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Geometric remarks on

Kalman filtering with intermittent observations

Andrea Censi

Abstract

Sinopoliet al. (TAC, 2004) considered the problem of optimal estimationliivear systems with
Gaussian noise and intermittent observations, availatderding to a Bernoulli arrival process. They
showed that there is a “critical” arrival probability of tlwservations, such that under that threshold
the expected value of the covariance matrix (i.e., the caiaderror) of the estimate is unbounded.
Sinopoliet al, and successive authors, interpreted this result implthiag the behavior of the system
is qualitatively different above and below the threshol@lisTpaper shows that this is not necessarily
the only interpretation. In fact, the critical probability different if one considers the average error
instead of the average quadratic error. More generallyjrfihé meaningful “average” covariance is
not as simple as taking the algebraic expected value. A gigoway to frame the problem is in a
differential geometric framework, by recognizing that tbet of covariance matrices (or better, the
manifold of Gaussian distributions) is not a flat space, amehtstudying the intrinsic Riemannian
mean. Several metrics on this manifold are considered daat 1o different critical probabilities, or no

critical probability at all.

I. INTRODUCTION

The Kalman filter was conceived in the 1960s [1] and found imliate use at the forefront
of engineering [2]. For the successive decades, the gpatsesapproach of the Kalman filter
was the tool of choice for many filtering and tracking probsenboth in its algebraically

equivalent formulations (e.g., Information filter [3], sqe root and “array” algorithms [4])
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and its extensions to nonlinear problems (e.g., extendéahdtafilter (EKF), unscented Kalman
filter), only recently giving way to Monte Carlo methods (jele filters).

In recent years, in many engineering fields, estimation lprob have been considered where
the availability or observations, or their structure, i®jeat to random phenomena, and one is
interested in characterizing the “average accuracy”. kample, in robotics, the EKF is used in
problems such as Simultaneous Localization and MappindA\{BL the observations structure
depends on the landmark configuration, which is unknown aripsret it is of interest to study
average accuracy results [5].

In the control literature, random observations can modekgiadrops, which is one of the
important phenomena in network-based estimation and @o®inopoliet al. [6] considered the
problem of Kalman filtering when the observations are atéglantermittently with Bernoulli
probability. They showed that there exists a critical vattighe arrival probability such that,
under that threshold, the expected value of the error cawee matrix is unbounded. Other
successive papers improved on the same results by betterctdrézing the critical probability
or considering non-independent packet drops [7]-[10].

The way the result of Sinopoét al. is often interpreted is that the system has a qualitatively
different behavior above and below the critical probapilithe purpose of this note is to show
that this is not necessarily the only interpretation. A wetting example is given in Sectian Il.
Considering the expected value of the covariance is eqnvab considering the expected value
of the squared error norm{||e||>}. If one instead considers the error nofi|e||,}, which
is equivalent to considering the expected value of the st@hdeviation, a different — and
lower — critical probability is obtained. This raises dosifatbout the significance of Sinopoli
et al’s critical probability. More generally, what is criticad the way one defines the “average”
uncertainty. Because the operation of expected value isnmatiant to change of coordinates,
the result is different if one averages the covariancesst#éwedard deviations, or the information
matrices: in general2{P} # E{v/P}? # E{P~'}~'. This paper advocates a geometric point of
view. The basic assumption is that covariance matricesrayeaoparticular choice of coordinates

to represent Gaussian distributions, which is a Riemanmanifold with a very rich structure.
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Section[ll deals with how to extend the idea of “mean” to R&mian manifolds, and how
that depends on the choice of a metric. Seclioh IV discussesral metrics one can use for
the manifold of Gaussian distributions. After the obvioustnts are discussed (which lead to
averaging covariances, information matrices, etc.), atnoial Riemannian metric is introduced
that is shown to be the most most natural when dealing witrs&aun distributions, or, in general,
when considering the intrinsic properties of the set of fpesidefinite matrices. These different
metrics lead to different critical probabilities, or notaal probability at all.

