization and the maximum likelihood
solution can be retrieved using iterative nonlinear techniques.
The seminal paper [14] paved the way for the solution
of this batch problem. The framework of Lu and Milios
was extended to the general case of a graph containing
both robot poses and landmark positions in [20]. Thrun
and Montemerlo showed that it is possible to marginalize
out variables corresponding to landmarks, hence reducing
the problem to the pose estimation setup discussed in [14].
Konolige investigated a reduction scheme for the purpose of
improving the computational effort of nonlinear optimization
[11]. Freseet al. proposed a multilevel relaxation approach
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for batch SLAM [4], allowing to considerably reduce the
computational time of optimization by applying a multi-
grid algorithm. A further breakthrough in the literature of
graph-based approaches came with the use ofincremental
pose parametrization, proposed by Olsonet al. in [18].
Grisetti et al. extended such framework, taking advantage
of the use of stochastic gradient descent in planar and
three-dimensional scenarios [6]. Some original attempts to
exploit the mathematical structure of the nonlinear pose
graph optimization have been recently proposed [5], [8], [7].
The aforementioned techniques are iterative, in the sense that,
at each iteration, they solve a convex approximation of the
original problem, and use such local solution to update the
estimate. This process is then repeated until the optimization
variable converges to a minimum of the cost function.

Although state-of-the-art approaches for graph-based
SLAM appear to work well in common problems instances,
none of them can guarantee to attain a global minimum
of the objective function. Therefore, they cannot provide
assessments on the quality of the resulting estimate. In graph-
based SLAM the assessments we are looking for answer the
following question: how close is the estimate from the actual
pose graph configuration? This question is hard to answer
in general for the nonlinear nature of the problem. Since it
is well-known that the nonlinearity of the problem lies in
the orientation variables, in this work we investigate if itis
possible to retrieve an estimate of the orientations of nodes
in a pose graph, with probabilistic guarantees of its quality
(i.e., consistency of the estimation errors). The derivation
of this paper is widely motivated by the recent result [2],
which shows that it is possible to compute an accurate
estimate of the pose graph configuration once a reliable
estimate of nodes’ orientation is available; in particular, [2]
highlights that, when rephrasing the orientation estimation
problem in a linear framework, it is necessary to correct
relative orientation measurements with some multiples of
2π (regularization terms) for the result to be meaningful.
In this work we consider the same formulation of [2] and
we focus on the first phase of the SLAM approach, i.e.,
the linear orientation estimation. We then formally show
that the multiples of2π may appear when mapping the
original problem, defined on the manifold SO(2), to a vector
space. In general, the introduction of such regularization
terms makes the solution of the problem challenging, since
the maximum likelihood problem becomes a quadratic opti-
mization problem with integer constraints. Intuitively, there
are infinite choices of the regularization terms that has to
be considered. However, as a further contribution of this
work, we propose ascreening that allows to reduce the
possible choices of the regularization terms by discarding
choices with negligible probability of being correct. As a
result, we show that it is possible to retrieve a finite set
of choices, that contains the correct regularization terms
with arbitrary high probability. Experimental results show

CONFIDENTIAL. Limited circulation. For review only.

Preprint submitted to 2012 IEEE International Conference on
Robotics and Automation. Received September 16, 2011.



that, in common problem instances, a single choice has
non-negligible probability of being correct; moreover, also
after inflating a large amount of noise in the orientation
measurements, a suitable choice of the matrices involved in
the screening is still able to determine few admissible choices
for the regularization terms. As a by-product, we show that,
exploiting the results of this paper, the approach proposedin
[2] can estimate a correct pose graph configuration also when
state-of-the-art approaches are stuck in a local minimum.
Finally, from the derivation reported in this paper it turnsout
that theregularizationprocedure proposed in [2] corresponds
to select the maximum likelihood regularization terms given
measurements (then such terms are used for computing
the maximum likelihood solution for nodes’ orientation);
however, we here show that a formal approach requires
solving the maximum likelihood problem on both variables
(regularization terms and orientations) at the same time.

Notation and Preliminaries. In denotes then×n identity matrix,
0n denotes a (column) vector of all zeros of dimensionn. The
cardinality of a generic setS is written as|S|. A directedgraphG
is a pair(V, E), whereV is a finite set of elements, calledverticesor
nodes, andE is a set containing ordered pairs of nodes. A generic
elemente ∈ E , referred to asedge, is in the form e = (i, j),
meaning that edgee, incident on nodesi and j, leavesi (tail) and
is directed towards nodej (head) [9]. The number of nodes and
edges are denoted withn + 1 (the reason for this choice will be
clear later) andm, respectively, i.e.,|V| = n+1 and|E| = m. The
incidence matrixA of a directed graph is a matrix inR(n+1)×m

in which each column contains the information of an edge inE ;
in particular the column corresponding to the edgee = (i, j), has
the i-th element equal to−1, the j-th element equal to+1 and
all the others equal to zero. Aspanning treeof G is a subgraph
with n edges that contains all the nodes inG. The edges ofG that
do not belong to a given spanning tree of the graph are referred
to aschords [3]. The exponential map(for the circle group),Φ :
R → SO(2), maps any real number into an element of the special
orthogonal group SO(2). In particular the exponential map of θ ∈ R

is θ̌
.
= Φ(θ)

.
= mod 2π(θ), where mod 2π is the modulo2π

operator. Accordingly, we define theinverse mapas Φ−1 : SO(2)
→ R, that can be written explicitly asθ

.
= Φ−1(θ̌)

.
= θ̌ − 2kπ,

with θ̌ ∈ SO(2) andk ∈ Z.

