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Equations (1)-(2) appear convoluted because they work with
the much abstract de�nition of system we used. However,
the end result is that we have de�ned the meaning of a
transformationD �� h · D · g; reading right to left, the input
signals are �ltered by the group elementg; then the system
produces an output, which is �ltered according to the group
elementh.

C. De�ning agents

In the following, we letU be the command space,Y be
the observations space, andworld � D( Y, U) represent the
model of everything in between observations and commands.
To formalize the learning agent, we assume that it is composed
of a two-part strategy. The �rst part consists in learning a
representation of the world (more or less explicit); and in the
second phase, using this representation todo something (or to
estimatesomething). We model the agent as a tuple of two
functions modeling learning and action.

De�nition 4. A bootstrapping agent for a worldworld �
D( Y, U) is a tuple�R, learn, act� such thatR is the represen-
tation space,learn� D( U × R, Y) is the learning/exploration
strategy; andact : R � D( U, Y) is the action/estimation
phase. We denote bylearn(world) = r � R the representation
learned after a suitable training phase. We de�ne asA( U, Y)
the set of all agents interacting with the world through
commands inU and observationsY.

The learning strategy is de�ned as an element ofD( U ×
R, Y), which means it is a dynamical system which has as
input the observations (Y), and as output the commands (U)
that drive the exploration, and the internal representation (R).
In this paper, we treat the representation mostly as an opaque
object.

The acting strategyact is a map fromR to D( U, Y); this
means that the learned representationR is converted into a
dynamical system which will do the actual interacting with the
world. We remark that this dynamical system has, in general,
an internal state. For example,R might include a description
of the sensor calibration and the statistics of the environment;
from that, one generates the dyamical systemact(R) which
might include logic for estimation of an internal state (e.g. the
agent’s state in localization, or a complete map in SLAM)1.
Note also that using the abstract De�nition1 does not exclude
any kind randomized behavior for the agent.

Finally, notice that in this discussion we are neglecting all
sorts of problems about how to properly de�ne the training
phase; when to stop it; the tradeoff of exporation/explotation;
etc. All these concerns are important but somewhat orthogonal
to our main interest.

D. Bootstrapping as invariance to the group actions

We have de�ned the world, the agent, and how the world
transforms under group nuisances. At this point, we can

1Depending on the �eld, “learning” is sometimes equivalent to “estimation”
(as inlearning a map of the environment). In this paper, we use “learning” for
the problem of deriving what we call “representation” of the world dynamics,
and use “estimation” for inferring the state of system, given a known dynamics
(these ideas blur into each other, but it makes sense to use “learning” for the
harder problem).

introduce the main theoretical point of this paper:it is possible
to transform vague constraints such as “the agent has no
assumptions on the model” into precise algebraic conditions
on the world-agent loop; speci�cally, an agent does not
need certain information if its behavior is invariant to group
nuisances acting on the world that destroy that particular
information. The following is the formal statement.

De�nition 5. Let the worldworldbelong to a family of models
W � D( T, U, Y). Let the groupsGU, GY be left and right
actions on the worldworld. We say that an agent�R, learn, act�
is invariant to the action of(GU, GY ) for the family W if

(act � learn)(h · world · g) = g� 1 · (act � learn)(world) · h � 1

for all h � GY , g � GU, andworld � W.

It is easy to see that, if this condition holds, then the
nuisances have no effect on the agent’s actions (g� 1 and g
cancel, and likewise forh). The simplest example is when the
groups represent linear scaling (gains of the actuators, or units
of measuremnts for the observations); if the gain is doubled,
we expect that the produced commands will be halved.

Note also that, while the input-output behavior is un-
changed; the internal representation is allowed to change; what
happens to the internal representation is an interesting question
that we will not investigate in this paper.

III. A NALYSIS FOR BDS SYSTEMS

The point of all of this is that now we have a language to
say exactly what we require of a bootstrapping agent. Here we
apply it to the results in previous work, as a simple example
in preparation to the new results described later.

In previous work, we considered this class of bilinear
models, justifying the choice by saying that it is the simplest
nonlinearity that can represent several sensors. There is some
similarity with other systems considering 3-way interactions
of systems that we intend to investigate in the future [?].

De�nition 6. A bilinear dynamics sensor (BDS) if its sensor
y � Rn , u � Rk dynamics, and there exists a(n, n × k) tensor
M such that�ys = Ms

vi y
v ui .

