
Scan matching in a probabilistic framework

Andrea Censi
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Abstract—We describe an interpretation of scan
matching as a probability distribution approximation
problem and we propose an algorithm that, employing
a particle approximation to the target distribution, can
take advantage of the knowledge of the evolution model
and provide an estimate of the matching uncertainty.
Experiments show it can work in unstructured environ-
ments, it is reliable to severe sensor occlusions and it
handles under constrained situations gracefully.

I. Introduction

In recent years the availability of accurate laser range
finders allowed for the development of precise and reliable
localization and SLAM methods. A large part of these
have a ”scan matching” algorithm at their core; comparing
successive sensor scans improves the odometry estimate.
Still, the estimate of a scan matcher has unbounded error;
such error must be dealt with at an higher layer.

Several interpretations can be given to scan matching.
The purely geometric interpretation is: find a rotation φ
and a translation T which maximize the overlapping of two

groups of 2D data, leading to a ”maximum likelihood”kind
of estimation. This is a general problem which has other
applications outside of localization/SLAM, for example in
pattern recognition.

When using scan matching for pose tracking, one usually
has much more information (or, equivalently, much more
assumptions) about the data. In particular, in a Bayesian
framework, one assumes that the input data were gen-
erated by an underlying probability distribution, usually
called sensor model for the exteroceptive sensors, and
evolution model for the odometry data; both are needed
to soundly estimate the posterior distribution.

For the scan matching problem one such target distri-
bution can be p(xt|xt−1, ut, yt, yt−1) (x: robot pose, u:
odometry data, y: sensor data). At the very least, the
uncertainty can be represented by a covariance matrix.
This kind of estimate can be more useful of a MLE; for
example, in SLAM methods based on global optimization
[1] it can be used to change the weight and orientation
of the ”springs” defining the cost function; in SLAM
methods based on Rao-Blackwellized particle filters [2] it
can be used as an informed proposal distribution for the
resampling step; it can be used to evolve a Gaussian filter.

In this paper we describe an algorithm that approxi-
mates the target distribution with a particle distribution
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Fig. 1. θ, ρ are the polar coordinates of the sensor point; p =
(ρ cos θ ρ sin θ)t is the Cartesian vector; α is the surface orientation.

generated with the Generalized Hough Transform (GHT).
GHT Particles Matching (GPM) takes into account the
evolution model and it can provide a covariance estimate.
Moreover, it has the following several nice properties for a
scan matcher:

• it can work in unstructured environments as it does
not rely on the presence of features;

• it is robust to occlusions;
• it behaves gracefully in under constrained cases;
• it is fast: 80Hz on a desktop machine for typical input.

II. Basic algorithm

In this section we describe how to produce a particle
approximation to p(xt|yt, yt−1), given the two sets of
points yt−1 and yt (two laser scans, or a scan and a map).
This is not specific to scan matching as it can be applied
also to global localization; in this paper, however, we shall
focus on pose tracking.

We assume that the input data are two sets of ”oriented”
points yt−1 = {(pi, αi)}, yt = {(pj , αj)}, where p is the
Cartesian position and α is the surface orientation (Fig.
1). Suppose that we knew that a point (pi, αi) in a set
corresponds to a point (pj , αj) in the other set with a roto-
translation (φ, T ):

pj = Rφpi + T (1)

αj = αi + φ (2)

In this expression, Rφ is a 2 × 2 rotation matrix. These



relations can be inverted to find φ and T :

φ̂ = αj − αi (3)

T̂ = pj − R
φ̂
pi (4)

Therefore if we knew only one correspondence between
the two sets and the surface orientation we could estimate
both φ and T . The problem is that we obviously don’t
know such a correspondence, and that sensor data is
corrupted by noise.

Previous approaches (notably the ICP [3] family of
algorithms) focused on the establishment of explicit corre-
spondences through the use of several heuristics; instead,
we consider all the possible correspondences and generate
all the hypotheses for φ and T by means of (3) and (4).
This can be seen as a particularization of the Generalized
Hough Transform (GHT) [4] to scan data; the crucial
difference to GHT methods is that results are not ac-
cumulated in a cell array, but are considered a particle
distribution. The key point is that we assume this set
to be a particle approximation to p(x|yt, yt−1). In fact,
the ”correct” matchings generates dense peaks of particles
around the ”true” answer, while the ”wrong” matchings
generate random noise that can be filtered out (Fig. 2
illustrates this process).

