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Abstract

Using tools from dynamical systems theory and systems identification theory we develop
the study of primitives for human motion which we refer to as movemes. We introduce basic
definitions of dynamical independence of LTI systems and segmentability of signals and we
develop classification and segmentation algorithms for two dimensional motions. We test
our ideas on data sampled from four human subjects who were engaged in a simple real-
life activity including two movemes. Our experiments show that we are able to distinguish
between the two movemes and recognize them even when they take place in an activity
containing more than one moveme.

1 Introduction

Building systems that can detect and recognize human actions and activities is an important
goal of modern engineering. Applications range from human-machine interfaces, to security to
entertainment. The first fundamental problem in achieving this goal is one of representation. Our
point of view is that human activity should be decomposed into its building blocks which belong
to an “alphabet” of elementary actions that the machine knows. We refer to these primitives of
motion as movemes. This word first came up in the work by (Bregler and Malik, 1997). Their
approach does not include an input and therefore is only applicable to periodic or stereotypical
motions, such as walking or running where the motion is always the same. (Goncalves et al., 1998)
also proposed to divide human motion into elementary trajectories called movemes. They dealt
with the problem in a phenomenological and non-causal way: each moveme was parameterized
by goal and style parameters. We attempt here to define movemes in terms of causal dynamical
systems; this way a moveme could be parameterized by a small set of dynamical parameters and
by an input which drives the overall dynamics. Our aim is to build an “alphabet of movemes”
which one can compose to represent and describe human motion similar to the way phonemes are
used in speech. Two more problems we address are the ones of segmentation and classification:
can a continuous trajectory of the human body be decomposed automatically into its component
movemes?
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We validate our ideas by analyzing the mouse trajectories generated by computer users as they
“point-and-click” (we call this the reach moveme) and trace straight lines (we call this the draw
moveme).

2 Axiomatic Perspective on Movemes

This section is concerned with the theoretical aproach to the study of movemes: we give a few
basic definitions and set up the requisite mathematical framework. Let M = M (6) denote a class
of linear time-invariant (LTI) dynamical systems parameterized by 6§ € R™ and let U denote the
class of allowable inputs. Let y(t) = O(M(0)|.y,) denote the output of M () once parameter
0 € R?, input v € U and initial condition Yy € R™ have been defined.

Definition 2.1 Let M () = M(6), 0 € C® and MP(0) = M(9), 6 € CP denote two subsets
of models in the class M parameterized respectively by § € C* and § € CP with ¢/ C R™, for
j = R,D. The two sets M%(0) and MP(0) are said to be dynamically independent if:

(i) the class M and the class of inputs U are such that O(M(61)|u,v,) = O(M(02)|uy.y,) iff
(01, u1) = (62, uz) for uy € U and us € U ;

(i) the sets C® and CP are non-empty, bounded and linearly separable.

A set M = {M!', ..., M'}, where M(0) = M(9), § € C* and M* C M, is said to be a set of mu-
tually dynamically independent model sets if all the pairs {M*, M7} are dynamically independent
for i,7 € [1,1].

The linear separability requirement for the sets C* and CP can be relaxed, in a more general
framework, just to separability.

Each of the elements of the set M of mutually dynamically independent model sets is called a
moveme. Let M7 € M be a moveme. We let 37 (t) = O(M7(0)|uy,) = O(M(8)|.y,) denote the
moveme output for M7 once the parameters §# € C7, input u € U and initial conditions Y| are
determined. Given a signal y(t), t € [to, N], let s1(t) and s5(t) be the two signals defined as

s1(t)

sa(t)

where n € (to, N]. We let (s1(t), 52(t))n denote the segmentation of y(t) at time n.

=y(t), t € [to, n]
= y(t), te [nv N] ) (1)

Definition 2.2 A signal y(t) is said to be segmentable if there exists n* € (tog, N) such that the
segmentation at time n*, (s1(¢), so(t)),+, satisfies

si(t) = OM(01)]uy, ) t € [to,n] (2)
s2(t) = O(M(02)]uy,.), t € [n*, N]

for some wuy, us, , Yy, Ynx, 01, O with (61, u;) # (02, uz). The couple (s1(t), s2(t)), defined here is
refered to as the actual segmentation.



Proposition 2.1 A moveme output y*(¢t) = O(M"(0)].y,), t € [to, N], is not segmentable.
Proof. Let (s1(t), s2(t)), be the segmentation of y*(t) for any n € (ty, N). Suppose for t € [to,n]
s1(t) = O(M(01)lu,v;,) and s2(t) = O(M(02)|us,v,,), t € [, N|. Also s1(t) = O(M*(0)|uy;,): t <1
and so(t) = O(M*(0)|uy,),t > n. Therefore O(M(601)|u, v)= O(M(0)|uy,), O(M(02)|uyy,) =
O(M(0)|.,y, ) which by (i) of Definition 2.1 implies (61, u1) = (0,u), (62, u2) = (0, w) which in turn
imply (01, u1) = (62, u2) that contradicts Definition 2.2. [

Proposition 2.2 If y(t), t € [to, V], is segmentable, then the actual segmentation is unique.

