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Abstract

This thesisaddressesthe problemof estimatingthe statein multi-agentdecisionand

controlsystems.In particular, a novel approachto stateestimationis developedthatuses

partial order theory in order to overcomesomeof the severecomputationalcomplexity

issuesarisingin multi-agentsystems.Within thisapproach,stateestimationalgorithmsare

developed,which enjoy provedconvergencepropertiesandarescalablewith the number

of agents.

Thedynamicevolutionof thesystemsunderstudyarecharacterizedby theinterplayof

continuousanddiscretevariables.Continuousvariablesusuallyrepresentphysicalquan-

tities suchasposition,velocity, voltage,andcurrent,while the discretevariablesusually

representquantitiesinternal to the decisionprotocol that is usedfor coordination,com-

munication,andcontrol. Within theproposedstateestimationapproach,theestimationof

continuousanddiscretevariablesis developedin thesamemathematicalframework, asa

joint continuous-discretespaceis consideredfor the estimator. This way, the dichotomy

betweenthecontinuousanddiscreteworld is overcomefor thepurposeof stateestimation.

Application examplesareconsidered,which includethe stateestimationin competi-

tive multi-robotsystemsandin multi-agentdiscreteeventsystems,andthemonitoringof

distributedenvironments.
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Chapter 1

Intr oduction

Logic anddecisionmakingareplayingincreasinglylargerolesin moderncontrolsys-

tems,andvirtually all moderncontrol systemsareimplementedusingdigital computers.

Examplesinclude aerospacesystems,transportationsystems(air, automotive, and rail),

communicationnetworks (wired, wireless,andcellular), andsupplynetworks (electrical

power andmanufacturing).Theevolution of thesesystemsis determinedby the interplay

of continuousdynamicsandlogic. Thecontinuousvariablescanrepresentquantitiessuch

asposition,velocity, acceleration,voltage,current,etc.,while the discretevariablescan

representthe stateof the decisionandcommunicationprotocolthat is usedfor coordina-

tion andcontrol. Most of thesesystemsarealsomulti-agent,in which an agentcanbe,

for example,a wirelessdevice, a micro-controller, a robot,a pieceof machinery, a piece

of hardwareor software,or evena human.Theneedfor understandingandanalyzingthe

behavior of thesesystemsis compelling. However, the couplingof continuousdynamics

anddecisionprotocolsrendersthesystemunderstudyinterestingandcomplicatedenough

thatnew toolsareneededfor thesake of analysisandcontrol. Also, multi-agentsystems

areusuallya� ectedby thecombinatorialexplosionof thestatespacethatrendersmostof

theexistingstateestimationalgorithmsinapplicable.

Theproblemof estimatingthestateof adecisionandcontrolsystemhasbeenaddressed

by severalauthorsasfunctionalfor controlor asameansfor solvingmonitoringor surveil-

lanceproblemsin distributedenvironments.In thehybrid systemsliterature,Bemporadet

al. [7] proposethe notion of incrementalobservability for piecewise a� ne systemsand

constructa deadbeatobserver that requireslargeamountsof computation.Balluchi et al.
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[4] combinealocationobserverwith aLuenbergerobserverto designhybridobserversthat

identify thelocationin a �nite numberof stepsandconvergesexponentiallyto thecontin-

uousstate.However, if thenumberof locationsis large,asin thesystemsthatweconsider,

suchanapproachis impracticable.In Balluchi et al., su� cientconditionsfor a linearhy-

brid systemto be�nal statedeterminablearegiven[5]. In Alessandrietal.,Luenberger-like

observersareproposedfor hybridsystemswherethesystemlocationis known [1], [2]. Vi-

dal et al. [39] derive su� cientandnecessaryconditionsfor observability of discretetime

jump-linearsystems,basedon a simplerank teston theparametersof themodel. In later

work [40], thesenotionsaregeneralizedto thecaseof continuoustimejumplinearsystems.

For jump Markov linearsystems,Costaanddo Val derive testfor observability [18], and

Cassandraet al. proposean approachto optimal control for partially observableMarkov

decisionprocesses[15]. For continuoustime hybrid systems,De Santiset al. proposea

de�nition of observability basedon thepossibilityof reconstructingthesystemstate,and

testableconditionsfor observability areprovided[34].

In the discreteevent literature,observability hasbeende�ned by Ramadge[31], for

example,which derive a test for currentstateobservability. Oishi et al. [30] derive a

test for immediateobservability in which the stateof the systemcanbe unambiguously

reconstructedfrom the outputassociatedwith the currentstateand last andnext events.

Özverenet al. [22] andCaines[13]-[14] proposediscreteevent observersbasedon the

constructionof thecurrent-locationobservationtreethatis impracticablewhenthenumber

of locationsis large,which is our case.Observability is alsoconsideredin thecontext of

distributedmonitoringandcontrol in industrialautomation,whereagentsarecooperating

to performsystem-level taskssuchasfailure detectionandidenti�cation on the basisof

local information [32]. Diaz et al. considerobservers for formal on-line validation of

distributedsystems,in which theon-linebehavior is checked againsta formal model[3].

In thecontext of sensornetworks,stateestimationcoversa fundamentalrolewhensolving

surveillanceandmonitoringtasks,in which thestatehasusuallyseveralcomponents,such

asthepositionof anagent,its identity, andits intent(seefor example[17] or [11]).

Themaincontributionof thiswork is to designstateestimatorsfor decisionandcontrol

systemsthatovercomeseverecomplexity issuesencounteredin previouswork ([13]-[14]-
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[4]). Thesecomplexity issuesrenderedprohibitive the estimationproblemfor systems

with large discretestatespace,which is often thecasein multi-agentsystems.Our point

of view is thatsomeof thecomplexity issuessuchasthoseencounteredin [13] or [4] can

beavoidedby �nding agoodwayof representingthesetsof interestandby �nding agood

way of computingmapson them. As a naive example,considerthe setS of all natural

numbersbetweenoneandonethousand.This setis usuallyrepresentedasan interval in

N, that is S = [1; 1000],so that the listing of all theelementsit containsis not necessary

for representingit. Supposewe want to know what setS is mappedto by a map� that

associateseachelementn with theelementn+ 2. Clearly, to compute� (S) wedonotneed

to compute� on eachelementof S andcollectall theresults.In fact,it is easyto seethat

� (S) = [3; 1002],that is, we just computed� on the leastandmaximumelementsof S to

obtaintheleastandmaximumelementsof � (S), whicharethenusedto representthelatter

set.Thissimpli�cation is possiblethanksto theorderstructurenaturallyassociatedwith N

andthanksto thestructureof themap� .

Theseideasareextendedby usingpartialordertheoryto anarbitraryset, whichmight

be morecomplicatedthana set in N andmight containcontinuouscomponents.Partial

ordertheoryhasbeenhistoricallyusedin theoreticalcomputerscienceto prove properties

aboutconvergenceof algorithms[19]. It hasalsobeenusedfor studyingcontrollability

propertiesof �nite statemachines[12] andfor approachingthestateexplosionproblemin

the veri�cation of concurrentsystems[24]. In this work, we exploit partial ordertheory

to estimatethe statein systemswith large discretespace.In particular, givena system�

de�ned on its spaceof variables,we extendit to a largerspaceof variablesthathaslattice

structureso asto obtainan extendedsystem�̃ . Undercertainpropertiesveri�ed by the

extension�̃ , anobserver for system� canbeconstructed,which updatesat eachsteponly

two variables.It updatestheleastandgreatestelementof thesetof all valuesof variables

compatiblewith the output sequenceandwith the dynamicsof � . The structureof the

obtainedobserver resemblesthestructureof theLuenbergerobserveror a Kalman�lter as

it is obtainedby “copying” thedynamicsof thesystem� andby correctingit accordingto

themeasuredoutputvalues.

This work is concernedwith theestimationof thediscretestatein casethecontinuous
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stateis measured,andwith theestimationof thewholesystemstatein caseacascadestruc-

tureof theestimatoris possible.Within this context, theproposedestimationapproachis

alsogeneralasit appliesto any observablesystem.In fact,weshow thatasystemis observ-

ableif andonly if thereis a latticein which theextendedsystemsatis�estherequirements

for theconstructionof theproposedestimator. Within thestateestimationframework that

wedevelop,theestimationof thediscreteandcontinuouspartof thestatespaceis handled

in auni�ed way. In fact,thereis noneedof implementingbothacontinuousstateestimator

thatrelieson classicalcontroltheoryanda discretestateestimatorbasedon automatathe-

ory, asdonein mostof previouswork. This is achievedby usingapartialorderto establish

relationshipsbetweenelementsof a discretespacein analogyto how a metricestablishes

relationshipsbetweenelementsin a continuousspace.

The contentsof this work areorganizedasfollows. In Chapter2, someof the basic

mathematicalmachineryon partialordertheoryandtransitionsystemsis introduced.Ob-

servability notionsareintroducedaswell andenumerationapproachesto stateestimation

arereviewed. In Chapter3, thestateestimationproblemis re-castedon apartialorderand

a solutionis proposedfor estimatingthediscretestateof a deterministicsystemwhenthe

continuousstateis measured.Chapter4 shows that theproposedapproachappliesto any

observablesystemanthusis general.In Chapter5, theresultsof Chapter3 andof Chapter

4 aregeneralizedto thecaseof nondeterministicsystems.In Chapter6, theresultsof the

previous chaptersareextendedto the caseof estimationof both discreteandcontinuous

variablesassuminga cascadefor of the estimator. A multi-robot systeminvolving two

teamscompetingagainsteachotheris usedthroughthesechaptersasa leadingexample.

In Chapter7, moreapplicationexamplesareproposedalongwith possibleextensions.
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Chapter 2

BasicConcepts

In thischapter, wereview somebasicnotionsthatwill beusedthroughthiswork. First,

wegivesomebackgroundonpartialorderandlatticetheoryin Section2.1(for moredetails

thereaderis deferredto [21]-[33]). Thetheoryof partialorders,while standardin computer

science,may be lesswell known to the intendedaudienceof this thesis. Then,the class

of systemsunderstudyis introducedin Section2.2, i.e., deterministictransitionsystems,

andthestateestimationproblemis de�ned. Finally, we show a solutionto theproblemin

Section2.3,anenumerationmethodthathasbeenthemostusedin previouswork.

2.1 Partial Order Theory

A partialorderis a set� with a partialorderrelation“ � ”, andwe denoteit by thepair

(�; � ). For any x; w 2 � , thesupfx; wgis thesmallestelementthat is largerthanboth x and

w. In a similar way, the inf fx; wgis the largestelementthat is smallerthanboth x andw.

Wede�ne thejoin “g” andthemeet“ f ” of two elementsx andw in � as

1. x g w := supfx; wgandx f w := inf fx; wg;

2. if S � � ,
W

S := sup S, and
V

S := inf S.

Let (�; � ) bea partialorder. If x f w 2 � andx g w 2 � for any x; w 2 � , then(�; � )

is a lattice. In Figure2.1,we illustrateHassediagrams[21] showing partiallyorderedsets.

Fromthediagrams,it is easyto tell whenoneelementis lessthananother:x < w if and

only if thereis asequenceof connectedline segmentsmoving upwardfrom x to w.
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x g w

x w

x w

x f w

w

x f wx f w

x g w

x

a) b)

d)c)

wx

Figure2.1: In diagrama) andb), x andw arenot related,but they have a join anda meet
respectively. In diagramc), weshow acompletelattice. In diagramd), weshow apartially
orderedsetthatis not a lattice,sincetheelementsx andw haveameet,but not a join.

Let (�; � ) be a partial order. Then(�; � ) is a chain if for all x; w 2 � , either x � w

or w � x, that is any two elementsarecomparable.If insteadany two elementsarenot

comparable,i.e. x � y if andonly if x = y, (�; � ) is saidto beananti-chain. If x < w and

thereis no otherelementin betweenx andw, wewrite x � w.

Let (�; � ) be a lattice and let S � � be a non-emptysubsetof � . Then, (S; � ) is a

sublatticeof � if a; b 2 S implies that a g b 2 S anda f b 2 S. If any sublatticeof �

containsits leastandgreatestelements,then(�; � ) is calledcomplete. Any �nite lattice

is complete,but in�nite latticesmay not be complete,andhencethe signi�cance of the

notion of a completepartial order (CPO) [33]. Given a completelattice (�; � ), we will

be concernedwith a specialkind of a sublatticecalled an interval sublatticede�ned as

follows. Any interval sublatticeof (�; � ) is givenby [L; U] = fw 2 � : L � w � Ugfor

L; U 2 � . That is, this specialsublatticecanbe representedby two elementsonly. For

example,the intervalssublatticeof (R; � ) arejust the familiar closedintervalson thereal

line. A particularinstanceof apartialorderis thef -semilattice, whichis apartiallyordered

setin whichall joins exist but not necessarilyall meetsexist.

Let (�; � ) bea latticewith leastelement? (thebottom).Then,a 2 � is calledanatom

of (�; � ) if a > ? andthereis noelementb suchthat? < b < a. Thesetof atomsof (�; � )

is denotedA (�; � ).
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Thepowerlatticeof asetU , denoted(P(U ); � ), is givenby thepowersetof U , P(U )

(thesetof all subsetsof U ), orderedaccordingto thesetinclusion� . Themeetandjoin of

thepower latticeis givenby intersectionandunion. Thebottomelementis theemptyset,

that is ? = ; , andthetop elementis U itself, that is > = U . NotethatA (P(U ); � ) = U .

An exampleis illustratedin Figure2.2.GivenasetP, we denoteby jPj its cardinality.

� 1 � 2 � 3

U = f� 1; � 2; � 3g

> = � 1 g � 2 g � 3 = U
� 1 g � 2 = f� 1; � 2g

� 1 g � 3 = f� 1; � 3g

� 2 g � 3 = f� 2; � 3g

(�; � ) = (P(U ); � )

? = ;

Figure2.2: Power lattice(�; � ) of asetU composedby threeelements.

De�nition 2.1.1. Let (P; � ) and(Q; � ) bepartiallyorderedsets.A map f : P ! Q is

(i) An orderpreservingmapif x � w =) f (x) � f (w);

(ii) An orderembeddingif x � w ( ) f (x) � f (w);

(iii) An order isomorphismif it is orderembeddingandit mapsP ontoQ.

De�nition 2.1.2. If (P; � ) and(Q; � ) arelattices,thena map f : P ! Q is saidto be a

homomorphismif f is join-preservingandmeet-preserving, thatis for all x; w 2 P wehave

that f (x g w) = f (x) g f (w) and f (x f w) = f (x) f f (w).

Proposition2.1.1. (see[21]) If f : P ! Q is a bijectivehomomorphism,thenit is anorder

isomorphism.

Everyorderisomorphicmapfaithfully mirrorsthestructureof P ontoQ. In Figure2.3

weshow someexamples.
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Thenotionof orderpreservingmapcanbegeneralizedto thecasein which themapis

non deterministic,that is it mapsan elementto a setof possibleelements.With a slight

abuseof theterm“orderpreserving”wealsomake thefollowing non-standardde�nition.

De�nition 2.1.3. Let x; w 2 � , with (�; � ) a lattice,x � w, and f : � ! P(� ). We saythat

f is orderpreservingif
W

f (x) �
W

f (w) and
V

f (x) �
V

f (w).

z

x w

y

z

x w

y

f

f

e)
f (z) = f (w)

f (x) = f (y)

f (z)

f (x)

f (y)

f (w)

f)

Figure2.3: In diagrame),weshow amapthatis orderpreservingbut notorderembedding.
In diagramf), we show an orderembeddingthat is not an order isomorphism:any two
elementsmaintainthesameorderrelation,but in betweenz andw thereis nothing,while
in betweenf (z) and f (w) someotherelementsappear(it is not onto).

A partialorderinducesa notionof distancebetweenelementsin thespace.De�ne the

distancefunctionon apartialorderin thefollowing way.

De�nition 2.1.4. (Distanceonapartialorder)Let (P; � ) beapartialorder. A distanced on

(P; � ) is a functiond : P � P ! R suchthatthefollowing propertiesareveri�ed:

(i) d(x; y) � 0 for any x; y 2 P andd(x; y) = 0 if andonly if x = y;

(ii) d(x; y) = d(y; x);

(iii) if x � y � z thend(x; y) � d(x; z).
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SinceChapter6 dealswith a partial orderon the spaceof the discretevariablesand

with a partial orderon the spaceof the continuousvariables,it is usefulto introducethe

Cartesianproductof two partialordersasit canbefoundin [33].

De�nition 2.1.5. (Cartesianproductof partialorders)Let (P1; � ) and(P2; � ) betwo partial

orders. Their Cartesianproductis given by (P1 � P2; � ), whereP1 � P2 = f(x; y) j x 2

P1 and y 2 P2g, and(x; y) � (x0; y0) if andonly if x � x0 and y � y0. For any (p1; p2) 2

P1 � P2 thestandardprojections� 1 : P1 � P2 ! P1 and� 2 : P1 � P2 ! P2 aresuchthat

� 1(p1; p2) = p1 and� 2(p1; p2) = p2.

Onecaneasilyverify thattheprojectionoperatorspreserve theorders.

In this work we will alsodealwith approximationsof setsandelementsof a partial

order. We thusgivethefollowing de�nition.

De�nition 2.1.6. (Upperandlowerapproximation)Let P1 andP2 betwo setswith P1 � P2

and(P2; � ) a partialorder. For any x 2 P2, we de�ne thelower andupperapproximations

of x in P1 as

aL(x) := max
(P2;� )

fw 2 P1 j w � xg

aU(x) := min
(P2;� )

fw 2 P1 j w � xg:

If suchlower andupperapproximationsexist for any x 2 P2, thenthepartialorder(P2; � )

is saidto beclosedwith respectto P1.

Onecanverify thatthelower andupperapproximationfunctionsareorderpreserving.

Thismeansthatfor any x1; x2 2 P2 with x1 � x2, thenaL(x1) � aL(x2) andaU(x1) � aU(x2).

Exampleof lowerandupperapproximationsaredepictedin Figure2.4.

In thissection,wehavegivensomebasicde�nitions onpartialorderandlatticetheory.

In thenext section,we introducetheclassof modelsthatwe aregoingto considerin this

work. Thesearetransitionsystemswith output.
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aL(x)

x

in P1

in P2 andnot in P1

aU(x)

Figure2.4: Let P1 � P2, thenot �lled circlesrepresentelementsin P2 thatarenot in P1

while the�lled onesrepresentelementsthatarealsoin P1.

2.2 Deterministic Transition Systems

The classof systemswe areconcernedwith are deterministic,in�nite statesystems

with output.Thefollowing de�nition introducessuchaclass.

De�nition 2.2.1.(Deterministictransitionsystems)A deterministictransitionsystem(DTS)

is thetuple� = (S; Y ; F; g), where

(i) S is asetof stateswith s 2 S;

(ii) Y is asetof outputswith y 2 Y ;

(iii) F : S ! S is thestatetransitionfunction;

(iv) g : S ! Y is theoutputfunction.

An executionof � is any sequence� = fs(k)gk2N suchthat s(0) 2 S and s(k + 1) =

F(s(k)) for all k 2 N. Thesetof all executionsof � is denotedE(� ). An outputsequence

of � is denotedy = fy(k)gk2N, with y(k) = g(� (k)).

De�nition 2.2.2. Let � = (S; Y ; F; g) bea deterministictransitionsystem.Theset
 � S

is the ! +-limit set of � , denoted! (� ), if it is the smallestsubsetof S suchthat for all

� = fs(k)gk2N

(i) if s(k) 2 
 ands(k + 1) = F(s(k)), thens(k + 1) 2 
 ;
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� 1 � 2 � 3

! (� )

Figure2.5: Executions� 2 and� 3 areweaklyequivalentaccordingto De�nition 2.2.5while
� 1 is notweaklyequivalentto either� 2 or � 3.

(ii) for each� 2 E(� ), thereexistsk� suchthat� (k� ) 2 
 .

De�nition 2.2.3. Givena deterministictransitionsystem� = (S; Y ; F; g), two executions

� 1; � 2 2 E(� ) aredistinguishableif thereexistsak suchthatg(� 1(k)) , g(� 2(k)).

De�nition 2.2.4. (Observability) The deterministictransitionsystem� = (S; Y ; F; g) is

saidto beobservableif any two di� erentexecutions� 1; � 2 2 E(� ) aredistinguishable.

Fromthisde�nition, wededucethatif asystem� is observable,any two di� erentinitial

stateswill giveriseto two executions� 1 and� 2 with di� erentoutputsequences.Thus,the

initial statescanbe distinguishedby looking at the outputsequence.However, thereare

systemsfor which two di� erentinitial statescannotbedistinguished,but thestatesatsome

later stepcan. We introducea weaker notion of observability analogousto detectability

[36] thataccountsfor thisdistinction.

De�nition 2.2.5. Givena deterministictransitionsystem� = (S; Y ; F; g), two executions

� 1; � 2 2 E(� ) areweaklyequivalent, denoted� 1 � � 2, if thereexistsk� suchthat� 1(k� ) <

! (� ) and� 1(k) = � 2(k) for all k � k� .

In Figure2.5,weshow examplesof equivalentandnotequivalentsystemexecutions.

De�nition 2.2.6. (WeakObservability) A deterministictransitionsystem� = (S; Y ; F; g)

is weaklyobservableif whenever � 1 / � 2 thenthereis k suchthatg(� 1(k)) , g(� 2(k)).
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For any system� , thestateestimationproblemis de�ned asfollows.

Problem 1. (StateEstimationProblem)Given � andany outputsequencey = fy(k)gk2N,

determinefs(k)gk� k0 for somek0 > 0.

In thenext section,a solutionto thisproblem,�rst introducedby Caines([13]-[14]), is

presented.

2.3 Enumeration Approachto The DiscreteStateEstima-

tion Problem

Let � = (S; Y ; F; g), with S a �nite set,Y = fY 1; :::;Y mgwith m � jSj. We usea

variableŝ to representan estimateof s with ŝ 2 P(S). SinceS is composedby a �nite

numberof elements,the estimationproblemis nameddiscretestateestimationproblem.

The intensionis that ŝ(k) denotethesetof all possiblevaluesof s(k) compatiblewith the

outputsequenceuntil stepk andwith the systemdynamics. For k � 0, ŝ(k) is updated

accordingto

ŝ(k + 1) = F(ŝ(k)) \ Oy(k + 1); ŝ(0) = S; (2.1)

wherefor any ŝ 2 P(S), we de�ne

F(ŝ) = fs0 2 S : 9 s 2 ŝ with F(s) = s0g;

andOy is the outputsetand it is de�ned by Oy := g� 1(y), with g� 1 : Y ! P(S) is the

inverseof g de�ned as

g� 1(y) = fs 2 S : g(s) = yg:

Equation(2.1)givesateachstepk asetthatcontainsall andonly thestatescompatible

with thesystemdynamicsandwith theoutputsequenceupto stepk+ 1. For suchanupdate

law, thefollowing resultholds.

Theorem2.3.1. Giventhesystem� = (S; Y ; F; g), theupdatelaw in equation(2.1)is such

that
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(i) s(k) 2 ŝ(k) for anyk � 0 (correctness);

(ii) jŝ(k + 1)j � jŝ(k)j (non-increasingerror);

(iii) if � is (weakly)observable, thenthere is k0 > 0 such that ŝ(k) = s(k) for anyk � k0

(convergence).

Proof. Proof of (i). This can be proved by induction argumenton the stepk. Brie�y ,

s(0) 2 ŝ(0). Assumes(k) 2 ŝ(k), we prove that s(k + 1) 2 ŝ(k + 1). This follows from

two facts.Fact1): s(k + 1) 2 g� 1(y(k + 1)) becauseg(s(k + 1)) = y(k + 1). Fact2): Since

s(k) 2 ŝ(k), alsos(k + 1) = F(s(k)) 2 F(ŝ(k)).

Proof of (ii). This follows directly from the following two facts. Fact 1): jF(ŝ(k))j =

jŝ(k)j. Fact2): for any two setsA andB, jA \ Bj � jAj.

Proof of (iii). This canbe proved by contradiction.Assumethat thereis no k0 such

that ŝ(k) = s(k), thenonecanconstructtwo executionsof � , � 1 , � 2 suchthatg(� 1(k)) =

g(� 2(k)) for any k. Thiscontradicts(weak)observability. �

This proof is just a sketch. For a completeproof, the readeris deferredto [13]. This

enumerationapproachto stateestimationwill alsobereferredto ascurrentlocationobser-

vationtree,dueto thetreeimplementationprovidedin [13].

Fromexpression(2.1), it is clearthat this approachis impracticableif thesizeof S is

large.This is oftenthecasein multi-agentanddistributedsystems,in whicheachagenthas

a setof possiblestatesandtheoverall stateof thesystemexplodescombinatoriallyin the

numberof statesof eachagent.In thesequel,weproposea methodologyto overcomethis

stateexplosionproblem.
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Chapter 3

Construction of DiscreteState
Estimators on a Lattice

In thepreviouschapter, we have shown anenumerationapproachto thediscretestate

estimationproblem(�rst introducedby Caines[13]). Suchanapproachis howeverimprac-

ticablewhenthedimensionof thestatespaceis largeasit is oftenthecasein multi-agent

or distributedsystems.In this chapter, we proposeanalternative to theenumerationof the

compatiblestates.In particular, a setis representedby a lowerandanupperboundonceit

hasbeenimmersedin a latticestructure.Wethentaketrackof thesetby updatingits lower

andupperboundsasoppositeto the list of elementsit contains.As a motivating exam-

ple, we introducein Section3.1 a multi-robotsystem.In Section3.2, thestateestimation

problemis formulatedon a lattice,anda solutionis proposedin Section3.3. Finally, the

examplepresentedin Section3.1is revisitedandtheestimatorconstructedin Section3.4.