We call BDS(n, k) the set of all such systems. Note that
here, in the discrete case,s is an index that spans over1, . . . , n
sensels; but most considerations are valid ifs is a continuous
index over a manifold, with integration instead of summation.
Writing the system in the form�y = ( M:

:1y )u1 + ( M:
:2y )u2 +

. . . . makes it clear that the system being bilinear means having
multiple autonomous linear dynamics among which to choose.
A purely af�ne part (�y = · · · + Bu) can be represented by
adding a dummy observation with constant value.

The following is an extension of the agent we studied in
previous work with the language just introduced. Suppose� u

is the set of allowable commands (modeling power constraints
etc.).

Proposition 7. De�ne the agentABDS(k, n) � A (Rk , Rn ),
with representation

�
ys, Psv , Tsvi

�
. The learning phase is de-

�ned by the following set of equations. The actions are chosen
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�‡�����&�D�Q���D�Q���D�J�H�Q�W���O�H�D�U�Q���W�R���X�V�H���D�Q�\���V�H�Q�V�R�U�L�P�R�W�R�U��
   cascade (set of sensors and actuators) from 
   scratch, with no prior information about them? 
   We call this problem “bootstrapping”.

�‡���7�K�H���D�J�H�Q�W���³�Z�D�N�H�V���X�S�´���F�R�Q�Q�H�F�W�H�G���W�R��streams of 
  uninterpreted observations and commands.
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  (described “intrinsically” or by an external reward)
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commands
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Time Bootstrapping

Application to robotic sensorimotor cascades

Bootstrapping 
needs assumptions

The agent’s assumptions are described by 
the classes of “representation nuisances” tolerated 

Optimal agents 
must be invariant
to representation nuisances

Designing invariant bootstrapping agents

Invariance by canonization

�,�G�H�D�����$���F�D�Q�R�Q�L�]�D�W�L�R�Q���R�S�H�U�D�W�R�U���D�F�W�V���O�L�N�H���D���I�L�O�W�H�U��
on the data and gets rid of the nuisance before 
it reaches the agent. “Pontifical features” give a 
way to construct such operators.

+ Modular design (acts as a filter)
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   for the problem in its full generality.

�‡���(�[�L�V�W�L�Q�J���O�H�D�U�Q�L�Q�J���P�H�W�K�R�G�V�����H���J�������V�\�V�W�H�P���L�G�H�Q�W�L�I�L�F�D�W�L�R�Q����
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  with less and less assumptions about the world.
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   (How do we measure progress?)

�7�Z�R���N�L�Q�G�V���R�I���D�V�V�X�P�S�W�L�R�Q�V��
1) Class of models for the world.
2) Representation of observations/commands.

Example:  Suppose that we want to express:

“the agent does not have any assumption 
  on the labeling (order) of the signals”

This is equivalent to:

“the agent can tolerate a random (but fixed) 
  permutation of the signals”
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�6�D�P�H���E�O�D�F�N���E�R�[�����E�X�W���Z�L�W�K��
a representation nuisance
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Mathematical formalization 
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   contra-variant to commands nuisances.

corresponding transformations
that must be tolerated
permutations
linear transformations
diffeomorphisms

all 1-to-1 maps tolerated (!)
no transformations tolerated

the assumptions about the data needed by an agent 
 can be described by

 the transformations that the agent can tolerate

The representation of the signals 
does not affect: 
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   (if applicable)

therefore: The behavior of an optimal 
bootstrapping agent must be invariant 
to representation nuisances. 
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and to understand hidden assumptions 
needed by an agent.

(Can you guess which one is the camera and which the range-finder?)
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intrinsic sensor calibration
extreme cases:

no assumptions needed
�P�R�G�H�O���L�V���S�U�H�F�L�V�H�O�\���N�Q�R�Z�Q

This concept induces a partial order of agents: an agent is more powerful than another if it can 
tolerate a larger class of transformations  (and therefore it has less assumptions).

Invariant task design
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function invariant to the nuisances, 
the agent is automatically invariant.
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choose u(t) such that �\���W���Ÿ�J.

�‡���-��� ���_�_�\���W�����J�_| is not invariant 
  to a  linear transformation y �Ÿ Ay
�‡���-��� ���_�_�3���� ���\���W�����J���_�_, P = cov(y).
   is invariant.

But isn’t bootstrapping also...?
Yes! It is a huge problem with many different aspects to it, 
and it is at the intersection of many scientific communities.
We are focusing on a few aspects related to low-level 
sensorimotor interaction, that we believe ready for 
a rigorous formalization and solution.

�‡���:�H���D�S�S�O�L�H�G���W�K�H�V�H���L�G�H�D�V���W�R��robotic sensorimotor cascades.
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sors (cameras, range-finders, etc.) and actuators.

�‡���,�Q�Y�D�U�L�D�Q�F�H��as the guiding principle behind the theory.
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