III. Application to pose tracking

Our target distribution is

p(xt|xt−1, ut, yt, yt−1) (5)

that is we want to estimate the robot motion by comparing
two successive sensor scans and taking into account the
evolution model.

We assume to know the ”raw” odometry and that we
can evaluate the evolution model p(xt|xt−1, ut) point-wise
for a fixed xt. We also assume that the environment is not
too cluttered and it has ”regular” surfaces (of any shape).

The algorithm is summarized as follows:
1) Surface orientation is extracted from the scans, for

example by linear regression.
2) A cloud of particles is generated from the oriented

data points using (3), (4); particles not contained in a pre-
determined search domain are rejected.

3) Particles are assigned a weight according to the
evolution model and other criteria.

4a) First alternative: An estimate of the mean of the
distribution is computed by performing hill-climbing in
this set of weighted particles.

4b) Second alternative: A mean and covariance estimate
is computed by turning the set of particles in a set of
constraints and solving a least squares problem.

A. Efficient correspondences search for radial scans

If we are given a search domain (|T |max and |φ|max)
and one of the two input sets has a radial ordering, we do
not need to consider each possible correspondence between
the two sets. Consider a point (θi, ρi) on one scan; as in the

other scan the points are ordered by θj , we can compute
an upper bound on ∆θi,= |θi − θj |; we will then compare
the points in the [θi −∆θi, θi +∆θi] range. Intuitively, the
maximum variation occurs when the point is translated
by |T |max perpendicular to pi, then rotated by |φ|max.
Therefore ∆θi = tan−1 (|T |max/ρi) + |φ|max.

B. Particles weighting

Weighting by the motion model. We use the odometry
information in two ways. First, for efficiency, we consider
only the particles in a ball of fixed radius around the
peak of the evolution model. Then, each particle (φk, Tk)
is weighted by p(φk, Tk|xt−1, ut). This piece of information
is necessary to get meaningful results in under constrained
cases (such as a long corridor) where the sensor scans
alone are not sufficient to estimate the motion (lack of
observability). If the odometry information is not present,
the method can still detect such cases, providing very high
variance along the unobservable direction.

Weighting irregular surfaces less. We assumed that the
environment surface was locally linear, therefore we weight
less the particles generated by sensor points with an high
residual error in the line fitting procedure.

Weighting distant readings more. A sensor scan is not
an uniform sampling of the environment, as nearby ob-
jects are over-represented with respect to farther ones: a
segment of 1m length at 1m distance will be intercepted
by roughly an equal number of sensor rays than a segment
of 2m length at 2m distance. To account for this effect,
several correcting factors have been proposed [5]; one of
these is to weight the particles by the distance of the sensor
point, ρi. Of course, this is not valid if the sensor error
increases with distance as it will give very high weight to
semi-random observations. Note, however, that laser range
finders are reliable at tens of meters distance.

At this stage we have obtained a particle approximation
to (5). The distribution can be, in general, multi modal.
If one assumes that it is mono modal, the principal mode
can be found by performing hill-climbing. An improvement
to this basic algorithm is necessary because it is critical
to characterize the uncertainty of each particle to obtain
a meaningful covariance estimate. This is addressed in
the next section by a simple model that turns the set of
particles into a set of constraints.

IV. Linearizing the observation model

In this section we formulate a least squares (LS) problem
to obtain a covariance estimate for T .

A simple model to characterize the uncertainty of (4) is
to consider the information useful only along the direction
αk, the direction perpendicular to the surface. This is ex-
pressed by projecting (4) along that direction, multiplying
both sides by the versor v(αk) := (cos αk sin αk)t:

v(αk)tT = v(αk)t(pj − R
φ̂
pi) (6)
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(a) The two input scans.
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(b) Generated particle distribution.
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(c) Same distribution, bounded at |φ| ≤ 20◦.
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(d) Bounded at |θ| ≤ 20◦, |T | ≤ 20cm.
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(e) Same distribution after weighting.
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(f) Constraints with induced covariance.