Notation: All matrices are assumed to be real. L&t be the transpose of the matri,
let Tr(A) be its trace, and \;(A)} its eigenvalues. LeGL(n) be the set of» x n invertible
matrices; letO(n) be the set of orthogonal matrices; &tn) be the set of symmetrie x n
matrices; and leP(n) C S(n) be the set of positive definite matrices. I%t) be the manifold of
Gaussian distributions dR™, andS,(n) C 9(n) the submanifold of Gaussian distributions with
mean0. An element of§(n) is denoted ag/(u, P), where the meap € R™ and the covariance
P € P(n) serve as coordinates &in). Let ||-|| be the operator norm|A ||*> = A (AA*)), and
let ||-||» be the Frobenius normj|A||% = Tracd AA*)). For P € P(n), let VP be the unique
matrix in P(n) such that(v/P)? = P. All inequalities between matrices are to be interpreted

in the Léwner partial orderP; > P, iff P, — P, is semidefinite positive.

[1. MOTIVATING EXAMPLE

Consider the discrete-time linear dynamical system

x(k+1) = Axk)+Bw(k),

y(k) = Cux(k)+e(k),

with z € R", w € RP, y € R?, andA, B, C real matrices of appropriate sizes. Assua{é) and
€(k) are white Gaussian sequences with zero mean and covariaatdg egual to the identity,
and that the initial prior foec(0) is Gaussian with mea#(0) and covariancd(0). Moreover,
assume that the observations are available randomly,oine,has available the observations

y'(k) = v(k)y(k), wherev(k) is a sequence of independent Bernoulli random variabled) su
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thatP({~(k) = 1}) =7 andP({y(k) = 0}) = 1 — 7. The conditional estimate ak(k), given
the available observations until tinieis still Gaussian [6], and is indicated by the meafi)
and the covarianc® (k). Define the error estimate(k) £ z(k) — x(k). Thene(k) has a
Gaussian distribution with meahand covarianc@® (k). This is the setup considered in [6] and
is henceforth called Linear/Gaussian/Bernoulli (LGB tame “Kalman filtering” is not used
because the results are independent of the particularsemedion of the optimal filter.

Let Q £ BB* andZ £ C*C. If the observations are always availabfe=£ 1), the evolution

of P(k) is deterministic and obeys the recurgjon

-1

g:P— (APA*+ Q) ' +17) 1)

If (A, B) is stabilizable andA, C) is detectable, theghas a fixed poinP,, to whichP (k) tends
regardless of the initial valuP(0) [3]. The Kalman filter and analogous variants implement the
recursion with different representations #r and faster and more numerically stable algorithms
than [1), which is used in the present analysis for convesieaend compactness (apply one of
the matrix inversion lemmas to obtain the usual Riccati rgom).

If ¥ € (0, 1), the evolution ofP (k) is not deterministic anymore. A convenient way to represent
the evolution ofP (k) is in the form of an Iterated Function System [12]

g: P (APA*+Q)'+I)",  p, =7
S = (2)

h: P— APA" +Q, pn=1-—7.
A stationary distribution foP? exists for all values ofy (under much more general conditions
than Bernoulli observations) [13]. In the following, theabnary distribution is referred to as
the Linear/Gaussian/Bernoulli (LGB) distribution, aidrefers to the stationary variable.
Sinopoliet al.[6] showed that there is a threshafdsuch that, fofy < 7., E{P} is unbounded.
!Note that this paper uses the posterior covariance ma@ix) = Py, = cov(z(k) — z(k)|y'(1),...,y'(k)). The a-priori
covarianceP,;,_; and a-posteriorPy, are linked by the simple relatidR ;1 = AP;_1),—1 A" + Q hence there is no loss
of generality for investigating the boundedness of theéataty distribution:E{P;,_} is bounded if and only i2{P;.} is.