II. PROBLEM STATEMENT AND MOTIVATIONS

Let V = {v0, . . . , vn} be a set ofn+ 1 nodes (represent-
ing subsequent poses assumed by a mobile robot traveling
in a planar setup) anďΘ = {θ̌0, . . . , θ̌n}, θ̌i ∈ SO(2),
i = 0, 1, . . . , n denote the corresponding set of absolute
orientations assumed by the robot. Suppose that it is possible
to measure the relative orientation between some nodes, say
nodes(i, j); in particular nodei can measure the orientation
of j in its local reference frameRi, i.e., δ̌ij = Φ(θ̌j −
θ̌i + ǫij) ∈ SO(2), whereǫij is a zero mean Gaussian noise
with standard deviationσij . Now the objective is to find
a maximum likelihood estimate of the unknownΘ. The
problem can be naturally modeled using graph formalism:
each node in the setV corresponds to a vertex of a directed
graphG(V , E) (often referred to aspose graph), whereE
(graph edges) is the set containing the unordered node pairs
(i, j) such that a relative pose measurement exists betweeni
andj. By convention, if an edge is directed from nodei to
nodej, the corresponding relative measurement is expressed
in the reference frame of nodei. Moreover, the first node is

assumed to have0 orientation (i.e., it is the reference frame
in which the other orientations have to be estimated).

In graph-SLAM problems, for every(i, j) ∈ E , also
the relative position information is usually available [18];
however, in this work we will focus on the orientation mea-
surements, since, as pointed out in [2], once a good estimate
of robot orientation is available, it is possible for approximate
the nonlinear pose optimization with a linear estimation prob-
lem. Moreover, the relative position measurements belong to
a vector space and linear estimation theory easily applies,
whereas orientations belong to a manifold, SO(2) in our
planar setup, and the application of linear estimation needs
be carefully investigated. This reasons motivate the following
development.

III. L INEAR ESTIMATION ON SO(2)

Let us rewrite the measurement model:

δ̌ij = Φ(θ̌j − θ̌i + ǫij) ∈ SO(2), (i, j) ∈ E . (1)

Notice that we can apply the following substitution without
altering the result:

δ̌ij = Φ(Φ−1(θ̌j) − Φ−1(θ̌i) + ǫij), (i, j) ∈ E , (2)

since the exponential map is invariant under addition of
multiples of2π. Therefore, recalling thatΦ−1 : SO(2)→ R,
we can rephrase the problem in the unknownθi ∈ R,
i = 0, 1, . . . , n as follows:

δ̌ij = Φ(θj − θi + ǫij), (i, j) ∈ E . (3)

Finally we can formulate the measurement model as a linear
function by applying the inverse mapΦ−1 to both members
of (3):

δ̌ij − 2kijπ = θj − θi + ǫij , (i, j) ∈ E . (4)

In order to write the measurement model in a more compact
form, let us number the relative orientation measurements
from 1 to m. Define accordinglyδ̌ = [δ̌1 δ̌2 . . . δ̌m]⊤

(measurement vector), k = [k1 k2 . . . km]⊤ (regular-
ization vector), ǫ = [ǫ1 ǫ2 . . . ǫm]⊤ (noise vector),
andPδ = diag(σ2

1 , σ
2
2 , . . . , σ

2
m) (measurement covariance).

Furthermore, letθ = [θ0 . . . θn]⊤ ∈ R
n+1 be the unknown

nodes’ orientation. Then (4) can be rewritten as:

A⊤θ = δ̌ − 2kπ − ǫ, k ∈ Z
m, (5)

where A is the incidence matrixof the graphG. The
problem of retrieving a maximum likelihood estimate of
robot orientations can be then formulated as the minimization
of the following cost function:

min
θ,k

‖A⊤θ − δ̌ + 2kπ‖2
Pδ

subject to: k ∈ Z
m, (6)

where theMahalanobis distanceis defined as‖x‖P
.
=

x⊤P−1x. The previous problem is hard to solve, due to
its combinatorial nature. However, as pointed out in [2],
once the regularization vectork is known, the estimation
problem becomes linear and can be solved in closed-form. In
particular, if we know the regularization vector, sayk = k∗,
then the solution of the problem can be computed asθ∗ =
(AP−1

δ A⊤)−1AP−1
δ (δ̌ − 2k∗π). Moreover, for the linearity

of the estimation problem we can guarantee that the covari-
ance of the estimation errors isPθ = (AP−1

δ A⊤)−1 [16] (a
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probabilistic assessmentof the quality of the estimate). If we
denoteθ∗ = [θ∗0 . . . θ∗n] ∈ R

n+1, it is then easy to verify
from equations (1) and (2), that the corresponding solutionin
SO(2) is given byΘ̌∗ = { mod 2πθ

∗
0 , . . . , mod 2π θ̌

∗
n}.

In the following derivation we show that it is possible
to mitigate the combinatorial complexity of retrieving the
correct solution, thus assuring with arbitrary high prob-
ability to estimate the correct orientations. In particular,
we show that it is possible to compute a finite setK =
{k1 , k2 , . . . , kV } ⊂ Z

m, such thatk∗ ∈ K with high
probability. Therefore, we will transform (6) into:

min
θ,k

‖A⊤θ − δ̌ + 2kπ‖2
Pδ

subject to: k ∈ K. (7)

If |K| is small, we can solve (7) by computing the solution
θ∗k for eachk ∈ K, and the maximum likelihood estimate will
be the pair(θ∗k, k) minimizing the objective function in (7).
The rest of this article addresses the problem of computing
the setK.