3.1 Moti vating Example

As motivating example,we considera task that representsa defensive maneuver for

a robotic “capturethe �ag” game[20]. We do not proposeto devise a strategy that ad-

dressesthe full complexity of the game. Instead,we examinethe following very simple

drill or exercisethatwecall “RoboFlagDrill”. Somenumberof bluerobotswith positions

(zi; 0) 2 R2 (denotedby opencircles)mustdefendtheir zonef(x; y) 2 R2 j y � 0gfrom

an equalnumberof incomingred robots(denotedby solid circles). The positionsof the

red robotsare(xi; yi) 2 R2. An examplefor 8 robotsis illustratedin Figure3.1. The red
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robotsmove straighttowardthebluerobotsdefensive zone.Thebluerobotsareassigned

eachto a red robot and they coordinateto interceptthe red robots. Let N representthe

numberof robotsin eachteam. The robotsstartwith an arbitrary(bijective) assignment

� : f1; :::;Ng ! f1; :::;Ng, where� i is theredrobot thatbluerobot i is requiredto inter-

cept.At eachstep,eachbluerobotcommunicateswith its neighborsanddecidesto either

switchassignmentswith its left or right neighboror keepits assignment.It is possibleto

show thatthe� assignmentreachestheequilibriumvalue(1; :::;N) (see[28] or [27] for de-

tails). We considertheproblemof estimatingthecurrentassignment� giventhemotions

of theblue robots,which might be of interestto, for example,the red robotsin that they

mayusesuchinformationto determinea betterstrategy of attack.We do not considerthe

problemof how they wouldchangetheir strategy in thiswork.

TheRoboFlagDrill systemcanbespeci�edby thefollowing rules

yi(k + 1) = yi(k) � � if yi(k) � � (3.1)

zi(k + 1) = zi(k) + � if zi(k) < x� i (k) (3.2)

zi(k + 1) = zi(k) � � if zi(k) > x� i (k) (3.3)

(� i(k + 1); � i+1(k + 1)) = (� i+1(k); � i(k)) if x� i (k) � zi+1(k) ^ x� i+1(k) � zi+1(k); (3.4)

wherewe assumezi � zi+1 andxi < zi < xi+1 for all k. Also, if noneof the“if ” statements

aboveareveri�ed for agivenvariable,thenew valueof thevariableis equalto theold one.

Thissystemis aslight simpli�cation of theoriginal systemdescribedin [27].

Equation(3.4)establishesthattwo robotstradetheir assignmentsif thecurrentassign-

mentscausethemto go toward eachother. The questionwe are interestedin is the fol-

lowing: Giventheevolution of themeasurablequantitiesz, x, y, canwebuild anestimator

thattrackson-linethevalueof theassignment� (k)? Thevalueof � 2 perm(N) determines

whathasbeencalledin previouswork thelocationof thesystem(see[4]). Thenumberof

possiblelocationsis N!, which, for N � 8, rendersprohibitive theapplicationof location

observersbasedon the currentlocationobservation treeasdescribedin [13] (revised in

Chapter2) andusedin [4], [22]. At eachstep,thesetof possible� valuescompatiblewith

thecurrentoutputandwith thepreviously seenoutputscanbesolargeto renderimpracti-
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(x3; y3)

(x4; y4)

(x5; y5)

(x6; y6)

(x7; y7)

(x8; y8)

� (k) = (2; 1; 5; 3; 7; 4; 6; 8)
z1 z2 z3 z4 z5 z6 z7 z8

(x1; y1)

(x2; y2)

(x3; y3)

(x4; y4)

(x5; y5)

(x6; y6)

(x7; y7)

(x8; y8)

(x1; y1)

(x2; y2)

� (k + 1) = (1; 2; 3; 5; 4; 7; 8; 6)
z1 z2 z3 z4 z5 z6 z7 z8

Figure3.1: Exampleof theRoboFlagDrill with 8 robotsperteam.

cal its computation.As anexample,we considerthesituationdepictedin Figure3.1 (left)

whereN = 8. We seethe blue robots1; 3; 5 going right andthe othersgoing left. From

equations(3.2)-(3.3)with xi < zi < xi+1 we deducethatthesetof all possible� 2 perm(N)

compatiblewith this observation is suchthat � i � i + 1 for i 2 f1; 2; 3gand � i � i for

i 2 f2; 4; 6; 7; 8g. The sizeof this setis of theorderof 40320. Accordingto the enumer-

ation methodspresentedin Section2.3, this setneedsto be mappedforward throughthe

dynamicsof the systemto seewhat are the valuesof � at the next stepthat correspond

to this output. Sucha setis thenintersectedwith thesetof � valuescompatiblewith the

new observation. To overcomethe complexity issuethat comesfrom the needof listing

orderof 40320elementsfor performingsuchoperations,we proposeto representa setby

a lower L andanupperU elementsaccordingto somepartialorder. Then,wecanperform

thepreviously describedoperationsonly on L andU, two elementsinsteadof 40320.This

ideais developedin thefollowing paragraph.

For thisexample,wecanview � 2 NN. Thesetof possibleassignmentscompatiblewith

theobservationof thezmotiondeducedfrom theequations(3.2)-(3.3),denotedOy(k), can

berepresentedasan interval with theorderestablishedcomponent-wise,seethediagram

in Figure3.2. The function f̃ that mapssucha set forward, speci�ed by the equations
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(3.4)with theassumptionthatxi < zi < xi+1, simplyswapstwo adjacentrobotassignments

if thesecausethe two robotsto move toward eachother. Thus, it mapsthe setOy(k) to

theset f̃ (Oy(k)) shown in Figure3.2,which canstill berepresentedasan interval. When

thenew outputmeasurementbecomesavailable(Figure3.1, right) we obtainthenew set

Oy(k+1) reportedin Figure3.2.Thesetsf̃ (Oy(k)) andOy(k+1) canbeintersectedby simply

computingthe maximumof their lower boundsandthe in�mum of their upperbounds.

stepk
zmotionat
observationof

[

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

2
1
4
1
6
1
1
1

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

;

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

8
2
8
4
8
6
7
8

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

]

Oy(k)

f̃
[

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
2
1
4
1
6
1
1

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

;

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

2
8
4
8
6
8
7
8

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

]

f̃ (Oy(k))

[

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
1
1
5
1
7
1
1

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

;

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
2
3
8
5
8
7
8

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

]

Oy(k + 1)

\ = [

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
2
1
5
1
7
1
1

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

;

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
2
3
8
5
8
7
8

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

]

Figure3.2: Theobservationof thez motionat stepk givesthesetof possible� , Oy(k). At
eachstep,thesetis describedby thelowerandupperboundsof anintervalsublatticein an
appropriatelyde�ned lattice. Suchsetis thenmappedthroughthesystemdynamics( f̃ ) to
obtainatstepk+ 1 thesetof � thatarecompatiblealsowith theobservationatstepk. Such
a setis thenintersectedwith Oy(k + 1), which is thesetof � compatiblewith thez motion
observedat stepk + 1.

This way, we obtainthesystemthatupdatesL andU, beingL andU thelower andupper

boundsof thesetof all possible� compatiblewith theoutputsequence:

L(k + 1) = f̃ (max(L(k); inf Oy(k)))

U(k + 1) = f̃ (min(U(k); supOy(k))): (3.5)

ThevariablesL(k) andU(k) representthelower andupperboundrespectively of theset ŝ

computedin equation(2.1). As it will beshown in detail in this thesis,theupdatelaws in

equations(3.5)have,amongothers,thepropertythat[L(k); U(k)] \ perm(N) tendsto � (k).

Letting V(k) = j[L(k); U(k)] \ perm(N)j, Figure3.3 shows convergenceplotsV(k) for the

estimatorcomparedto theconvergenceplotsE(k) = 1=N
P N

i=1 j� i(k) � ij of theassignment
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protocolto its equilibrium(1; :::;N).

1 2 3 4 5 6 7 8 9 10
0

10

20

1 2 3 4 5 6 7 8 9 10
0

5

10

15

1 2 3 4 5 6 7 8 9 10
0

10

20

time 

dashed line = E(k)    
solid line = log of V(k)    

N=8: results for different initial conditions 

Figure3.3: Convergenceplots for theestimator(V(k)) comparedto theconvergenceplot
of theassignmentprotocolto its equilibrium(E(k)).

This examplegivesanideaof how complexity issuescanbeovercomewith theaid of

somepartialorderstructure.In particular, thefunction f̃ hasthepropertyof preservingthe

interval structureof thesetsof interest:this is a key propertythatallows to useonly upper

boundsandlower boundsfor computationpurposes.In a moregeneralsetting,onewould

like to know whatarethepropertiesof a systemthatallow suchsimpli�cations. By using

partialordertheory, we addressthisquestion.

In the following section,we restrict the classof systemsintroducedin the previous

chapterto thosein which thecontinuousvariablesaremeasurable.Thediscretestateesti-

mationproblemis thenstatedastheproblemof �nding suitableupdatelaws for theupper

and lower boundsof the set of all possiblediscretevariablevaluescompatiblewith the

outputsequence.A solutionto thisproblemis proposedin Theorem3.3.1.

3.2 ProblemFormulation

The deterministictransitionsystems� we de�ned in the previous chapterare quite

general. In this section,we restrictour attentionto systemswith a speci�c structure. In
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particular, for asystem� = (S; Y ; F; g) wesupposethat

(i) S = U � Z with U a �nite setandZ a �nite dimensionalspace;

(ii) F = ( f; h), wheref : U � Z ! U andh : U � Z ! Z ;

(iii) y = g(�; z) := z, where� 2 U , z 2 Z , y 2 Y , andY = Z .

The set U is a set of logic statesand Z is a set of measuredstatesor physicalstates,

as one might �nd in a robot system. In the caseof the examplegiven in Section3.1,

U = perm(N) and Z = RN, the function f is representedby equations(3.4) and the

functionh is representedby equations(3.2-3.3).In thesequel,we will denotethis classof

DTSby � = S(U ; Z ; f ; h) whereweassociateto thetuple(U ; Z ; f ; h), theequations:

� (k + 1) = f (� (k); z(k))

z(k + 1) = h(� (k); z(k)) (3.6)

y(k) = z(k);

where� 2 U andz 2 Z . An executionof thesystem� in equations(3.6) is a sequence

� = f� (k); z(k)gk2N. The outputsequenceis fy(k)gk2N = fz(k)gk2N. Given an execution�

of thesystem� , we denotethe � andz sequencescorrespondingto suchanexecutionby

f� (k)(� )gk2N andf� (k)(z)gk2N respectively.

From the measurementof the outputsequence,which in our casecoincideswith the

evolution of the continuousvariables,we want to constructa discretestateestimator:a

system�̂ that takes as input the valuesof the measurablevariablesand asymptotically

tracksthevalueof thevariable� . Wethusde�ne in thefollowing de�nition adeterministic

transitionsystemwith input.

De�nition 3.2.1. (Deterministictransitionsystemwith input) A deterministictransition

systemwith input is a tuple(S; I ; Y ; F; g) in which

(i) S is asetof states;

(ii) I is asetof inputs;
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(iii) Y is asetof outputs;

(iv) F : S � I ! S is a transitionfunction;

(v) g : S ! Y is anoutputfunction.

In Problem2 below, wespecifywhattheelementsof this tuplearewhentheDTSwith

input is a discretestateestimatorof a DTS � = S(U ; Z ; f ; h). First, notethat the setU

doesnot have a naturalmetric associatedwith it. As a consequence,a way to track the

valueof � is to list, at eachstepk, thesetof all possible� valuesthatarecompatiblewith

theobservationandwith thesystemdynamicsgivenin (3.6). This enumerationapproach

hasbeenshown in Section2.3, in which the estimateis a list of possiblevaluesthat the

estimatorhasto updatewhenanew measurementbecomesavailable.Thismethodleadsto

computationalissueswhenthesetto belistedis large.

In this chapter, analternative to simplymaintaininga list of all possiblevaluesfor � is

proposed.We�nd arepresentationof thesetsothattheestimatorupdatestherepresentation

of the setratherthanthe whole set itself. In particular, if the setU canbe immersedin

a largerset� whoseelementscanberelatedby anorderrelation� , we could representa

subsetof (�; � ) asan interval sublattice[L; U]. Let “id” denotethe identity operator. We

formulatethediscretestateestimationproblemon a latticeasfollows.

Problem2. (Discretestateestimatorona lattice).Giventhedeterministictransitionsystem

� = S(U ; Z ; f ; h), �nd adeterministictransitionsystemwith input �̂ = (� � �; Z � Z ; � �

�; ( f1; f2); id), with f1 : � � Z � Z ! � , f2 : � � Z � Z ! � , U � � , with (�; � ) a lattice,

representedby theequations

L(k + 1) = f1(L(k); y(k); y(k + 1))

U(k + 1) = f2(U(k); y(k); y(k + 1));

with L(k) 2 � , U(k) 2 � , L(0) :=
V

� , U(0) :=
W

� , suchthat

(i) L(k) � � (k) � U(k) (correctness);

(ii) j[L(k + 1); U(k + 1)]j � j[L(k); U(k)]j (non-increasingerror);
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(iii) Thereexists k0 > 0 suchthat for any k � k0 we have [L(k); U(k)] \ U = � (k)

(convergence).

�

3.3 ProblemSolution

For �nding a solutionto Problem1, we needto �nd the functions f1 and f2 de�ned

on a lattice (�; � ) suchthatU � � for some�nite lattice � . We proposein the following

de�nitions a way of extendinga system� de�ned on U to a system�̃ de�ned on � with

U � � . Moreover, aswe have seenin the motivatingexample,we want to representthe

setof possible� valuescompatiblewith an outputmeasurementasan interval sublattice

in (�; � ). We thusde�ne the �̃ transitionclasses,with eachtransitionclasscorresponding

to a setof valuesin � compatiblewith anoutputmeasurement.We de�ne thepartialorder

(�; � ) andthe system�̃ to be interval compatibleif suchequivalenceclassesareinterval

sublatticesand �̃ preservestheir structure. On the basisof suchnotions,Theorem3.3.1

below givesapossiblesolutionto Problem2.

De�nition 3.3.1.(Extendedsystem)Giventhedeterministictransitionsystem� = S(U ; Z ;

f ; h), an extensionof � on � , with U � � and (�; � ) a completelattice, is any system

�̃ = S(�; Z ; f̃ ; h̃), suchthat

(i) f̃ : � � Z ! � and f̃ jU �Z = f ;

(ii) h̃ : � � Z ! Z andh̃jU �Z = h.

De�nition 3.3.2. (Transitionsets)Let �̃ = S(�; Z ; f̃ ; h̃) bea deterministictransitionsys-

tem. ThenonemptysetsT(z1;z2)(�̃ ) = fw 2 � j z2 = h̃(w; z1)g, for z1; z2 2 Z , arenamedthe

�̃ -transitionsets.

Each�̃ -transitionsetcontainsall of w 2 � valuesthatallow thetransitionfrom z1 to z2

throughh̃.

De�nition 3.3.3. (Transitionclasses)ThesetT (�̃ ) = fT 1(�̃ ); :::;TM(�̃ )g, with T i(�̃ ) such

that
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(i) For any T i(�̃ ) 2 T (�̃ ) therearez1; z2 2 Z suchthatT i(�̃ ) = T(z1;z2)(�̃ );

(ii) For any T(z1;z2)(�̃ ) thereis j 2 f1; :::;MgsuchthatT(z1;z2)(�̃ ) = T j(�̃ );

is thesetof �̃ -transitionclasses.

Note that T(z1;z2) and T(z3;z4) might be the sameset even if (z1; z2) , (z3; z4): in the

RoboFlagDrill exampleintroducedin Section3.1, if robot j is moving right, the setof

possiblevaluesof � j is [ j + 1; N] independentlyof the valuesof zj(k). Thus,T(z1;z2) and

T(z3;z4) cande�ne thesamesetthatwecall T i(�̃ ) for somei. Also, thetransitionclassesT i(�̃ )

arenotnecessarilyequivalenceclassesasthey mightnotbepairwisedisjoint. However, for

the RoboFlagDrill it is the casethat the transitionclassesarepairwisedisjoint andthus

they partitionthelattice(�; � ) in equivalenceclasses.

De�nition 3.3.4. (Outputset)Given the extension�̃ = S(�; Z ; f̃ ; h̃) of the deterministic

transitionsystem� = S(U ; Z ; f ; h) on the lattice (�; � ), andgiven an output sequence

fy(k)gk2N of � , theset

Oy(k) := fw 2 � j h̃(w; y(k)) = y(k + 1)g

is theoutputsetat stepk.

Note thatby de�nition, for any k, Oy(k) = T(y(k);y(k+1))(�̃ ), andthusit is equalto T i(�̃ )

for somei 2 f1; :::;Mg. Theoutputsetat stepk is thesetof all possiblew valuesthatare

compatiblewith thepair (y(k); y(k + 1)). By de�nition of theextendedfunctions(h̃jU �Z =

h), thisoutputsetcontainsalsoall of thevaluesof � compatiblewith thesameoutputpair.

De�nition 3.3.5. (Interval compatibility) Given the extension�̃ = S(�; Z ; f̃ ; h̃) of the

system� = S(U ; Z ; f ; h) on the lattice (�; � ), the pair (�̃ ; (�; � )) is said to be interval

compatibleif

(i) each�̃ -transitionclass,T i(�̃ ) 2 T (�̃ ), is aninterval sublatticeof (�; � ):

T i(�̃ ) = [
^

T i(�̃ );
_

T i(�̃ )];
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(ii) f̃ : (T i(�̃ ); z) ! [ f̃ (
V

T i(�̃ ); z); f̃ (
W

T i(�̃ ); z)] is an order isomorphismfor any i 2

f1; :::;Mgandfor any z 2 Z .

Thefollowing theoremgivesthemainresult,whichproposesasolutionto Problem2.

Theorem 3.3.1. Assumethat thedeterministictransitionsystem� = S(U ; Z ; f ; h) is ob-

servable. If thereis a lattice(�; � ), such that thepair (�̃ ; (�; � )) is intervalcompatible, then

thedeterministictransitionsystemwith input �̂ = (� � �; Z � Z ; � � �; ( f1; f2); id) with

f1(L(k); y(k); y(k + 1)) = f̃
�
L(k) g

^
Oy(k); y(k)

�

f2(U(k); y(k); y(k + 1)) = f̃
�
U(k) f

_
Oy(k); y(k)

�

solvesProblem2.

Proof. In orderto prove thestatementof thetheorem,weneedto provethatthesystem

L(k + 1) = f̃ (L(k) g
^

Oy(k); y(k))

U(k + 1) = f̃ (U(k) f
_

Oy(k); y(k)) (3.7)

with L(0) =
V

� , U(0) =
W

� is suchthatproperties(i)–(iii) of Problem2 aresatis�ed.For

simplicity of notation,weomit thedependenceof f̃ on its secondargument.

Proof of (i): This is proved by inductionon k. Basecase: for k = 0 we have that

L(0) =
V

� andthatU(0) =
W

� , sothatL(0) � � (0) � U(0). Inductionstep:we assume

that L(k) � � (k) � U(k) andwe show that L(k + 1) � � (k + 1) � U(k + 1). Note that

� (k) 2 Oy(k). This,alongwith theassumptionof theinductionstep,impliesthat

L(k) g
^

Oy(k) � � (k) � U(k) f
_

Oy(k):

Becausewe have that L(k) g
V

Oy(k) 2 Oy(k), andU(k) f
W

Oy(k) 2 Oy(k), andthe pair

(�̃ ; (�; � )) is interval compatible,we canusetheisomorphicpropertyof f̃ (property(ii) of

De�nition 3.3.5),which leadsto

f̃ (L(k) g
^

Oy(k)) � � (k + 1) � f̃ (U(k) f
_

Oy(k)):
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This relationshipcombinedwith equation(3.7)proves(i).

Proofof (ii): This canbeshown by proving thatfor any w 2 [L(k + 1); U(k + 1)] there

is z 2 [L(k); U(k)] suchthatw = f̃ (z). By equation(3.7),w 2 [L(k + 1); U(k + 1)] implies

that

f̃ (L(k) g
^

Oy(k)) � w � f̃ (U(k) f
_

Oy(k)): (3.8)

In addition,wehave that
^

Oy(k) � L(k) g
^

Oy(k)

and

U(k) f
_

Oy(k) �
_

Oy(k):

Becausethepair (�̃ ; (�; � )) is interval compatible,by virtue of theisomorphicpropertyof

f̃ (property(ii) of De�nition 3.3.5),we have that

f̃ (
^

Oy(k)) � f̃ (L(k) g
^

Oy(k))

and

f̃ (U(k) f
_

Oy(k)) � f̃ (
_

Oy(k)):

This,alongwith relations(3.8) impliesthat

w 2 [ f̃ (
^

Oy(k)); f̃ (
_

Oy(k))]:

Fromthis,usingagaintheorderisomorphicpropertyof f̃ , wededucethatthereis z 2 Oy(k)

suchthatw = f̃ (z). Thiswith relation(3.8) impliesthat

L(k) g
^

Oy(k) � z � U(k) f
_

Oy(k);

which in turn impliesthatx 2 [L(k); U(k)].

Proofof (iii): We proceedby contradiction.Thus,assumethatfor any k0 thereexistsa

k � k0 suchthatf� (k); � kg� [L(k); U(k)] \ U for some� k , � (k) and� k 2 U . By theproof

of part(ii) wealsohavethat� k is suchthat� k = f̃ (� k� 1) for some� k� 1 2 [L(k� 1); U(k� 1)].
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Wewantto show thatin fact� k� 1 2 [L(k� 1); U(k� 1)]\ U . If thisis notthecase,wecan

constructanin�nite sequencefkigi2N+ suchthat� ki 2 [L(ki ); U(ki)] \ U with � ki = f̃ (� ki � 1)

and� ki � 1 2 [L(ki � 1); U(ki � 1)] \ (� � U ). Noticethatj[L(k1 � 1); U(k1 � 1)] \ (� � U )j =

M < 1 . Also, we have

j[L(k1); U(k1)] \ (� � U )j < j[L(k1 � 1); U(k1 � 1)] \ (� � U )j:

This is dueto the fact that f̃ (� k1� 1) < [L(k1); U(k1)] \ (� � U ), andto the fact that each

elementin [L(k1); U(k1)] \ (� � U ) comesfrom oneelementin [L(k1� 1); U(k1� 1)]\ (� � U )

(proof of (ii) and becauseU is invariantunder f̃ ). Thus we have a strictly decreasing

sequenceof naturalnumbersfj[L(ki � 1); U(ki � 1)] \ (� � U )jgwith initial valueM. Since

M is �nite, wereachthecontradictionthatj[L(ki � 1); U(ki � 1)] \ (� � U )j < 0 for somei.

Therefore,� k� 1 2 [L(k � 1); U(k � 1)] \ U .

Thusfor any k0 thereis k � k0 suchthatf� (k); � kg� [L(k); U(k)] \ U , with � k = f (� k� 1)

for some� k� 1 2 [L(k � 1); U(k � 1)] \ U . Also, from theproof of part (ii) we have that

� k� 1 2 Oy(k � 1). As a consequence,thereexists k̄ > 0 suchthat f� k� 1; z(k � 1)gk� k̄ = � 1

andf� (k � 1); z(k � 1)gk� k̄ = � 2 are two executionsof � sharingthe sameoutput. This

contradictstheobservability assumption. �

The following corollary is a consequenceof Theorem3.3.1 in the casein which the

extendedsystem�̃ is observable.

Corollary 3.3.1. If theextendedsystem̃� of anobservablesystem� is observable, thenthe

estimator�̂ givenin Theorem3.3.1solvesProblem2 with L(k) = U(k) = � (k) for k � k0.

Proof. The proof proceedsby contradiction.Assumethat for any k0 � 0 thereis k � k0

suchthat f� (k); � kg � [L(k); U(k)] for some� k. By theproof of (ii) of Theorem3.3.1,we

have that � k = f̃ (� k� 1) for � k� 1 2 [L(k � 1); U(k � 1)] and� k� 1 2 Oy(k � 1). Thus,� 1 =

f� k� 1; z(k � 1)gk2N and� 2 = f� (k � 1); z(k � 1)gk2N aretwo executionsof �̃ = S(�; Z ; f̃ ; h̃)

thatsharethesameoutputsequence.Thiscontradictstheobservability of thesystem�̃ . �

An examplein which theTheorem3.3.1holdsbut theCorollary3.3.1doesnot is pro-

videdby theRoboFlagDrill introducedin Section3.1. In fact,if weallow theassignments
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to be in NN insteadof beingin the setof permutationof N elements,therearedi� erent

executionscompatiblewith thesameoutputsequence.

3.4 Example: The RoboFlagDrill

The RoboFlagDrill hasbeendescribedin Section3.1. In this section,we revisit the

exampleby showing �rst that it is observablewith measurablevariablesz, and thenby

�nding a lattice and a systemextensionthat can be usedfor constructingthe estimator

proposedin Theorem3.3.1.