Using the posterior covariance matrix seems a better clioiceGB filtering because, when written with information miees
(Y — (AY'A* 4 Q)' + Z) the difference between the magsand & is the constant terrZ [11].
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This is equivalent to say that the square of the Euclideamradrthe estimation errofe{||e]|3},
is unbounded. The threshofg. depends non trivially on the parameters of the system, and a
precise characterization is object of current research 9]

The way this result is often interpreted is that for> 7, the behavior of the system is
qualitatively different than fofy < 7., and thereforey, is called “critical” probability. However,
if one considers another measure of performance, the arpi®bability changes, as described
by the following result.

Proposition 1: Consider the problem of LGB filtering in the scalar case, wAh= a > 1,
Z=7>0,Q=Q>0. Then the expected squared erfdfe’} and the expected errd@{|e|}
have two different critical probabilities:

1) E{e*} is bounded if and only ify > 7, = 1—1/a?.

2) E{le|} is bounded if and only iff > 7. =1—1/|al.

Proof: It is convenient to define two others systems, which are ctiyey an “optimist”
and a “pessimist” approximations to the iteration defined@)y The stationary distribution has
support in the se{P|P > P, }. The optimist approximation simplifies the mapo a constant

by considering the best scenatito= P..:

gopt : Popt = Wopt7 Wopt é ((a'2POO + Q)_l + I)_l )
Sopt = (3)

hopt : Popt — CLQPopt _'_ Q

The pessimist approximation considers the worst c&se»(co):

Jpes - Ppcs — Wp057 Wpos S I_lu
Spes - (4)

hpes : Ppes = a2Ppes + Q
The two systems are identical except for the “reset” valigs, and W, after an observation
is received. It is straightforward to check thatPif,.(0) = P(0) = P, (0) and the three systems

see the same sequences of observatiBps,k) < P(k) < P, (k). Therefore, for the stationary

variables,E{P,,i } < E{P} < E{P,e} andE{,/Popi} < E{VP} < E{\/Poes}-
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ObviouslyE,, {e*(k)} = P(k), by the definition of covariance and the fact tiiat {e(k)} =
0. Moreover, in the case of a Gaussian distribution, one caw $hiatE,, {|e(k)|} = \/2/7+/P(k).

Therefore, upper and lower bounds f&fe*} andE{|¢|} can be found as
E{Popt} S E{ez} S E{Ppes}a (5)

V2/7B{\/Pop} < E{lel} < V/2/TE{y/Ppes}. 6)

The rest of the proof estimates the terms in these expressiod is inspired by some ideas
in [14]. The pdf for the stationary distribution for the twieSs [3)-(#) can be computed in closed
form. Consider, for example, the IFS i (3). The valuePgs; at timek can be written in closed
form as a function ofr(k), the number of steps that passed without receiving an oatenv

(7(k) = 0 if the last observation was received):

7(k)—
Popt (k) = (a2 W + > (a?
1=0

Assuming independent arrivals(k) has the probability distributioR ({7 (k) = j}) = (1-7)’7.
The expected valug{P,,} can be computed ds;°° P ({7(k) = j}) Pope(7(k)), giving

(R} =7 (Won + g ) S0 - -

The series converges, afifP,,.} is bounded, if and only ifi*(1 — %) < 1 (as already proved

in [6]). Analogously, the expected vall&{/P,,.} can be computed as

The series converges, afif /P, } is bounded, if and only ifa|(1 —7) < 1.

Because the proof did not rely on the valueWf, the same convergence critical values are
valid for the pessimist approximatiofif P, } andE{,/P,.} as well. By taking into accounti(5)
and [6), we see that’(1 —7) < 1 is a necessary and sufficient condition for boundedness of

E{e?}, and likewise|a|(1 —7) < 1 for boundedness dE{|e|}. u
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Becausey, > 7', there is a range of valugg’,,7,] such thatE{|e|} is bounded, bu{e*}

is not. The valuey', is as least as “critical” a§.. The goal of this paper is not to advocate
the use of the boundedness Bf||e||} rather thanE{|le||*} as a criterion of stability; rather,
it is of more interest to discuss what are the assumptiongnflelising one or the other. Is
one “intrinsically” more correct? Other that in Kalman fiitegg with intermittent observations,
similar questions arise in other problems where one mustpatenan “average” accuracy [5].
In general, the expected value is not invariant to changeoofdinates, so a different average
accuracy is obtained if one considers the average of cov@esa of standard deviations, or of
information matrices.