Fig. 2. Fig. (a) shows the two laser scans, acquired in a corridor with irregular surfaces, aligned according to the odometry estimate. Fig. (b)
shows the global distribution of particles: each particle (T, φ) is represented by an arrow starting at (Tx, Ty) and having direction φ. Fig. (d)
shows the same distribution bounded at the search domain |T | ≤ 0.2m, |φ| ≤ 25◦. In Fig. (e) the distribution is weighted by the evolution
model and the other criteria (the longer the arrow, the bigger the weight). Fig. (f) shows the constraints generated by the most weighted
particles (15% of the total) and the resulting covariance of the LS estimate.

The right member consists of known terms; call it yk. Each
particle generates one constraint of the form:

v(αk)tT = yk + σ2
k · ǫ (7)

The least squares method maximizes the likelihood of
these constraints; we use as variances the inverse of the
weights wk as previously computed. We add a normalizing
constant m which also models our confidence in the sensor:
this will be a parameter to tune.

v(αk)tT = yk + m/wk · ǫ (8)

Note that it is an approximation to consider the con-
straints to be independent: one sensor reading produces
more than one constraint and those are surely correlated.

The LS model (9) appears as follows:

LT = Y + R · ǫ (9)

χ2 = (LT − Y )tR−1(LT − Y ) (10)

T = arg min χ2

L =
(

v(α1) · · · v(αk) · · · v(αK)
)t

(11)

Y = (y1 . . . yk . . . yK)t (12)

R = m · diag{1/w1, . . . , 1/wk . . . 1/wK} (13)

T = (LtR−1L)−1LtR−1Y (14)

=

[

∑

k

wkv(αk)v(αk)t

]

−1
∑

k

wkykv(αk)

C = (LtR−1L)−1 (15)

= m

[

∑

k

wkv(αk)v(αk)t

]

−1

L has dimensions K × 2 (K ≃ 1000 for typical input)
therefore we must invert: the R matrix that we constructed
diagonal, and a 2 × 2 matrix (LtR−1L), always invertible
if L is full rank. C is the covariance matrix: note that m
relaxes or tightens the covariance while it has no effect
on T . Also note that C does not depend on the actual
observation Y : indeed this is correct if one assumes to
know precisely the observation covariance matrix R. It
is possible to take into account the goodness of fit by
weighting C by the mean squared error: Σ = (χ2/K)C.

A. Tuning

Tuning is necessary because some of the weighting
factors described in Section III-B do not have a precise
probabilistic interpretation. We derived this expression for
the covariance:

Σ = m
χ2

K

[

∑

k

wkv(αk)v(αk)t

]

−1

(16)

Note that: 1) the ”shape” of the covariance matrix, that is
the eigenvectors and the eigenvalues ratio, does not depend
on m; 2) the ratio between eigenvalues of two successive
covariance estimates does not depend on m. Therefore,



even if we can’t assume to have a good estimate for m,
1) we know what are the directions of ambiguity for the
pose estimation; 2) we know the relative confidence for two
different scan matching operations. A tuning procedure of
m requires the knowledge of the ground truth and the
definition of the desired level of confidence. Assume to
know at each time step: xt (the ground truth), xt = (φ, T )
(GPM result), Σt(m) (covariance guess, dependent on m).
The value m can be chosen as to xt ∼ N (xt,Σt(m)) is
satisfied to the desired level of confidence.

V. Experimental results

In this section we first illustrate some statistical analysis
of GPM on simulated data, then we comment about one
run on real data.

The main reason to do simulated experiments was the
availability of the ground truth. We discarded the idea
to use as ground truth for real data the output of an-
other algorithm for these reasons: 1) a priori, GPM could
have better results 2) there could be common errors for
both algorithms 3) other SLAM algorithms would execute
matchings with different frequency and this did not allow
accurate comparisons.

A scan matcher needs a lot of parameters that deeply
influence the results; rather than hand-tuning the algo-
rithm for each trial, we fixed the following parameters
(reasonable for robots with imprecise odometry in indoor
environments) for all experiments, for both simulated and
real data:

• execute scan matching every 20cm or 10◦;
• search domain: |T | ≤ 20cm, |φ| ≤ 25◦;
• for extracting the surface direction at point pi we

considered points pi−3:i+3.