IV. M ITIGATING THE COMBINATORIAL COMPLEXITY

For limiting the possible choices ofk we should exploit
problem constraints. Let us start from the measurement
model (5). If we defineδ

.
= A⊤θ, δ ∈ R

m needs to satisfy
the zero-sum property, i.e., after mapping nodes’ orientation
in a vector space, the actual relative orientations between
nodes have to sum up to zero along cycles in the graph
[19]. A necessary and sufficient condition for the zero-sum
property to be satisfied is thatCδ = C(A⊤θ) = 0ℓ, where
C ∈ Z

ℓ×m is acycle basis matrixof graphG, andℓ = m−n.
Let us multiply both members of equation (5) byC:

C(Aθ) = C(δ̌ − 2kπ − ǫ), k ∈ Z
m. (8)

We already observed that the first member needs be zero,
hence we can write (8) as:

2πCk = Cδ̌ − Cǫ, k ∈ Z
m

⇐⇒ Ck =
1

2π
Cδ̌ −

1

2π
Cǫ, k ∈ Z

m. (9)

SinceC is an integer-valued matrix andk ∈ Z
m, alsoCk

needs be integer-valued and we can apply the change of
variablesγ

.
= Ck in (9):

{

γ = 1
2π
Cδ̌ − 1

2π
Cǫ

γ ∈ Z
ℓ

. (10)

In the previous expression we can identify two conditions
on γ: (i) a probabilistic condition (ǫ is a random vector) that
imposesγ to be distributed according to a Gaussian with
meanµγ = 1

2π
Cδ̌ and covariance matrixPγ = 1

4π2CPδC
⊤;

(ii) a deterministic condition that imposesγ to be an integer.
In the following section we propose a simple procedure
for computing the vectorsγ that satisfy equation (10) with
arbitrary high probability. Then, in Section IV-C we discuss
how to retrieve the set of regularization vectorsK from γ.

A. First Screening onγ: Marginal Probabilities
We can express equation (10) as follows:

{

γ ∼ N (µγ , Pγ)
γ ∈ Z

ℓ , 1

1For simplicity we use the notationγ ∼ N (µγ , Pγ) meaning that
prob(γ|δ̌) is Normally distributed according toN (µγ , Pγ)

whereN (µγ , Pγ) denotes a Normal density with meanµγ

and covariance matrixPγ . Let γi and µγi
denote thei-

th element ofγ and µγ , respectively, andσ2
γi

denote the
i-th diagonal element of the covariance matrixPγ . Then,
considering the marginal probabilities of each element ofγ,
we can write:

{

γi ∼ N (µγi
, σ2

γi
)

γi ∈ Z
. (11)

From the first condition in equation (11), we have that, for
a desired confidence level(1 − α), γi belongs to the inter-
val Γ̆i =

[

µγi
−

√

χ2
1,(1−α)σγi

, µγi
+

√

χ2
1,(1−α)σγi

]

, with

probability (1 − α), whereχ2
β,(1−α) is the quantile of the

χ2 distribution with β degrees of freedom and upper tail
probability equal toα [1]. Considering also the second
condition in (11) we obtain that the following set has to
contain with probability(1 − α) the correct value ofγi,
i = 1, 2, . . . , ℓ:

Γi = Γ̆i ∩ Z (12)

It is easy to see that each setΓi contains all the integers
in the interval defined by̆Γi. Therefore we restricted the
possible selections ofγ from the infinite setZℓ to the finite
setΓ = Γ1 × Γ2 × . . .× Γℓ; the previous Cartesian product
means that the setΓ contains all the vectors in the form
γ = [γ1 γ2 . . . γℓ], such thatγi ∈ Γi.

This screening can be made even more effective by
devising an iterative procedure for selecting the set ofγ
having non-negligible probability of being correct. Let us
call Γi[1] the set of integers obtained from equation (12), for
i = 1, 2, . . . , ℓ. It is possible that, for somei, Γi[1] contains a
single integer, sayΓi[1] = {ui}; therefore, the corresponding
correction termγi can be uniquely determined. Let us call
U [1] the set of indices corresponding to the entries ofγ that
can be uniquely determined, i.e.,U [1] = {i : |Γi[1]| = 1}.
Accordingly, we callŪ [1] the set of indices of the elements
of γ that still present ambiguities, and we callγ[2] the
vector containing elementsγi, i ∈ Ū [1]. We can improve the
estimate for the elements ofγ[2], computing the conditional
probability prob

(

γ[2] | {γi = ui, i ∈ U [1]}
)

. The previous
probability is a Normal distribution, sayN (µγ [2], Pγ [2]),
and can be easily obtained fromN (µγ , Pγ) by conditioning
on γi = ui, i ∈ U [1]. Then, we can recompute the(1 − α)-
admissible sets as:

{

Γi[2] = Γ̆i[2] ∩ Z i ∈ Ū [1]
Γi[2] = Γi[1] i ∈ U [1]

,

with Γ̆i[2]=
[

µγi
[2]−

√

χ2
1,(1−α)σγi

[2], µγi
[2]+

√

χ2
1,(1−α)σγi

[2]
]

.