Some answers to these questions can be found by settingdhkeiprin a geometric frame-
work. In particular, instead of considering the §&t) of covariance matrices as a subset of
R™*™ one can consider, more abstractly, the manifold) of Gaussian distributions. The next
section shows how the operation of expected vdilfe} can be generalized to Riemannian
manifolds, such that one can define a “Riemannian m&4§”} independently of the choice of

coordinates.

[1I. M EANS ON RIEMANNIAN MANIFOLDS

Classical mathematical statistics [15] developed in thet filecades of last century in the
context of Euclidean spaces. Subsequently, it became ttlaamany applications would benefit
from rigorous coordinate-free approaches to statisticenanifolds. Examples of such applica-
tions and corresponding manifolds include robotics [16bfion groups), shape analysis [17]
(size-and-shape spaces), radar imaging [18] (Grassmaiifaladn diffusion tensor magnetic
resonance imaging [19], [20] (positive definite tensors)d &ie groups in general [21]. This
section recalls the definition of Riemannian mean on madsfothe reader is assumed to be
familiar with basic differential geometry (e.g., [22]).

Let X be a random variable taking valuesit with joint cumulative distribution functiomp.

The expected value ok (or Euclidean mean, or simplyear is defined, in the most general

June 9, 2009 DRAFT



terms, as the Lebesgue-Stieltjes integral

E{X} £ /n:vd,u(:v). (7)

This definition is not directly generalizable to manifoldschuse it assumes that the set has a
vector space structure. However, the mean satisfies a isaahtproperty, being the point that

minimizes the quadratic risk
. 2
E{X}:argmymE{HX—yHQ}. 8)

Definitions [7) and[(i8) are easily seen to be equivalent inctiee of vector spaces. The second
definition has the benefit that it can be generalized to anyiengpace.

In particular, it can be generalized to Riemannian mang#oRlecall that a Riemannian man-
ifold (M, g) is a differentiable manifold\l equipped with a smooth metri¢ on the tangent

space. The “length?(~) of a differentiable curvey : [0, 1] — M is defined by
1
() = [ Ve B @) dr
0
Given the notion of length, one defines the distance betw&erpbintsm,, m, € M as
d(xz,y) = inf{l(v) | vis a differentiable curve joining andy}.

Consider a Riemannian manifold(, g) with corresponding distanceé. Generalizing [(B) for
a random variableX taking values inM, define the Riemannian mean (also called: Rieman-
nian barycenter, Riemannian center of mass, Frechét me&archer mean) as the point that

minimizes the average quadratic distance:
M{ X = inf E (1‘2 X .

The Riemannian mean is unique for a simply connected mahidblnon positive sectional
curvature [23] — as counterexamples, the reader may cangidedistribution consisting of a

pair of antipodal points on the unit circi (a non-simply connected, zero curvature manifold)
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and on the unit spherg® (a simply connected, positive curvature manifold). Seq 24 an
alternative characterization of the Riemannian mean usiegnverse of the exponential map,

and, more in general, see [18] for a short introduction to enodhtrinsic estimation on manifolds.