Proof. Let (s1(t), s2(t))n as defined in (2) be the actual segmentation of y(t). Suppose there is
an n < n* such that (8,(t), 52(t)), is an actual segmentation, then since n < n* we have §(t) =
O(M(61)|uy vy ), t € [to, ] and 33(t) = O(M(61)]u,.y,) for t € [n,n*] while 35(t) = O(M(62)|u,.yv,.)
for t € [n*, N] which means by Definition 2.2 that 3,(t) is segmentable. Therefore (§(t), S2(t))s,

is not an actual segmentation according to Definition 2.2. The same argument holds for n > n*.
O

In this work, the choice of the model class M is restricted to second order linear systems described
by

i) =0"p(t) (3)
where 6 € R? and o7 (t) = (—9(t), —y(t),u(t)), with input u(t) = 1(t) € R. Given any signal y(¢),
t € [to, N] whose dynamics is driven or not by (3), we can determine the best representative of
y(t) in the class M by minimizing ftiv(y(t) — 0T p(t))2dt with respect to 6, so that

f = argmin / (§(t) — 6% p(t))*dt (4)

to

to get ) .

g(t) = 0"@(t)  @lto) = p(to) , (5)
where ¢(t) = (=y(t), —g(t), 1(¢))7. We verify that the class (3) satisfies property (i) of Definition
2.1 by using the following lemmas.

Lemma 2.1 For any C? time signal y(¢) given by

(0 1 0 0
T e ) T e ) T ae (6)

y=(1,0)x

with d(t) white noise or d(t) = 0, let A;,\» denote the eigenvalues for system (6), E = {(vy,v)" €
R? : vy = A(vg — 2—2), A= A1, Ao} and ()T = (—=y(t), —y(t), 1(t)). If z(ty) ¢ E, then the matrix
t1
to

Proof. Suppose the assumptions hold and suppose ftiv o(t)p(t)Tdt is singular, then there is a
vector v € R?® such that Liv(ngo(t))th = 0 which implies (vTp(t)) = 0 Vt € [to, N]; then y

o(t)o(t)Tdt is nonsingular.



satisfies also the differential equation § = —ay + b for some a and b. Assuming first d(t) = 0 we

have
(0 1 A
T\ e, -0, )" 0y

0 0
2 g4 28

which leads to

To =

_91—a 91-(1

and, with the second equation of (7), leads to

- 91?\/9%—492 -
a = B ——)\172

05 05

bzel_a:GG—Q (8)

and
Z'Q(to) = —afﬂl(to) + b. (9)

Substituting the values of a and b of (8) into (9) we find z5(tg) = Ax1(ty) — )\g—z where A = A\, Ay
which contradicts the assumption. If d(t) # 0, equation (7) becomes

T = ( —092 —191 )“ ( 93+Od(t)>

o =—ar1+0b. (10)

and by solving in function of x; we find a?r; — ab + b = byxy + O1ax; — 610 + 05 + d(t) which
implies x; = ad(t) + 3, for suitable constants a and (3. Using the second equality of (10) we find
ad = —aad(t) — af + b which means that d(t) has to satisfy a first order linear system which
contadicts the assumption that d(¢) is white noise. [

Lemma 2.2 Given the two dynamical systems

i (t) = 0{ o1 (t)
ja(t) = 03 pa(t) (11)

t € [to, N], assume ¢1(tg) = pa(to), then y;(t) = yo(t) Vt € [to, N] iff 6, = 6,.

Proof. (<) if 1 = 05 and ¢, (ty) = wa(to), by the uniqueness of solutions we have y; (t) = ya(t).
Proof. (=) It is equivalent to prove that if ; # 0, then y;(t) # y=(t). Suppose instead that
y1(t) = yo(t) Vt € [to, N], but 6, # 02 then we have y1(t) = 92(t) and 7 (t) = ¥a(t), then using
(11) we get (0; — 09)T(t) = 0 Vt € [to, N], where p(t) = p1(t) = po(t). This implies also that
(61 — 02)Tp(t))? = 0 which integrated gives ftiv((ﬁl — 605)T(t)?)dt = 0 which leads to

(61— 6a)" [ olt)o(t)"dt (6~ 02) =0

to

which in turn implies (0; — 6;) € Ker (ftiv o(t)p(t)Tdt) which contradicts Lemma 2.1. [

4



We will focus on the case M = {M* MP}. Recalling Definition 2.1, we define the centers of
the two sets C® = {fg} and CP = {0p .} to be:

1 |CF|
— 0
CR \CR] ; Rk
1 1P|
= 0

where |CY| denote the cardinality of the set C7. From here on we assume that C* and CP are
two balls in R? with centers in cp and c¢p and radii 7z and rp respectively, i.e.,

C" =B, (cr), CP =B,,(cp) . (12)

In this section we have proposed a definition for moveme, and on the basis of such a definition
we showed the main properties that hold for moveme outputs. We have defined the particular
model class M chosen, the set M of movemes and the sets C and CP which parameterize the
movemes.

3 Segmentation Problem

Given any signal y(t), t € [to, N] which can be either non-segmentable or segmentable into
two movemes outputs we would like to consider the problem of finding its actual segmentation
(s1(t), s2(t))n+, in which n* = N for the non-segmentable case. We start by looking at the simplest
case in which y(t) is generated by a nominal system and then we extend the result to the case of
a perturbed system. Given any signal y(t) let (s1(t), s2(t)), be the current segmentation at time
n € [to, N]. Then we define the approximation error, e,, as

1 n

0< e == [ -5 0P + 5 [ —noF. 03

n_to to

where §1(t) and $5(t) are the best representatives in the class M of s1(¢) and ss(t) according to
(4) and (5). Similarly, we define the parametric error, e,, as

0 < ey(n) = [l6r — ¢l + 162 — ci (14)

where j = Rif 6, € CRor j = D if 6; € CP, and analogously for 1.