In general, at iterationj, the(1−α)-admissible sets become:
{

Γi[j] = Γ̆i[j] ∩ Z i ∈ Ū [j − 1]
Γi[j] = Γi[j − 1] i ∈ U [j − 1]

,

whereΓ̆i[j] are the(1−α)-confidence intervals, defined over
the Gaussian densityprob

(

γ[j] | {γi = ui, i ∈ U [j − 1]}
)

.
Therefore, at each iteration, we shrink the intervals for
the elements ofγ that are still ambiguous. The iterative
procedure stops when no further reduction of the cardinality
of the setsΓi, i = 1, 2, . . . , ℓ is possible. It can be easily seen
that an upper-bound on the number of iterations isℓ: at each
iteration, at least one element inγ ∈ Z

ℓ needs be included
in U [j], otherwise the algorithm halts; moreover, after fixing
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all ℓ elements no further iteration is needed. In practice,
the number of iterations in this first screening is small (see
the experimental section). As outcome of the screening on
marginal probabilities we have restricted eachγi to some
integer values,Γi[N], i = 1, 2, . . . , ℓ, whereN is the number
of iterations performed by the algorithm described so far.
Therefore, the only(1 − α)-admissible values forγ have to
be found inΓ[N ] = Γ1[N ] × Γ2[N ] × . . .× Γℓ[N ].

B. Second Screening onγ: Joint Probability

In the previous section we used the marginal probabilities
of N (µγ , Pγ) for selecting the set eachγi has to belong to.
In particular, afterN iterationsΓi[N ] = {ui}, i ∈ U [N ]
(elements with a single possible choice), whereas|Γi[N ]| >
1, i ∈ Ū [N ]. Let us call γ[N + 1] the vector comprising
γi, i ∈ Ū [N ]. The vectorγ[N + 1] can assume values in
the set×i∈Ū[N ]Γi[N ], where the symbol×i∈Ū [N ] denotes
the cartesian product of the sets whose index is inŪ [N ].
Computing the Cartesian product we obtain a collection of
vectors×i∈Ū [N ]Γi[N ] = {γ1, γ2, . . . , γW } that have non-
negligible probability of being the correct choice ofγ[N ].
By construction, all vectors in{γ1, γ2, . . . , γW } are
integer-valued. As an output of this first screening we also
obtained a Gaussian density associated with the elements
of γ[N ], i.e.,N (µγ [N ], Pγ [N ]). From the Gaussian density,
for a given confidence level, say(1 − α), we can build
an ellipsoid Γ̆[N ] with center µγ [N ] and shape matrix
χ2
|Ū[N ]|,1−α

Pγ [N ] that has to contain the correct value of
γ[N ] with probability(1−α). Therefore the second screening
simply selects among vectors{γ1, γ2, . . . , γW } the ones
falling in the (1 − α)-confidence ellipsoid. We shall call
Γ[N + 1] ⊆ {γ1, γ2, . . . , γW } the set of vectors falling in
the confidence ellipsoid.

Also in this case the procedure can be made iterative.
After computing Γ[N + 1], it is possible that, for some
j, the j-th entry of all vectors inΓ[N + 1] is equal: this
means that the value of thej-th element can be univocally
determined. Therefore we can compute a new distribution for
the undetermined elements, sayN (µγ [N + 2], Pγ [N + 2]),
conditioning on the value of thej-th element. Then, the
(1 − α)-confidence ellipsoid is computed fromN (µγ [N +
2], Pγ [N + 2]) and the test is repeated on the undetermined
elements inγ. The second screening stops when there exists
no indexj such that all vectors inΓ[N+M ] have the samej-
th entry, withM denoting the number of iterations performed
by the second screening. Also in this case, an upper-bound
on the number of iterations isℓ: at each iteration, at least
one element inγ ∈ Z

ℓ needs be univocally determined,
otherwise the algorithm halts. As outcome of the second
screening we obtain a collection of vectorsΓ[N + M ] =
{γ1, γ2, . . . , γV } that have non-negligible probability of
representing the correct choice forγ.

Remark 1:The first screening is performed element-wise
on γ, whereas the second is done on integer-valued vectors.
Before the first screeningγ can assume all the values in
Z

ℓ; after the first screening, due to the boundedness of the
intervals Γ̌i (for α > 0), each element can assume only
a finite number of values, hence the possible choices ofγ
becomes finite. This enables to perform the second screening:
the second screening requires to check all admissible vectors
γ and it could be performed in finite-time only when the
possible choices forγ are finite. �

C. Computation of the SetK

After computing the finite setΓ[N + M ], we need to
retrieve the admissible regularization vectors, i.e., theset
K. By definition, K = {k : Ck = γ, γ ∈ Γ[N + M ]},
therefore we need to compute the regularization vectork
for eachγ. Since the systemCk = γ is underdetermined,
for each choice ofγ there exists an infinite number of
vectorsk satisfyingCk = γ. However, for eachk we will
be lately required to solve a linear estimation problem like
minθ ‖A⊤θ − δ̌ + 2kπ‖2

Pδ
, hence we need|K| finite and

possibly small. The following result allows to consider a
singlek for each choice ofγ, assuring that|K| is finite.

Proposition 1: Given a vector̄γ ∈ Z
ℓ, every regulariza-

tion vector k̄ satisfying Ck̄ = γ̄ will produce the same
solutionΘ∗, whereΘ̌∗ = { mod 2πθ

∗
0 , . . . , mod 2πθ

∗
n}

and θ∗ = [θ∗0 . . . θ∗n] ∈ R
n+1 solves the linear estimation

problemminθ ‖A⊤θ − δ̌ + 2k̄π‖2
Pδ

.
Proof. See Appendix. �

Then we only have to solve a single linear estimation
problem for each̄γ. Moreover, the following results provide
a straightforward way to compute āk, satisfyingCk̄ = γ̄.