3.4.1 SystemSpeci�cation

For completeness,we reportherethesystemspeci�cation.Theredrobotdynamicsare

describedby theN rules

yi(k + 1) = yi(k) � � if yi(k) � � (3.9)

for i 2 f1; :::;Ng. Thesestatesimply that the red robotsmove a distance� toward the

defensivezoneateachstep.Thebluerobotdynamicsaredescribedby the2N rules

zi(k + 1) = zi(k) + � if zi(k) < x� i (k)

zi(k + 1) = zi(k) � � if zi(k) > x� i (k) (3.10)

for i 2 f1; :::;Ng. For thebluerobotswe assumethat initially zi 2 [zmin; zmax] andzi < zi+1

andthatxi < zi < xi+1 for all time. Theassignmentprotocoldynamicsis de�ned by

(� i(k + 1); � i+1(k + 1)) = (� i+1(k); � i(k)) if x� i (k) � zi+1(k) ^ x� i+1(k) � zi+1(k);(3.11)

which is a modi�cation of theprotocolpresentedin [27], sincetwo adjacentrobotsswitch

assignmentsonly if they are moving one toward the other. We de�ne x = (x1; :::;xN),

z = (z1; :::;zN), � = (� 1; :::;� N). The completeRoboFlagspeci�cation is thengiven by
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theprogramgiven in rules(3.9)-(3.10)-(3.11).An examplewith 5 robotsis illustratedin

Figure3.4. In particulartherulesin (3.10)modelthefunctionh : U � Z ! Z thatupdates

z1

(x1,y1)

z2 z3 z4 z5

(x2,y2)

(x3,y3)

(x4,y4)

(x5,y5)

Figure3.4: An examplestateof theRoboFloagDrill for 5 robots.Here,� = f3; 1; 5; 4; 2g.

the continuousvariables,and the rules in (3.11) model the function f : U � Z ! U

that updatesthe discretevariables. In this example,we have U = perm(N) the set of

permutationsof N elements,andZ = RN. Thus,the RoboFlagsystemis given by � =

S(perm(N); RN; f ; h), andthevariablesz 2 RN aremeasured.

Problem 3. RoboFlag Drill Observation Problem.Given initial valuesfor x andy and

thevaluesof z correspondingto anexecutionof � = S(perm(N); RN; f ; h), determinethe

valueof � duringthatexecution.

Beforeconstructingtheestimatorfor thesystem� = S(perm(N); RN; f ; h), weshow in

thefollowing propositionthatsuchasystemis observable.

Proposition 3.4.1. Thesystem� = S(perm(N); RN; f ; h) representedby the rules (3.10)

and(3.11)with measurablevariablesz is observable.

Proof. Givenany two executions� 1 and� 2 of � , for proving observability, it is enough

to show that if f� 1(k)(� )gk2N , f� 2(k)(� )gk2N, then f� 1(k)(z)gk2N , f� 2(k)(z)gk2N. Since

the measurablevariablesarethe zi 's, alsotheir directionof motion is measurable.Thus,
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we considerthe vector of directionsof motion of the zi as output. Let g(� (k)) denote

sucha vectorat stepk for the execution� . It is enoughto show that thereis a k such

that g(� 1(k)) , g(� 2(k)). Note that, in any executionof � , the � trajectoryreachesthe

equilibriumvalue[1; :::;N], andthereforethereis astepk̄ atwhich f (� 1(k̄)) = f (� 2(k̄)) and

� 1(k̄)(� ) , � 2(k̄)(� ). Herewehavedenotedby f� (k)(� )gk2N the� sequencecorresponding

to the execution� . As a consequencethe systemis observable if g(� 1(k̄)) , g(� 2(k̄)).

Thereforeit is enoughto prove that for any � , � , for �; � 2 U , we have g(�; z) =

g(�; v) =) f (�; z) , f (�; v), wherez; v 2 RN. g(� ) = g(� ) by (3.10) implies that (1)

zi < x� i ( ) vi < x� i and(2) zi � x� i , vi � x� i . This implies that x� i � zi+1 ^ x� i+1 �

zi+1 , x� i � vi+1 ^ x� i+1 � vi+1. By denoting� 0 = f (�; z) and� 0 = f (�; v) , we have that

(� 0
i ; � 0

i+1) = (� i+1; � i) , (� 0
i ; � 0

i+1) = (� i+1; � i). Henceif thereexistsan i suchthat � i , � i,

thenthereexistsa j suchthat� 0
j , � 0

j, andthereforef (�; z) , f (�; v). �

In thefollowing subsection,theformalestimatorconstructionis presented.

3.4.2 RoboFlagDrill Estimator

In theprevioussection,wehaveshownthattheRoboFlagsystem� = S(perm(N); RN; f ; h)

representedby therules(3.10)and(3.11)with measurablevariablesz is observable.In this

section,we constructthe estimatorproposedin Theorem3.3.1 in order to estimateand

trackthevalueof theassignment� in any execution.To accomplishthis, we needto �nd

a lattice(�; � ) in which to immersethesetU andanextension�̃ of thesystem� to � , so

thatthepair (�̃ ; (�; � )) is interval compatible.

We �rst constructa lattice (�; � ) andtheextendedsystem�̃ = S(�; Z ; f̃ ; h̃) suchthat

(�̃ ; (�; � )) is interval compatible.Wechooseas� thesetof vectorsin NN with coordinates

xi 2 [1; N], thatis

� = fx 2 NN : xi 2 [1; N]g: (3.12)

For theelementsin � , we usethevectornotation,that is x = (x1; :::;xN). Thepartialorder

thatwechooseon suchasetis givenby

8x; w 2 �; x � w if xi � wi 8i: (3.13)
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As aconsequence,thejoin andthemeetbetweenany two elementsin � aregivenby

8 x; w 2 �; v = x g w if vi = maxfxi; wig;

8 x; w 2 �; v = x f w if vi = minfxi; wig:

With this choice,wehave
W

� = (N; :::;N) and
V

� = (1; :::;1). The pair (�; � ) with the

orderde�ned by (3.13) is clearly a lattice. The setU is the setof all permutationsof N

elementsandit is a subsetof � . All of theelementsin U form ananti-chainof thelattice,

that is any two elementsof U arenot relatedby theorderin (�; � ). In thesequel,we will

denoteby w the variablesin � not specifyingif it is in U , andwe will denoteby � the

variablesin U .

Thefunctionh : perm(N) � RN ! RN canbenaturallyextendedto � as

zi(k + 1) = zi(k) + � if zi(k) < xwi (k)

zi(k + 1) = zi(k) � � if zi(k) > xwi (k) (3.14)

for w 2 � . Therules(3.14)specifyh̃ : � � RN ! RN, andonecancheckthath̃jU �Z = h. In

analogousway f : perm(N) � RN ! perm(N) is extendedto � as

(wi(k + 1); wi+1(k + 1)) = (wi+1(k); wi(k)) if xwi (k) � zi+1(k) ^ xwi+1(k) � zi+1(k);(3.15)

for w 2 � . The rules (3.15) model the function f̃ : � � RN ! � , and one can check

that f̃ jU �Z = f . Therefore,the system�̃ = ( f̃ ; h̃; �; RN) is the extendedsystemof � =

( f ; h; perm(N); RN) (seeDe�nition 3.3.1).

Thefollowing propositionshowsthatthepair (�̃ ; (�; � )) is interval compatible.

Proposition 3.4.2. Thepair (�̃ ; (�; � )), where � = S(perm(N); RN; f ; h) is representedby

therules(3.10-3.11),and(�; � ) is givenby (3.12-3.13),is interval compatible.

Proof. Accordingto De�nition 3.3.5,weneedto show thefollowing two properties

(i) T i(�̃ ) = [
V

T i(�̃ );
W

T i(�̃ )],
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(ii) f̃ : ([
V

T i(�̃ );
W

T i(�̃ )]) ! [ f̃ (
V

T i(�̃ )); f̃ (
W

T i(�̃ ))] is anorderisomorphism.

To simplify notation,weneglectedthedependenceof f̃ on its secondargument.

Proofof (i): By (3.14)wehavethatT(z1;z2)(�̃ ) is notemptyif for any i wehavez2
i = z1

i +� ,

z2
i = z1

i � � , or z2
i = z1

i . Thus

T(z1;z2)(�̃ ) =

8
>>>>>>>>><
>>>>>>>>>:

fw j xwi > z1
i ; g; if z2

i = z1
i + �

fw j xwi < z1
i ; g; if z2

i = z1
i � �

fw j xwi = z1
i ; g; if z2

i = z1
i :

(3.16)

Becauseweassumedthatxi < zi < xi+1, wehave that

xwi > zi if andonly if wi > i

xwi < zi if andonly if wi < i:

This,alongwith relations(3.16)andDe�nition 3.3.3,imply (i).

Proof of (ii): To show that f̃ : T i(�̃ ) ! [ f̃ (
V

T i(�̃ )); f̃ (
W

T i(�̃ ))] is an order isomor-

phismwe show: a) that it is onto;b) that it is orderembedding.a) To show that it is onto,

we show directly that f (T i(�̃ )) = [ f̃ (
V

T i(�̃ )); f̃ (
W

T i(�̃ ))]. We omit the dependenceon

�̃ to simplify notation. From the proof of (i), we deducethat the setsT i areof the form

T i = (T i;1; :::;T i;N), with T i; j 2 f[1; j]; [ j + 1; N]; [ j; j]g. Denoteby f̃ (T i) j the jth coor-

dinatesetof f̃ (T i). By equations(3.15) we derive that f̃ (T i) j 2 fT i; j; T i; j� 1; T i; j� 1g. We

considerthecasewhere f̃ (T i) j = T i; j� 1, theothercasescanbetreatedin analogousway. If

f̃ (T i) j = T i; j� 1 then f̃ (T i) j� 1 = T i; j. Denoting
V

T i = l and
W

T i = u, with l = (l1; :::;lN) and

u = (u1; :::;uN), wehavealsothat f̃ (l) j = l j� 1, f̃ (l) j� 1 = l j, f̃ (u) j = u j� 1, f̃ (u) j� 1 = u j. Thus,

f̃ (T i) j = [ f̃ (l) j; f̃ (u) j] for all j. This in turn impliesthat f̃ (T i) = [ f̃ (l); f̃ (u)], which is what

we wantedto show. b) To show that f̃ : T i ! [ f̃ (
V

T i); f̃ (
W

T i)] is orderembedding,it is

enoughto noteagainthat f̃ (T i) is obtainedby switchingT i; j with T i; j+1, T i; j� 1, or leaving

it to T i; j . Thereforeif w � v for w; v 2 T i then f̃ (w) � f̃ (v) sincecoordinate-wisewe

will comparethesamenumbers.By thesamereasoningthe reverseis alsotrue, that is if

f̃ (w) � f̃ (v) thenw � v. �
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The estimator�̂ = (� � �; Z � Z ; � � �; ( f1; f2); id) given in Theorem3.3.1canbe

constructedbecausethe hypothesesof the theoremaresatis�ed by virtue of Proposition

3.4.1andProposition3.4.2.Theestimator�̂ canbespeci�edby thefollowing rules

l i(k + 1) = i + 1 if zi(k + 1) = zi(k) + � (3.17)

l i(k + 1) = 1 if zi(k + 1) = zi(k) � � (3.18)

Li;y(k + 1) = maxfLi(k); l i(k + 1)g (3.19)

(Li(k + 1); Li+1(k + 1)) = (Li+1;y(k + 1); Li;y(k + 1))

if xLi;y(k+1) � zi+1(k) ^ xLi+1;y(k+1) � zi+1(k) (3.20)

ui(k + 1) = N if zi(k + 1) = zi(k) + � (3.21)

ui(k + 1) = i if zi(k + 1) = zi(k) � � (3.22)

Ui;y(k + 1) = minfUi(k); ui(k + 1)g (3.23)

(Ui(k + 1); Ui+1(k + 1)) = (Ui+1;y(k + 1); Ui;y(k + 1))

if xUi;y(k+1) � zi+1(k) ^ xUi+1;y(k+1) � zi+1(k) (3.24)

initialized with L(0) =
V

� and U(0) =
W

� . Rules(3.17-3.18)and (3.21-3.22)take

the output informationz andsetthe lower andupperboundof Oy(k) respectively. Rules

(3.19) and(3.23) computethe lower andupperboundof the intersection[L(k); U(k)] \

Oy(k) respectively. Finally, rules (3.20) and (3.24) computethe lower andupperbound

of theset f̃ ([L(k); U(k)] \ Oy(k)) respectively. Also notethat the rulesin (3.17-3.24)are

obtainedby “copying” the rules in (3.15) and correctingthem by meansof the output

information,accordingto how theKalman�lter or theLuenbergerobserverareconstructed

for dynamicalsystems(seethe Kalmanseminalpaper[26] or Luenberger seminalpaper

[29]).
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3.4.3 Complexity of the RoboFlagDrill Estimator

Theamountof computationrequiredfor updatingL andU accordingto (3.17-3.24))is

proportionalto theamountof computationrequiredfor updatingthevariables� in system

� . In fact,we have 2N rules,2N variables,and2N computationsof “max” and“min” of

valuesin N. Therefore,thecomputationalcomplexity of thealgorithmthatgeneratesthe

sequencesL(k) andU(k) is proportionalto 2N, whichis of thesameorderasthecomplexity

of thealgorithmthatgeneratesthe� trajectories.

As establishedby property(iii) of Problem2, thefunctionof k givenby j[L(k); U(k)] \

U � � (k)j tendsto zero.Thisfunctionis usefulfor analysispurposes,but it is notnecessary

to computeit at any point in the estimationalgorithmproposedin equation(3.17-3.24).

However, sinceL(k) doesnot converge to U(k), oncethe algorithm hasconverged, i.e.

when j[L(k); U(k)] \ U j = 1, we cannot�nd the valueof � (k) from the valuesof U(k)

andL(k) directly. Insteadof computingdirectly [L(k); U(k)] \ U , we carry out a simple

algorithm,that in thecaseof theRoboFlagDrill exampletakesat most(N2 + N)=2 steps

andtakesasinputsL(k) andU(k) andgivesasoutput� (k) if thealgorithmhasconverged.

This is formally explainedin thefollowing paragraph.

Algorithm 1. (Re�nementAlgorithm) Let ci = [Li ; Ui]. Thenthealgorithm

(m1; :::;mN) = Re�ne(c1; :::;cN);

which takesassignmentsetsc1; :::;cN andproducesassignmentsetsm1; :::;mN, is suchthat

if mi = fkgthenk < mj for any j , i.

This algorithmtakesasinput thesetsci andremovessingletonsoccurringat onecoor-

dinatesetfrom all of theothercoordinatesets.It doesthis iteratively: if in theprocessof

removing onesingleton,anew oneis createdin someothercoordinateset,thensuchasin-

gletonis alsoremovedfrom all of theothercoordinatesets.There�nementalgorithmhas

two usefulproperties.First, thesetsmi areequalto the� i when[L; U] \ U = � . Second,

thecardinalityof thesetsmi(k) is non-increasingwith thetimestepk. Thesepropertiesare

provedformally in thefollowing propositions.
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Proposition3.4.3.If [L; U]\U = � with L; U 2 � , andci = [Li ; Ui], thenRef ine(c1; :::;cN) =

� .

Proof. Let ci denotethe sets[Li ; Ui]. Also, let U i denotethe setof permutationof i el-

ements. If [L; U] \ U = � , we note that amongthe sets[Li ; Ui] thereis at leastone i

for which Li = Ui, and thereforewe have at leastonesingletonto take out from all of

theothercoordinatesets.Without lossin generalitywe assumethat i = N (if not we can

reduceto this caseby performinga permutationof the coordinatesetsandkeepingtrack

of theusedpermutation).We areleft to show that theprocessof takingout onesingleton

alwayscreatesa new singletonthat thenneedsto be removed from the othercoordinate

sets.Then,we remove thatsingletonfrom all of theothersetsc j for j < N to obtainnew

setsc1
j whoseelementstake valuesin a setof possibleN � 1 naturalnumbers.Still, there

is only one� 2 U N� 1 suchthat� 2 (c1
1; :::;c1

N� 1). Again, for this to betruetheremustexist

j suchthatc1
j , for j 2 [1; N � 1], is a singleton.Assumej = N � 1. We thusremove this

singletonfrom all of theothersetsc1
j for j < N � 1 to obtainnew setsc2

j whoseelements

take valuesin a setof possibleN � 2 naturalnumbers.Proceedingiteratively, we �nally

obtainm1 = cN� 1
1 ,...,mN� 1 = c1

N� 1, mN = cN, which impliesthatthemi aresingletons.Since

� i 2 mi by construction,wehaveprovedwhatwewanted. �

Proposition3.4.4. Letci(k) = [Li(k); Ui(k)], anddenotebymi(k) thesetsobtainedwith the

re�nementalgorithm.Then

NX

i=1

jmi(k + 1)j �
NX

i=1

jmi(k)j:

Proof. Let usdenotethevariablesat stepk + 1 with primedvariablesandthevariablesat

stepk with unprimedvariables.Theproof proceedsby showing that for eachj thereexist

a k suchthat m0
j � mk. By equations(3.17-3.24)we deducethat we canhave oneof the

following casesfor eachi: (a)c0
i � ci+1 ^ c0

i+1 � ci, (b) c0
i � ci, (c) c0

i � ci� 1 ^ c0
i� 1 � ci. Let

usconsidercase(a), theothercasescanbetreatedin analogousway. Let c j beasingleton.

In there�nementprocessit is deletedfrom any otherset,so thatwe have ci = mi + cj for

all i. Assumethatin the�rst singletonremoval processno new singletonsarecreated.We
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haveoneof thefollowing situations:c0
j � cj+1 ^ cj+1 � cj, c0

j � cj, c0
j � cj� 1 ^ c0

j� 1 � cj.

This impliesthatoneof thec0
k is equalto thesingletonc j. Thesetsm0

i arecreatedremoving

suchsingletonfor all theothersets,so thatwe obtainm0
i + cj = c0

i � ci+1 = mi+1 + cj and

m0
i+1 + cj = c0

i+1 � ci = mi + cj. This in turn impliesthatm0
i � mi+1 andm0

i+1 � mi. Because

thisholdsfor any i, wehavethat
P N

i=1 jm0
i j �

P N
i=1 jmi j. This reasoningcanbegeneralizedto

thecasewhereasingletonremoval processcreatesnew singletons. �

3.4.4 Simulation Results

TheRoboFlagDrill systemrepresentedin the rules(3.10)and(3.11)hasbeenimple-

mentedin Matlabtogetherwith theestimatorreportedin therules(3.17-3.24).Figure3.5

(left) shows thebehavior of thequantities

V(k) = j[L(k); U(k)] \ U j

and

E(k) =
1
N

NX

i=1

j� i(k) � ij:

V(k) representsthe cardinalityof the set of all possibleassignmentsat eachstep. This

quantitygivesan ideaof the convergencerateof the estimator. E(k) is a function of � ,

andit is not increasingalongtheexecutionsof thesystem� = S(perm(N); RN; f ; h). This

quantityis showing therateof convergenceof the� assignmentto its equilibrium(1; :::;N).

In Figure3.5(right) weshow theresultsfor N = 30robotsperteam.In particular, wereport

thelogarithmof E(k) andthelogarithmof W(k) de�ned as

W(k) =
1
N

NX

i=1

jmi(k)j;

whichby virtueof Proposition3.4.3andProposition3.4.4is nonincreasingandconverging

to one,that is, thesets(m1(k); :::;mN(k)) convergeto � (k) = (� 1(k); :::;� N(k)). In thesame

�gure, wenoticethatwhenW(k) convergesto one,E(k) hasnotconvergedto zeroyet. This

showsthattheestimatoris fasterthanthedynamicsof thesystemunderstudy.
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Figure3.5: (Left) Examplewith N=8: notethatthefunctionV(k) is alwaysnon-increasing
becausethe set � � U is invariantunder f̃ . (Right) Examplewith N=30: note that the
functionW(k) is alwaysnon-increasingandits logarithmis converging to zero.

In this chapter, we have proposedan estimator�̂ = (� � �; Z � Z ; � � �; ( f1; f2); id)

on a lattice (�; � ) for a DTS � = S(U ; Z ; f ; h) with U � � . Suchan estimatorcanbe

constructedif the extendedsystem�̃ = S(�; Z ; f̃ ; h̃) is suchthat the pair (�̃ ; (�; � )) is

interval compatible.In thenext chapter, we investigatewhenthepair (�̃ ; (�; � )) is interval

compatible,andwhatpossiblecausescanbeof theestimatorcomplexity.
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Chapter 4

Existenceof DiscreteStateEstimators
on a Lattice

In the previous chapter, we have shown that if a systemcanbe extendedto a lattice

in a way suchthat the systemextensionandthe lattice areordercompatible,the estima-

tor on a lattice given in Theorem3.3.1canbe implemented. In this chapter, we give a

characterizationof what observablemeansin termsof extensibility of a systeminto an

extendedsystemthat is interval compatiblewith a lattice (�; � ). We show that if thesys-

tem� = S(U ; Z ; f ; h) is observable,therealwaysexistsa lattice(�; � ) suchthat thepair

(�̃ ; (�; � )) is interval compatible.Thesizeof theset� is singledoutasacauseof complex-

ity, anda worstcasesizeis computed.In particular, theworstcasesizeof thelatticenever

exceedsthesizeof theobserver treeproposedin [13]. As a consequence,themethodpro-

posedin this thesisis in theworstcasecomputationallyequivalentto previously proposed

methods.For systemswhereU canbeimmersedin aspaceequippedwith algebraicprop-

erties,asis thecasefor theRoboFlagDrill, apreferredlatticestructure(�; � ) existswhere

joinsandmeetscanbee� cientlycomputedandrepresentedby exploiting thealgebra.For

thesesystems,theestimationmethodologyproposedin this thesisreducescomplexity with

respectto enumerationmethods.However, the pair (�̃ ; (�; � )) is not necessarilyinterval

compatiblefor any (�; � ). Weproposeawayof constructingtheestimatoronachosenlat-

tice by �nding a generalizationof � for which thereexist anextensionon thelattice(�; � )

with thedesiredproperties.A possiblewayof determininga generalizationof � is by cre-

atinga nondeterministicapproximationof thesystem.This is explainedin the following
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chapter.

Note that,asin the caseof the RoboFlagDrill, therearea numberof applicationsin

which the discretestatedynamicsevolvesnaturally on partially orderedsets. Resource

allocationproblemsinvolving moving resources(agents)asin the caseof air tra� c con-

trolled systems([37], [6]), or weapon-targetassignmentproblemsareexampleswherethe

tasksareusuallyassociatedwith positionsin Euclideanspace,wheretheusualconepartial

orderinducesapartialorderon thetasks.In thecaseof dynamicschedulingfor distributed

computing,thesetof processesthatneedto beallocatedto resourcesis typically partially

orderedaccordingto priorities([10]), andtheallocationto resourcesis dynamicallyestab-

lishedon thebasisof suchpartial ordering. In addition,thereis plentyof systemswhere

a partial orderamongeventsis naturallyestablishedby a causalorderrelation,asin the

caseof messagepassingbaseddistributedsystems([41]), or in thecaseof humanactivities

([38]). An examplefrom this class,is presentedin Chapter7. Also, all discreteeventsys-

temsimplementedasPetriNets([16]) arecharacterizedby orderpreservingstatetransition

functionswith respectto asuitablepartialorder. In Chapter7,weshow how ouralgorithms

applyto thiscase.Mostof theseexamplesarealsodistributed,meaningthatthesizeof the

discretestateis solargeto renderprohibitive theestimationproblemif thepartialorderis

notexplicitly takeninto accountin theestimatordesign.

This chapteris organizedin two sections.In Section4.1, the existenceresult for the

estimatorona latticeis given.In Section4.2,apossibleway for constructingtheestimator

on achosenlatticeis given.

4.1 Estimator Existence

Considerthe deterministictransitionsystem� = S(U ; Z ; f ; h). We de�ne the � -

transitionsetsandthe� -transitionclassesasde�nedfor theextendedsystem�̃ = S(U ; Z ; f̃ ; h̃)

in De�nition 3.3.2andDe�nition 3.3.3respectively.

De�nition 4.1.1. ThenonemptysetsT(z1;z2)(� ) = f� 2 U j z2 = h(�; z1)g, for z1; z2 2 Z ,

arenamedthe� -transitionsets.
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De�nition 4.1.2. ThesetT (� ) = fT 1(� ); :::;TM(� )g, with T i(� ) suchthat

(i) For any T i(� ) 2 T (� ) thereis (z1; z2) 2 Z suchthatT i(� ) = T(z1;z2)(� );

(ii) For any z1; z2 2 Z for which T(z1;z2)(� ) is not empty, thereis j 2 f1; :::;Mgsuchthat

T(z1;z2)(� ) = T j;

is thesetof � -transitionclasses.

Each� -transitionsetT(z1;z2)(� ) containsall of � valuesin U that allow the transition

from z1 to z2 throughthefunctionh. Notealsothatfor any z1; z2 2 Z we have T(z1;z2)(� ) �

T(z1;z2)(�̃ ) becausẽhjU �Z = h andU � � . This in turn impliesthatT i(� ) � T i(�̃ ).

We alsoassumethatall of theexecutionscontainedin the! +-limit setof � , ! (� ), are

distinguishable.More formally wehave:

Assumption 4.1.1. The! +-limit setof � = S(U ; Z ; f ; h), ! (� ), is suchthat for any two

di� erentexecutions� 1; � 2 with � 1(0); � 2(0) 2 ! (� ) thereis k 2 N suchthat � 1(k)(z) ,

� 2(k)(z).

In thecasein which ! +-limit setis just one�x edpoint, this assumptionis alwaystriv-

ially veri�ed. In casewhere! +-limit setis madeup by �x edpointsandlimit cycles,the

assumptionrequiresthatany two di� erent�x edpointshave di� erentoutputvalues,other-

wisetwo di� erentexecutionsstartingin thetwo �x edpointswill notbedistinguishable.

Lemma 4.1.1. Considerthedeterministictransitionsystem� = S(U ; Z ; f ; h). Let ! (� )

verifyAssumption4.1.1.Then,� is observableif andonly if f : (T j(� ); z) ! f (T j(� ); z) is

oneto onefor any j 2 f1; ::;Mgandfor anyz 2 Z .