3.1 Nominal case

Consider the segmentation problem, with i € {R, D} and j € {R, D}, for the nominal system

o O(t) te [to,n]
) = {c;rgpo(t) t € [n*, N]

ci ¢'(n") = ;" (n") . (15)
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Letting (s{(¢), s3(t)). be the segmentation at time n of y(t), output of system (15), we show that
the quantities e)(n) and e)(n), computed as in (13) and (14) with s; = s, 53 = 53, 51 = 37,
8y = 89, 0, = é?, Oy = ég, admit their global minimizer at n = n*, and that they satisfy first
and second order necessary conditions for a minimizer in n*. The problem of finding the actual
segmentation point becomes a locally convex minimization problem.

Lemma 3.1 Let ¢)(n) and e)(n) be defined as in (13) and (14) for system (15), then eJ(n) = 0
iff n =n* and €)(n) = 0 iff n = n*.

Proof (<) Consider (s)(t), s5(t))n for (15) and suppose n = n*, then §9(t) = c¢/'¢%(t) and 3(t) =
T QO(t). Solving (4) for 09 with §°(¢) = ¢I'¢°(t) and for 69 Wlth §°(t) = ¢ ¢°(t), we find:

[e=]

( / 1) (1)) (e — 89) = 0

to

N
([ SO - =o.
Applying Lemma 2.1 we derive 9 = ¢; which by (5) implies s0(t) = 89(¢), t € [to,t*], and 89 = ¢;

which implies s9(t) = §5(t), t € [t* N]. Then by (13) and (14) we obtain the result.
(=) Suppose eg(n) = 0 and €)(n) = 0, for n < n*, we show that this leads to contradiction. Let

(s9(t), s3(t)), be the segmentation at time n for system (15) then solving (4) for 9 we have

N
09 = argmin / (G (t) — 07 (t)°)at

and computing the derivative with respect to 6 with

() — {cmw € [n.n] 16)

we find

i = (["ooeera) ([T oosera)es ([T oosea)e] wen

Solving ) "
A= avgmin [ () ~ 070)

" 0= ) e o) )

e Rmn)=c¢ n<n* (19)



Recalling expression (14), in order to have e)(n) = 0 we should then require (17) to be equal to
c¢p which leads to

( /n ’ soo(t)soo(t)Tdt> h K /n " <p°<t)so°(t)Tdt> i+ ( /n N soo(t)soo(t)Tdt> CJ}
- (/nN soo(t)soo(t)Tdt) h K/HN soo(t)soo(t)Tdt> Cg} =0, (20)

and splitting the last integral into two parts we obtain

(/nN wo(t)wo(t)Tdt> - [(/ﬂn 900(75)900(75)Tdt)] - e) =0

that is satisfied if (¢; — ¢;) € Ker( f: WO (t)"(t)Tdt) which contradicts Lemma 2.1 according

to which Ker(f:* OO (t)° ()T dt) is empty for n # n*. Therefore e,(n) = 0 is not satisfied for
n < n*. As far as e,(n) is concerned, recalling expression (13), in order to have €2(n) = 0 we need

s9(t) = 85(t), where according to Definition 2.2 s5(t) given in (16) results to be segmentable,

while 8(¢) is clearly a moveme output since we have by (5) that 53 = (9)73°. Then s9(¢) = 89(¢)
implies in turn that 89(¢) is segmentable which contradicts proposition 2.1. The same analysis

can be repeated for n > n*, we report here for completeness the expressions for 6, (n) and ég(ﬂ):

o = ( I wO(t)wO(t)Tdt)l ([ ermewra) e+ ( I L) o] 0

(21)
B(n)=c¢; n>n*. (22)

O

—pk —

Lemma 3.2 Let €)(n) and e)(n) be defined as in (13) and (14) for system (15),

0 and de”(n ln=n= = 0; moreover there exists an interval I°, with n* € I° in which €2(n ) and ey (n)
are C! functlons

Proof. We first show that 09(n) and 6(n) are C" functions of n. To start consider the expressions
computed for 69(n) and 6(n):

iy = (BP0 @man) " [(17 opwra) es (Y@ ara)e] n<n

N n>n*
(23)
and
A i n<n*
MO (e meera) [ So@ara g+ (7 SOR@TE) ] 0o
(24)



by applying standard classical analysis argument we conclude that since ©°(¢) is a continuous
function of ¢ and by Lemma 2.1 frfv () ()" dt and [ °(t)°(t)"dt are nonsingular, then
09(n) and 09(n) are C" function for n € (ty,n*) and n € (n*, N). To check if they are C' at n*
we compute if the limits R

lim 69(n)

n—(n*)~

are equal to

respectively. By the first expression of (23) we find
lim 69(n) = 63(n*) =¢;

n—(n*)~ J
and by the second expression of (24) we find
lim 6(n) =6(n*) =¢ ,

n—(n*)*t

then #9(n) and #(n) are continuous at n*. For the derivative we find

. -1 R
déd(n) _ (foV gpo(t)wo(t)Tdt) (W (n)°(n)T(09(n) —¢;)), n<n* (25)
dn 0 n > n*
and
i 0 n <n*
do3 (n) _ » ) (26)
dn | ([re O @Tdt) (LT @) - ), 0>t
Then, taking the limits we find that li(m)_% = 0 and h(m)+% 0 since, by (15),