Lemma 1:Let G be a pose graph and order the edges in
the graph such that the firstn edges belong to a spanning tree
T of the graph and the remainingℓ edges are chords with
respect toT ; moreover let us write the cycle basis matrix
C = [CT CL], whereCL ∈ Z

ℓ×n contains the columns in
C corresponding to edges inT andCL ∈ Z

ℓ×ℓ contains the
columns inC corresponding to chords with respect toT .
Then,CL is invertible.

Proof. See Lemma 3 in [13]. �

Proposition 2: Given a vectorγ̄ ∈ Z
ℓ, a graphG, and

a cycle basis matrixC = [CT CL] defined as in Lemma
1, a solution toCk̄ = γ̄ can be computed as̄k =
[0⊤

n (C−1
L γ̄)⊤]⊤.

Proof. First of all, notice that the existence of̄k is
guaranteed by Lemma 1. We can develop the productCk̄ as
follows: Ck̄ = [CT CL][0⊤

n (C−1
L γ̄)⊤]⊤ = CL(C−1

L γ̄) = γ̄,
which proves our claim. �

V. OPTIMAL CHOICE OF THECYCLE BASIS MATRIX

So far we have not discussed how to choose the cycle basis
matrixC and if there is a particular selection that turns out to
be more convenient in the screening of admissibleγ. Since
the possibility of reducing the cardinality of the setΓ heavily
relies on the covariance matrixPγ , in this section we discuss
a choice ofC that allows to minimize some measure onPγ .
In this context we consider the trace ofPγ as measure to be
minimized by the choice ofC. The trace is the sum of the
diagonal elements ofPγ , and the diagonal elements directly
influence the length of the confidence intervals in the first
screening. Moreover, the trace is proportional to the sum of
the squares of the lengths of the semiaxes of the(1 − α)-
ellipsoid Γ̆ that is used in the second screening. Therefore
we want to determine:

C∗ = arg min
C

trPγ(C) (13)

Before establishing the key result in Proposition 3 we need
to introduce the following concepts (with slight abuse of
notation we will identify withC both the cycle basis and
the cycle basis matrix).

Definition 1 (Weights of cycles and cycle basis):Let us
consider a cycle basisC, comprising cycles̆c1, c̆2, . . . , c̆ℓ;
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then theweight of a cycleis Ω(c̆t) =
∑

(i,j)∈c̆t
ωij , where

(i, j) ∈ c̆t means that the sum comprises edges(i, j)
belonging to cyclĕct and ωij is a weight associated with
edge(i, j). Moreover theweight of a cycle basisis Ω(C) =
∑ℓ

t=1 Ω(c̆t). �

Definition 2 (Minimum cycle basis):Given a graphG and
a weight functionψ : E ∋ (i, j) → ωij ∈ R that associates
a weight to each edge inG, a cycle basis with minimum
weight is said to be aminimum cycle basiswith respect to
the pair(G, ψ). �

We denote the minimum cycle basis with MCB(G, ψ). The
following result establishes the optimality of the minimum
cycle basis for problem (13).

Proposition 3 (Optimal choice of the cycle basis matrix):
Let us consider the pose graphG and the following weight
function ψ : (i, j) → σ2

ij ; then the minimum cycle basis
with respect to the pair(G, ψ) minimizestrPγ in (13).

Proof. We here want to demonstrate that MCB(G, ψ) =
arg minC trPγ(C). By definitionPγ = 1

4π2CPδC
⊤. First

of all we notice that the factor1
4π2 does not influence the

solution of the problem, hence the claim can be rewritten
as MCB(G, ψ) = argminC trCPδC

⊤. Let us definect as
the t-th row inC and with c̆t the corresponding cycle in the
graph. By simple inspection we notice that thet-th term on
the main diagonal ofCPδC

⊤ is ctPδc
⊤
t =

∑

(i,j)∈c̆t
σ2

ij . The
previous expression coincides with theweight of thet-th cy-
cle under the weight functionψ, see Definition 1. Therefore,
the trace ofCPδC

⊤ is the sum of the weights of the cycles
in the cycle basis, which by definition isΩ(C). We hence
established thatminC trPγ(C) = minC Ω(C); by definition
MCB(G, ψ) attains the minimum ofΩ(C), therefore it holds
MCB(G, ψ)

.
= arg minC Ω(C) = arg minC trPγ(C). �

VI. EXPERIMENTS AND DISCUSSION

In this section we present an experimental validation of
the derivation presented so far. The two screenings are
applied in cascade: (i) the first screening takes as input the
relative orientation measurementsδ̌ and the corresponding
covariance matrixPδ and provides as output the setΓ[N ] ⊂
Z

ℓ; (ii) the second screening takes as input the setΓ[N ] and
returns as output the setΓ[N+M ] ⊆ Γ[N ]. Both screenings
rely on the cycle basis matrixC, from which it is possible to
computeµγ andPγ . Then, for eachγ ∈ Γ[N +M ] we have
to retrieve the correspondingk. The collection ofk defines
the setK which is the output of our algorithm.

The results in this section are aimed at the understanding
of the following points:

1) how important is the choice of the cycle basis matrix;
2) what is the cardinality ofK in real applications;
3) what is the computational effort for computingK;
Let us start by the computation of the cycle basis matrix.