Proof. (=) ). Let us show that if the systemis observable then for any z 2 Z andany

j 2 f1; ::;Mgwe have that f : (T j(� ); z) ! f (T j(� ); z) is oneto one.We have to show that

if � a , � b and� a; � b 2 T j(� ) for somej, then f (� a; z) , f (� b; z). Supposeinsteadthat

f (� a; z) = f (� b; z), this meansthat the two executions� a, � b startingat � a(0) = (� a; z)

and� b(0) = (� b; z) have thesameoutputsequence,but they aredi� erent.This meansthat

they arenotdistinguishableandthereforethesystemis notobservable.Thiscontradictsthe

assumption.
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(( =). We assumethat for any z 2 Z we have that f : (T j(� ); z) ! f (T j(� ); z) is one

to one,andthatAssumption4.1.1is veri�ed. We needto show thatfor any � 1 , � 2 there

is k 2 N suchthat g(� 1(k)) , g(� 2(k)), that is � 1 and� 2 aredistinguishable.Let then

� 1 and� 2 be two executionssuchthat � 1(0) , � 2(0). Assumethatg(� 1) = g(� 2). This

impliesthat � 1(k) = (� 1(k); z(k)) and� 2(k) = (� 2(k); z(k)). This impliesthat� 1(k) , � 2(k)

for all k, because� 1(k) and� 2(k) arein T(z(k+1);z(k)) (whichcoincideswith aT i for somei by

De�nition 4.1.2),andweassumedthatif � 1(k) , � 2(k) then f (� 1(k); z(k)) , f (� 2(k); z(k)).

This in turn implies that for k � k� 1 andk � k� 2, � 1(k) 2 ! ( f ; h), � 2(k) 2 ! (� ), � 1(k) ,

� 2(k) andg(� 1) = g(� 2). This contradictstheassumption.Thereforeif � 1(0) , � 2(0), we

havethatg(� 1) , g(� 2), whichimpliesthat� 1 and� 2 aredistinguishableandby De�nition

2.2.4impliesthat� is observablewith outputz. �

This lemmashows that observability canbe determinedby checkingif the function

f is one to oneon the � -transitionclassesT j(� ), provided that the executionsevolving

in ! (� ) are distinguishable.This lemmais usedin the following theorem,which gives

an alternative characterizationof what observablemeansin termsof extensibility of the

system� into a system�̃ thatis interval compatiblewith a lattice(�; � ).

Theorem 4.1.1. (Observabilityon boundedlattices)Considerthedeterministictransition

system� = S(U ; Z ; f ; h). Let ! (� ) verifyAssumption4.1.1.Thenthefollowingareequiv-

alent:

(i) System� is observable;

(ii) There exist a completelattice (�; � ) with U � � , such that the extension�̃ =

( f̃ ; h̃; �; Z ) of � on � is such that (�̃ ; (�; � )) is interval compatible.

Proof. ((i) ) (ii))We show the existenceof a lattice (�; � ) and of an extendedsystem

�̃ = S(�; Z ; f̃ ; h̃) with (�̃ ; (�; � )) aninterval compatiblepair by construction.De�ne � :=

P(U ), and(�; � ) := (P(U ); � ).

To de�ne h̃, we de�ne thesublattices(T i(�̃ ); � ) of (�; � ) for i 2 f1; :::;Mg, by (T i(�̃ ); �

) := (P(T i(� )); � ) asshown in Figure4.1. As a consequence,for any given z1; z2 2 Z

suchthat z2 = h(�; z1) for � 2 T i(� ) for somei, we de�ne z2 = h̃(w; z1) for any w 2
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T i(�̃ ). Clearly, h̃jU �Z = h, andT i(�̃ ) for any i is aninterval sublatticeof theform T i(�̃ ) =

[? ;
W

T i(�̃ )].

? = ;

(�; � ) = (P(U ); � )

T i(�̃ )

U

T i(� )

Figure4.1: Exampleof the � and �̃ transitionclasseswith U (darkelements)composed
by threeelements.

Thefunction f̃ is de�ned in thefollowing way. For any x; w 2 � and� 2 U we have

8
>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

f̃ (x g w) = f̃ (x) g f̃ (w)

f̃ (x f w) = f̃ (x) f f̃ (w)

f̃ (? ) = ?

f̃ (� ) = f (� );

(4.1)

wherewehaveomittedthedependency onthezvariable(thatis kept�x ed)for simplifying

notation.We prove �rst that f̃ : T i(�̃ ) ! [? ; f̃ (
W

T i(�̃ ))] is onto.We have to show thatfor

any w , ? 2 [? ; f̃ (
W

T i(�̃ ))] thereis x 2 [? ;
W

T i(�̃ )] suchhatw = f̃ (x). Since
W

T i(�̃ ) =

� 1 g ::: g � p for f� 1; :::;� pg= T i(� ), we havealsothat f̃ (
W

T i(�̃ )) = f (� 1) g ::::g f (� p) by

virtueof equations(4.1).Becausew � f̃ (
W

T i(�̃ )), wehavethatw = f (� j1)g :::g f (� jm) for

jk 2 f1; :::; pgandm < p. This in turn implies,by equations(4.1),thatw = f̃ (� j1 g :::g � jm).

Sincex := � j1 g ::: g � jm <
W

T i(�̃ ), we have provedthatw = f̃ (x) for x 2 T i(�̃ ). Second,

we noticethat f̃ : T i(�̃ ) ! [? ; f̃ (
W

T i(�̃ ))] is oneto onebecauseof Lemma4.1.1. Thus,

we have provedthat f̃ : T i(�̃ ) ! [? ; f̃ (
W

T i(�̃ ))] is a bijection,andby equations(4.1) it is

alsoanhomomorphism.WethenapplyProposition2.1.1to obtaintheresult.
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((ii) () (i)). To show that (ii) implies that � = S(U ; Z ; f ; h) is observable,we apply

Lemma4.1.1. In particular, (�̃ ; (�; � )) beinginterval compatibleimpliesthat f̃ : T i(�̃ ) !

[ f̃ (
V

T i(�̃ )); f̃ (
W

T i(�̃ ))] is one to one for any i. This, alongwith Assumption4.1.1,by

Lemma4.1.1imply thatthesystemis observable. �

This result links the propertyof a pair (�̃ ; (�; � )) being interval compatiblewith the

observability propertiesof theoriginalsystem� .

Theorem4.1.1showsthatanobservablesystemadmitsa latticeandasystemextension

thatsatisfyinterval compatibilityby constructingthem,in a similar wayasoneshows that

a stabledynamicalsystemhasa Lyapunov function. However, the lattice constructedin

theproofof thetheoremis impracticalfor theimplementationof theestimatorof Theorem

3.3.1whenthesizeof U is largebecausethesizeof therepresentationof theelementsof

� is largeaswell. However, onedoesnot needto have � = P(U ), but it is enoughto have

in � theelementsthat theestimatorneeds,that is, theelementsin the �̃ -transitionclasses.

With this consideration,thefollowing propositioncomputestheworstcasesizeof � .

Proposition 4.1.2. Considerthesystem� = S(U ; Z ; f ; h), with f : U ! U . Assumethat

thesetsfT 1(� ); :::;Tm(� )gareall disjoint. Thenj� j � 2jU j2.

Proof. Weconstructtheworstcase(�; � ) by addingin it all theelementsthattheestimator

in Theorem3.3.1needs.Thesearein thesetof subsetsof U orderedaccordingto inclusion.

Let T i(� ) bea � -transitionclass.For simplifying notation,we omit thedependenceon �

denotingT i(� ) by T i. Theproofproceedsin two steps:1) weshow thatfor any T i, thelast

elementof thesequencefT i; f (T i) \ T i1; f ( f (T i) \ T i1) \ T i2; ::::; f ( f (:::f (T i) \ T i1:::)) \ T ing

is a singletonfor n < jU j, for any i j 2 f1; :::;mg; 2) the jth elementof theabove sequence

cangenerateatmostjU j nonemptysetsfor any combination(i1; :::;i j� 1) andfor any j.

Proofof 1). Let ! � denotethe ! +-limit setof f . Sinceall of theexecutionsarecon-

verging to the! +-limit set,it is enoughto show thatany two executionstartingin the! � ,

will distinguishfrom eachotherin lessthann = j! � j. Weproceedby contradiction.De�ne

thefunctionY : U ! fY 1; :::;Y m; gsuchthatY(� ) = Y i if � 2 T i. Assumethat thereare
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xi; xj 2 ! � suchthat

(a) Y( f k(xi)) = Y( f k(xj)) for any k < n and

(b) Y( f n(xi)) , Y( f n(xj)):

Sincexi andx j belongeachto a limit cycle, therearek j; ki suchthat f n� ki (xi) = f n(xi) and

f n� kj (xj) = f n(xj). As aconsequence,wehaveby (b) that

(c) Y( f n� ki (xi)) , Y( f n� kj (xj)):

Assumewithout loss in generalitythat ki � kj. If xi and x j belongto the samelimit

cycle, we have ki = kj, and thereforewe contradict(a). If ki > kj, xi and x j belongto

di� erentlimit cycles,andki andk j aretherespective limit cycle lengths.Thuski + kj � n.

Thus,by virtue of (a) we have Y( f n� (ki+kj )(xi)) = Y( f n� (ki+kj )(xj)) andby theperiodicityof

trajectoriesin thelimit cycles,wehave f n� (ki+kj )(xi) = f n� kj (xi) and f n� (ki+kj )(xj) = f n� ki (xj).

As a consequence,Y( f n� (ki+kj )(xi)) = Y( f n� kj (xi)) andY( f n� (ki+kj )(xj)) = Y( f n� ki (xj)). By

(a), we alsohave thatY( f n� ki (xj)) = Y( f n� ki (xi)) andY( f n� kj (xi)) = Y( f n� kj (xj)). Onecan

verify thatthesetof theserelationsareinconsistentwith (c).

Proofof 2). SincetheT isareall disjoint,the jth elementof thesequencein 2) canhave

at mostjT i j nonemptyintersectionsfor any combinationof (i1; :::;i j� 1) for any j. Thenfor

any j, wecanhaveatmost
P

i jT i j = jU j nonemptyintersections.

Sincetheestimatorneedsall of thesejU j2 elementsandthe“ f ” of theseelements,the

sizeof (�; � ) is atmost2jU j2. �

Example In this example,we show how the lattice (�; � ) looks like in thecaseof an

automatondriving thediscretestatedynamics.Considertheautomatonreportedin Figure

4.2 whereU = f� 1; ::; � 5g, andT = fT 1; T2g. The lattice (�; � ) canbe constructedby

following theprocedurein theproofof Proposition4.1.2,andit is shown in Figure4.3.

�

The size of � givesan idea of how many valuesof joins and meetsneedto be stored.
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� 1

� 2

� 3

� 4

� 5

T1

T2

Figure4.2: Automatonexample.

� 1

?

� 2 � 3 � 4 � 5

>
(�; � )

f̃ (T1)

T1

f̃ 2(T1)

T2
f̃ (T2)

Figure4.3: Automatonexample:lattice(�; � ).

In the caseof the RoboFlagexamplewith N = 4 robotsper team,the sizeof P(U ) is

16778238,while theworstcasesizegivenin Proposition4.1.2is 576,andthesizeof the

lattice � proposedin Section3.4.2 is 44 = 256. Thusthe estimategiven by Proposition

4.1.2signi�cantly reducesthe sizeof � given by P(U ). Note that the sizeof the lattice

proposedin Section3.4.2is smallerthan576,becausetherearepairsof elementsthathave

thesamejoin, for examplethepairs(3; 1; 4; 2); (4; 2; 1; 3)and(4; 2; 1; 3); (2; 1; 4; 3)havethe

samejoin thatis (4; 2; 4; 3).

This propositionshows that theworst casecomputationneededfor implementingour

estimatoris thesameastheoneneededin Caines[13], wheretheobserver treemethodis

proposed.Themainadvantageof themethodproposedin thisthesisis clearwhenthespace

of discretevariablescanbe immersedin a latticewhoseorderrelationscanbecomputed

algebraically((�; � ) doesnot needto bestored).In sucha case,oneneedsto �nd a better

lattice,if it exists,consideringits size,therepresentationof itselements,andthecomplexity

of computingjoins andmeets. In the RoboFlagDrill, for example,sucha betterlattice
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exists.Evenif thesizeof U is N! (which is hugeif N is large)thelattice(�; � ) is suchthat

its elementscanberepresentedby a setof N naturalnumbersplus joins andmeets,and f̃

canbecomputedby usingthealgebranaturallyassociatedwith NN. Thus,somesystems

have a preferredlattice structurethat drasticallyreducescomplexity. For thesesystems

however, theextendedsystemandsucha preferredlatticestructurearenot alwaysinterval

compatible. In sucha case,we proposein the following sectiona way to constructan

estimatoron thedesiredlatticeevenif theinterval compatibilityconditionis not satis�ed.

Thecounterpartis thattheconvergencespeedof theestimatorcanbelower.

4.2 Existenceof an Estimator on a ChosenLattice

In thissection,weconsiderthecasein which thereis apreferredlatticestructure(�; � )

in which the order relationscan be computedalgebraically, but there is no systemex-

tension�̃ suchthat the pair (�̃ ; (�; � )) is interval compatible. We thuslook for an over-

approximationof the system� that might be interval compatiblewith the desiredlattice

(�; � ). Suchan over-approximationis called a weakly equivalentgeneralizationand is

de�ned thefollowing way.

De�nition 4.2.1. Considerthedeterministictransitionsystem� = S(U ; Z ; f ; h). We de-

�ne � � = S(U � ; Z ; f� ; h) to be a � -weaklyequivalentgeneralization of � on U � with

U � U � if

(i) E(� ) � E(� � );

(ii) Any � � � 2 E(� � ) suchthat f� � � (k)(z)gk2N = f� � (k)(z)gk2N, for someexecution� � 2

E(� ), is suchthat� � � � � � .

Item (i) establishesthat � � is a generalizationof � , denoted� � � � . Moreover, (ii)

establishesthat thoseexecutionsof � � that have the sameoutputsequenceasoneof the

executions,� � , of � areequivalentto � � . As a consequence,if thesystem� is observable

(or weaklyobservable),its � -weaklyequivalentgeneralization� � is weaklyobservableon

thesetof executionsof � . For weaklyobservablesystems,Theorem3.3.1canbeappliedby
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substitutingtheassumptionof thepair (�̃ ; (�; � )) beinginterval compatiblewith a weaker

assumptionthatwecall weakintervalcompatibilityde�ned asfollows.

De�nition 4.2.2.(Weakintervalcompatibility)Considertheextendedsystem�̃ = S(�; Z ; f̃ ; h̃)

of � = S(U ; Z ; f ; h) on(�; � ). Thepair (�̃ ; (�; � )) is saidto beweaklyintervalcompatible

if

(i) Each�̃ -transitionclass,T i(�̃ ) 2 T (�̃ ), is aninterval sublatticeof (�; � ):

T i(�̃ ) = [
^

T i(�̃ );
_

T i(�̃ )];

(ii) f̃ : ([L; U]; z) � ! [ f̃ (L; z); f̃ (U; z)] is orderpreservingfor any [L; U] � T i(�̃ ), and

any z 2 Z andfor any i 2 f1; :::;Mg;

(iii) f̃ : ([L; U]; z) � ! [ f̃ (L; z); f̃ (U; z)] is ontofor any [L; U] � T i(�̃ ) for any z 2 Z and

for any i 2 f1; :::;Mg.

We have this di� erencebetweenobservablesystemsandweakly observablesystems

becausein a weakly observablesystem,two executionssharingthe sameoutputcancol-

lapseoneontotheother, thustherecannotbeany extensionf̃ thatis abijectionbetweenthe

outputlatticeandthesetit is mappedto. Thus,we canrestateTheorem3.3.1for weakly

observablesystemsin thefollowing way.

Theorem 4.2.1. Assumethat the deterministictransition system� = S(U ; Z ; f ; h) is

weaklyobservable. If there is a lattice (�; � ), such that the pair (�̃ ; (�; � )) is weaklyin-

terval compatible, then the deterministictransition systemwith input �̂ = (� � �; Z �

Z ; � � �; ( f1; f2); id) with

f1(L(k); y(k); y(k + 1)) = f̃ (L(k) g
^

Oy(k); y(k))

f2(U(k); y(k); y(k + 1)) = f̃ (U(k) f
_

Oy(k); y(k))

solvesProblem2.
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If we can �nd a � -weakly equivalentgeneralization� � for � that is weakly interval

compatiblewith the desiredlattice � , we canconstructtheestimatorfor thesystem� by

using� � . This is formally statedin thefollowing proposition.

Proposition 4.2.2. If the system� = S(U ; Z ; f ; h) is observable(or weaklyobservable)

and its � -weaklyequivalentgeneralization � � = S(U � ; Z ; f� ; h) is such that the pair

(�̃ � ; (�; � )) is weaklyinterval compatiblefor a given(�; � ) and U � � � , thenTheorem

4.2.1canbeappliedto � � with � (k) = � � (k)(� ) andz(k) = � � (k)(z).

This way, we constructthe estimatorusing f� , but we estimatethe valueof � corre-

spondingto theexecutionof � whoseoutputz we aremeasuring.Theproof of thispropo-

sition canbecarriedout easilyby usingdirectly (i) and(ii) of De�nition 4.2.1.Thecoun-

terpartis thatif the� -weaklyequivalentgeneralizationis tooroughanover-approximation

of � , theconvergencespeedcanbelow.

A way for constructinga � -weaklyequivalentgeneralizationof � is to �nd anondeter-

ministic function f� : U � Z ! P(U ) suchthat if � (k) = � � (k)(� ) andz(k) = � � (k)(z),

then� (k + 1) 2 f� (� (k); z(k)). The function f� mapsan elementto a setof possibleval-

uesin U , andU � = U . We show in the following chapterhow the resultsobtainedfor

deterministicsystemscarryto nondeterministicsystems.
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Chapter 5

DiscreteStateEstimators on a Lattice
for Nondeterministic Systems

In this chapter, we outline the basic ideasthat allow us to generalizethe resultsof

Chapters3 and4 to nondeterministictransitionsystems.The systemsconsideredin this

chapterarenotprobabilisticasnondeterminismarisesbecauseastateis updatedto aknown

setof possiblevaluesinsteadof beingupdatedto onevalueonly. This is a way of taking

modelinguncertaintyinto account. Suchuncertaintycan be due to poor knowledgeof

thedynamics,or to timing uncertaintiesthatoftenhappenin concurrentsystems.In these

systemsin fact, the stateof the agentscanbe updatedin an asynchronousfashion,and

the orderin which eachstateof eachagentis updatedis not known a priori . In Section

5.1,basicde�nitions for nondeterministictransitionsystemsaregiven. In Section5.2,the

estimatorproposedin thepreviouschaptersis constructedandtheexistenceresultproved.

Thechapteris concludedwith anondeterministicexamplein Section5.3.

5.1 BasicDe�nitions

De�nition 5.1.1. (Nondeterministictransitionsystems)A nondeterministictransitionsys-

tem(NTS) is thetuple� = (S; Y ; F; g), where

(i) S is asetof stateswith s 2 S;

(ii) Y is asetof outputswith y 2 Y ;

(iii) F : S ! P(S) is thestatetransitionset-valuedfunction;
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(iv) g : S ! Y is theoutputfunction.

An executionof � is any sequence� = fs(k)gk2N suchthat s(0) 2 S and s(k + 1) 2

F(s(k)) for all k 2 N. As opposedto a DTS, in anNTS F mapsanelementto a set,and

thusit is a set-valuedfunction. TheDe�nitions 2.2.2,2.2.5,and2.2.6,which arerelated

with theweakobservability property, canberewrittenthesamewayfor NTSsby replacing

“deterministictransitionsystem”with “nondeterministictransitionsystem”,andby taking

that F is a set-valuedmapinto account.As donefor deterministictransitionsystems,we

considernondeterministictransitionsystemswith thespecialstructure

(i) S = U � Z with U a �nite setandZ a �nite dimensionalspace;

(ii) F = ( f; h), wheref : U � Z ! P(U ) andh : U � Z ! Z ;

(iii) g(�; z) := z, where� 2 U , z 2 Z , andY = Z .

We denotethis classof nondeterministictransitionsystemsby � = S(U ; Z ; f ; h), andwe

associateto thetuple(U ; Z ; f ; h) theequations

� (k + 1) 2 f (� (k); z(k))

z(k + 1) = h(� (k); z(k)) (5.1)

y(k) = z(k);

if f is aset-valuedmap.Givena lattice(�; � ) with U � � , theextension�̃ = S(�; Z ; f̃ ; h̃)

of � is de�ned in a waysimilar to theway it is de�ned for deterministictransitionsystems

(seeDe�nition 3.3.1),but in this case�̃ is nondeterministicitself andU is allowedto be

not invariantunder f̃ .

De�nition 5.1.2. Given the nondeterministictransitionsystem� = S(U ; Z ; f ; h), a N-

extensionof � on� , with U � � and(�; � ) acompletelattice,isany system�̃ = S(�; Z ; f̃ ; h̃),

suchthat

(i) f̃ : � � Z ! P(� ) and f̃ jU �Z \ P(U ) = f ;

(ii) h̃ : � � Z ! Z andh̃jU �Z = h.
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Thede�nition of interval compatiblepair changesto thefollowing de�nition.

De�nition 5.1.3. ConsidertheN-extension�̃ = S(�; Z ; f̃ ; h̃) of thenondeterministictran-

sition system� = S(U ; Z ; f ; h) on (�; � ). The pair (�̃ ; (�; � )) is said to be N-interval

compatibleif

(i) Each�̃ -transitionclass,T i(�̃ ) 2 T (�̃ ), is aninterval sublatticeof (�; � ):

T i(�̃ ) = [
^

T i(�̃ );
_

T i(�̃ )];

(ii) f̃ : ([w1; w2]; z) � ! [
V

f̃ (w1; z);
W

f̃ (w2; z)] is orderpreservingfor any [w1; w2] �

T i(�̃ ), andany z 2 Z andfor any i 2 f1; :::;Mg;

(iii) f̃ : ([w1; w2] \ U ; z) � ! [
V

f̃ (w1; z);
W

f̃ (w2; z))] \ U is ontofor any [w1; w2] � T i(�̃ )

for any z 2 Z andfor any i 2 f1; :::;Mg.

Notethatfor aset-valuedfunction f , wehave that f : A ! B is ontoif for any element

b 2 B thereis anelementa 2 A suchthatb 2 f (a). In thefollowing section,theestimator

is constructed.

5.2 Estimator Construction and Existence

In thissection,weshow how to extendtheestimatorconstructionandexistenceto non-

deterministicsystems.The argumentscarriedout aresimilar to the deterministicsetting.

Themaindi� erencelies in the fact thatnow we dealwith setvaluedmapsasopposedto

onevaluedmaps. This will be taken directly into accountin the estimatorconstruction.

Also, this featurewill not allow us to prove the monotonicitypropertyof the estimation

errorthatwehadin thedeterministicsetting(see(ii) of Problem2). In particular, Theorem

3.3.1transformsto thefollowing.

Theorem 5.2.1. Assumethat thenondeterministictransitionsystem� = S(U ; Z ; f ; h) is

weaklyobservable. If there is a lattice (�; � ), such that the pair (�̃ ; (�; � )) is N-interval
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compatible, then the deterministictransitionsystemwith input �̂ = (� � �; Z � Z ; � �

�; ( f1; f2); id) with

f1(L(k); y(k); y(k + 1)) =
^

f̃ (L(k) g
^

Oy(k); y(k))

f2(U(k); y(k); y(k + 1)) =
_

f̃ (U(k) f
^

Oy(k); y(k)) (5.2)

solves(i) and(iii) of Problem2.

Proof. Theproof is similar to theoneof Theorem3.3.1,exceptthatnow thefunction f̃ is

nondeterministic,andthusonehasto carryouttheargumentsusingWf̃ andV f̃ asopposedto

f̃ itself. Thisis sketchedin whatfollows. Forsimplifying notation,weomit thedependence

of f̃ on y.

Item (i) canbeprovedby inductionon k. By the initialization of theestimatorL(0) �

� (0) � U(0) (basecase).Assumethat L(k) � � (k) � U(k), andshow this holdsat step

k + 1. It su� cesto noticethatVOy(k) g L(k) � � (k) � U(k) f WOy(k), because� (k) 2 Oy(k)

by de�nition. By theorderpreservingpropertyof f̃ , wehave

^
f̃ (

^
Oy(k) g L(k)) �

^
f̃ (� (k)) � � (k + 1)

and

� (k + 1) �
_

f̃ (� (k)) �
_

f̃ (U(k) f
_

Oy(k)):

Item (iii) of Problem2 is provedby contradiction.Assume� 00
1 ; � 00

2 2 [L(k + 1); U(k +

1)] \ U . By equations(5.2) andby property(iii) of De�nition 5.1.3, thereare � 0
1; � 0

2 2

[VOy(k) g L(k); U(k) f WOy(k)] \ U suchthat� 00
1 2 f (� 0

1) and� 00
2 2 f (� 0

2), and� 0
1; � 0

2 2 Oy(k).