0 (n*) = ;Fgoo(n*). Then the derivatives are also continuous at n* and their value is zero. Then

déd(n)
-0
dn
dé°(n)
f— 2
- 0 (27)

(28)
From expression (14) by computing the derivative with respect to n we find that e,(n) is also C*

and by (28) = 0. Note that to assert the continuity of e)(n) we need to assume that 0, € C
and 0, € CV When n varies around n*; therefore to guarantee that this is the case we require

A T ~ T;
162(n) = sl < 5 162(n) = eill < 5 (29)



where 1; = rp if i = D and r; = rp if i = R and the same for r;. From expressions (24) and (23)
we find the interval around n* in which (29) is guaranteed; we call I° this interval and we find
that

TpA~ rpAt
200 ([[erll + llenll) + rpdar” 20 ([erll + llenll) + rrém

N
Ai = )\min (/ §00<§00>Tdt)

*

A+ = )\min (/ §00<§00>Tdt)
to

o = max][ (1)

IEEY

]Oz{n:|n*—n|§min(

where

As far as e,(n) is concerned, expression (13) with
N =0m"a(1), t<n

5(t) = 05(n)"¢a(t), t=n

turns to be a continuous function of n since 8(t,n) and 59(t,n) coming out from the above
differential equations are also continuous functions of n because 6(n) and 69(n) are so. Then

ea(n) = {N fn (5 (t) — ( n) 2, n<nt (31)

L [™(%(t) —8%(t,n))2 n>n*

n—tg Jtg

which is continuous at m = n* since in such a case s9(t) = §9(¢,n*) and sY(t) = 8J(¢,n*). For the

derivative we have

N N A
o G0 - e [ - s %5 e

ddn) e (s3n) — ()
| i [ = ez [t - ey

L o 20 2 n=n
{ _to — n(31(n) $1(n,n))

32
from which we see that nli(zr})_ de;%(l") = nll(ni)+ degr(ln) = 0 since when n = n* the signals s! an<(i sé

coincide with their estimates. [

Therefore €] (n) and e))(n) are C* functions in 1%, both their derivatives are zero at n = n* and at
such a point they have their global minimizer. It follows that they are locally convex and therefore
they satisfy at n = n* the first and second order necessary conditions for a minimizer. The problem
of finding the sctual segmentation point is then a locally convex minimization problem.
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3.2 Perturbed case

We want to solve the segmentation problem for a signal y(t), t € [to, V], which has been generated

by a perturbed version of (15), namely by

. ci +ov)To(t) +d(t) € [to,n*
(¢j +0va) p(t) + d(t) € [n*, N]

where § € [0,4], v; and vy are unit vectors, d(t) € [~d,d| Vt € [to, N] is a bounded zero mean
disturbance. Here § represents the uncertainty on which particular models M7 (6;) and M*(6;) in
the classes M7 and M? are generating the dynamics. We just know that 6; = ¢; +dv; € Bs(c;) and
6; = c; + 0v; € Bs(cj), with 6 an unknown positive real for which we have an estimate of the set
in which it lies. In the nominal case we showed that the segmentation problem can be solved by
finding the minimizer for either e)(n) or e)(n), which is locally a convex minimization problem.
With structure (33) we are not guaranteed anymore that e,(n) and e,(n) have a minimzer at
n = n*, we then look for a reasonable function to minimize, whose minimizer is still close (and we
shortly will define what close means) to n* under suitable assumptions. We could minimize just
eo(n) given in (13), but as we will show soon the obtained estimates 6; and , are moved away
from ¢; and ¢; by the presence of disturbance d(t) and parameter uncertainty 6. In order to let
0, € C* and 0y € CY lie in the sets Bs(c;) and Bjs(cj) in which 6; and §; lie, we can either constrain
6, and 6, to lie into balls of radii & around the centers ¢; and ¢j, either minimize ey(n) while
minimizing e,(n). We choose the second option since in general we do not know a priori what
1 and 7 are, we then reformulate the problem of segmentation as an unconstrained optimization
problem so to exploit the results of the previous section. In order to minimize to competitive
quantities we choose as function to be minimized the product e,(n)e,(n).

Lemma 3.3 Let fO(y) and ¢°(y), ¥ € [yo, yar] be C' non negative functions which admit their
global minimum at y* with fO(y*) = ¢°(y*) = 0. Denote with I the smallest of the convexity
intervals of fO(y) and ¢°(y) around y*. Let f(y) and g(y) be perturbed versions such that:

foly) —e < fly) < fOy) +« (34)
9°(y) —A < gy) <g°(y) + A

for all y € I° C I and y* € I°. Then the minimizer § € I° of f(y)g(y) is such that

(eb+ Aa) + +/(eb + Aa)? + 8Aba

= *2<
(7 —y") oia

(35)

for suitable positive constants a, b, a, b.