V. DIFFERENT METRICS FOR THE MANIFOLD OFGAUSSIAN DISTRIBUTIONS

The random availability of the observations in the LGB filtgr setup induces a stationary
distribution onG(n), the manifold of Gaussian distributions &, for the estimatdz, P). In
particular, the estimation errer= & — x has a Gaussian distribution with zero mean, therefore
we focus on the submanifolfy(n) of Gaussian distributions with meah The Riemannian
mean depends on the choice of a metric, and this sectiondmssseveral such options. In the
following, for compactness of notation, sometimes we canttS,(n) with P(n), for example by

writing the distance between Gaussian distributiéf(0, P, ), G(0, P,)) directly asd(P;, Ps).

A. Flat metric for covariances

The traditional way to represent a Gaussian distributidayigsing its mean and covariance, by
identifying G(n) with R™ x P(n). This is what most consider to be the “natural” represeonati
ConsideringP(n) as a convex cone @"*" seems also to fit very well with the operation of ex-
pected value, because the expectation is nothing otheratlyéorified convex linear combination;
the convexity is also useful in optimization, for examplesemidefinite programming [25].

From this point of view,P(n) inherits the Euclidean metric dR™*". This is the metric
implicitly used by Sinopoliet al. [6]. The distance between two Gaussian distributions reduces

to the Frobenius distance between the two covariance rastric

d(G(0,P1),G(0,P3)) = |[P1 — Pyl|p. (10)

For the Riemannian mean, one obtains that the covariante ehéan distribution is the expected
value of the covarianced1{G(0,P)} = G(0, E{P}). Note that this mean is affine-invariant, i.e.

invariant to a change of coordinaile— APA”* for A € GL(n), but the distancd (10) is not.

June 9, 2009 DRAFT



10

B. Flat metric for information matrices

The Information filter [3] utilizes a different parametriican (7, Y) to represent a Gaussian
distribution ¢g = P~'z andY = P!); this gives adifferentembedding ofG(n) in R x P(n).
One could make the argument that information matrices ar@m@ matural parametrization for
Gaussian distributions: in the canonical representatiddanssian distributions as an exponential
family [15], the information matrix is the natural paranmeta fact, one writes the probability

density function usind® . With this choice, the distance between distributions i&giby
d(G(0,P1),G(0,Py)) = |[P7" — Py ||r.

The Riemannian mean BI{G(0,P)} = G(0,E{P~'}~!). It is easy to see that, in the Lin-
ear/Gaussian/Bernoulli cas®[{G(0,P)} exists for all values ofy € (0,1], becauseP ' is

bounded byP_'. As in the previous case, the mean is affine-invariant, beitdistance is not.

C. Flat metric for square root of covariances

The matrix equivalent of the scalar standard deviation & gfuare root of the covariance
matrix; the eigenvalues of/ P are the standard deviations. The distance between dittritsu

can be defined as

d(G(0,P1),G(0,P1)) = [|[v/P1 = VPy|r,

and consequently the Riemannian meahlig5 (0, P)} = G(0, E{+/P}?). By Jensen’s inequality
and the fact thaP — /P is operator-concave, it follows th&@{\/P}?> < E{P}. Thus the
Riemannian mean for this distance exists in all cases vif@?} exists; moreover, as shown
by PropositioriL, in some cases, the critical probability foundedness di{/P} is strictly
less than the critical probability fdE{P}.

D. Fisher Information Metric

The problem we are analysing is special in two regards: 1) secancerned with doing

statistics on a certain manifolg(n); and 2) the elements of the manifolg{n) represents
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probability distribution themselves. The branch of staissthat studies the properties of the
families of probability distributions considered as a nfialdi is calledinformation geometrand
is a relatively recent development with respect to classiathematical statistics [26], [27].
From this point of view, the manifold has a natural metricegivby the generalization of
the Fisher Information Matrix (FIM) as a Riemannian metie recall the definition of the
FIM in the Gaussian case [15]. Assume that the availablergaBensz € R? have a Gaussian
distribution whose mean and covariance are parametrizeanbynknown parameté? € R":
z~G(u(0),3(0)). The FIM for 8 is then x n semidefinite positive matriZ|[6] defined as

Z(0].y = ggz*zw) g—g‘b n 1Tr {2(9)—1%{5?2(9)—1%5? } , (11)

The FIM gives the information contained in the samples alibatvalue of@; for example,
using the FIM one defines the Cramér-Rao Bound for unbiasémaisrs ascov(8) > Z[6]!