In both cases GPM was executed ”open loop”, that is
on successive pairs of sensors scans. Conversely, building
a map while matching does give better results, but the
statistical analysis would have become more intricate (we
should have included the mapping algorithm in the anal-
ysis).

A. Simulated experiments

We used the player/stage simulator1 for these experi-
ments, in different environments: structured (Fig. 3(a)),
structured but cluttered (Fig. 3(b)), unstructured (Fig.
3(c)); these are typical cases for indoor environments. We
collected a sensor log and then corrupted it with noise: we
added Gaussian noise on the sensor readings and Gaussian
and systematic noise on odometry. We show here only
the results for sensor noise, because GPM proved to be
very reliable to odometry errors (note that the evolution
model influences only the weight and not the pose of the
particles).

Fig. 3 shows, for increasing values of the sensor noise
deviation σ, a measure of the error and a measure of

1http://playerstage.sourceforge.net

GPM’s estimate of its own performance. We note that the
performance degrades gracefully, more or less linearly with
respect to the sensor noise, even with σ as large as 8cm.
On the other hand the confidence estimate does not reflect
accurately the actual error with noises higher than 3cm,
probably because the error on the extraction of the surface
direction causes the failure of the model (9); obviously the
effect is more marked in the cluttered environment.

σ 1cm 2cm 4cm

φ T φ T φ T

structured 0.56 1.1 0.69 1.4 0.99 1.9

cluttered 0.75 1.2 0.86 1.5 1.14 2.3

unstructured 0.82 1.0 0.98 1.5 1.22 2.5

Fig. 4. Other statistics for the experiments run on the environments
depicted in Fig. 3; we show here the e(φ) deviation (degrees) and the
mean norm of e(T ) (cm).

B. One anecdote

This log, collected by a Pioneer robot in a mine2,
has several interesting characteristics, some which are
hardly reproducible in a 2D simulator: unstructured en-
vironments, rough terrains, biased odometry and frequent
sensor occlusions. Fig. 5(a), 5(b), 5(c) show the map, the
raw sensor log and GPM’s result. Fig. 5(d) shows, for each
time step, the minimum and maximum eigenvalue of the
covariance matrix for x, y estimated by GPM. The higher
the eigenvalues, the more uncertain was GPM about its
estimate. We cross-labeled some spots in Fig. 5(a) and
Fig. 5(d) for easy reference.

We note the following patterns:
1) Define as x the direction to the front of the robot

and as y the lateral direction. We found out that for a
robot traveling in an environment structured with rooms
and corridors, the eigenvector associated to the minimum
eigenvalue lies along y, that is the uncertainty along x is
almost always bigger, because usually the robot sees two
lateral surfaces nearby and one frontal surface far away.

2) When traveling in a corridor, the uncertainty along
x is maximum at the beginning and then decreases (see
spots marked 1, 2, . . .).

3) The occasional spike of uncertainty along x (see for
example spot ”B”) corresponds to an instant when the
robot tilted and saw the ground with the sensor. In this
case GPM continued to give a good estimate along y and
signaled the uncertainty along x. The area marked as ”A”
corresponds to a steep ascent when this phenomenon was
continuously observed.

2Thanks to Dirk Haehnel and the CMU mine-exploring group for
the data files.
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Fig. 3. Using player/stage we created a perfect sensor log for each of the environments. The odometry information was perturbed with
i.i.d. Gaussian noise of variance proportional to the traveled distance, as to have σx = σy = 20cm for a distance of 1m and σθ = 2◦ for 10◦.
The range data (180 rays/180◦) were perturbed with Gaussian noise of increasing deviation. GPM was executed with the same parameters
mentioned in Section V. For each log, GPM has been tuned on half of the data set as to have 95% of the errors fall into a 95% confidence
interval of the estimated covariance; the plotted statistics were computed on the other half. In the figures they are plotted, for increasing

values of the sensor noise deviation, a measure of the covariance of the x, y error distribution ( 4

√

det(CT ), where CT is the sample covariance

over T trials) and the mean deviation of GPM’s covariance guess ( 1

T

∑T

t=1

4

√

det(Σt)). The measure considered is the geometric mean of

the principal deviations: 4

√

det(CT ) = 4
√

λ1λ2 =
√

σ1σ2 = σ.