There is a vast literature on minimum cycle basis and in
this context we used the algorithm described in [15] and
the C++ implementation available at [17] for computing the
minimum cycle basis matrix, MCB(G, ψ). For sake of clarity
in the following we omit the dependence on the graph and
on the weight function and we simply write MCB. With the
purpose of speeding-up the computation we also consider
an algorithm for computing a (2η− 1)-approximation of the
cycle basis [10], (in our testsη = 2). We shall call the
approximate minimum cycle basis matrix MCBa. Besides the
minimum cycle basis matrix, for our numerical evaluation,
we consider thefundamental cycle matrixwith respect to

FCM(To) FCM(Tm) MCB MCBa

INTEL < 0.01 < 0.01 0.2 0.09

MIT < 0.01 < 0.01 0.01 0.01

M3500 < 0.01 0.3 1.54 1.11

TABLE I
CPUTIME FOR COMPUTING THE CYCLE BASIS MATRIX FOR

EACH BENCHMARKING SCENARIO. TIME IS EXPRESSED IN

SECONDS. CODE IS IMPLEMENTED IN C++.

a spanning treeT : in the fundamental cycle basis, each
cycle comprises a chord in the graph with respect toT ,
say (i, j), and the unique path inT from nodei to node
j. In particular, we consider thefundamental cycle matrix
built on the odometric spanning treeFCM(To) and the
fundamental cycle matrixbuilt on theminimum uncertainty
spanning treeFCM(Tm). The odometric spanning treeTo

is the spanning tree comprising the edges corresponding to
the odometric constraints [2]; sinceTo is given in common
SLAM problems, the computation of FCM(To) is inexpen-
sive. The minimum uncertainty spanning tree, in this context,
is the minimum weight spanning tree over graphG [3],
where the edges weights are defined by the weight function
ψ : (i, j) → σ2

ij . We test the four aforementioned algorithms
on well-known SLAM benchmarking scenarios [12], namely
the Intel Research Lab(INTEL), the MIT Killian Court
(MIT), and theManhattan world(M3500). In each scenario
we consider the pose graph and we compute the cycle basis
matrix FCM(To ), FCM(Tm ), MCB and MCBa. The CPU
times required for computing the matrices are reported in
Table I. Now we can evaluate the effectiveness of the first
screening. In Table II we report for each scenario and for
each choice of the cycle basis matrix:

1) the number of iterationsN performed in the first
screening, reporting details of each iteration when
significative;

2) the percentage of elements that are univocally deter-
mined atj-th iteration, i.e.,ū(j)

.
= |U [j]|/ℓ · 100;

3) thedensityd of the matrix to be inverted to compute
the conditional Gaussian probabilityprob

(

γ[j] | {γi =
ui, i ∈ U [j − 1]}

)

. The density is defined as the
number of non-zero elements in the matrix over the
total number of elements;

4) the cardinality of the setΓ[N ];
5) the CPU time required for completing the first screen-

ing in our Matlab implementation; this time includes
the CPU time required for computingµγ andPγ .

We can notice that in common SLAM scenarios the first
screening is sufficient in identifying a single possible value
for γ, i.e., |Γ[N ]| = 1; therefore, in these cases, no second
screening is needed. Regardless the choice of the cycle basis
matrix, the first iteration of the first screening allows to
uniquely identify most of the elements inγ. However, the
minimum cycle basis (approximate or exact) can easily select
few admissible vectorsγ after the first iteration, whereas
the number of admissibleγ after the first iteration may
be still prohibitive for the fundamental cycle bases. The
fundamental cycle bases usually requires more iterations for
completing the first phase. Moreover, they usually require

CONFIDENTIAL. Limited circulation. For review only.

Preprint submitted to 2012 IEEE International Conference on
Robotics and Automation. Received September 16, 2011.



FIRST SCREENING ONγ

N ū d |Γ[N ]| CPU

IN
T

E
L

FCB(To) 1 100 − 1 0.18

FCB(Tm) 1 100 − 1 0.07

MCB 1 100 − 1 0.07

MCBwa 1 100 − 1 0.07

M
IT

FCB(To) 2











1

2

80

20

0.29

−

16

1
0.07

FCB(Tm) 1 100 − 1 0.06

MCB 1 100 − 1 0.06

MCBa 1 100 − 1 0.06

M
35

00

FCB(To) 4



































1

2

3

4

52.92

22.42

19.19

5.47

0.02

0.16

1

−

>10200

>10200

>1050

1

3.12

FCB(Tm) 2











1

2

98.62

1.38

0.02

−

> 109

1
0.67

MCB 2











1

2

99.95

0.05

0.004

−

3

1
0.43

MCBa 2











1

2

99.95

0.05

0.005

−

3

1
0.43

TABLE II
N : NUMBER OF ITERATIONS; ū(j): PERCENTAGE OF ELEMENTS

THAT ARE UNIVOCALLY DETERMINED AT j-TH ITERATION; d:
DENSITY OF THE MATRIX TO BE INVERTED AT EACH ITERATION;
|Γ[N ]|: CARDINALITY OF THE SET Γ[N ]; CPU:TIME REQUIRED

FOR COMPLETING THE FIRST SCREENING(MATLAB ).

to manage matrices with higher density, when computing
prob

(

γ[j] | {γi = ui, i ∈ U [j − 1]}
)