In analogousway, thereare� 1; � 2 2 [VOy(k � 1)g L(k � 1); U(k � 1) f WOy(k � 1)] \ U such

that� 0
1 2 f (� 1) and� 0

2 2 f (� 2), and� 1; � 2 2 Oy(k � 1). This impliesthatonecanconstruct

two executionsof � , � 1 = f� 1(k); z(k)gk2N and� 2 = f� 2(k); z(k)gk2N, that sharethe same

output.Thiscontradictstheweakobservability of � . �

In Theorem5.2.1,we assumethat thesystemis weaklyobservableasopposedto ob-

servableasassumedin Theorem3.3.1,andthefunctions f1 and f2 aremodi�ed by taking
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that f (�) is asetinto account.Also, (ii) of Problem2 cannotbeguaranteedbecausef̃ maps

anelementto aset.

Thefollowing theoremshowsthatalsofor nondeterministicsystems,it is alwayspossi-

bleto �nd alattice(�; � ) andasystemextension�̃ suchthatthepair((�; � ); � ) is N-interval

compatible.

Theorem 5.2.2. Considerthenondeterministicsystem� = S(U ; Z ; f ; h). There existsa

lattice (�; � ), with U � � , and extensionsf̃ : � � Z ! P(� ), h̃ : � � Z ! Z , with

f = f̃ jU �Z \ P(U ) andh̃jU �Z = h, such that thepair ((�; � ); �̃ ) is N-intervalcompatible.

Proof. Theproofproceedsby construction.(0) A lattice(�; � ) with U � � is constructed;

(1) the maph : U � Z ! Z is extendedto (�; � ) suchthat (i) is veri�ed; (2) the map

f : U � Z ! P(U ) is extendedto (�; � ) suchthat f̃ jU �Z \ P(U ) = f , andsuchthat

(ii)-(iii) of De�nition 5.1.3areveri�ed. Sincetheconstructions(0) and(1) areidenticalto

thedeterministiccase,theproofconcentrateson proving (2).

(2) In orderto prove(ii) of De�nition 5.1.3, f̃ is de�ned. For simplifying thenotation,

we omit thedependenceon z. We de�ne f̃ for every elementw 2 � . By theconstruction

in (0), any w 2 � hastheform w = � 1 g ::: g � p for some� i 2 U . Thus,For every p-tuple

(� 1; :::;� p), de�ne

f̃ (� 1 g ::: g � p) := f̃ (� 1) g ::: g f̃ (� p);

f̃ (� 1) g ::: g f̃ (� p) := P(( f (� 1) [ ::: [ f (� p)): (5.3)

This is shown in Figure5.1 for p = 2. Therefore,for any w 2 � , it follows that f̃ (w) =

[? ; Wf̃ (w)]. Also de�ne f̃ (? ) = ? . It followsby constructionthat f (� ) = f̃ (� ) \ U for any

� 2 U . To show that f̃ is orderpreserving,wecheckDe�nition 2.1.3.Sincefor any w � x

we have V f̃ (w) = V f̃ (x) = ? , we needto checkthat Wf̃ (w) � Wf̃ (x). In fact if w � x, then

w = � 1g:::g� m andx = � 1g:::g� mg� m+1g:::g� n for some� i 2 U bypart(0). By de�nition

f̃ (w) = P(( f (� 1)[ :::[ f (� m)) and f̃ (x) = P(( f (� 1)[ :::[ f (� m):::[ f (� n)). Thereforef̃ (w) =

[ j=1:m f (� j) � [ j=1:n f (� j) =
W

f̃ (x). (iii) To provethat f̃ : [? ; U] \ U � ! [? ; Wf̃ (U)] \ U

is onto, we needto show that for any � 2 [? ;
W

f̃ (U)] \ U thereis � 2 [? ; U] \ U
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f (� j) = � m

?

� k
� l

f̃ (� i)

� m

f̃ (w)

?

� i

� j

f (� i) = f� l ; � kg

w = � i g � j

Figure5.1: Extensionf̃ on lattice� .

suchthat � 2 f̃ (� ). By construction(part (0)) we have that U = � 1 g ::: g � n, for some

� 1; :::;� n. Therefore[? ;
W

f̃ (U)] \ U = [ i=1:n f (� i), which impliesthat� 2 f (� i) for some

i 2 f1; :::;ng. SinceU = � 1 g ::: g � n we have that� i 2 [? ; U] \ U for all i. �

Note thatanequivalentof Proposition4.2.2holdsif � is nondeterministicandweakly

observable.For completenesswereformulatesuchproposition.

Proposition 5.2.3. If the nondeterministictransitionsystem� = S(U ; Z ; f ; h) is weakly

observableand its � -weaklyequivalentgeneralization � � = S(U � ; Z ; f� ; h) is such that

thepair (�̃ � ; (�; � )) is N-intervalcompatiblefor a given(�; � ), thenTheorem5.2.1canbe

appliedto � � with � (k) = � � (k)(� ) andz(k) = � � (k)(z).

In thefollowing example,weshow how to applythispropositionto anondeterministic

versionof theRoboFlagsystemin orderto constructanestimator.

5.3 Nondeterministic Example

In this section,weproposeanon-deterministicversionof theRoboFlagsystemandwe

show how to constructanestimator. Thesystemis analogousto theoneanalyzedin Section

3.4exceptfor theway theassignmentis updated.In fact,weassumethatateachsteponly

onepair of robotsamongthepairswith con�icting assignmentsswaptheassignment,the
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pair thatswitchesbeingrandomlychosen.Theblue robotdynamicsaredescribedby the

rules

zi(k + 1) = zi(k) + � if zi(k) < x� i (k) (5.4)

zi(k + 1) = zi(k) � � if zi(k) > x� i (k) (5.5)

(� i(k + 1); � i+1(k + 1)) = (� i+1(k); � i(k)) if switch(i;i+1)(k); (5.6)

for i 2 f1; :::;Ng, whereswitch(i; j)(k) is suchthat

switch(i;i+1)(k) ) x� i (k) � x� i+1(k) (5.7)

switch(i;i+1)(k) ^ switch( j; j+1)(k) = f alse; i , j (5.8)
�
(x� 1(k) � x� 2(k)) _ ::::_ (x� N� 1(k) � x� N(k))

�
)

(switch(1;2)(k) _ ::: _ switch(N� 1;N)(k) = true: (5.9)

Rules(5.6) establishthat two closerobotswill exchangetheir assignmentsif switch is

true. In particular, (5.7) implies that switch canbetrueonly for two robotswith con�ict-

ing assignments,(5.9) establishesthatonepair of closerobotswill exchangeassignments

providedthereis at leastonepairof robotswith con�icting assignments,(5.8) impliesthat

only onepairof robotswill exchangeassignments.Therefore(5.7),(5.8),(5.9),alongwith

(5.6), guaranteethat, if therearesomecloserobotswith con�icting assignments,thereis

oneandonly onepairof robotsamongthemthatwill switchtheassignments.This renders

the assignmentprotocol in commands(5.6) nondeterministic,asat eachstepwe do not

know which pair of robotsswitchesassignments.It is possibleto show that the assign-

mentprotocolconvergesto theequilibrium value(1; :::;N). For this, we deferthe reader

to [28]. For the blue robots,we assumethat initially zi 2 [zmin; zmax], zi < zi+1, andthat

xi < zi < xi+1 for all time. With thisassumption,onecancheckthatsystem� is weaklyob-

servable.Theproof is similar theonegivenin Proposition3.4.1.Wede�ne x = (x1; :::;xN),

z = (z1; :::;zN), � = (� 1; :::;� N).

Therulesreportedin (5.6)determinethefunction f : U � RN ! P(U ) thatupdatesthe

discretevariables� , while therulesin (5.5)and(5.4)determinethefunctionh : U � RN !
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RN. Thereforethebluerobotsystemis de�ned by � = S(perm(N); RN; f ; h).

For the purposeof constructingthe estimator, we considerthe order(�; � ) described

in Section3.4.2. Onecan verify that thereis no extensionof � on � that is N-interval

compatiblewith (�; � ). As a consequence,we applyProposition5.2.3. We look for a � -

weakly equivalentgeneralizationof the NTS � that admitsan extension�̃ � on � that is

N-interval compatiblewith (�; � ). We de�ne thesystem� � = S(U ; Z ; f� ; h) by de�ning

f� in the following way. Let v(k) = z(k + 1) � z(k) denotethevelocity, thenat stepk we

have for � 2 U

f� (�; z) := f (�; z) if v(k) , v(k � 1) (5.10)

f� (�; z) := [
^

Oy(k);
_

Oy(k)] \ U otherwise: (5.11)

It is easyto verify (i)-(ii) of De�nition 4.2.1,so that � � = S(U ; Z ; f� ; h) is a � -weakly

equivalentgeneralizationof � = S(perm(N); RN; f ; h). Property(i) is trivially veri�ed.

To verify (ii) it is enoughto noticethat the switch beforethe stabilizationtime k� of the

sequencef� � (k)(� )gk2N is observable.Let � � � denoteanexecutionof � � andf� � � (k)(� )gk2N

the corresponding� sequence,we have that f� (� � � (k� � 1)(� ); z(k� � 1)) = f (� � � (k� �

1)(� ); z(k� � 1)) = (1; :::;N). This in turn impliesthat � � � (k� � 1)(� ) = � � (k� � 1)(� ) for

someexecution� � of � .

To �nd anextension�̃ � thatis N-interval compatiblewith (�; � ), considerthefollowing

extensionof f� on � at stepk for any q 2 �

f̃� (q; z) = w; (wi; wi+1) := (qi+1; qi); if vi(k) , vi(k � 1) (5.12)

f̃� (q; z) := [
^

Oy(k);
_

Oy(k)] otherwise: (5.13)

Expression(5.12)de�nesanorderisomorphismbetween[L; U] and[ f̃� (L; z); f̃� (U; z)] for

any L; U 2 � . From expression(5.13), we deducethat f̃� is trivially order preserving

accordingto theDe�nition 2.1.3.Moreover f̃� : ([L; U]\ U ; z) ! [
V

f̃� (L; z);
W

f̃� (U; z)]\

U is clearlyontoby constructionfor any [L; U] � Oy(k), and f̃� jU \ P(U ) coincideswith

f� by constructionaswell. As a consequencethesystem�̃ � = S(P(� ); Z ; f̃� ; h̃) with h̃ as
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de�ned in Section3.4.2is N-interval compatiblewith (�; � ).

We thenapplyProposition5.2.3for constructingtheestimator. Suchanestimatorcan

bewritten asa setof rulesasalreadydonefor theexamplein Section3.4.2. In Figure5.2

wereport

W(k) =
1
N

NX

i=1

jmi(k)j;

whichconvergesto 1 whenthevalueof � hasbeenlocked,and

E(k) =
1
N

NX

i=1

j� i(k) � ij;

whichgivesanideaof thespeedof convergenceof theassignmentto theequilibriumvalue

(1; :::;N). j[L(k); U(k)] \ U j convergesto 1, but j[L(k); U(k)]j is not a monotonicfunction

of k asit wasin the deterministiccase.This is dueto the nondeterministicnatureof the

transitionfunctions,asoneelementcanbemappedto many. Thechoiceof f� hasa con-

siderableimpacton theconvergencespeedof theestimator. Themap f� wechoseis rough

anddoesnot take otherinformationthat we have on the systeminto account.For exam-

ple it doesnot modelthe fact thatevenif thereis anunobservableswitch,a subsetof the

robots,dependingon their assignmentestimates,undergoesparticularswitches.Themost

informationwecanmodelwith f� thefastestis theconvergencerate.
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Figure5.2: Examplewith N=10(left) andN=30(right): upperplot shows thestabilization
functionof the� assignment(E), while lowerplot shows thefunctionW for theestimator.



56

Chapter 6

CascadeDiscrete-ContinuousState
Estimators on a Lattice

In this chapter, a cascadediscrete-continuousstateestimatoron a partialorderis pro-

posedandits existenceinvestigated.Thecontinuousstateestimationerroris boundedby a

monotonicallynon-increasingfunctionof thediscretestateestimationerror, with boththe

estimationerrorsconverging to zero. We show that the lattice approachto estimationis

generalastheproposedestimatorcanbeconstructedfor any observableandindependent

discretestateobservablesystem.Themainadvantageof usingthelatticeapproachfor es-

timationbecomesclearwhenthesystemhasmonotonepropertiesthatcanbeexploitedin

the estimatordesign. In sucha case,the computationalcomplexity of the estimatorcan

be drasticallyreducedandtractability canbe achieved. Someexamplesareproposedto

illustratetheseideas.Thischapteris structuredasfollows. In Section6.1,weintroducethe

modelof thesystem,which is equalto theoneof thepreviouschaptersexceptthatnow the

continuousvariablesarenot measured.In Section6.2, theproblemis formulated,andin

Section6.3asolutionis proposed.In Section6.4,weshow thatundersuitableobservability

assumptions,theproposedestimatorcanalwaysbeenconstructed.In Section6.5,weshow

a particularclassof systems,monotonesystems,for which theorderrelationscanbee� -

ciently computedat leastin thecontinuousvariablespace.In Section6.6, threeexamples

with decreasingcomplexity areshown andthecomplexitiesof therespectiveestimatorsare

computed.
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6.1 The Model

Themodelthatweconsiderin thischapteris thesameastheonein Section3.2,except

that now the continuousvariablesare not measuredanymore. Then, for a system� =

(S; Y ; F; g), supposethat

(i) S = U � Z with U a �nite set,andZ anin�nite possiblydenseset,andY is a �nite

or in�nite set;

(ii) F = ( f; h), wheref : U � Y ! U andh : U � Z ! Z ;

(iii) g : U � Z ! Y is theoutputmap.

Thesesystemshave theform

� (k + 1) = f (� (k); y(k)) (6.1)

z(k + 1) = h(� (k); z(k)) (6.2)

y(k) = g(� (k); z(k));

andthey arereferredto asthetuple� = (U � Z ; Y ; ( f ; h); g). Thefunction f thatupdates

thediscretevariable� canberepresentedby a setof logic statements,or, in thecaseY is

�nite, by a look-uptableor recursive formulaasis thecaseof �nite statemachines([25]).

For eachvalueof � , theequation(6.2) is adi� erenceequation.ThesetY canbesuchthat

theoutputhasbothacontinuousandadiscretecomponent.WeleaveY unspeci�edfor the

moment.In theexamplesat theendof thechapter, wewill show severalformsthatthisset

cantake.

Beforestatingtheproblemin moredetail,we recall thenotionsof transitionsetsof �

given in Section4.1, by rede�ning themfor the presentcasein which the variablesz are

notmeasured.

De�nition 6.1.1. (� -transitionsets)The non empty setsT(y1;y2)(� ) = f� 2 U j y1 =

g(�; z) andy2 = g( f (�; y1); h(�; z))g, arethe� -transitionsets.

In generalthesesetsdependon z. For the sake of simplicity, we areinterestedin the

casein which thesesetsdo notdependonz. Thus,wegivethefollowing de�nition.
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De�nition 6.1.2.(Independentdiscretestateobservability) Thesystem� = (U �Z ; Y ; ( f ; h); g)

is saidto beindependentdiscretestateobservableif for any executionwith outputsequence

fy(k)gk2N, thefollowing areveri�ed

(i) the� -transitionsetsT(y(k);y(k+1))(� ) do notdependonz;

(ii) for any two executions� 1; � 2 2 E(� ) with g(� 1(k)) = g(� 2(k)) = y(k) andwith

f� 1(k)(� )gk2N , f� 2(k)(� )gk2N, thereis k > 0 suchthat� 1(k)(� ) 2 T(y(k);y(k+1))(� ) and

� 2(k)(� ) < T(y(k);y(k+1))(� ).

Item (i) is trivially veri�ed if g(�; z) = (g� (� ); gz(�; z)), whereg� : U ! fY1; Y2; :::;Ymg

partitionsthesetU in equivalenceclasses.We allow two stepsin orderto have anequiv-

alenceclassthat is independentof z(k), asthis is often the casewhen� actsin the z dy-

namics.This assumptionis madefor the sake of simplicity. It canbe relaxed to allow a

�nite numberof N stepsfor obtaininga setT(y(k);y(k+1);:::;y(k+N))(� ) thatdoesnot dependon

z with minor modi�cations to theestimatorstructure.Fromthis de�nition, it follows that

anindependentdiscretestateobservablesystemadmitsa discretestateestimatorthatdoes

not involve the continuousstateestimate.This propertyallows us to constructa cascade

discrete-continuousstateestimator, thatis, anestimatorin whichthediscretestateestimate

is doneasin Chapter3, andthecontinuousstateestimateis functionof thediscretestate

estimate.This is formally explainedin thefollowing section.

6.2 ProblemStatement

Considerthedeterministictransitionsystem� = (U � Z ; Y ; ( f ; h); g), with theoutput

sequencefy(k)gk2N. Theproblemof determiningandtrackingthevalueof thecurrentstate

(� (k); z(k)) of thesystemis formally statedin thefollowing problem.

Problem4. (Cascadediscrete-continuousstateestimator)Giventhedeterministictransition

system� = (U � Z ; Y ; ( f ; h); g), �nd a deterministictransitionsystemwith input �̂ =

(� � � � L � L ; Y � Y ; � � � � Z E � Z E; ( f1; f2; f3; f4); ( f5; f5; f6; f7)), with f1 : � � Y � Y ! � ,

f2 : � � Y � Y ! � , f3 : L � � � Y � Y ! L , f4 : L � � � Y � Y ! L , f5 : � ! �



59

and f5 = id, f6 : L ! Z E, with U � � , (�; � ) a lattice,Z � Z E with (Z E; � ) a lattice,

� � Z E � L , (L ; � ) a lattice,suchthattheupdatelaws

L(k + 1) = f1(L(k); y(k); y(k + 1))

U(k + 1) = f2(U(k); y(k); y(k + 1))

qL(k + 1) = f3(qL(k); L(k); y(k); y(k + 1)) (6.3)

qU(k + 1) = f4(qU(k); U(k); y(k); y(k + 1))

zL(k) = f6(qL(k))

zU(k) = f7(qU(k))

with L(k); U(k) 2 � , L(0) :=
V

� , U(0) :=
W

� , qL(k); qU(k) 2 L , qL(0) =
V

L , qU(0) =
W

L , andzL(k); zU(k) 2 Z E, have thefollowing properties

(i) L(k) � � (k) � U(k) (correctness);

(ii) j[L(k + 1); U(k + 1)]j � j[L(k); U(k)]j (non-increasingerror);

(iii) thereexistsk0 > 0 suchthat[L(k); U(k)] \ U = � (k) for any k � k0 (convergence);

(i') zL(k) � z(k) � zU(k);

(ii') thereis a nonnegative function V : N ! R suchthat d(zL(k); zU(k)) � V(k), with

V(k + 1) � V(k);

(iii') thereexistsk0
0 > 0 suchthatd(zL0(k); zU0(k)) = 0 for any k � k0

0, where

L0 =
^

([L; U] \ U )

U0 =
_

([L; U] \ U )

qL0(k + 1) = f3(qL0(k); L0(k); y(k); y(k + 1))

qU0(k + 1) = f4(qU0(k); U0(k); y(k); y(k + 1))

zL0(k) = f6(qL0(k))

zU0(k) = f7(qU0(k));
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with qL0(0) = qL(0) andqU0(0) = qU(0), for somedistancefunction“d”.

�

Theupdatelaws(6.3)arein cascadeform asthevariablesL andU areupdatedonthebasis

of their previousvaluesandon thebasisof the output,while thevariablesqL andqU are

updatedon thebasisof theirpreviousvalues,on thebasisof theoutput,andonthebasisof

thevaluesof L andU respectively. Notethat the lower andtheupperboundestimatesof

z(k) areoutputsof thelawsthatupdateqL(k) andqU(k), whichlie in thespaceL . Properties

(iii) and(iii') askthatthelowerandupperboundsconvergeto � (k) andz(k). Property(ii')

givesamonotonicboundon thecontinuousvariableestimationerror.

Notethatthedistancefunction“d” hasbeenleft unspeci�edfor themoment,asits form

dependson theparticularpartialorderchosen(Z E; � ). In thecasein which Z E = Z and

Z = Rn with the order is establishedcomponent-wise,the distancecanbe the classical

euclideandistance.In thefollowing section,a solutionto Problem4 is proposed.

6.3 Estimator Construction

Giventhedeterministictransitionsystem� = (U � Z ; Y ; ( f ; h); g), a setof su� cient

conditionsthatallow a solutionto Problem4 is provided. With this respect,somede�ni-

tionsinvolving theextensionof thesystem� to a latticeareuseful.

De�nition 6.3.1. (Extendedsystem)Considerthe system� = (U � Z ; Y ; ( f ; h); g). Let

(�; � ), (Z E; � ), and(L ; � ) belatticeswith U � � , Z � Z E, and� � Z E � L . An extension

of � on thelattice(L ; � ) is givenby �̃ = (L ; Y ; F̃; g̃) suchthat

(i) F̃ : L � Y ! L andF̃jU �Z�Y = ( f; h), andL � (U � Z ) is invariantunderF̃;

(ii) F̃j� �Z E�Y = ( f̃ ; h̃), where f̃ : � � Y ! � , f̃ jU �Y = f , h̃ : � � Z E ! Z E, and

h̃jU �Z = h;

(iii) g̃ : L ! Y andg̃jU �Z = g;

(iv) thepartialorder(L ; � ) is closedwith respectto � � Z E.
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Item (iv) of the above de�nition establishes(accordingto De�nition 2.1.6) that the

chosenlatticesaresuchthatany elementin L that is not in � � Z E canbeapproximated

by two elementsin � � Z E, a lower elementaL(q) andan upperelementaU(q). These

arethe lower andupperapproximationof q respectively. Note that if q 2 � � Z E, then

aL(q) = aU(q) = q.

In the following two de�nitions, we rede�ne the notionsof �̃ -transitionsetsand of

�̃ -transitionclasses.

De�nition 6.3.2. (�̃ -transitionsets)Let �̃ = (L ; Y ; F̃; g̃) be the extensionof � on the

lattice (L ; � ). For any y1; y2 2 Y , the non empty setsT(y1;y2)(�̃ ) = fw 2 � j y2 =

g̃( f̃ (w; y1); h̃(w; z)) andy1 = g̃(w; z)gfor z 2 Z arenamedthe �̃ -transitionsets.

By the independentdiscretestateobservability property, the � -transitionsetsdo not

dependonz. Onecanalwaysobtainthissamepropertyfor the �̃ -transitionsetsby aproper

de�nition of thesystemextensionon � . In thesequel,weassumethatthesystemextension

�̃ hasbechosenso thatalsothe �̃ -transitionsetsdo not dependon z. As donein Section

3.2,wecanalsode�ne the �̃ transitionclasses.Werecallthisde�nition for completeness.

De�nition 6.3.3. (�̃ -Transitionclasses)ThesetT (�̃ ) = fT 1(�̃ ); :::;TM(�̃ )g, with T i(�̃ ) such

that

(i) for any T i(�̃ ) 2 T (�̃ ) therearey1; y2 2 Y suchthatT i(�̃ ) = T(y1;y2)(�̃ );

(ii) for any T(y1;y2)(�̃ ) thereis j 2 f1; :::;MgsuchthatT(y1;y2)(�̃ ) = T j(�̃ );

is thesetof �̃ -transitionclasses.

Thenext de�nition links thediscretestatedynamicsof �̃ with thepartialorder(�; � ) as

donealreadyin Chapter3.

De�nition 6.3.4. (Interval compatibility)Thepair (�̃ ; (�; � )) is saidto beinterval compat-

ible if thefollowing areveri�ed

(i) each�̃ -transitionclass,T i(�̃ ) 2 T (�̃ ), is aninterval sublatticeof (�; � ):

T i(�̃ ) = [
^

T i(�̃ );
_

T i(�̃ )];
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(ii) f̃ : (T i(�̃ ); y) ! [ f̃ (
V

T i(�̃ ); y); f̃ (
W

T i(�̃ ); y)] is an order isomorphismfor any i 2

f1; :::;Mgandfor any y 2 Y .

This de�nition is thesameasDe�nition 3.3.5,theonly slight di� erenceis in theway

the transitionclasseshave beende�ned due to the fact that now the z variablesare not

measured.Item (i) in theabove de�nition impliesthat thesetTy(k);y(k+1)(�̃ ) of w 2 � com-

patiblewith thepair (y(k); y(k + 1)) for any execution� with outputsequencefy(k)gk2N is a

sublatticeinterval in � . Also, theoutputsetOy(k) is still givenasin Chapter3 by

Oy(k) = Ty(k);y(k+1)(�̃ ):

For theconstructionof acascadediscrete-continuousstateestimator, thecasein which the

partialorder(L ; � ) is inducedby thepartialorder(�; � ) by meansof thesystemdynamics

is of interest. Thus, the notion of inducedtransitionsetsis introducedin the following

de�nition.

De�nition 6.3.5. (Inducedtransitionsets)Considerthe system�̃ = (L ; Y ; F̃; g̃) and a

transitionsetT(y1;y2)(�̃ ) for somey1; y2 2 Y . For any w1; w2 2 T(y1;y2)(�̃ ) with w1 � w2, the

nonemptysets

T(w1;w2)
(y1;y2) (�̃ ) = fq 2 L j � 1 � aL(q) � w1; � 1 � aU(q) � w2; y2 = g̃(F̃(q; y1)); andy1 = g̃(q)g

arenamedthetheinducedtransitionsets.

Note that not necessarilythe numberof suchsetsis �nite asq 2 L , (� � Z E) � L ,

andZ E is not always�nite. In analogyto how we have proceededfor the estimationof

thediscretestate,we considerthecasein which the inducedtransitionsetsinducedby an

interval [w1; w2] � � arethemselvesintervalsin L . In sucha case,we saythatthesystem

�̃ andthe partial order(L ; � ) are inducedinterval compatible. This conceptis formally

de�ned in thefollowing de�nition.