Proof. For the function f(y)g(y) we have

P W) (y) —eg’(y) — Afy) —eA < fg < ()9 (y) +e9°(y) + Af(y) + €A

Inequality (35) is found by considering that the minimizer y € I° has to satisfy f°(%)¢"(y) —
eg®(y) — Af°(y) — 2eA < 0. We solve for g by letting a(y — y*)* < f(y) < a(y — y*)? and

10



by —y*)?* < ¢°(y) < bly—y*)*fory € 1°. O

We proceed with the perturbation analysis: how 6, and 6, vary with respect to the nominal
case (19) and (17), how the signals s;(¢), s2(t), and their estimates $(t), $2(¢) vary with respect
to the respective nominal signals s(t), s5(¢), 89(¢), §5(¢) introduced in the previous section.

Lemma 3.4 Let

§° = cT(t) (36)
ij = (c+6v)Tp(t) +d(t) (37)

be the a nominal and the related perturbed system, with 0 < § < § and |d(t)| < d V¢ . If the
nominal system and its perturbed version are asymtotically stable and ¢°(ty) = ¢(to), then there
exist two positive constants k; and ks such that

lp(t) = PO < k10* + kod? , Vit >t (38)

Proof. Consider the state space representations:

:‘cO:(_OCQ _161>x0+(003) (39)

and

. 0 1 0

T = ( —(cg + 0vg) —(c1 + 0vy) ) T+ ( Cs + 603 > (40)

0 1
_ S (PNT 0(4) — (4,0 S0 (4T =~ _ 0 _
where x(t) = (y(t),9(t))" and 2°(t) = (v°(¢),9°(¢))". Let & = 2" —x, A ( (st 6vs) —(ex + 6vy) )
and A° = ( OC . ) and construct the error system:
—C2 —C1

i=A® +b+ Az +(0,1)7d . (41)
Consider the Lyapunov function V = %fTi for system (41), deriving it with respect to time we

have ‘
V< =21 + o122 + (12|16 + || Z]|d

where A is the eigenvalue of A with smallest absolute value (it is negative since A is a.s. by
assumption). Completing the squares we have:
: Loz L Lo o 2, kg
V< =(IA = DI+ k6~([[27]] + 1)7 + S [l d]]
k 2 2
in which k£ can be chosen so that A — % < 0, choose k = %, then

ye e Mo on e L7
< L] 1]
V< =Sl + S + 12 + )
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in which the second term is bounded by virtue of BIBO stability. Then if we assume that Z(ty) = 0,
then 72 will never leave the ball centered in the origin of radius $02(||z°|| 4+ 1)® + %[|d||>. Then,

since [|o(t) — ()] = || ( YD) —¥®) have the thesis with ky = 1([[z] +1)2 and &y = L
2 ()] = || y(t)—yo(t) |, we have the thesis wi 1—2(Hx [+1)% and ky =

The following lemma gives the relation between e,(n) and e)(n).

Lemma 3.5 Let (sq(t),s2(t)), be the segmentation at time n of the signal y(t) generated by
system (33); let ep(n) be the parametric error as defined in (14). Let (s ( ), 85())n be the segmen-
tation at time n for y°(t) generated by the nominal system (15) and let e)(t) denote the parametric
error for the nominal case. Then for n € I° there exist functions & (TD,T‘R) and d(rp,rg) such
that, if 0 < 0(rp,rr) and d < d(rp,rr) we have

dn) —A < ep(n) < eg(n) + A (42)

p
with A = ka1 (d+ d® + d*) + ka2(0 + 02 + &%), ka, and ka o suitable positive constants, r and

rp given in (12).

Proof. We first find the expressions for 0;(n) and y(n) by solving (4) for f; and 6, in analogy to
what done in the nominal case. Then we find

cl + 0vy) + [ft )Tdt] B ftg w(t)d*(t)dt n < n*
b — A so(t)w(t)Tdt] ([ ettt o) + 3)

O fo . n > n*

| ewewra] ([ ewpterare <)+ [ anana)
and

A i [/nlgo(t)gjv(t)Tdt} (/n @(t)w(t)Tdt]ici + 5u1)> + o
BV oo ([ ewenmae +om + [ ewda) )

(e +d00) + [ loo(e)Tat] [ plt)(ys n>ne

To establish a relation between these expressions and the respective nominal case expressions (24)
and (23), we substitute above ¢(t) = ¢°(t) + ¢(t), with [|@|| given in (38), and find

61(n) = 09(n) + 61(n) ,

; ; s (45)
101(n)[| < ki1 (d + & + d°) + ki2(6 + 6% + 6°)
for suitable constants kj; and k5 not depending on n.
02(n) = 03(n) + 0>(n) o

162 ()| < Far(d + & + d*) + kna(6 + 6° + 6°)
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for opportune positive constants kg; and kgs not depending on n. In order to compute the rela-
tionship between e,(n) and e)(n) we assume that ¢; and ¢; of expression (14) are the same for
perturbed and nominal case. By (29) in order to guarantee ||é1( )—¢|| < r; and [|6a(n) — Gl <rj
for all n € I° it is sufficient to ask [|61]| < % and ||fo]| < % for all n € I°. Combining these two
with the bounds for ||6;]| and ||f|| given in (45) and (46) we find bouds for § and d which we call
5(TD,TR) and d(rp, ). Finally we obtain ¢, = ||02—c]||+||91—c,|] = ||90+92—cj||—|—||90+01—cz|| <
ep + ||91|| + ||92|| which gives the result with ka1 = k11 + ko1 and ka2 = k12 + koo O

The following lemma gives the relation between e,(n) and €2(n).