(a) Test environment (b) Odometry data (c) GPM scan-matching result

(d) Eigenvalues of x, y covariance matrix (algorithm in Section IV)

Fig. 5. These figures show the results of GPM on a real-world sensor log. Fig. 5(a) shows a map of the environment: the robot started at
”start” and, following the numbers, traveled the two loops up to ”end”. Fig. 5(b) shows the odometry data (as we can see corrupted by a
systematic error on φ). Fig. 5(c) shows the result of GPM; it has been run ”open loop” on successive pairs of laser scans, without building
a map. Fig. 5(d) shows, for each time step, the covariance estimate represented with the value of the minimum and maximum eigenvalue.
The y-scale is not shown as the values scale linearly with m, which should be tuned. Certain time instants are cross-labeled as in Fig. 5(a):
see Section V-B for a comment of the patterns in the data.
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Fig. 6. This figure shows the behavior of GPM in severely under
constrained situations. The observations and the geometry of the
environment determine the position of the particles and the evolution
model determines their weight. Therefore the y estimate depends for
the most part on the sensor data and the x estimate on the odometry
data.

VI. Related work

It is interesting to compare GPM to the popular ICP
family of methods. There are two situations in which
GPM is clearly superior. The first is the so called ”infinite
corridor” (Fig. 6). While ICP-like methods have con-
vergence problems in under constrained situation, GPM
would have the best possible behavior: the particles would
be distributed along the corridor direction and weighted
according to the evolution model. The other situation
is that of occlusions, especially due to violations of the
assumption of environment planarity - for example, a
robot tilting and seeing the ground. ICP-like methods
would converge to a false local minimum.

On the other hand, ICP-like methods, while not having
global convergence properties as others [6], can compen-
sate greater errors on φ than GPM. The reason is that
to have a realignment of, say, > 45◦, one should consider
a search domain of > 90◦ and the particle distribution
would probably be highly multi modal and a clustering
step would be needed.

To our knowledge, there exist no ICP-like methods that
take advantage of the knowledge of an arbitrary explicit
evolution model/prior for estimating the final uncertainty,
nevertheless research has been done in this direction: [7]
takes into account the evolution model (assumed Gaus-
sian) for establishing the correspondences; assuming that
the correspondences hold, one can estimate the covariance
by considering the Hessian of the quadratic form being
minimized [8].

We now compare GPM to two other particle-based
methods to obtain an estimate of the robot motion.
The first, a ”degenerated” Monte Carlo Localization, has
been proposed in [9]: 1) sample {x}k from the evolution
model 2) weight the particles according to a likelihood
p(yt|xt, yt−1) (note that in this case it is defined the
likelihood of a sensor reading with respect to another
reading). The second [2] is used in a SLAM setting. 1)
assume as the mean of the distribution the result of a scan
matcher. 2) sample {x}k uniformly around the mean. 3)
weight the particles by a likelihood p(yt|xt,map). (note

that in SLAM the target distribution is slightly different
than (5) because it is conditioned also on the map). The
difference of GPM with respect to both of these is that it
is a deterministic algorithm as it does not use any random
sampling. Moreover, it does not need the definition and
evaluation of a likelihood: evaluating the likelihood of a
particle is usually expensive.

VII. Conclusion and future work

We have proposed a scan matching algorithm that
provides a sound particle representation of the target
distribution. This representation allows to take into ac-
count the evolution model and to handle under constrained
cases gracefully. Moreover, it can work in unstructured
environments and with moderate amount of sensor noise.

We have fruitfully applied the basic algorithm of GPM
to global localization. As for pose tracking, future work
will concern refining the current method. Detecting multi
modality through clustering of the particle distribution
could improve efficiency as it would allow for greater
matching steps, while using a more complex model [10]
to characterize the uncertainty in (4) might lead to higher
accuracy.
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