De�nition 6.3.6. (Inducedinterval compatibility)Thepair (�̃ ; (L ; � )) is saidto beinduced

interval compatibleif for any w1; w2 2 Ty1;y2(�̃ ) for somey1; y2 2 Y with w1 � w2, wehave

that
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(i) theinducedtransitionsetsaresuchthat

^
T(w1;w2)

(y1;y2) = lq(w1)
_

T(w1;w2)
(y1;y2) = uq(w2)

with lq(w1) anduq(w2) suchthataL(lq(w1)) = (w1; lz(w1)) andaU(uq(w2)) = (w2; uz(w2)),

for lz(w1); uz(w2) 2 Z E;

(ii) F̃ : ([lq(w1); uq(w2)]; y1) ! [F̃(lq(w1); y1); F̃(uq(w2); y1)] is orderpreserving,andF̃ :

(� � [lz(� ); uz(� )]; y1) ! [F̃(�; lz(� ); y1); F̃(�; uz(� ); y1)] is orderisomorphic;

(iii) for any [w1; w2] � Ty1;y2(�̃ ), wehave that

d
�
� 2 � aL � F̃(lq(w1); y1); � 2 � aU � F̃(uq(w2); y1)

�
� 
 (j[w1; w2]j);

for somedistancefunction“d”, and
 : N ! R amonotonicfunctionof its argument.

Item (i) of this de�nition meansthata sublatticeinterval [w1; w2] � � compatiblewith

an output pair (y1; y2) inducesa sublatticeinterval in (L ; � ) correspondingto the same

outputpair. Also, suchoutputinterval is approximatedby theCartesianproductof thetwo

sublatticeintervals [w1; w2] � � and[lz(w1); uz(w2)] � Z E, in which lz dependsonly on

w1 anduz dependsonly on w2. Item (ii) establishestheusualorderpreservingproperties

of theextension,anditem (iii) establishesthatthesizeof theinterval sublatticein (Z E; � )

inducedby an interval [w1; w2] 2 � increaseswith the sizeof [w1; w2]. A solutionto the

Problem4 is proposedby thefollowing theorem.

Theorem 6.3.1. Given the system� = (U � Z ; Y ; ( f ; h); g), assumethat there are lat-

tices(�; � ), (Z E; � ), and (L ; � ), with U � � , Z � Z E, and � � Z E � L such that the

pairs (�̃ ; (�; � )) and (�̃ ; (L ; � )) are interval compatibleand inducedinterval compatible
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respectively. Thena solutionto Problem4 is providedby

f1(L(k); y(k); y(k + 1)) = f̃ (
^

Oy(k) g L(k); y(k))

f2(U(k); y(k); y(k + 1)) = f̃ (
_

Oy(k) f U(k); y(k))

f3(qL(k); L(k); y(k); y(k + 1)) = F̃(qL(k) g lq(
^

Oy(k) g L(k)); y(k))

f3(qU(k); U(k); y(k); y(k + 1)) = F̃(qU(k) f uq(
_

Oy(k) f U(k)); y(k))

f6(qL(k)) = � 2 � aL(qL(k))

f7(qU(k)) = � 2 � aU(qU(k)):

U(k)

L(k)

y(k)

� (k + 1)

L(k + 1)

y(k + 1)

f̃

WOy(k)

VOy(k)

L�

� (k)

U �

U(k + 1)

� 2 � aU

y(k + 1)

F̃(uq)

F̃(lq)

y(k)
qU(k)

zU(k + 1)

z(k + 1)

zL(k + 1)
� 2 � aL

qL(k + 1)

qU(k + 1)
q�

U

F̃

(� (k); z(k))

qL(k)

uq(U � )

lq(L� )

(� (k + 1); z(k + 1))q�
L

Figure6.1: Hassediagramsrepresentingtheupdatesof theestimatorin Theorem6.3.1.In
thediagram,wehavedenotedU � = WOy(k) f U(k), L� = VOy(k)g L(k), q�

U = qU(k) f lq(U � ),
andq�

L = qL(k) g lq(L� ).

Proof. The ideaof the proof is analogousto the oneproposedin Theorem3.3.1. Here,
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a sketch is provided. For the proof of (i)-(ii)-(iii), the readeris deferredto the proof of

Theorem3.3.1.De�ne U � = VOy(k) f U(k), L� = WOy(k) g L(k), q�
U = qU(k) f lq(U � ), and

q�
L = qL(k) g lq(L� ). Thedependenceof uq andlq on their argumentsis omitted,aswell as

thedependenceof F̃ ony.

Proof of (i'). By using inductionargumenton k andexploiting the orderpreserving

propertyof F̃, onecanshow thatqL(k) � (� (k); z(k)) � qU(k) (seeFigure6.1)for any k. By

thethefactthat� 2 � aL and� 2 � aU areorderpreservingfunctions,(i') follows (seeFigure

6.1).

Proofof (ii'). Usingtheorderpreservingpropertyof F̃, of � 2 � aL, andof � 2 � aU, one

deducesthatzL(k+1) � � 2� aL� F̃(lq(L� )) andzU(k+1) � � 2� aU � F̃(uq(U � )) (seeFigure6.1).

By exploiting theproperty(iii) of thedistancefunctionin De�nition 2.1.4,andtheproperty

(iv) givenin De�nition 6.3.6,onecaninfer thatd(zL(k+1); zU(k+1)) � 
 (j[L� ; U � ]j). Sincef̃

is orderisomorphic,it follows that j[L� ; U � ]j = j[ f̃ (L� ; y); f̃ (U � ; y)]j. Thus,(ii') of Problem

2 is satis�edwith V(k) = 
 (j[L(k); U(k)]j).

Proofof (iii'). For k > k0, L0(k) = � (k) = U0(k) as[L(k); U(k)] \ U = � (k). As aconse-

quence,qL0(k+1) = F̃(qL0(k)g lq(� (k))) andqU0(k+1) = F̃(qU0(k)g uq(� (k))), wherelq(� ) =

(�; lz(� )) anduq(� ) = (�; uz(� )). Onethenusesthefactsthat(�; lz(� )) � qL0(k) g lq(� (k)),

qU0(k)guq(� (k)) � (�; uz(� )), thefactthatF̃ : (� � [lz(� ); uz(� )]) ! [F̃(�; lz(� )); F̃(�; uz(� ))]

is orderisomorphic,andthefactthatL � (U � Z ) is invariantunderF̃. Proceedingby con-

tradiction,if for any k thereare(� 0; z0
1); (� 0; z0

2) in [qL0(k); qU0(k)] \ (U � Z ) thatarecom-

patiblewith theoutput,theremustbe(�; z1); (�; z2) 2 [qL0(k� 1); qU0(k� 1)] \ (U � Z ) such

that(� 0; z0
1) = F(�; z1) and(� 0; z0

2) = F(�; z2). Also, (�; z1); (�; z2) arecompatiblewith the

outputaswell (seeFigure6.1).Sincethisis truefor any k, onecanconstructtwo executions

of � thataredi� erentandsharethesameoutputsequence.This contradictsobservability

of � . Thentheremustbe k > k0 suchthat [qL0(k); qU0(k)] \ (U � Z ) = (� (k); z(k)), and

thereforezL0(k) = zU0(k) = z(k). �

In the following section,conditionsin orderto verify the assumptionsneededfor the

constructionof theestimatorgivenin Theorem6.3.1aregiven. In particular, observabil-

ity andindependentdiscretestateobservability aresu� cient conditionsfor the estimator
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construction,andthereforetheproposedestimationapproachon a latticeis general.

6.4 Estimator Existence

The following theoremshows that if the system� is observableandindependentdis-

cretestateobservable, the lattices(L ; � ), (Z E; � ), and(�; � ) introducedin the previous

sectionexist, suchthat the extendedsystemis both interval compatiblewith (�; � ) and

inducedinterval compatiblewith (L ; � ). As aconsequence

Theorem 6.4.1. Assumethat the system� = (U � Z ; Y ; ( f ; h); g) is observableand in-

dependentdiscretestateobservable. Thenthere exist lattices(�; � ), (Z E; � ), (L ; � ) with

U � � , Z � Z E, and � � Z E � L , and an extension�̃ of � on (L ; � ) that is interval

compatiblewith (�; � ) andinducedinterval compatiblewith (L ; � ).

Proof. To prove that independentdiscretestateobservability implies the existenceof a

lattice (�; � ) andan extensionon (L ; � ) of � that is interval compatiblewith (�; � ), the

readeris deferredto Section4.1. Brie�y , it wasshown thatthelattice(�; � ) canbechosen

as(�; � ) = (P(U ); � ). Thefunction f̃ : � �Y ! � isde�ned f̃ (w; y) = f (� 1; y)g:::g f (� n; y)

for any w = � 1 g ::: g � n, and f̃ (? ; y) = ? . Thefunction h̃ canbede�ned on � � Z asin

Section4.1sotoguaranteethatthe�̃ -transitionsetsde�nedin De�nition 6.3.2areintervals.

We recall thatsuchsetsdo not dependon z, andthusthesameconstructiondevelopedin

Section4.1canberepeated.Next, lattices(Z E; � ), and(L ; � ) with extensions̃h andF̃ that

satisfytheinducedinterval compatibilitypropertiesareconstructedaswell.

De�ne fz j y = g(�; z); � 2 U g:= m(�; y). ThenZ E is de�ned in thefollowing way:

(i) Z � Z E;

(ii) m(�; y) 2 Z E for any y 2 Y and� 2 U ;

(iii) Z E is invariantunderh, i.e. if z̄ 2 Z E, thenh(�; z̄) 2 Z E for any z̄ 2 Z E and� 2 U ;

(iv) Z E is closedunder�nite unionsand�nite intersections.
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By construction,(Z E; � ) is a lattice wherethe order is establishedby inclusion. Each

elementin Z E is eitherasubmanifoldof Z or aunionof disjointsubmanifolds.Also, (� �

Z E; � ) is a latticewith orderestablishedcomponent-wise.De�ne (L ; � ) := (P(� � Z E); � ).

Obviously, � � Z E � L . Any elementq 2 L hastheform q = (w1; z̄1) g :::g (wk; z̄k), where

z̄i 2 Z E andwi 2 � .

De�ne thefunction F̃ : L � Y ! L in thefollowing way. For any q = (w1; z̄1) g ::: g

(wk; z̄k) 2 L , de�ne (weomit thedependenceof F̃ ony for simplifying notation)

F̃(q) := F̃(w1; z̄1) g ::: g F̃(wk; z̄n);

where

F̃(wi; z̄i) := ( f̃ (wi); h̃(wi ; z̄i)):

Let wi = � i;1 g ::: g � i;pi andz̄i = mi;1 g ::: g mi;ni with mi;1 submanifoldsof Z or setsof

subsetsof manifoldsof Z , thenh̃ : � � Z E ! Z E is de�ned suchthat

h̃(wi; z̄i) := g jh(� i; j ; z̄i):

Fromthisde�nition, it follows that F̃ is orderpreserving.Also, F̃(? ) := ? .

The function g̃ : L ! Y is de�ned in the following way. For any q 2 L for q =

(w1; z̄1) g ::: g (wk; z̄k), wi = � i;1 g ::: g � i;pi , andz̄i = mi;1 g :::g mi;ni

g̃(q) := y if andonly if g̃(wi; z̄i) = y;

with

g̃(wi; z̄i) = y if andonly if g(� i;l ; z̄i) = y for any l;

whereg(� i;l ; z̄i) = y if andonly if z̄i � m(� i;l ; y) by de�nition of m(� i;l ; y).

For any q = (w1; z̄1) g :::g (wk; z̄k) 2 L , its lowerandupperapproximationsarede�ned

asaL(q) := (w1 f :::f wk; z̄1 f :::f z̄k) andaU(q) := (w1 g :::g wk; z̄1 g :::g z̄k). An exampleof

elementsin thelattice(L ; � ) with their lowerandupperapproximationsis shown in Figure

6.2.
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aL((� 1; z1) g (� 2; z2)) = ?
aU((� 1; z1) g (� 2; z2)) = (� 1 g � 2; z1 g z2)

(� 1; z1) g (� 2; z2)

(� 2; z1) (� 1; z2) (� 1; z1) (� 2; z2)

(� 1 g � 2; z1 g z2)
2 L andnot in � � Z E

2 � � Z E

(� 2; z1) g (� 1; z2)

?

Figure6.2: Hassediagramrepresentingelementsin thelattice(L ; � ).

Thelatticesandthesystemextensionhavebeenconstructed.Now, theitemsof De�ni-

tion 6.3.6canbechecked.Item(i) of De�nition 6.3.6is satis�edwith fq 2 L j y = g̃(q); � 1�

aL(q) = ? ; � 1 � aU(q) = wg= [? ; uq(w)] with uq(kw) = (� 1; m(� 1; y)) g ::: g (� n; m(� n; y))

if w = � 1 g ::: g � n. Also, aL(? ) = ? and� 2 � aU(uq(w)) = m(� 1; y) g ::: g m(� n; y).

Item (ii) of De�nition 6.3.6is satis�ed becauseF̃ is orderpreservingby construction

andbecauseF̃ : � � [? ; m(�; y)] ! [? ; F̃(�; m(�; y))] is one-onebecausethe systemis

observable.

To verify (iii) of De�nition 6.3.6,adistancefunctionon Z E is de�ned. For any z̄1; z̄2 2

Z E, de�ne

d(z̄1; z̄2) :=

8
>>>>><
>>>>>:

jdim(z̄1) � dim(z̄2)j if z̄1 andz̄2 arerelated

1 if z̄1 andz̄2 arenot related;
(6.4)

whereif z̄ = m1 g :::g mn, dim(z̄) :=
P

i dim(mi), anddim(mi) denotesthedimensionof the

submanifoldmi � Z . De�ne dim(? ) = 0, dim(z) = 1 for any z 2 Z , thusa submanifold

isomorphicto Rm hasdimensionm + 1. Properties(i)-(ii) of De�nition 2.1.4areveri�ed.

(Note that any two points in Z are not related.) To verify (iii) of the De�nition 2.1.4,

consider̄z1 � z̄2 for z̄1; z̄2 2 Z E, andcomputed(? ; z̄1) andd(? ; z̄2). If z̄1 � z̄2, by theway

Z E hasbeenconstructed,it meansthat therearemi andm0
i submanifoldsin Z E suchthat

z̄1 = m1 g ::: g mn, andz̄2 = m0
1 g ::: g m0

p with n � p, andfor any i thereis a j suchthat

mi � m0
j. Thus,dim(z̄1) = dim(m1) + ::: + dim(mn) anddim(z̄2) = dim(m0

1) + ::: + dim(m0
p)
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with n � p anddim(mi) � dim(m0
i ). Thus expression(6.4) de�nes a distancefunction

accordingto De�nition 2.1.4.Thus,for any [? ; U] � � with U = � 1 g :::g � n, wehavethat

d(? ; � 2 � aU � F̃(uq(U))) = d(? ; h(� 1; m(� 1; y)) g ::: g h(� n; m(� n; y)));

as

F̃(uq(U)) = ( f (� 1); h(� 1; m(� 1; y)) g ::: g ( f (� n); h(� n; m(� n; y));

and

aU � F̃(uq(U)) = ( f (� 1) g ::: g f (� n); h(� 1; m(� 1; y)) g ::: g h(� n; m(� n; y)));

andthus

� 2 � aU � F̃(uq(U)) = h(� 1; m(� 1; y)) g ::: g h(� n; m(� n; y)):

Concluding,thede�nition of distancegivenin equation(6.4)yieldsto

d(? ; h(� 1; m(� 1; y)) g ::: g h(� n; m(� n; y))) =
nX

i=1

dim(h(� i; m(� i; y)) � dM j[? ; U]j;

wheredM = maxidim(h(� i; m(� i; y)). �

This theoremshows that for observableandindependentdiscretestateobservablesys-

temsit is alwayspossibleto constructtheestimatoronalatticeproposedin Theorem6.3.1.

However, themainadvantageof usingthepartialorderbasedapproachto stateestimation

is clearfrom a computationalcomplexity standpointwhenthespaceof discreteand/or the

spaceof continuousvariablescanbe extendedto latticeswherethe orderrelationcanbe

e� ciently computed.A classof systemsfor which this is the caseis shown in the next

section.
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6.5 The Caseof MonotoneSystems

In this section,we show a classof systemsin which thereis a partialorderon Z , the

conepartialorder, that is preservedby thesystemdynamics.In this caseZ E = Z , (Z ; � )

is a lattice,and(L ; � ) = (� � Z ; � ), i.e.,(L ; � ) is theCartesianproductof thepartialorders

on thespacesof discreteandcontinuousvariables.

Monotonedynamicalsystemsareusuallyde�ned onorderedBanachspaces,whichwe

now introduce.

De�nition 6.5.1. (OrderedBanachspace)An orderedBanach spaceis arealBanachspace

Z with anonemptyclosedsubsetK known asthepositiveconewith thefollowing proper-

ties:

(i) � K � K for any � 2 R+;

(ii) K + K � K;

(iii) K \ (� K) = f;g, i.e., theconeis pointed.

A partialorderingis thende�ned by x � y for any x; y 2 Z if andonly if x � y 2 K, with

x > y if andonly if x � y andx , y. Thespaceandthepartialorderis denoted(Z ; � ).

For moredetailson orderedBanachspacesandmonotonesystems,the readeris de-

ferredto [35] and[8].

Sincenow on, let (Z ; � ) beanorderedBanachspace.A monotonedynamicalsystem

on (Z ; � ) is onewhose�o w preservestheorderingon initial data.To extendthisproperty

to deterministictransitionsystems,considertheextensionof � = (U � Z ; Y ; ( f ; h); g) on

the lattice (� � Z ; � ). Suchextension,denoted�̃ = (� � Z ; Y ; ( f̃ ; h̃); g̃), is by de�nition

suchthat f̃ : � � Y ! � and f̃ jU �Y = f ; h̃ : � � Z ! Z with h̃jU �Z = h; g̃ : � � Z ! Y

andg̃jU �Z = g. Theonly portionof thespacethat in facthasbeenextendedis thediscrete

portionasthecontinuousportionis anorderedBanachspacealready.

De�nition 6.5.2. (Monotonedeterministictransitionsystems)A deterministictransition

system� = (U � Z ; Y ; ( f ; h); g), with (Z ; � ) anorderedBanachspace,and(�; � ) a lattice



71

with U � � , is saidto bea monotonedeterministictransitionsystemon thepartialorder

(� � Z ; � ) if thereis anextension�̃ = (� � Z ; Y ; ( f̃ ; h̃); g̃) on (� � Z ; � ) with theproperty

thath̃ : � � Z ! Z is orderpreserving.Theextension�̃ is termedthemonotoneextension

of � on (� � Z ; � ).

For a monotonedeterministictransitionsystem,the partial order (Z ; � ) canbe used

in the estimatordesignto bring the computationalburdendown, as the elementsof Z

arepoints,andtheir partialorderrelationcanbecomputede� ciently usingthealgebraic

de�nition of (Z ; � ). This avoidsthecomplexity of therepresentationof elementssuchas

theonesin theconstructive proof of Theorem6.4.1,in which theelementsin Z E aresets

of pointsof Z , speci�cally manifolds,intersectionof manifolds,andunionof manifolds.

6.5.1 Form of The Estimator for a MonotoneSystem

For a monotonedeterministictransitionsystem� = (U � Z ; Y ; ( f ; h); g), the induced

transitionsetstakea new form. Considerthemonotoneextension�̃ = (� � Z ; Y ; ( f̃ ; h̃); g̃)

of � on � � Z andatransitionsetT(y1;y2)(�̃ ) for somey1; y2 2 Y . For any w1; w2 2 T(y1;y2)(�̃ )

with w1 � w2, theinducedtransitionsetshave theform

T(w1;w2)
(y1;y2) (�̃ ) = fz 2 Z j y2 = g̃( f̃ (w; y1); h̃(w; z)) andy1 = g̃(w; z)g;

in which now T (w1;w2)
(y1;y2) (�̃ ) � Z . As a consequence,alsothe inducedinterval compatibility

takesanew form. In particular, theinducedtransitionsetsmustbeintervalsin Z according

to theconeorderestablishedin Z . More formally, we canre-de�ne the inducedinterval

compatibilityasfollows.

De�nition 6.5.3. (Inducedinterval compatibility-monotonecase)The pair (�̃ ; (Z ; � )) is

saidto beinducedintervalcompatibleif for any w1; w2 2 Ty1;y2(�̃ ) for somey1; y2 2 Y with

w1 � w2, wehave that
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(i) theinducedtransitionsetsaresuchthat

^
T(w1;w2)

(y1;y2) = lz(w1)
_

T(w1;w2)
(y1;y2) = uz(w2);

(ii) h̃ : � � [lz(� ); uz(� )] ! [h̃(�; lz(� )); h̃(�; uz(� ))] is orderisomorphicfor any � 2 U ;

(iii) d(h̃(w1; lz(w1)); h̃(w2; uz(w2))) � 
 (j[w1; w2]j), with “d” a distancefunctionon Z , and

with 
 : N ! R amonotonicfunctionof its argument.

Then,theform of theestimatorof Theorem6.3.1is givenby thesamef1 and f2, andby

f3 : Z � � � Y � Y ! Z , f4 : Z � � � Y � Y ! Z , f5 : � ! � with f5 = id, f6 : Z ! Z

with f6 = id, f7 : Z ! Z with f7 = id de�ned as

f3(zL(k); L(k); y(k); y(k + 1)) = h̃(
^

Oy(k) g L(k); zL(k) g lz(
^

Oy(k) g L(k)))

f4(zU(k); U(k); y(k); y(k + 1)) = h̃(
_

Oy(k) f U(k); zU(k) f uz(
_

Oy(k) f U(k)));

f6(zL(k)) = id

f7(zU(k)) = id:

Theresultsof theTheorem6.3.1remainthesameexceptfor property(iii') thatchanges

to

(iii') thereexistsk0
0 > 0 suchthatfor any k � k0

0, d(zL0(k); zU0(k)) = 0 where

L0(k) =
^

([L(k); U(k)] \ U )

U0(k) =
_

([L(k); U(k)] \ U )

zL0(k + 1) = f3(zL0(k); L0(k); y(k); y(k + 1))

zU0(k + 1) = f4(zU0(k); U0(k); y(k); y(k + 1));

with zL0(0) = zL(0) andzU0(0) = zU(0):

Theschematicof Figure6.1transformsto theonein Figure6.3.
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z(k + 1)

y(k + 1)

lz

zL(k)

z�
L

uz

zL(k + 1)

z(k)

z�
U

zU(k + 1)

y(k)
zU (k)

h̃

L�

� (k)

L(k)

U(k + 1)

U �

y(k)

� (k + 1)

L(k + 1)

y(k + 1)

f̃

U(k)WOy(k)

VOy(k)

Figure6.3: Hassediagramsrepresentingtheupdatesof theestimatorin Theorem6.3.1for thecase
of monotonesystems.In thediagram,we have denotedU � = WOy(k) f U(k), L� = VOy(k) g L(k),
z�
U = zU(k) f lz(U � ), andz�

L = zL(k) g lz(L� ).

Corollary 6.5.1. If in addition to theassumptionsof Theorem6.3.1, �̃ is observableand

independentdiscretestateobservable, thenwehavethestronger convergenceproperties

(iv) thereexistsk0
0 > 0 such that for anyk � k0

0 d(zL(k); zU(k)) = 0;

(v) thereexista k0 > 0 such that for anyk > k0 L(k) = U(k) = � (k).

For the proof of (v), the readeris deferredto Section3.3. The proof of (iv) canbe

carriedoutby contradictionin awayanalogousto how (iii') of Theorem6.3.1wasproved.
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6.5.2 Algebraic Testsfor Induced Inter val Compatibility

In the caseof monotonesystems,an algebraiccheckcanbe performedto verify the

interval compatibilitypropertiesoncea lattice(�; � ) is chosenfor thediscretestatespace.

De�ne

h̃k(w; z) := h̃(h̃k� 1(w; z); f̃ k� 1(w; y(k � 2)));

and

f̃ k(w; y(k � 1)) := f̃ ( f̃ k� 1(w; y(k � 2); y(k � 1));

with f̃ 0(w; y) := w andh̃0(w; z) := z. Thefollowing propositionis astraightforwardconse-

quenceof theobservability propertyof asystem.

Proposition6.5.1.Considerthemonotonedeterministictransitionsystem� = (U �Z ; Y ; ( f ; h); g).

If its monotoneextension�̃ is observable, there is k̄ > 0 such that

fz j g̃(w0; z) = y(0); :::;g̃(h̃k̄� 1(w0; z); f̃ k̄� 1(w0; y(k̄ � 2)) = y(k̄ � 1)g= fz(0)g;

where y(k) = g̃(w(k); z(k)), andw0 = w(0).

This propositionindicatesthatif thesystem�̃ is observable,thecontinuousstatez can

beexpressedasa functionof theoutputsequenceandof thestartingdiscretestate.Thus,

thereis a mapthatattachesto a discretestate,a valueof the continuousstateafter some

timegivenanoutputsequence:thismapis de�ned to betheobservability map.In general,

k̄ dependson z. In caseit is not dependenton z, we saythat thesystemis observablein k̄

steps.

De�nition 6.5.4. (Observability map)Let the monotoneextension�̃ of � be observable.

Let y = fy(k)gk2[1;k̄] betheoutputsequenceup to thesmalleststepk̄ suchthatthesystemof

equations

g̃(z; w) = y(0)
:::

g̃(h̃k̄� 1(w; z); f̃ k̄� 1(w; y(k̄ � 2))) = y(k̄ � 1)
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hasan uniquesolutionfor z 2 Z . Then,the observabilitymap, denotedOy : � ! Z , is

the mapthat for a �x ed �nite sequencey attachesto w the uniquez satisfyingthe above

system.

