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An accurate closed-form estimate

of ICP’s covariance
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e Basedon the analysis of the error function.

e Advantages over previous approaches:
— It doesnot assumeindependent point correspondences.
— Measurements can be correlated.

— Both accurate and fast (closed form).




/ The vanilla ICP algorithm

e INnput:
— areferencesurface S, (created from the brst scanz,)
— asecondsensorscanzs

— astarting guessx

e Repeatuntil convergence:
1. compute a setof correspondences
2. dePnean error function J(z,z,, X)

3. adjust roto-translation x to minimize J

e Can be used for scanmatching and localization.

ko Many [3avours available...




/ The vanilla ICP algorithm

e Referencesurfaceis createdwith a polyline.

e Threepoints involved for eachcorrespondence.
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/ Why do I get a wrong solution? \
e Thereis no right or wrong Iin statistics.

e Sometimesthere just is not enough information
(under-constrained situations, such asa corridor).

under-constrained situations can be detected using Fisher’s matrix
“On achievable accuracy for range-finder localization”
today in the Omiscellaneousé2ssion FrC9 at 14:45

e SometimesICP goescrazy due to a bad initial guess.

this is hard to model; we assume that it converges to the right basin.
e And then, thereis regular sensor noise.

e Why is it hard to estimate the ICP covariance?

k — The correspondence/minimize/r epeatloop is hard to analyze./




/ — The map, created from the Prst scan,is noisy.
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Related work - the naive method

e Associate a covariance matrix to each
sensorpoint.

e Assume each correspondence is an
Independent observation.
!
cov(®)''=  (R)'

e Limitations:

— In practice, very optimistic.

— Correspondences are not indepen-
dent.

— Environment structure is important
Pbsteret al. (2002);Montesano et al. (2005)
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Related work - The “brute force method” \

e Monte Carlo approximation to the real covariance.

e Algorithm:
1. Appr oximate a map S;s using the brst scan.

2. Repeatmultiple times (> 50):

(a) Choosearandom displacement X .
(b) Simulate a sensorscanfrom Sigs.
(c) Run ICP and compute the error ¥ — X.

3. Compute the covariance of the errors.

e Limitations:
— Computationally expensive.

— One must simulate using an imperfect map.

Bengtsson(2006)
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Related work - the “Hessian” method

If the problem was linear, and the error function was quadratic:

, , 32J 1
Z = MXx + = cov(®) = —
o€ (®) = o T2
ldea: pretend the problem is linear: Bengtsson(2006)
L1 #I 1

iy 5
cov(®) = 2 /(z,%) o’/

#opg 2%

approximation to 2

Get arobust Hessian by sampling.

Limitations:
— In practice, sometimesvery pessimistic.

— Not sound: the Hessianis just part of the solution.

Biber and Strasser(2003),etc.
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The covariance of a minimization algorithm

© = %(z)=agminJ(z,x)

e Becausex Is a stationary point of the gradient: VJ(z,%) = 0, the
Implicit function theorem provides the z — % Jacobian.

RPN
gg%ﬁb 04T 0%J %9 %ﬁb
2
| % OX 0% g8x 0z .
solution R _ Input
_ — Jacobian _
covariance 0z covariance

e All Is evaluated at the minimum ».

e Contains the Hessian and the mixed derivative 9?.J/9x 0z : how the
shape changeswith respectto the measurements.

ko Reducesto a familiar formula if J is quadratic (try it).

92J " "
OX 02
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Application to ICP \

e How to implement this:
1. run ICPto getw

2. evaluate the derivatives at ®
— closed form is possible (lengthy but simple formulas)

e Note that:

— If the samemeasurements contributes to two diff2erent
0°J
OX0z

correspondences,t)(at IS taken into accountin

Error : .
= term involving 3 measurements

function correspondences

— The measurement matrix cov(z) can be afull matrix.
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/ Experiments - scan matching \
e the Hessian method is very pessimist.

e the proposed method is very accurate
— better than the Off3ine method (!)

Scanmatching errors (mm,mm,")

160
— ’ | o(x) | o(y) | o(6)
= = = Hessian | ] /é\
- o s 0 g true 76 | 7.8 | 0.058
== == = proposed '} 10 >~
120 Hessian | 20.0 | 20.3 | 0.171
—40

-0 OfRine 7.0 | 6.8 | 0.086

proposed | 7.7 | 7.7 | 0.060

e An observability analysisis neededin under-constrained
k situations; proposed ~ Hessian, slightly optimistic. /




/ Experiments - localization \

e The method can also be used for localization

— the map is assumedto be perfect.
) + ) +
. cov(zq) 0 , O 0
cov(z) = , becomes )
0 cov(zs) 0 cov(z,)

e ... one hasthe sameresults asthe CramZrDRaobound.

Localization errors (mm,mm,")
110

samples s o(z) | o(y) | o(b)

= = = CRB é
= == = proposed 10 > true 5.3 5.3 | 0.039
| NS PR CRB | 5.1 | 5.3 | 0.037

110 0 10 20

X (mm) proposed | 5.4 54 | 0.042
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/ Correlation among successive poses \
¢ In scanmatching, eachsensorscanis used twice.
<0 <1 <2 Z3 Z4

xr, | xr, | xr3 | T4 = pose

Hence, the estimated displacements X are not independent.

e If you just OsumQrovariances,you would be pessimist, as
scanmatching errors tend to cancelout.

e Problem solved by Mourikis and Roumeliotis (2006} you just need the

Jacobians% and X which we computed:
0z 0Zy 11
. - . P . #l 1
omw _ o ok _ 0 9J
0z 0z, 0z, OX2  Ox0z

N /




/ Example: 1-dimensional scan matching

¢ |In 1-dimensional scanmatching, errors tend to cancelout.

zZ
[€--mrmmrmmmmmm e >
©—© ,
Pnalpose = X;®Xa®P - - DXy (sum of deltas)

= (zZ1—2o)+(zZ2—2Z21)*+ -+ (Zn —Zn11) = Zn — 24
e Thereal Pnal covarianceis very small:

var(Pnal pose) = 2var(z) << 2nvar(z)

I

e The more correlated the measurements are, the more you are being

k pessimist if you ignor e the correlation.
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/ Conclusions \

e A good trick to know: The covariance of an minimization
algorithm only depends on the error function.

e Advantages over previous methods for estimating ICPOs
covariance:

— mathematically sound

— accurate (also more than simulations-based methods)
— fast: closed form

— also solvesthe problem of correlated estimates

e For more on the observability analysis, FisherOsnformation matrix,
CramZrbRaobound, pleasesee

“On achievable accuracy for range-finder localization”

k today in the Omiscellaneousé2ssion FrC9 at 14:45 /
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Backup / Change in the error function

0%J 0
The term J accountsfor the changein the shape of
* OX 82 0z 5z " J P
the error function.
J(¥, x)
Di! erert » originate A ,
di! erent error functions B 5 J(z, x)
with di! erent minima o 5
N ]
) -
(¥2) m(y)
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Backup / Observable manifold - corridor

PPQ//
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/ Backup / Observable manifold - circle \

kermnel of Fisher@® matrix
ker(l (x)) ..

projection of
unobservable manifold

unobservable manifold
on the x,y plane A U(Xo)
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