Lemma 3.6 let (s1(t), s2(t)), be the segmentation at time n of y(t) generated by (33) and let
ea(n) be the approximation error as defined in (13). Let (s9(¢),s9(¢)), be the segmentation at
time n for signal y°(¢) generated by (15) and let €2(n) be the nominal approximation error. Then

ed(n) —e <ey(n) <el(n) +e (47)

a

with & = k.1 (d+ d? + d* + d®) + k.2(0 + 02 + 6% + 6% + 6°), for k.; and k., opportune positive
constants.

Proof. We proceed by finding a relationship between s1(t), sa(t), $1(t), $2(t) and the respective

nominal quantities s9(¢), s9(¢), 8(t), 83(¢). Suppose n < n* (n > n* is equivalent). Then segments

s1(t) and s%(t) are generated respectively by

51(t) = (¢ +0v) p+d(t), tEeltyn] (48)
§9 = ' tefty,n]. (49)

Applying Lemma 3.4 to the nominal and related perturbed systems given in (49) and (48), we get

s1(t) = () + 51(t) . [51()° < kiyo” + kiy d”
where the superscript “—” indicates the case n < n*. For sy(t) and sY(t) generated respectively
by
. ¢ +ov)To(t)+dt) tenn
) = e e e )
(c; + dv2)" (t) + d(t) t € [n*, N]
TO0(t)
cj’(t) telt, N
Applying Lemma 3.4 to nominal and perturbed systems given in (51) and (50) we find
so(t) = s9(t) + 52(2), 3o(t) > < k3707 + K3y d* .
For the estimates we have that §; and § are generated by
Su= (@ +00)"(t)  t € [ton] (52)
R=00), telton]. (53)
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Applying Lemma 3.4 to (52) and (53), with 6 = ||6;]| and d = 0, we find
S =8O+, 1RO <K
Applying the same argument for 3, and 59 we obtain
) =80 + 50, B0 < K12

We can apply the same arguments in the symmetric case n > n* to obtain the same relations
obtained above with the superscript “+”. Therefore we finally obtain for all n € (t9, N)

~+

5107 < K107 + kiyd®

VAR
=

= s;(t

(t O+a), | *
52(t) = Sg(t)+§2(t)7 |§2<t)|2§k§152+k§2(?7
at) = 2OLED,  BOR<BIGI,
W) = O LhD), O < k6. (54)
Finally rewriting e,(n) as
1 " 0 ~0 ~ ~0 0\\2 1 N 0 ~0 A~ ~0 0\\2
ealn) = / (59— 80) - (51— 82+ 51 — sD))2dt + / (59— 80) + (8 — &+ 5 — s0))dt
n—to Ji, N-—-n/J,

and developping the suares we find

1 " A~ X ~ X ~ 1 N ~ X ~ = ~
eq(n) = eg(n)+n ; / (2(8(1)—5(1])(81+81)—|—(81+81)2)dt+N n/ (2(55—89)(82+82)+(52452)?)dt .
— L0 Jtg - n

Using (54) with (45) and (46) we find (47). O

Then we can combine results 3.5, Lemma 3.6 and Lemma 3.3 to derive the main result:

Theorem 3.1 Given system (33), there exist functions 5(rr,7p) and d(rg,rp) such that if § <
d(rr,rp) and d < d(rr,rp) then the solution of the segmentation problem for y(t), found by
minimizing the product e,(n)e,(n) over n € I°, is the real i which satisfies

(eb+ Aa) + \/(eb + Aa)? + 8Aba
20a

(7 —n*)? < (55)
with A = ka1 (d4+d+d*) +ka2(0+0*+0%) and & = ko1 (d+d*+d* +d*) + k5 (6+62+6°+6*+09),
a, b, a, b positive constants, rp and rr defined in (12).

Proof.

It is a direct consequence of Lemma 3.5, Lemma 3.6 and Lemma 3.3. Infact Lemma 3.5 and
Lemma 3.6 show that the functions e,(n) and e)(n), ey,(n) and e)(n) satisfy the hypothesis of
Lemma 3.5 which can be applied with n = y.e, = f, €] = f°, ¢, = g, €) = ¢°.
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4 Appendix

4.1 Exact computation of bounds (45) and (46)

We consider the computation for 0, since for 6 the procedure is the same. Given relation (38)
we can write

b b b b b
/ w(tw(t)Tdt:/ ¢O(t)90°(t)Tdt+/ @ (t)p(t )Tdt+/ P(t)e ()Tdt+/ @(t)@(t)"dt ; (56)

letting @ = [ o(t)p(t)Tdt, B = [P ()G dt+ [ pt)e°(#)Tdt+ [ G(t)p() dt and (90)) =
fab OO (1) (t)Tdt we rewrite (56) as

and by (38) ® is such that:
1®5o] < (b—a)sup2ll’ OOl + eI < (b=a) 2l | (VE1d+ V/ko8) + krd? +k2b7) (58)

Considering expressions (24) and (43), by adding and subtracting in (43) expressions (24) we can
rewrite 6, as

09(n) + ovy + (@7 ]~ fto e(t)d(t)dt n<n*
4, () + [(9F)° + B3, 7 (9F)) (— 85, (@) + (#)°c;))

N - N . n n>n
+[(@7)° 4+ Q7 1T (@)1 (@2)°(R ¢ + Plhucy + 6P vy + 6Pva + / gp(t)d(t)dt))

to

and using (57) and (58) we obtain (45). The same procedure holds for 6.