Then, we can give the algebraiccondition that guaranteesthat �̃ is inducedinterval

compatiblewith (Z ; � ).

Proposition 6.5.2. If the monotoneextensionof � , �̃ is observablein two steps,and the

observabilitymapOy : � ! Z is order preserving, thenthe pair (�̃ ; (Z ; � )) is induced

interval compatible.

Proof. To prove (i) of De�nition 6.3.6, let y = (y(k); y(k + 1)) be a pair of consecutive

outputsin theoutputsequencefy(k)gk2N correspondingto anexecutionof �̃ . By theobserv-

ability in two stepshypothesis,it follows thatfor a �x edw 2 �

fz 2 Z j y(k) = g̃(w; z); y(k + 1) = g̃(h̃(w; z); f̃ (w; y(k)))g= fz� g;

andthuslz(w) = z� = uz(w). Also, by theDe�nition 6.5.4,it follows thatz� = Oy(w). By

theorderpreservingpropertyof Oy, it followsthatOy(w1) � Oy(w2) if w1 � w2. Item(ii) of

De�nition 6.3.6is clearlyveri�ed aslz(� ) = uz(� ). Item(iii) canbeprovedin thefollowing

way. Let

d̄ := maxwi � wj kh̃(wi; Oy(wi)) � h̃(wj; Oy(wj))k

for wi; wj 2 [w1; w2] � � , then(iii) is veri�ed with 
 (j[w1; w2]j) = d̄j[w1; w2]j. �

As a consequenceof this proposition,the checkfor inducedinterval compatibility is

the orderpreservingpropertyof the outputmapOy, which is easyto check. The basic

assumptionin orderto haveinducedinterval compatibility, is theorderpreservingproperty

of theobservability map.In fact,thetwo stepsobservability assumptioncanbeabolishedif

item(i) of De�nition 6.3.6is relaxedto considera longersequenceof outputobservations.

Thiscanbedonewith minormodi�cations.
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6.6 Simulation Examples

The�rst exampleis alinearhybridautomaton,in whichalatticeof thetypeconstructed

in the proof of Theorem6.4.1is used. The secondexampleis a monotonedeterministic

transitionsystemin which thediscretespacelattice is constructedasin theproof of The-

orem6.4.1. This allows to have Z E = Z with a conepartialorderwith somecomplexity

reduction. However, the discretespacelattice hasstill the worst casesizeandits partial

orderrelationneedsto be stored. The third exampleis the multi-robot examplealready

proposedin Section3.4, in which now the defendershave a secondorderdynamicsand

only their positionsaremeasured.This is a monotonedeterministictransitionsystemin

whichalsothediscretestatehasbeenextendedto a latticewhosepartialorderrelationscan

bee� ciently computedusingalgebraicproperties.This is thecasethatallows the largest

complexity reduction. This sectionis thenconcludedwith complexity computationsfor

eachonesof thethreeexamplesproposed.

6.6.1 Example1: Linear Discrete-Time Hybrid Automaton

� 1

� 2

� 3

� 4

� 5

T1

T2

� 1

?

� 2 � 3 � 4 � 5

>
(�; � )

f̃ (T1)

T1

f̃ 2(T1)

T2
f̃ (T2)

Figure6.4: Map f andoutputfunctionfor theautomatonof Example1 (left). Lattice(�; � )
andtheextendedfunction f̃ (right).

Let U = f� 1; � 2; � 3; � 4; � 5g, and� (k + 1) = f (� (k)) where f is de�ned in the Figure

6.4 left. AssumeZ = Rn, z(k + 1) = A(� (k))z(k) + B(� (k)), whereA(� i) = Ai 2 Rn � Rn

andB(� i) = Bi 2 Rn. Theoutputfunctiong is suchthatg(�; z) = (g� (� ); gz(�; z)), where

g� : U ! fT 1; T2gandgz(�; z) = C(� )z, with C(� i) = Ci 2 Rm � Rn.
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An instanceof suchanexampleis consideredwith n = 3, whereA1 = ((1; 1; 1)0;

(0; 1; 1)0; (0; 0; 1)0)0, A2 = ((1=2; 1=2; 1=2)0; (1; 2; 2)0; (0; 0; 1)0)0, A3 = ((2; 1; 1)0; (0; 1; 1)0;

(2; 0; 0)0)0, A4 = ((1; 1; 1)0; (1; 1; 0)0; (0; 0; 1)0)0, A5 = ((1; 0; 0)0; (1; 1; 1)0; (1; 1; 0)0)0, C1 =

(1; 0; 0),C2 = (1; 1; 2),C3 = (0; 0; 0),C4 = (1; 0; 0), andC5 = (0; 1; 1). Thevaluesof Bi are

not relevantfor computingtheestimatorperformance,andthusthey areomitted.

For thediscretestateestimate,theminimal lattice(�; � ) wherethesystemis extended

is shown in Figure6.4 right. Its sizeis alwayssmallerthanjU j2 asshown in Proposition

4.1.2.

For the continuousstateestimate,the lattice (Z E; � ) is constructedaccordingto the

proofof Theorem6.4.1,wherethesubmanifoldsarea� nelinearsubspaces.Thus,zU(k) at

eachstepk is acollectionof a� nelinearsubspaces,eachgivenby thesetof z 2 R3 suchthat

Mi(k)z = (Y(k)� Vi(k)), whereMi(k) = (C(� i)0; (C( f (� i))A(� i))0; :::;(C( f k� 1(� i))A( f k� 2(� i)))0)0,

Vi(k) = (0;C( f (� i))B(� i); :::C( f k� 1(� i))B( f k� 2(� i)))0, Y(k) = (y(0); :::;y(k � 1))0, and� i is

suchthat f k� 1(� i) 2 [? ; U(k)], for U(k) 2 � andi 2 f1; ::;5g. Whenonly one� i is left

in [? ; U(k)] and the correspondingmatrix Mi(k) hasrank equalto n, the estimatorhas

converged.Thus,de�ne d(? ; zU(k)) =
P 5

i=1 � (Mi(k)) where

� (Mi(k)) :=

8
>>>>><
>>>>>:

0 if f k� 1(� i) < [? ; U(k)]

(n + 1) � rank(Mi(k)) otherwise:

Asaconsequence,whend(? ; zU(k)) = 1, theestimatorhasconvergedandz(k) = M j(k)y(Y(k)�

V j(k)) for somej 2 f1; :::;5g, whereM j(k)y is thepseudoinverseof M j(k). Notethat,after

the �rst k at which d(? ; zU(k)) = 1, the stateof the systemis tracked. The behavior of

d(? ; U(k)) := j[? ; U(k)]j andof d(? ; zU(k)) are illustratedin the left plot of Figure6.5.

Notethat thesimultaneousdiscrete-continuousstateestimationallows fasterconvergence

ratesof thecontinuousestimatewith respectto thecasein which thecontinuousestimate

would takeplaceafterthediscreteestimatehasconverged.

In thisexample,thecontinuousvariablespacedoesnothavemonotoneproperties.As a

consequence,therepresentationof theelementsof (�; � ) andof (Z E; � ) involvesa listing

of objects:for � , thereis a listing of � is andfor Z we have a listing of linearsubspaces.
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Figure6.5: Estimatorperformance:example1 (left) andexample2 (right).

Moreover, to representeachlinearsubspace,anumberof constantslargerthann (thenum-

ber of constantsneededfor representingan elementin Rn) is needed.A measureof the

complexity of the estimatoris given in the sequel.If jU j is very large, this choiceof the

partialordersrenderstheestimationprocessprohibitive.A casein whichadi� erentpartial

ordermustbeusedfor computationaltractability, is presentedin Example3.

6.6.2 Example2: MonotoneSystem(a)

This exampleconsidersthecasein which it is possibleto chooseZ E = Z becausethe

systemis monotone.Let againU = f� 1; � 2; � 3; � 4; � 5g, and� (k + 1) = f (� (k)) where f is

de�ned in Figure6.4(left). Thecontinuousdynamicsis givenby

z1(k + 1) = (1 � � )z1(k) � � z2(k) + 2� X(� (k))

z2(k + 1) = (1 � � )z2(k) + � X(� (k)); (6.5)

where� = 0:1, � = 0:1, X(� i) := 10i for i 2 f1; :::;5g. The minimal lattice (�; � ) is

shown in Figure 6.4 (right). In this caseL = � � Z , whereZ = R2, and the order

(Z ; � ) is chosensuchthat (za
1; za

2) � (zb
1; zb

2) if andonly if za
2 � zb

2. The function h̃ : � �

Z ! Z is de�ned by de�ning the function X̃ : � ! R in the following way. X̃(T1) :=

max(X(� 1); X(� 2); X(� 3)) = 30, X̃(T2) := max(X(� 3); X(� 5)) = 50, andin analogousway

for theothers,thatis X̃( f̃ (T2)) = 50, X̃( f̃ 2(T1)) = 50, X̃( f̃ (T1)) = 50,andX̃(? ) := 0. With
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z1

(x1,y1)

z2 z3 z4 z5

(x2,y2)

(x3,y3)

(x4,y4)

(x5,y5)

Figure6.6: An examplestateof theRoboFlagDrill for 5 robots.Here� = f3;1;5;4;2g.

this choice,h̃(w1; za) � h̃(w2; zb) for any (w1; za) � (w2; zb), thatis thesystemis monotone.

Convergenceplotsareshown in Figure6.5(right).

As oppositeto Example1, in thiscasetherepresentationof theelementsin Z E requires

only n scalarnumbers,andthecomputationof theorderrelationis straightforward. This

alleviatesthecomputationalburdenwith respectto thepreviousexample.

6.6.3 Example3: MonotoneSystem(b)

A versionof theRoboFlagDrill system,alreadypresentedin Section3.4,is considered

in which now the robotshave partially measuredsecondorderdynamics. Brie�y , there

aretwo teamsof N robots,saytheattackersandthedefenders,in which eachdefenderis

assignedto anattacker andmovestowardit in orderto interceptit beforeit passesover a

defensive zone.Thereis anassignmentprotocolthatestablishesthat two closedefenders

moving onetoward the otherwill exchangetheir assignments.Only thedynamicsof the

defendersis di� erentfromSection3.4. In thiscasein fact,they havesecondorderdynamics

in which the stateis not entirely measured.Figure6.6, representsan examplewith � ve

robotsper team.Theattacker positionsaredenotedby (xi; yi) andtheir dynamicsis given

by

if yi > � theny0
i = yi � � :
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For the defenders,let the assignmentbe denotedby � = (� 1; :::;� N) 2 perm(N), with

� i the assignmentof defenderi, U = perm(N), their statevariablebe denotedby z =

(z1;1; z1;2; ::::;zN;1; zN;2) 2 Z , with output(z1;1; :::;zN;1) 2 Y . Thefunction f : U � Y ! U

thatupdates� is givenby

if x� i < zi;1 andx� i+1 < zi+1;1 then(� 0
i ; � 0

i+1) = (� i+1; � i); (6.6)

for any i. Thefunctionh : U � Z ! Z thatupdatesthez variablesis givenby

z0
i;1 = (1 � � )zi;1 � � zi;2 + 2� x� i

z0
i;2 = (1 � � )zi;2 + � x� i (6.7)

for any i. The setZ is suchthat zi;1 2 [xi; xi+1] andzi;2 2 [xi; xi+1] for any i, which is

guaranteedif � and� areassumedsu� cientlysmall.

It canbeeasilyshown that thesystemis independentdiscretestateobservableandin-

terval compatiblewith (�; � ) de�ned in thefollowing way. Theset� is thesetof vectorsin

NN with componentslessthanN, andtheorderbetweenany two vectorsin � is established

component-wise.By constructionperm(N) � � . It canbeveri�ed thattheextendedsystem

is observablein two steps.Also, wehave thefollowing property.

Proposition6.6.1. Thesystem� reportedin equations(6.6)and(6.7) is monotoneandthe

outputmapis orderpreserving.

Proof. We show that thesystemis monotone,by showing that thereis a positive conein

Z that inducesthepartialorder(Z ; � ), anda lattice (�; � ) suchthat theextendedsystem

�̃ on (�; � ) is as in De�nition 6.5.2. Let us choose(�; � ) to be the setof vectorsin NN

with componentslessthan N, with the order betweenany two vectorsin � established

component-wise.For showing that h̃ : � � Z ! Z is orderpreserving,we choosethe

positiveconeK in Z composedby all vectorsv = (v1;1; v1;2; :::;vN;1; vN;2) suchthatvi;2 � 0.

This basicallymeansthat the order on eachzi;2 must be preserved by the dynamicsin

equations(6.7). This is true as if z(1)
i;2 < z(2)

i;2 andw(1)
i � w(2)

i then (1 � � )z(1)
i;2 + � xw(1)

i
�

(1 � � )z(2)
i;2 + � xw(2)

i
becausexw(1)

i
� xw(2)

i
wheneverw(1)

i � w(2)
i , andbecause(1 � � ) > 0.
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Theoutputmapis readilyseento beorderpreservingin its argumentw = (w1; :::;wN) 2

� asfor any k, wehave thatzi;2(k) = 1
�

�
(1 � � )yi(k) � yi(k + 1) + 2� xwi (k)

�
. �

The estimatorin equations(6.4) hasbeenimplementedfor systemin equations(6.6)

and(6.7). Thediscretestateestimatoris identicalto theonein Section3.4. For thecon-

tinuousstateestimatorsetzL = (zL;1; :::;zL;N) 2 RN andzU = (zU;1; :::;zU;N) 2 RN, where

zL;i � zi;2 � zU;i, that is zL;i andzU;i arethe lower andupperboundof thezi;2 respectively.

The�rst componentszi;1 areneglectedasthey aremeasured.Figure6.7 illustratesthees-

timatorperformance.W(k) =
P N

i=1 jmi(k)j, wherejmi(k)j is thecardinalityof thesetsmi(k)
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Figure6.7: Estimatorperformancewith N = 10 agents.

that arethe setsof possible� i for eachcomponentobtainedfrom the sets[Li ; Ui] by re-

moving iteratively a singletonoccurringat componenti by all othercomponents.When

[L(k); U(k)] \ perm(N) hasconvergedto � , thenmi(k) = � i(k) (seeSection3.4for details).

Thedistancefunctionfor z; x 2 RN is de�ned

d(x; z) =
NX

i=1

abs(zi � xi):
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ThefunctionV(k) is de�ned as

V(k) =
1
2

NX

i=1

(xUi (k) � xLi (k));

andit is alwaysnon increasing.Notethatevenif thediscretestatehasnot convergedyet,

thecontinuousstateestimationerrorafterk = 8 is closeto zero.

6.6.4 Complexity Considerations

Thescopeof theproposedexamplesis two-fold. First, they giveanideaof therangeof

systemsto which thelatticeestimationapproachapplies(observableandindependentdis-

cretestateobservablesystems).Second,they point out that the latticeapproachalleviates

thecomputationalburdenof theestimatorandevenrendersintractableproblemstractable

whenthe systemhasmonotonepropertiesanda goodchoiceof the latticesis made. To

make this point moreformal, thecomputationalcomplexity in eachof theexamplesis es-

timatedasfunctionof thecontinuousvariables,thediscretevariables,andthesizesof the

setswherethediscretevariableslie. This sectionis not meantto bea formal treatmentof

computationalcomplexity, but hasthescopeof giving aqualitativemeasureof thecompu-

tationalcomplexity diversityof theproposedexamples.Let n bethenumberof continuous

variables(3 for the �rst example,2 for thesecond,and20 in the third), N bethenumber

of discretevariables(1 in the �rst example,1 in the secondexample,and10 in the third

example),andu bethesetwhereeachdiscretevariablelie ( in the�rst andsecondexample

u = U , andin thethird u = f1; :::;NgandU = uN). Thecomputationalcostof theestimator

is computedas

computationalcost/ S + aUC

whereS is thesumof thesizesof thelook-uptablesusedat eachupdateof theestimator,

and aUC is the algebraicupdatecost of eachestimatorupdate. The cost of any set of

algebraiccomputationis setto 1. Onecanverify thatS / juj2N in the �rst two examples,

andthatS / 2N in the third one. In the �rst example,aUC / jujNn, andaUC / 2n in the

secondandthird examples.This is shown in thefollowing table.
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Example1 juj2N + jujNn

Example2 juj2N + 2n

Example3 2N + 2n

Table6.1: Estimatorcomputationalcost.

Fromthetable,onenoticethatmoving from Example1 to Example3 thecomputational

burdendueto thesizeof u decreases,andit disappearsin thecaseof thethird example.This

is dueto themonotonepropertiesof thecontinuousdynamicsin Example2 andExample

3, andto theexistenceof a lattice(�; � ) with algebraicpropertiesin Example3. Notealso

that thecomplexity reductionthatcharacterizesthethird exampledoesnot occurbecause

thediscretevariablesdynamicsdecouples,asin factit is heavily coupled.

In order to give an ideaof how onecan �nd a “good” partial order for reducingthe

complexity of the estimatordesignas it happensin Example3, we considerin the next

chaptersomeapplicationdomainsfor which we show how a good partial order can be

established.Themainideafor a generalsystemis to �nd a coordinateframein which the

systemevolvespreservingsomepartialorder.
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Chapter 7

Futur eDir ectionsand Possible
Extensions

In thepreviouschapters,wehavedevelopedatheoryfor estimatingthestateof decision

andcontrolsystemsthatreliesonpartialordertheoryto reducecomputationalcomplexity.

In Chapter6, wealsoshowedthatsuchanestimationmethodallowsto treatthecontinuous

variablesandthediscretevariablesin thesameway asonecanconstructonepartialorder

that containsboth the discreteandthe continuousvariablespaces.We have proposeda

multi-robotsystemasa guidingexampleto show how a “good” latticecanbechosenfor

solvingcomputationalcomplexity issues.However, for anarbitrarysystem,thereis not a

generalprocedurefor establishingthepartialorderthatallowsto reducethecomputational

burden.

Theaimof thischapteris to show acoupleof applicationexamplesthatareverydi� er-

ent from eachotherandfrom themulti-robotexample,for which theproposedstateesti-

mationmethodologycanbeusedin orderto reachtractabilityof theestimationproblem.In

general,distributedandmulti-agentsystemssu� er from thecombinatorialexplosionof the

statespace,andstateestimationalgorithmsthatscalewith thenumberof agentsareoften

necessary. Thus,we presentthe following two applicationexamples. The �rst example

is concernedwith the stateestimationproblemin purely discreteeventdynamicsystems

modeledas Petri nets(Section7.1). We show that thesesystemsnaturally evolve on a

partial order that is interval compatiblewith the systemitself. The secondexampleis a

monitoringproblemof adistributedenvironmentinvolving interactingagentswhosestates
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changedynamically, asit happensin constrainedhumanenvironments.We show how one

canchoosea coordinateframefor describingthesystemthat is characterizedby a partial

orderwith which thetransformedsystemis interval compatible(Section7.2).

7.1 State Estimation in Discrete Event SystemsModeled

asPetri Nets

A discreteeventsystemis atransitionsystemwhosestatechangesaredrivenby events.

Wedonotgivethedetailsondiscreteeventsystemmodelsin thischapterandtheinterested

readeris deferredto [16]. Petrinetmodelsareanalternative to automatafor representing

the dynamicsof a discreteevent system. They are often usedto model manufacturing

environmentsandthey arewell suitedfor representingcausalrelationships,processsyn-

chronization,resourceallocation,andconcurrency. We de�ne the Petri net model in the

following section.

7.1.1 Petri Net Model

Like anautomaton,a Petrinet is a device thatmanipulateseventsaccordingto certain

rules. Oneof its featuresis that it includesexplicit conditionsunderwhich an event can

be enabled; this allows the representationof very generaldiscreteeven systemswhose

evolutiondependsonpotentiallycomplex controlschemes.Thisrepresentationisdescribed

graphically, resultingin Petri netgraphs.Any automatoncanalwaysbe representedasa

Petrinet,but notall Petrinestcanberepresentedasanautomaton.Consequently, Petrinets

representa largerclassof languagesthanregularlanguages.

In Petri nets,event areassociatedwith transitions. In orderfor a transitionto occur,

several conditionsmay have to be satis�ed. The information about theseconditionsis

containedin places. Somesuchplacesareviewedasan “input” to a transition,andthey

containtheinformationrelatedto theconditionfor thetransitionto occur. Otherplacesare

viewed as“output” od a transitionasthey area� ectedby the transitionoccurrence.The

transitionsandplacesarethebasiccomponentsof a Petrinetgraph. In particular, a Petri
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netgraphhastwo kindsof nodes,placesandtransitions,andarcsconnectingthese.It is a

bipartitegraphasno two nodesof thesamekind canbeconnectedby arcs.

Formally, a Petri net is a weightedbipartite graph(P; T; A; !; s) (see[9] for details

on graphtheory), in which P = fp1; :::; png is a setof places,T = ft1; :::;tmg is a setof

transitions,A � P� T [ T � P is asetof arcsfrom placesto transitionsandfrom transitions

to places.! : A ! f1; 2; 3:::gis a weight functionon thearcs,s : P ! N is the function

thatassignsto thesetof placesa states = (s(p1); :::;s(pn)) 2 Nn.

De�nition 7.1.1.Theinputandoutputplacesof atransitiont j aredenotedIn(t j) andOut(t j)

respectively andarede�ned as

In(t j) := fpi 2 P j (pi; t j) 2 Ag

Out(t j) := fpi 2 P j (t j; pi) 2 Ag:

In asimilarway, theinputandoutputtransitionsof aplacepi aredenotedIn(pi) andOut(pi)

respectively andarede�ned as

In(pi) := ft j 2 T j (t j; pi) 2 Ag

Out(pi) := ft j 2 T j (pi; t j) 2 Ag:

Theweight function ! : A ! f1; 2; 3:::gis suchthat if pi < In(t j) or t j < Out(pi) then

! (pi; t j) = 0. If pi < Out(t j) or t j < In(pi) then! (t j; pi) = 0.

Thestatetransitionfunction f : Nn � P(T) ! Nn thatupdatesthestates is de�ned for

transitiont j if andonly if t j is enabledat s. Thesetof enabledtransitionsats is givenby

E(s) = ft j j s(pi) � ! (pi; t j) 8 pi 2 In(t j)g: (7.1)

Not all enabledtransitionsnecessarily�re. Then,we denoteF (s) � E(s) to be thesetof

�ring transitionsthat in fact �re at s. We assumethat the setof �ring transitionsis such

that jF (s) \ Out(pi)j � 1. This meansthat if two transitionsare enabledandsharethe

sameinput place,they cannot�re at thesametime. Then,thestatetransitionfunction f is
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Figure7.1: In thepicture,we have P = fp1; p2g, T = ft1g, A = f(p1; t1); (t1; p2)g, ! (p1; t1) =
2, and! (t1; p2) = 1. Moreover, In(t1) = fp1g, Out(t1) = fp2g. Thestateof thenet is given
by s = (2; 0) andin thisstate,transitiont1 is enabled.

de�ned accordingto

s0(pi) = s(pi) �
X

j j t j2F (s)

! (pi; t j) +
X

j j t j2F (s)

! (t j; pi): (7.2)

An exampleof Petrinetwith two placesis representedin Figure7.1.

Let sk denotethe stateof the net at stepk andF (sk) the setof transitions�red at sk.

An executionof thesystem(P; T; A; !; s) is thesequenceof states� = fskgk2N with sk+1 =

f (sk; F (sk)). Thestatelivesin U = Nn. Sincewe assumeto measurethe transitionsthat

�re, F (sk), the outputsequenceis the sequencey = fF (sk)gk2N whereyk = F (sk). The

setin which the outputlivesis thenY � P(T). The outputfunctiong is thende�ned as

g(sk) = F (sk). Givena �ring sequenceenabledat sk, F (sk)F (sk+1):::F (sk+p), we de�ne the

notation

f (sk; F (sk)F (sk+1):::F (sk+p)) := f (:::f ( f (sk; F (sk)); F (sk+1)):::;F (sk+p)):

Thesetof all possiblestatescompatiblewith anobserved�ring is saidto betheoutputset

andit is de�ned in thefollowing de�nition.

De�nition 7.1.2. (Outputset)Giventhesetyk � T of �red transitionsat stepk, theoutput

setatstepk is thesetof all statess thatenableall of thetransitionsin yk, i.e.,

Oy(k) := fs 2 Nn j E(s) � ykg:

Thesystemis observableif whenevertwo statesequencesaredi� erent,thecorrespond-
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ing �ring sequencesarealsodi� erent. In thefollowing section,we show that thestateof

a Petrinetnaturallyevolveson a partialorderandthat thesystemandsucha partialorder

areinterval compatible.

7.1.2 StateEstimation on a Partial Order

In thissection,weintroducethepartialorder(�; � ) to usefor theestimator. Thesystem

speci�edby (7.1)and(7.2)naturallyevolvesonapartialorder, theoutputsetis aninterval

sublatticeon sucha partialorder, andthedynamicsis orderisomorphicon theoutputset.

In particular, weestablishU = � = Nn with component-wiseorder. As a consequence,we

haveaparticularcaseof thegeneraltheorydevelopedin Chapters3-4, in which � = �̃ .

Thefollowing propositionsshow thatthesystem� = (U ; Y ; f; g) speci�ed in thepre-

vioussectionandthepartialorder(�; � ) areinterval compatible.First,weassumethatthe

stateof eachplaceis bounded,thatis, s(pi) � ui ands � u for u = (u1; :::;un).