The FIM can be generalized to be a Riemannian metric for theifold G(n). If we restrict to
the submanifoldSy(n), given two elementX,Y € S(n) in the tangent space & (0, P), the

Fisher Information Metric is
g(X,Y) = —Tr{P 'XP'Y}. (12)

Compare[(IR) with the second term [n](11). The distance ieduxy this metric is (e.g., [19]):

1/2

d(G(0,P1),G(0,P2)) [Z log” ( P;h)) (13)

This distance is “natural” in the sense that it is linked te firobability of distinguishing the
two distributionsG(0,P,) andG(0, P,) by observing their samples, in a sense which is made
precise in [26]. Unfortunately, a closed form expressionvioiting M{G(0,P)} is not known.
The use of this natural distance ¢(n) ~ P(n) allows to show that some naive results
obtained using the flat metric on covariance are incorre&jt for example, in basic mathematical
statistics courses, one teaches that, given a set of sarfipléd ; from a distribution with

covarianceP, the bias-corrected sample covariance maRix = LS (- x) (e — )
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is an unbiasedand efficient estimator ofP, i.e. E{f’sc} — P and P., reaches the Cramér-

Rao bound. However, it is also well known thBt,. performs poorly at low sample support.
Smith’s [18] explanation to this conundrum is tHat, is not unbiased according to the natural
metric: M{P,.} # P.

Ignoring the Fisher Information Metric interpretationettistance defined by (1L3) is also natu-
ral for P(n) when it is considered either as a symmetric space, or as tteeqtispacésL(n)/O(n) [18].
The distance has several other useful properties in theexbof LGB filtering. (P(n),d) is a
complete metric space [13] and a geodesically completefoldnvith nonpositive curvature [20].
The distanced induces the usual topology [13] di(n). The distance is invariant to affine
transformations, and also to inversi#h— P~!; this last property is useful because one can
use either covariance matrices or information matridé$P} = M{P~'}~!, which is not true
if one uses the expected value. Using this distance it isedsy to show contraction properties
for the Riccati iterationg, h that guarantee the existence of the stationary distrib|Jti3].

It is possible to show that there is no “critical probabilit§ one uses this metric. To this
end, one should first prove that the system has a stationaybdition for all values ofy > 0.
This is done in the next section. Then, in Secfion JV-F, it ieyed that the Riemannian mean

of this distribution exists.

E. Existence of the stationary distribution

In this section, we prove the existence of the stationartidigion, for every value ofy > 0.
This can be done by using some results from Bougerol [13]rdiga the contraction properties
of the maps annci, and some results from Barnsleyal. [28] about the convergence of Iterated

Function Systents Once these results are recalled, the conclusion will bedthate.

We need some preliminaries from [28]. LéK,d) be a complete metric space. Lg,
1 = 1,...,n be Lypschitz functions fromX to X, that is, there exists; > 0 such that

d(fi(x), fi(y)) < sid(z,y) for all z,y in X. We say thatf; is “nonexpansive” ifs; < 1, and

2Because this paper is not available electronically yet,réfselts are stated here extensively.
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we say that it is a “strict contraction mapping” 4f < 1. Assign a set of probabilitieg;, to
these functions, such that > 0 and """, p; = 1. Consider now the Iterated Function System
{(fi,p:)} and the corresponding Markov chain, which we denfpte},i > 0. We say that a
measurey is “attractive” if, for every initial distribution ofZ,, the process?Z; converges in
distribution toy, that is,lim; ... E{f(Z;)} = [ fdp for every bounded continuous functigh
on X. It is an intuitive result that, if all thef; are strict contractions, then the process “tends to
forget” the initial conditions, and a stationary distrilmut exists. What is not trivial is that IFSs
converge in distribution with much weaker hypotheses, asvahby the following result.
Theorem 1:(Barnsleyet al. [28]) Suppose that thé¢; satisfies araverage contractivity con-

dition as follows: for allz,y € X,

- d(fi(x), fi
; pilog & é(;jy)(y)) <. (14)

Then there exists a unique, attractive invariant probighilieasure for the IFS.