5 The Segmentation Algorithm

The actual segmentation algorithm, implemented in MATLAB 6.0 and then run on real data,
minimizes the function E(n) = ey(n)eq(n)(a+eq(n)), in which we introduced the additional term
eq(n) defined as eq(n) = |51(n) — 82(n)| +[82(N) —y(N)|. This term accounts for the discontinuity
of the estimate at ¢ = n and the discontinuity at ¢t = N; both terms are shown in figure 1. The
constant « is arbitrary positive. The general structure of the minimization algorithm is

- specify a guess of solution ng

- while 2 <

Ng+1 = nk + Any,

- stop

15



0.6

discontinuity at time N /
’/jiscontinuity attime n

0.4

X(t)

0.2
solid line = actual signal

dotted line = estimated signal

n n

. . .
0 0.5 1 15 2 25
time(seconds)

Figure 1: Discontinuity terms

Typically one would choose An; = —dgfln)|nknk, with 7 chosen according to the backtraking
technique for example (see (Nash and Sofer, 1996)). It is verifiable in a few steps that %7(1") <0
is equivalent to

/

ep(n) eg(n) e&(”) < O ’ (60)

ep(n)+ 0 eun)+v  a+eqn)

where # and v have been introduced to avoid having zero denominators and they are positive
arbitrary constants. This form is nice because it gives evidence that in the minimization process
we are looking at each step for a global percentage decrease of the functions e,(n), e,(n) and
eq(n). Since in practice we have just a sampled version of the functions e,(n), e,(n) and eq(n),
where n is a non-negative integer, then the derivatives need to be repaced by finite differences. It
can be shown in few steps that (60) becomes

ep(n) —ep(n—1)  eu(n) —e(n—1)  eq(n) —es(n—1)

_l’_
D e R R Y O P P D

<0 (61)
and at each step n « n+1. To avoid to end up into local minima the structure of the minimization
algorithm has been transformed to
- let n® = ng be the initial guess of the minimizer
- for n=1,2,3,... check if n° is not the optimum, i.e. if
ep(n) = (1) caln) — ea(n?)  caln) = ea(n®)

ep(n)+2€p(n°) +8 ea(n)gea(no) +v a4+ ed(”)";ed(”o)

<0 (62)

update the new minimizer n° to n.
- set n to n°.

Definition 2.2 clearly establishes that the output generated by system (15) is segmentable. The
same definition does not apply to the output of system (33). Then let y(¢), t € [to, N], be the
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output of system (33), we establish that y(¢) is segmentable if
ep(N) > 0.5e,(7) , (63)

where 7 is the minimizer found with the process described above. Since we also have also a sampled
version of the signal y(t) instead of representation (3), we use a discrete time LTI representation,
see (Ljung, 1999),

T (64)
p(t) = (=y(t =1),—y(t = 2),1(t = 1)) ,

so that we avoid measuring the acceleration and we just measure the output y(t) itself.
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6 Experiments

To validate our starting hypothesis that there may exist a set of atomic motions, we registered
the trajectory of the hand in the plane when the person was asked to accomplish two different
tasks which at a first glance seemed to be indistinguishable. We chose the two actions “reach a
point” and “draw a straight line”.

6.1 Dataset

0.9r- 091
0.8 1 0.8
0.7 0.7
0.6 0.6
051 I 051
04r 041

031 031

Figure 2: Screen setup: on the left the setup for a reach sequence, on the right the set up for a
draw sequence which shows also the trace acquired in the experiment

We carried out our experiments on trajectories captured on four human subjects. Two simple
videogames were implemented in Matlab for this purpose on a commercial PC running Win-
dows NT. The screen of the PC measured 1600 x 1200 pixels® and the working window was
800 x 600 pixels®. The position of the mouse cursor was tracked from Matlab using the function
“get(gca,’Current Point’)” which sampled the data at approximatively 100Hz if the mouse in the
working area was mooving. In the first “point-and-click” game a “sequence” was initiated when
three about 20 x 20 pixel boxes appeared at random positions on the screen. The user, starting
from a base location, had to point and click inside each of the boxes and then click inside a box
indicating the base to terminate the sequence. In the second “point-and-draw” game a “sequence”
was initiated when a straight line with marked extreme appeared at random positions and incli-
nations. The user starting again from a base location had to point the marked extreme of the
line and then trace a new overlapping line, then click inside a box indicating the base the end of
the sequence. This second game had an other option in which two connected lines with random
inclinations and positions were appearing instead of one. The users were allowed to practice for
approximatively 3 sequences for each game so to carry out each task in a natural way. In total
about 70 sequences for each task were captured for each of the four subjects. The average length
of a point-and-click sequence was 157 points and for a point-and-draw sequence was 182 points.
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Figure 3: Examples of a z reach raw sequence (on the left) and of a draw raw sequence (on the
right)

Figure 2 shows the screen setup. In Figure 3 we show the raw data acquired with the described
experiments. By looking at the velocity profiles of a reach and a draw motion, we notice how
these motions are different: for a reach motion we have a kind of bell shape profile, while for the
draw motion the velocity has almost a trapezoidal profile. The same kind of profiles are obtained
in all the experiments and across all the subjects. This distinction suggests that from a dynamical
point of view these two movements are generated by clearly different dynamics.