. Both reasons justify
the higher CPU time required by the FCB. For testing the
proposed approach in more challenging scenarios we consid-
ered the scenario M3500 and we added further random noise
on the orientation measurements. In the scenario M3500b we
added zero mean Gaussian noise with standard deviation0.25
(angles are expressed in radians), whereas in the scenario
lately referred to as M3500c we added zero mean Gaus-
sian noise with standard deviation0.3 to each orientation
measurement. The corresponding statistics regarding the first
screening are reported in Table III. In this case the choice of
the cycle basis appears to be even more important: besides
the computational effort, that is remarkably lower when using
MCB (due to the smaller number of iterations and to the
sparsity of the involved matrices), it is possible to noticethat
the fundamental cycle basis FCB(To) is not able to select a
sufficiently small number of hypotheses forγ (the cardinality
of Γ[N ] remains larger than10200), making the application
of the second screening prohibitive. The matrix FCB(Tm)

is able to restrict the choice ofγ to few vectors (8 in both
scenarios). In the scenario M3500b, both MCB are able to
determine a single admissible vectorγ, making superfluous
the application of the second screening. In M3500c, instead,
two hypotheses survived the first screening. We can now
analyze the second screening, considering scenarios M3500b
and M3500c. The corresponding statistics are summarized in
Table IV. For the FCB(To) is was not possible to perform
the second screening due to the overwhelming number of
hypotheses to be tested. After one iteration, using FCB(Tm)
the number of hypotheses is reduced from8 to 1 in the
scenario M3500b, and from8 to 2 in M3500c. For the MCB
(exact and approximate) the screening did not reduce the
number of hypotheses, i.e.,Γ[N +M ] = Γ[N ]. In all cases
the computational effort is an order of magnitude lower that
the effort devoted to the first screening.

After computing the setΓ[N+M ], we need to retrieve the
setK, according to Section IV-C. In all the tests presented so
far the time for retrievingK was find to be negligible with
respect to the cost of the other phases (< 0.01 seconds). The
only scenario in which the cardinality of setK is greater than
one is M3500c (according to Section IV-C|K| = |Γ[N +
M ]|); in this case, the set contains two hypotheses, i.e.,K =
{k1 , k2}. In our tests, FCB(Tm), MCB and MCBa produced
the same two hypotheses.

As answer to the three main questions motivating this
experimental section we can then state that (i) the choice
of the cycle basis is crucial in assuring to retrieve a small
set K with limited computational effort; (ii) in common
SLAM scenarios the cardinality ofK is one, and, when
using MCB (exactly or approximate),|K| remains small also
after inflating a large amount of noise in the orientation mea-
surements; (iii) regarding the computational effort, there is a
clear tradeoff between the effort of computing a cycle basis
matrix (larger for MCB) and the effort of performing the two
screenings (larger for FCB). From the results presented so
far it turns out that a good compromise can be obtained using
the (2η−1)-approximate minimum cycle basis which assures
similar performance with respect to its exact counterpart,thus
being computationally cheaper to compute.

According to the derivation in [2], after selecting the
correct regularization vectork it is possible to compute the
pose graph configuration from relative pose measurements.
In Figure 1 we report the estimated pose graphs for each
scenario and for eachk ∈ K. It is possible to notice that in
all cases theK contains the correct regularization vector. As
a side comment we notice that we are already considering
scenarios with severe orientation noise in which state-of-the-
art techniques are likely to be stuck in local minima; for
instance, in Figure 2 we report the estimated pose-graphs
with TORO [6] for the scenarios M3500b and M3500c.
In the proposed approach, when the cardinality ofK is
one, the approach assures the consistency of the orientation
errors (roughly speaking we can guarantee to be close to
the actual nodes’ orientation); moreover, when increasingthe
noise affecting orientation measurements, the approach only
enlarge the number of possible choices for the regularization
vectors, thus assuring with high probability that one of the
choices is correct.

VII. C ONCLUSION

In this work we show that is possible to recast the
problem of estimating orientations in SO(2), from relative
measurements, into a linear framework. We formalize the
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FIRST SCREENING ONγ

N ū d Γ[N ] CPU

M
35

00
b

F
C

B(
T

o
)

9 63.10 ∗ > 10200 3.22

F
C

B(
T

m
)
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




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
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



















1

2

3

4
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4.2

0
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8
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C
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3

1
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M
C
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3




















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2

3
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0.38

−
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3

1
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M
35

00
c

F
C

B(
T

o
)

16 50.31 ∗ > 10200 4.24

F
C

B(
T

m
)

5


















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

























1

2

3

4

5

65.51
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0
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0.44

−
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8
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M
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95.45
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2

0.43

M
C

B
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








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


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
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
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95.04

4.76

0.15

0

0.04
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−
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2

2

0.45

TABLE III
N : NUMBER OF ITERATIONS; ū(j): PERCENTAGE OF ELEMENTS

THAT ARE UNIVOCALLY DETERMINED AT j-TH ITERATION; d:
DENSITY OF THE MATRIX TO BE INVERTED AT EACH ITERATION;
|Γ[N ]|: CARDINALITY OF THE SET Γ[N ]; CPU:TIME REQUIRED

FOR COMPLETING THE FIRST SCREENING(MATLAB ). ∗ WE

OMIT THE DETAILS FOR SPACE REASONS.