Remark 1:Note that it is not assumed that the singleare strict contractionss{ < 1) or
even contractiongs; < 1). This theorem can also be generalized to the case in which the
transition probabilities depend on the state € p;(x)), although some additional hypotheses

are required [29].

We now recall the following from [13]:

Lemma 1:(Bougerol [13]) In the metrie/ defined by [(1IB),

1) The maps: andg are nonexpansive mapping&h(P,), h(P,y)) < d(P;,Ps), and equiv-
alently for g.

2) If A is non-singular,(A,B) is controllable,(A, C) observable, the compositiogi* =
go---og of n copies ofg is a strict contraction mapping; that is, there exigts=

p(A,B, C) < 1 such thatd(g(Pl),g(Pg)) < pd(Pl,Pg)

From these results, the following result is easily proved.
Proposition 2: If A is non-singular(A, B) controllable,(A, C) observable, then the station-

ary distribution forP exists for ally > 0.
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Proof: Consider the behavior of the system at intervals:odteps. This corresponds to
considering the “power” IFS™ = {(¢™,7"), (go h" 1, (1 —=7)"1),..., (h™, (1 —7%)")}, which
is created by alk™ possible combinations of lengthof the functionsg, h, with corresponding
probabilities. By Lemmallg™ is a strict contraction, and all the other combinations ae-n
expansive mappings. Therefore, assunmiing 0, the system satisfies the average contractivity

condition [14), and by Theorel 1 the stationary distributxists. [ |

F. Existence of the Riemannian mean for Fisher Informatiaetrid

After having ascertained that the stationary distribuasists (Propositiof]2), we now prove
existence of the Riemannian mean.
Proposition 3: The Riemannian mean of the LGB distribution for the distafi® exists for
all ¥ € (0,1].
Proof: The stationary distribution of the IFS = {(g,7),(h,1 — 7)} is equivalent to
that of the power IFSS™ = {(¢",7"), (go k"L, 5(1 —7)"~1),...,(h", (1 —7%)")}, obtained by
considering compositions of length of the functions(g, ) with corresponding probabilities.

We now build the IFSS™

pes?

a “pessimist” approximation t&”. By recalling thatg and h are
order-preserving, ang(M) < h(M) for all M [6], one can bound all mixed terms i h
in 8™ by h"™. Furthermore, one can also find an upper boundgfarbecause the system is
observable, the uncertainty is bounded over all the stadeespftern consecutive observation
are received. Therefordy, =S suppsp, 9" (P) exists and is bounde®,, < W, < co. Thus
the pessimist approximation 68" is Sp.. = {(Wyes, 7"), (A", 1 —7")}. Seeing the stationary

variablesP (for S™) and P,.s (for S7.)) as functions of the past infinite sequence of arrivals

pes

w = {7(0),v(=1),7(=2),...} € {0,1}, one has that
P, <P(w) < Ppes(w). (15)

To prove thatM{P} is bounded for ally, it is sufficient to show that the minimization
problem [9) is feasible for ally. To prove this, it is sufficient to show th@{d*(X,P)} is

bounded for some matriX; it is convenient to choosX = P... By (15) and Lemmal2 below,
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we obtain thatd(P.,, P(w)) < d(Pu, Pyes(w)) and thusE{d? (P, P)} < E{d*(Pw,Ppes)}- It
follows thatM{P} is bounded ifM{P,} is.