6.2 Classification Problem

For each reach sample and for each draw sample we used (64) to model the dynamics on y and
x axis and (4) (with the mentioned modifications for the discrete case) to estimate the reach and
draw parameters 0z = ((6%)7, (0%)7))" and 6p = ((65)7, (6%)7))", where the superscript denotes
the axis (y or x) whose dynamics was considered for the parameter estimation. The first problem
we deal with is the one of correctly classifying a new reach or draw sample as reach or draw based
on the dynamical parameters estimated for a training set of reach and draw samples. Then given
a training set of reach/draw parameters, which we call % = {fp,} and ©P = {p} respec-
tively, we train a classifier to distinguish between the two sets of parameters. We use the Fisher
classifier (see (Bishop, 1995)) for x and y parameters separately which projects the parameters
along the first two Fisher linear discriminants; in other words we find based on the training sets
a linear transformation which maps the above sets into the sets C® and CP respectively. The
distribution of x reach and draw parameters for a typical user is shown in Fig. 4 and it is clear
that they separate. Then we train a linear neural network with signum activating function to
classify the reach and draw sets both for y and x directions. We chose the data of different people
for training and testing since in general it is likely that we have to classify the actions of people
who never partecipated in previous experiments. Letting the above defined sets denote the x and
y training sets, we obtained a training error of 6/116 (5.17%) and test error of 5/76 (6.5%) for
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Projection on first two FLDs Projection on first two FLDs
— 51
star = reach parameters * . star = reach parameters

oF circle = draw parameters o  Circle =draw parameters

3L 1 1 1 1 1 1 1 1 Ly 1 1 L 1 1 Ly 1

Figure 4: Reach and draw parameters for the 2 dynamics (on the left) and the y dynamics (on the
right)

the x parameters, while a training error of 4/116 (3.4%) and a test error of 4/76 (5.26%) for the
Yy parameters.

Then excluding from the sets C® and CP the parameters that were missclassified in this process
we obtain the sets C* and C'” which are linearly separable and then satisfy Definition 2.1. These
sets parametrize two sets of LTI dynamical systems M® C M and MP? C M which according to
Definition 2.1 are dynamical independent sets of models. Then we have found two movemes, the
reach and draw movemes, whose output is the synthetic reproduction of the time sequence of a
reach action and a draw action.

Remark 6.1 Thee separability brtween reach and draw parameters is a finding which is consistent
across subjects. We infact did some experiments in which we trained the Fisher classifier to
distinguish between reach (either draw) parameters of two different people and the result is shown
in Figure 5. It is clear that the parameters of the same motion (reach or draw) of different people
completely overlapp. This means that the dynamics of reach and draw motions here analyzed
have intrinsic characteristics which do not depend on the particular subject that is accomplishing
the action.

7 Segmentation Algorithm Results

Table 1: Confusion Matrix
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Figure 5: Consistency across subjects: reach (on the left) and draw (on the right) parameters for
two different subjects
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Figure 6: Segmentation result in a R/D case: the signal in the time (on the left) and the trajectory
in zy plane (on the right)
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Figure 7: Critical sequences: R/R (on the left) and D/D (on the right)

We ran the segmentation algorithm with check (62) and segmentability check (63) on the data.
The classification algorithm is a subroutine of the segmentation algorithm and it is necessary
to compute the proper parametric errors (14); the final outputs of the segmentation algorithm
are the estimated segmentation point n and the classification of the segments found. Therefore
the answer of the algorihm is correct if it has provided not only the right segmentation point,
but also the right classification. In the code the possibility of recognising when the hand is not
mooving has been included: the periods in which nothing happens can be identified as a pause
in the resulting segmentation when it produces smaller values of the cost E. In the segmentation
process we compute the quantities ef(n), €4(n), e5(n), e¥(n) separately for x and y channels and
then eq(n) = e;(n) + €4(n) and e,(n) = ej(n) + e4(n). The resulting errors (mis-segmentation
or correct segmentation but wrong classification) are reported in the confusion matrix. The best
results are obtained for R/D and D/R sequences for which in Fig. 6 we report an example, while
the worst are for R/R and D/D sequences. The reason is that several of the R/R or D/D sequences
really looked like just one R or D movement: in several cases the D/D sequence was performed
with two lines that were almost aligned and the R/R sequence was performed reaching points
which were very close to each others. In these cases the algorithm improperly classify the results.
Two examples of these cases are shown in Figure 7.

8 Conclusions

We have proposed a dynamical formulation of movemes. We restricted our attention to two dimen-
sional movements and showed that there exist two movemes that have dynamical characteristics
which are sufficient to distingush between them. The experiments also showed that the clusters in
parameter space are not subject dependent. The segmentation algorithm was tested on about 600
samples of composed and simple actions and it gave approximatively 90% accuracy. Our analysis
of second order LTT systems can also be extended to more complex dynamical systems. In future
we plan to aquire more data and look for other primitives of motion to add in the alphabet; we
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will also consider the case in which the action to be segmented is segmentable in more than two
parts and generalize to the case of three dimensional motion.
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