SECOND SCREENING ONγ

|Γ[N ]| M ū d |Γ[N + M ]| CPU

M
35

00
b

FCBost > 10200 ∗ ∗ ∗ ∗ ∗

FCBmst 8 1 0.41 - 1 0.03

MCB 1 - - - 1 -

MCBa 1 - - - 1 -

M
35

00
c

FCBost > 10200 ∗ ∗ ∗ ∗ ∗

FCBmst 8 1 0.31 - 2 0.03

MCB 2 1 0 - 2 0.02

MCB∗
a 2 1 0 - 2 0.02

TABLE IV
M : NUMBER OF ITERATIONS; ū(j): PERCENTAGE OF ELEMENTS

THAT ARE UNIVOCALLY DETERMINED AT j-TH ITERATION; d:
DENSITY OF THE MATRIX TO BE INVERTED AT EACH ITERATION;

|Γ[N ]|, |Γ[N + M ]|: CARDINALITY OF THE SETSΓ[N ] AND

Γ[N + M ], RESPECTIVELY; CPU:TIME REQUIRED FOR

COMPLETING THE SECOND SCREENING(MATLAB ). ∗ NO

SCREENING POSSIBLE, DUE TO THE CARDINALITY OF Γ[N ].

Fig. 1. Estimated pose graph configuration with the approach
proposed in [2] for each admissible valuek; when relevant we
also report the optimal objective value (χ2(k)) for the configuration
[5]. (a) Intel research lab; (b) MIT Killian Court; (c) Manhattan
World; (d) Manhattan World with noise inflation (M3500b); (e)
Manhattan World with noise inflation (M3500c) andk = k1,
χ2(k1) = 3.17 · 103; (f) Manhattan World with noise inflation
(M3500c) andk = k2, χ2(k2) = 1.32 · 105 (local minimum).
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Fig. 2. Estimated pose graph configuration with TORO. (a) Man-
hattan World with noise inflation (M3500b):χ2 = 1.57 ·104 (local
minimum); (b) Manhattan World with noise inflation (M3500c):
χ2 = 2.61 · 104 (local minimum).

intuitions in [2] showing that, when mapping the maximum
likelihood problem from the manifold SO(2) to a vector
space, it is necessary to include integer-valued unknowns
(regularization terms). In general, the introduction of such
regularization terms makes the solution of the problem
challenging, since infinite possible regularization termshave
to be considered. However, we propose ascreeningthat
allows to reduce the possible choices of the regularization
terms by discarding choices with negligible probability of
being correct. Experimental results show that, in common
problems, a single choice has non-negligible probability of
being correct. Once a correct regularization term is retrieved,
the linearity of the framework assures the consistency of the
estimation errors with the corresponding covariance matrix,
hence providing probabilistic assessments on the quality of
the orientation estimate. Moreover, also after inflating a
large amount of noise in the orientation measurements, a
suitable choice of the matrices involved in the screening
can be still effective in determining few admissible choices
for the regularization terms. As a by-product, we show that,
exploiting the results of this paper, the approach proposedin
[2] can estimate a correct pose graph configuration also when
state-of-the-art approaches are stuck in a local minimum.

APPENDIX

This appendix contains the proof of Proposition 1. Let
us consider two regularization vectorsk1 and k2 such that
Ck1 = Ck2 = γ̄. Let us callθ∗[1] andθ∗[2] the solutions to
the linear estimation problemsminθ ‖A⊤θ − δ̌ + 2k1π‖2

Pδ

andminθ ‖A⊤θ− δ̌+ 2k2π‖
2
Pδ

, respectively. Moreover, we
recall that, by convention, the orientation of the first nodeis
set to0. Let us defineδ∗[1] = A⊤θ∗[1] andδ∗[2] = A⊤θ∗[2].
First of all, observe that, after setting the orientation ofthe
first node to zero,δ∗[1] andδ∗[2] uniquely identifyθ∗[1] and
θ∗[2], sinceθ∗[i] can be rewritten as an integer-valued linear
combination ofδ∗i , i = 1, 2; for instance, the orientation
of node j can be rewritten asθ∗j [i] =

∑

r∈p(0,j) λrδ
∗
r [i],

where p(0, j) is the set of edges along a path connecting
node0 and nodej andλr is +1 if the edgesr is traversed
forwards along the path,−1 otherwise. In general, we have
θ∗[i] = Dδ∗[i], i = 1, 2, whereD is an integer-valued matrix.

Now we recall from [19] that the linear estimation problem
minθ ‖A⊤θ− δ̌ + 2kiπ‖2

Pδ
, i = 1, 2, can be solved directly

in function of δ∗[i], i = 1, 2 as follows:

δ
∗[i]=

{

δ̌+2kiπ if m = n

δ̌+2kiπ − PδC
⊤(CPδC

⊤)−1C(δ̌+2kiπ)] if m > n
,

whereC is the cycle basis matrix. Let us write the quantity
δ∗[1]−δ∗[2]:

{

2π(k1−k2) if m = n

2π(k1−k2) − PδC
⊤(CPδC

⊤)−1C(2π(k1−k2))] if m > n
,

Recalling thatCk1 = Ck2 = γ̄, both cases reduce to
δ∗[1] − δ∗[2] = 2π(k1 − k2). Therefore, elements ofδ∗[1]
andδ∗[2] only differ by multiples of2π; then,θ∗[1]−θ∗[2] =
D(δ∗[1]−δ∗[2]) = 2πD(k1−k2), and sinceD is an integer-
valued matrix, also the elements ofθ∗[1] andθ∗[2] only differ
by multiples of2π. Therefore,Θ̌∗[1] = { mod 2πθ

∗
0 [1] . . .

mod 2π θ̌
∗
n[1]} = { mod 2πθ

∗
0 [2] . . . mod 2π θ̌

∗
n[2]} =

Θ̌∗[2], which concludes the proof. �
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