We now investigate boundednessifd?(P.., P,.)}. Choose arM such thatMP,, M* = 1
and do a change of coordinatts— MPM*. One finds thaE{d* (P, Ppes)} = E{d*(L,P...)},

pes

whereP! . & MP,.,M* > I. Note that becausg

pes

> 1, we can find the bound?(I, P, ) =

pos) pes

S log® (Ai(Ple) < nlog” (||Pe]|). An expression foP,.(k) can be written explicitly as
in the proof of Propositiohl1 as a function ofk), the number of steps passed without receiving
an observation (recall that one time step in the "Scorresponds ta steps ofS):

nt(k)—1
Poo(k) = ATOW (A" + 3" A'Q (A7)

=0
From this one finds the bouni®,.(k)|| < ¢ |A[**"™ for somee; > 0. Thusn log? (||P..||) <
7(k)%cy + 7(k)cs + ¢4 for somecy, cs, ¢y > 0. As in the proof of Propositiofl 1, the expectation
can be computed with respect t9k), and one obtains
E{d*(Py,P)} <7" i(l — ") [iPea + ics + ca] -
1=0

Series of the kindy_,i*z" with k¥ > 0 are convergent ifz| < 1, henceE{d?*(P,P)} is
always bounded ify € (0, 1]. Therefore, the Riemannian mean is always bounded. [ |

Lemma 2:For the distance defined ih_ (13p; < Py < P3; = d(P,Py) < d(Py,P3).

Proof: (sketch) First, reduce to the caBe = I by letting P, = MP,M*, with M chosen

such thatMP;M* = 1. Then verifyd(I, P;) < d(I, P}) by direct computation using (1.3). =
After one has proved the existenceMf P}, uniqueness follows from the fact that the manifold

has nonpositive curvature [23].

V. CONCLUSIONS

Algebra is the offer made by the devil to the mathematiciane @evil says: ‘|
will give you this powerful machine, it will answer any quiest you like. All you
need to do is giving me your soudive up geometrand you will have this marvellous

machine.’ [30]
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— Sir Michael Atiyah (1929-)

The righteous engineer must refuse the devil’s offer. Reiing problems in a geometric frame-
work usually allows to spot the hidden assumptions, ancetbes to check whether the results
have a physical meaning, or they are just figments of the meheal formalization.

The hidden assumption in the work of Sinopeti al. is that positive definite matrices are
treated as a convex cone Rf*". This is perhaps the most intuitive interpretation, and dasd
consequences in certain contexts, such as semidefinitegonogng [25]. However, this could
lead to incorrect conclusions when doing rigorous intansstimation This is well shown by
Smith’s example [18], that even though the sample covagianatrix is unbiased in the naive
sense £{P,.} = P), it is biased in the intrinsic sens@I{P,.} # P), thereby contradicting
what is taught in elementary statistics courses.

In the case of the Linear/Gaussian/Bernoulli filtering peotn, if one uses the average standard
deviations, instead of the average covariances, one ahdadifferent critical probability (Propo-
sition[1). It is pointless to discuss which critical prodapiis more critical than the other, but
surely considering the average error is more natural thasidering the average erreguared
The point is that the boundedness of the expected value tdmoonsidered as a criterion
for “stability”; there are plenty of well-behaved probatyil distributions which have infinite
moments.

Sinopoli’s critical probability is critical only in the see that it is the threshold under which
E{P} ceases to be meaningful as a performance measure. Undérréistdld, the qualitative
behavior of the system does not change, as one can see fr@eong the Riemannian mean
derived from the intrinsic Fisher Information Metric (Pagition[3) — that is possibly a less
intuitive, but more natural way to represent the concept afefage uncertainty”. Thus the
intense research effort in trying to characterizeseems misplaced; of more interest is studying

the entire LGB distribution [11], [14].

% Consider as an example the Pareto distribution, defineB(&X > x}) = =" for z > 1,k > 0: for this distribution,
E{X} is bounded only ift > 1, andE{X?} only if k > 2; yet it has a regular power law. All the statistics that remfite
change smoothly wheh goes through the “critical” values and 2.
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