Proposition 7.1.1. The output set correspondingto the set of �ring transitionsyk is an

interval sublattice, that is

Oy(k) = [
^

Oy(k);
_

Oy(k)]

for all k, in which VOy(k) = ly(k) = (ly;1(k); :::;ly;n(k)) andly;i(k) = ! (pi; t j) for thetransition

t j such that t j 2 yk \ Out(pi) andly;i = 0 if yk \ Out(pi) = ; . Also,WOy(k) = u.

Proof. Weshow thateachelementof the�rst setbelongsto thesecondoneandviceversa.

Let us show �rst that if s 2 Oy(k) thens 2 [ly(k); u]. If s 2 Oy(k), thenyk � E(s) by the

de�nition of outputset.This,alongwith thede�nition of enabledtransitions(7.1),implies

that for any pi s(pi) 2 [! (pi; t j); ui] for t j 2 yk \ Out(pi). Also, notethat if yk \ Out(pi) is

not empty, thereis by assumptiononly onet j 2 yk \ Out(pi). If yk \ Out(pi) = ; , it means

either that pi doesnot enableany transitionin Out(pi) or that it doesbut suchtransition

doesnot �re. As aconsequence,if yk \ Out(pi) = ; it follows thats(pi) 2 [0; ui]. Then,we

haveshowedthatif s 2 Oy(k), thens 2 [ly(k); u].

Assumenow that s 2 [ly(k); u], we want to show that s 2 Oy(k). To show this, it is

enoughto show thatthesetof enabledtransitionsat s includeall of thetransitionsyk, that



89

is, E(s) � yk. Sinces 2 [ly(k); u], we have that s(pi) � ! (pi; t j) if t j 2 yk \ Out(pi). As a

consequencet j 2 E(s). Thisholdsfor any t j 2 yk andthusE(s) � yk. �

Proposition 7.1.2. Thestatetransitionfunction f : ([VOy(k); WOy(k)]; yk) ! [ f (VOy(k); yk);

f (WOy(k); yk)] is order isomorphic.

Proof. By de�nition of orderisomorphicfunction,andby theway VOy(k) andWOy(k) have

beende�ned, we have to show that f : ([ly(k); u]; yk) ! [ f (ly(k); yk); f (u; yk)] is order

embeddingandonto.

Let us show �rst that it is orderembedding,that is for any a; b 2 [ly(k); u] we have

a � b, if andonly if f (a; yk) � f (b; yk). Let a = (a1; :::;an) andb = (b1; :::;bn). It follows

from equations(7.2) thatif ai � bi thena0
i � b0

i sincethesamequantityis addedto bothai

andbi asthesetof �ring transitionsyk is thesamefor bothof them. Similarly, if a0
i � b0

i

thenai � bi for thesamereasoning.

Let us show that it is onto. We show that if a0 2 [ f (ly(k); yk); f (u; yk)] then thereis

a 2 [ly(k); u] suchthata0 = f (a; yk). If a0 2 [ f (ly(k); yk); f (u; yk)] then

ly;i(k) �
X

j : t j2yk

! (pi; t j) +
X

j : t j2yk

! (t j; pi) � a0
i

and

a0
i � ui �

X

j : t j2yk

! (pi; t j) +
X

j : t j2yk

! (t j; pi):

De�ne ai suchthata0
i = ai �

P
j : t j2yk

! (pi; t j) +
P

j : t j2yk
! (t j; pi), thenly;i(k) � ai � ui. �

As a consequenceof Propositions7.1.1and7.1.2,thesystem� modeledasa Petrinet

andthepartial order(�; � ) areinterval compatible.Note thatsinceU = � , we have that

L(k) = sk andU(k) = sk for k � k0 for somek0 > 0. This way, the computablequantity

j[U(k) � L(k)]j givesa measureof the estimationerror, which goesto zeroif the system

is observable. It is alsotrue theoppositestatement,that is, if j[U(k) � L(k)]j doesnot go

to zerothenthe systemwith initial conditionsin [0; u] is not observable. In fact, the set

[L(k); U(k)] is by constructionthesetof all possiblestatesthatareconsistentwith theout-

putobservationandwith thesystemdynamics.
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If the stateof eachplaceis not upperbounded,or sucha boundis not known, the

previoustwo propositionstransformto thefollowing.

Proposition 7.1.3. Theoutputsetis a f -semilattice, that is

Oy(k) = [
^

Oy(k); 1 )

where VOy(k) = ly(k) = (ly;1(k); :::;ly;n(k)), and ly;i(k) = ! (pi; t j) for the transitiont j such

that t j 2 yk \ Out(pi) andly;i = 0 if yk \ Out(pi) = ; .

Proposition7.1.4.Thestatetransitionfunctionf : ([
V

Oy(k); 1 ); yk) ! [ f (
V

Oy(k); yk); 1 )

is order isomorphic.

In thecasein which theplacesarenot upperbounded,we have U(k) = 1 in Theorem

3.3.1,andtheestimatorthereincanbeconstructedwith theproperties

(i) sk � L(k) for all k;

(ii) j[L(k + 1); sk+1]j � j[L(k); sk]j for all k;

(iii') thereis k0 > 0 suchthatfor any k � k0 wehave thatL(k) = sk.

Notethattheresultingestimatorfor thiscaseis thesameastheonederivedby othermeans

in [23]. This shows that the kinds of estimatorsfor Petri netsasdevelopedin [23] can

be naturallyre-derived asa particularinstanceof the partial orderbasedstateestimation

approachdevelopedin this thesis.Thecomputationalcomplexity of theproposedestimator

is proportionalto thenumberof platesasopposedto thedimensionof thestatespace(that

is combinatorialin thenumberof plates).Notethatif anupperboundonthestateof aplace

is not known, we do not have a way of computingtheestimationerrorthatscaleswith the

numberof placesasin thecasein whichsuchaboundis known.
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7.2 Monitoring of a Distrib uted Envir onment

In this section,we consideranexamplethat is very di� erentfrom thepreviously pro-

posedones,for which we show how onecanchoosea “good” partialorder. Thepurpose

of this sectionis thusto purelyshow waysof establishingusefulcoordinateframesin de-

cision andcontrol systemswhosemodel is fairly general.We do not claim of solving a

speci�c practicalproblem,which is left for futurework. Theproblemconsideredhereis

theoneof estimatingthestateof a multi-agentnondeterministichybrid systemmodeling

thebehavior of agents,for examplepeople,in a commonenvironmentsuchasa building,

a hospital,a laboratory, or a manufacturingchain. Themeasurementscomefrom sensors

that,placedata smallnumberof locations,detectthepresenceor theabsenceof a person,

without recognizingits identity. Theenvironmentis partitionedin locationssomeof which

are“interesting”andsomeof which arenot becausethey areusedto move from oneloca-

tion to theotherandnot interestingactivity occursin them.Theproblemto solveis theone

of establishingaboutwhich locationeachagentis ateachtime,giventhesensor�rings and

anapproximatemodelof theagentdynamicsanddecisions.An obviousway to attackthis

problemis to divide theenvironmentin a grid andat eachsensor�ring to establishtheset

of all possibleenvironmentcon�gurations(in termsof thegrid) compatiblewith thesen-

sor �rings. This leadsto combinatorialcomplexity becausethesensorscannotdistinguish

betweenagents.

In this section,we show that we can establisha coordinatesystemthat hasaseach

coordinatethepositionof anagentalongits own trajectory. Eachagenttrajectorycanhave

branchingcorrespondingto possibledecisionsof the agent. Also, eachagentevolveson

its own trajectoryin a nondeterministicway due to the fact that he can randomlystop,

accelerate,or decelerate.Trajectoriescanbe involved in mutualconstraintsrepresenting

meetingsbetweenagents.In sucha coordinatesystem,in which the orderis established

accordingto the causalorderrelation(“happenedbefore” relation), the dynamicsof the

agentspreservestheorderby construction,andtheoutputsetcanbeapproximatedby an

interval in thepartialorder.
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7.2.1 SystemModel

ConsiderN agentsfA1; :::;ANgin a commonE � R2 environment,which is partitioned

in a setof locationsL = f� 0; :::;� ng, with � i � E. Thelocationsf� 1; :::;� ngarereferredto

as“interesting”locationsasweareinterestedin determiningwhatagentis occupying them

(if any). Thelocation� 0 is everythingis left of E oncetheinterestinglocationshave been

removed,i.e., � 0 = E � f� 1; :::;� ng. Let pi 2 E for eachi representthepositionof agenti,

andlet � i 2 L for eachi representthelocationof agenti. Thestatesi = (pi; � i) of agenti

is updatedaccordingto thelaws

pi(k + 1) = hi(pi(k); � i(k)) + � hi(k)

� i(k + 1) = fi(pi(k); � i(k)); (7.3)

subjectto

P(s(k); k) = true; s(0) 2 S0; (7.4)

in whichhi : E� L ! E, fi : E� L ! L , s = (p; � ) with � = (� 1; :::;� N) andp = (p1; :::pN),

� hi boundeduncertainties,P : EN � L N � N ! ftrue; f alsegis apredicatethatputsglobal

constraintsamongtheagents.If no constraintis imposed,P = truealways.Thefunctions

(hi; fi) are referredto as the nominaldynamicsof the agent. The transitionfunctions fi

canbe implementedasa setof logic rules(if-then-else).Themeasurementsaregivenby

sensorsplacedat someof the locationsin L � � 0. Eachsensorreturns0 if no personis

detectedandit returns1 if a personis detected.Formally, let L s = f� s;1; :::;� s;mg� L � � 0

be the setof locationsat which a sensoris positioned,thenthe measurementis givenby

y = g(s) takingvaluesin Y = f0; 1gm suchthatfor eachj 2 f1; :::;mg

yj =

8
>>>>><
>>>>>:

1 if thereis i 2 f1; ::;Ngwith � i = � s; j

0 otherwise.
(7.5)

Eachagententersany locationthrougha door that is identi�ed asa point in E. We �rst

assumethat thereareno uncertaintieson the fi andno measurementerrors.We show in a
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�nal sectionhow to handleuncertaintiesandsensorerrorswithin theproposedestimation

framework . Giventheoutputmeasurement,theknowledgeof thenominaldynamics,and

boundson � hi, we want to producean estimateŝ of the systemstates that convergesto

s if thereis no uncertainty(� hi = 0 for eachi). In casethereis uncertainty, we askthat

thedistanced(s; ŝ) , for somedistancefunctiond, staysboundedpossiblyat a smallvalue

thatallowsto discriminatebetweeninterestinglocationsfor eachagent.Moreformally, we

have thefollowing estimationproblem.

Problem5. (Estimationproblem)Giventhesystemde�ned in (7.3),with constraints(7.4),

andwith output(7.5),determinea function� : EN � P(L N) � Y ! EN � P(L N), suchthat

theestimateŝ = (p̂; �̂ ) with �̂ 2 P(L N) andp̂ � EN

ŝ(k + 1) = � (ŝ(k); y(k + 1))

hasthepropertythatthereis k0 > 0 suchthat

(i) d(p(k); p̂(k)) � M for any k � k0 for somedistancefunctiond;

(ii) �̂ (k) \ (L � � 0)N = � (k) for any k � k0;

andsuchthatif � hi = 0 for eachi, wehave

(i') d(p(k); p̂(k)) = 0 for any k � k0;

(ii') �̂ (k) = � (k) for any k � k0.

In this problemformulation, the estimateof � (k) is the set �̂ (k) of all valuesof the

discretestatecompatiblewith theobservedoutputandwith thesystemdynamics.Item(ii)

requiresthatevenif thereis anestimationerroron thecontinuousvariablep(k), sucherror

is small enoughto let usdisambiguatethe interestinglocationsfor eachagent.Notealso

that p̂(k) � EN, that is, it is a setof agentpositionscompatiblewith theoutputsequence

andwith thedynamics.

Notethat thestateestimationproblemhascombinatorialcomplexity in thenumberof

agentsastheoutput�rings donotdiscriminatebetweenagents.In thefollowingsection,we
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reformulatetheestimationproblemona latticeto overcomethiscombinatorialcomplexity

issue.In particular, we transformthesystemto a latticewherethedynamicspreservesthe

partialorderingandwheretheoutputsetcanbeapproximatedby aninterval sublattice.

7.2.2 Formulation of The Estimation Problemon a Lattice

In this section,we �nd a partialorderon thesystemsuchthat theset ŝ of all possible

systemstatescanbe representedor approximatedby a lower andan upperboundin the

chosenpartialorder. In particular, we look for a partialorderwhoseorderingis preserved

by thesystemdynamics,theoutputsetcanberepresentedby a interval sublattice,andthe

constraints(7.4) canbereformulatedin termsof lower andupperbounds.In orderto do

so,wegivesomepreliminaryde�nitions.

De�nition 7.2.1. (Abscissa)Let p : [a; b] ! R2 be theparameterizationof a pathin R2.

For any t 2 [a; b] with t = a + k for somek 2 N, thefunction

z(t) =
t� 1X

� =a

jjp(� + 1) � p(� )jj

representsthelengthof thepathcoveredup to t startingfrom p(a) increasingt oneunit at

a time,andit is calledabscissa.

The functionz is a monotonicincreasingfunctionof t. If t representstime, all points

on suchabscissaareorderedaccordingto thecausalorderrelation,i.e.,z(t1) � z(t2) if and

only if t1 � t2. Also theinversefunctiont(z) is monotonicincreasing.

In thecaseof theapplicationunderstudy, eachoneof theagentsthatvisit a sequence

of locations,will have to passthroughthe doorsthat are identi�ed with points in E. If

� hi = 0, thepathcoveredin thebuilding is �x ed,asevery agenthasto enterthebuilding

by a door. As a consequence,eachagenthasa nominalabscissaintrinsically attachedto

it, andit will move alongit astime goeson. Theuncertaintyon the initial conditionwill

translateon theuncertaintyon wheretheagentis alongtheabscissa.Theuncertainty� hi

will result in an uncertaintyon how far the agentmoveson the abscissafrom its current

positionon theabscissa.Notethatin general,dependingon thestructureof fi, anabscissa
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canhave branchingscorrespondingto decisionstakenby theagent,with this decisionnot

beingdirectly observed. In orderto explain the basicideas,we initially assumethat the

abscissahasnobranchings.Thecasein whichbranchingsoccur, canbetreatedwith minor

modi�cationsthatareexplainedin a latersection.

Note that whenan agentis in oneof the interestinglocations,we arenot interested

in trackingexactly its position,asa consequencewe will representasa point on the ab-

scissaeachinterestinglocation. This way the not interestinglocations� 0 will appearas

connectorsbetweeninterestinglocations(pointson theabscissa).Thus,theagentabscissa

is formally de�ned in thefollowing de�nition.

De�nition 7.2.2. (Agent abscissa)Let pi : [a; b] ! E be the trajectoryof agentAi with

� hi = 0 in theenvironmentE with a � 0 andt = a + k � b for somek 2 N. Thequantity

zi(t) =
t� 1X

� =a

kp̄i(� + 1) � p̄i(� )k;

with

p̄i(t) =

8
>>>>><
>>>>>:

pi(t) if pi(t) 2 � 0

p(� j) if pi(t) 2 � j for j , 0;

is theagentAi abscissa,in which p(� j) denotesthepositionof thedoorof location j. The

setof all pointson theabscissais denotedby


 i = fzi j 9 t 2 [a; b] with t = a + k for k 2 N andzi =
tX

� =a

kp̄i(� + 1) � p̄i(� )kg:

In the casein which eachlocationhasmorethanonedoor, we canstill collapsethe

locationat onepoint. Thecoordinatesalongtheabscissaof agentAi correspondingto the

location� j aredenotedby � i
j = f� i;1

j ; :::;� i;ni
j g, eachassociatedwith adi� erenttimetheagent

visited that locationalongits trajectory. Also, � i
0 = 
 i � [ j � i

j. Thesetof positionsalong

theabscissaatwhich thereis asensorj 2 f1; :::;mg, is denoted� i
s; j.

In thesenew coordinates,the systemstateis given by (z; � ) 2 Z � L N, with z =
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(z1; :::;zN) andZ = 
 1 � ::: � 
 N. Thenew systemdynamicsis de�ned for any i as

zi(k + 1) = zi(k) + vi + � vi(k) (7.6)

� i(k + 1) = � j if zi(k + 1) 2 � i
j (7.7)

yj(k + 1) = 1 if 9 i with zi(k + 1) 2 � i
s; j (7.8)

yj(k + 1) = 0 if zi(k + 1) < � i
s; j 8 i; (7.9)

zi(0) 2 [Li;0; Ui;0]; (7.10)

in which we assumethat vi is known, constantalong the abscissa,and any variation to

it is incubatedin the uncertainty� vi(k), with � vi(k) 2 [� vi;m; � vi;M]. The uncertaintyon

the initial conditionis transformedto an interval not includingsensorlocationsalongthe

abscissa.We do not commentat this point on theconstraintsspeci�edby (7.4)anddevote

a latersectionto them.

This formulationis in accordancewith thekind of modelthatwe couldhave for each

persondaily habits. The behavior will typically be describedby sentencesof the form “

agenti entersin the morningbetween8amand10am,thenhe usuallygoesto his o� ce,

wherehehas30minutes- 1 hourmeetingsscheduledwith agents(in theorder) j, k, q”.

Noticealsothat,dueto thediscretemodelof theagentmotion,theabscissahasa grid

of points on which the agenttransitions,the abscissabeing de�ned on the basisof the

nominaldynamics.In orderfor theagentwith uncertainty� vi(k) , 0 to still evolveon the

abscissa,we requirethat � vi(k) is suchthat for any k it movesthe agentat pointson the

grid of theabscissa.This technicalpoint is dueto our choiceof a discretemodelfor the

agentdynamics.This technicalpointwouldbeabandonedif theequationsof motionof the

agentwererepresentedin continuoustime. Wealsoassumefor simplicity thattherecannot

betwo locationsnext to eachotheron theabscissa.

In thenext de�nition, weestablishapartialorderon Z � L N.

De�nition 7.2.3.For any pairof elementsw; x 2 Z � L N with w = (zw; � w) andx = (zx; � x)



97

thepartialorder(Z � L N; � ) is establishedby

w � x if andonly if zw � zx

and

zw � zx if andonly if zw
i � zx

i for all i:

Sincethepartialorderis establishedon thebasisof thez componentonly, andthedis-

cretestate� canbeunequivocallydeterminedoncethecontinuousonehasbeenfound,we

continueour argumentsconsideringthez componentof thestateonly. Thus,we establish

the partial order (�; � ) with � = Z andpartial orderasgiven in De�nition 7.2.3. Any

x � w 2 Z de�ne aninterval sublatticein Z denoted[x; w] = [x1; w1] � :::� [xN; wN]. Note

thatthediscretestateevolutionestablishedby fi wasusedfor de�ning theabscissas
 i, as fi

establishesthesequenceof locationsthattheagentvisits,andhi establisheshow theagent

evolve in eachlocation. In the new coordinatesystemZ , thesetwo di� erentevolutions

have beenfusedtogetherin onevariableevolution zi for eachagent.For any x � w 2 Z ,

wede�ne thedistanced(x; w) asfollows

d(x; w) :=
1
N

NX

i=1

(wi � xi); with wi � xi := j[xi; wi] � fxigj:

Thesystemrepresentedby equations(7.6-7.7-7.8-7.9)is denoted� = (Z ; Y ; F; g), in

which F is speci�ed by equation(7.6) andg by equations(7.8-7.9). If � vi = 0 for any

i, thedynamics(7.6) preservesthepartial order(�; � ), andF : [L; U] ! [F(L); F(U)] is

onto. If � vi , 0, i.e., the systemis nondeterministic,onecanverify that F : [L; U] !

[VF(L); WF(U)] is orderpreservingandonto.

Next, weshow thattheoutputsetcanbeapproximatedbyaninterval in (�; � ). Let again

Oy denotetheoutputsetcorrespondingto ameasurementy, thatis, Oy = fz 2 Z j g(z) = yg.

Let [L; U] � Z denoteaninterval sublatticein Z , with L = (L1; :::;LN), U = (U1; :::;UM),

Ui 2 
 i, andLi 2 
 i, suchthat j[Li ; Ui] \ � i
s; j j 2 f1; 0gfor eachi; j. This meansthat[Li; Ui]

cannotcontainmorethanonecoordinatepointon 
 i correspondingto thesamelocationat

which a sensoris positioned.Let Oyj[L;U] denotetheoutputsetoncez hasbeenrestricted
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to belongto an interval sublattice[L; U], that is, Oyj[L;U] = fz 2 [L; U] j g(z) = yg. For

simplifying notation,assumethatonly onesensorcan�re at onetime. Then,suchsethas

thepropertyshown in thefollowing proposition.

Proposition 7.2.1. Let y be such that y j = 1 and yk = 0 for any k , j. ThenVOyj[L;U] 2

Oyj[L;U] and WOyj[L;U] 2 Oyj[L;U]. Let ly := VOyj[L;U] and uy := WOyj[L;U] 2 Oyj[L;U], then

ly = (ly;1; :::;ly;N) anduy = (uy;1; :::;uy;N) with

ly;i =

8
>>>>>>>>><
>>>>>>>>>:

� i
s; j \ [Li ; Ui] if � k

s; j \ [Lk; Uk] = ; 8k , i;

Li if � k
s; j \ [Lk; Uk] , ; for somek , i andLi < � i

s;k for k , j;

Li + vi if � k
s; j \ [Lk; Uk] , ; for somek , i andLi 2 � i

s;k for k , j;

(7.11)

and

uy;i =

8
>>>>>>>>><
>>>>>>>>>:

� i
s; j \ [Li ; Ui] if � k

s; j \ [Lk; Uk] = ; 8k , i;

Ui if � k
s; j \ [Lk; Uk] , ; for somek , i andLi < � i

s;k for k , j;

Ui � vi if � k
s; j \ [Lk; Uk] , ; for somek , i andLi 2 � i

s;k for k , j:

(7.12)

Proof. This canbeeasilyprovedby showing two facts.1) If x 2 Oyj[L;U], thenly � x and

uy � x. 2) Both Ly andUy arein Oyj[L;U].

Proofof 1). Weproceedcomponent-wise.If x 2 Oyj[L;U], theng(x) = y andxi 2 [Li; Ui].

Then,if ly;i = Li thereis nothingto show. If ly;i = Li + vi, weneedto show thattherecannot

beany x 2 Oyj[L;U] with xi = Li . If ly;i = Li + vi, thenby (7.11),xi 2 � i
s;k for k , j, that is,

it is placedat a sensorlocation.By thede�nition of g in equations(7.8-7.9)if xi 2 � i
s;k for

somek, it mustbeyk = 1, which is a contradiction.Finally, considerly;i = � i
s; j \ [Li; Ui]

andthusUy;i = Ly;i . Then,by (7.11)we have that � k
s; j \ [Lk; Uk] = ; 8k , i. This, in turn

implies that xi = � i
s; j \ [Li ; Ui] becauseagenti is the only onethat canhave causedthat

sensor�ring.

Proofof 2). This is clearif ly;i = uy;i = � i
s; j \ [Li; Ui]. If ly;i = Li, we show that there

is x 2 Oyj[L;U] suchthat xi = Li. If thereis no x suchthat xi = Li with g(x) = y, it means

that Li 2 � i
s;k for k , j, which is a contradictionby thede�nition (7.11). If ly;i = Li + vi,
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weshow thatthereis x 2 Oyj[L;U] suchthatxi = Li + vi. If this is not thecase,it meansthat

Li + vi 2 � i
s;k for k , j. However, by (7.11)Li = � i

s;k for k , j. Sowe would have bothLi

andLi + vi correspondingto locations.Thiscontradictsourassumptionsthatestablishthat

on oneabscissatherecannotbelocationscloseto eachother. �

This propositionguaranteesthat the interval sublattice[ly; uy] is the smallestinterval

thatcontainsOyj[L;U], andthusit is thebestrepresentationof sucha setin termsof interval

sublattices.Thereasonwhy Oyj[L;U] , [ly; uy] is becausetherearepointsin [ly;i; uy;i] where

agentAi cannotbe. In fact the agentcannotbe at coordinatepointson the abscissathat

correspondto sensorlocationsatwhich thesenorhasnot �red. De�ne for eachi thesetof

pointswherethesensorshavenot �red as

znf
i := [ jf� i

s; j : yj = 0g: (7.13)

WedenoteZ not := Z � [(
 1� znf
1 )� :::� (
 N � znf

N )]. By de�nition, nostatecompatiblewith the

outputcanbein sucha set.In case� vi = 0 for eachi, sucha setchangesdynamicallyin a

deterministicwayaspositionsthatwerenotoccupiedatstepk mapto positionsthatcannot

beoccupiedat stepk + 1. This givesrise to a setU (k) to which Z mustbe constrained.

Suchaconstraintsetis de�ned in thefollowing de�nition.

De�nition 7.2.4.Forany execution� of thesystem� with outputsequenceg(� ) = fy(k)gk2N

andwith � vi = 0 for any i, wede�ne theconstraint setatstepk, U (k), to bethesetde�ned

as

U (0) = Z � Z not(0);

U (k + 1) = F(U (k)) � Z not(k + 1):

Note that thenotion of constraintsetmakesno senseif � vi , 0 asin sucha casewe

cannotknow from onestepto anotherwhereU (k) is mappedto.

In case� vi , 0, thefunctionF mapsa point to a set. Thesupremumandin�mum of

this setfor any z 2 Z arede�ned as

_
F(z) = z+ v + � vM
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and
^

F(z) = z+ v + � vm:

If thereis nouncertainty, WF = VF = F.

Giventhesystem� = (Z ; Y ; F; g) with z(0) 2 [L0; U0] � Z , andwith outputsequence

fy(k)gk2N we canimplementthe estimatorfor nondeterministicsystemson a partial order

presentedin Chapter5, thatis,

L(k + 1) =
^

F(L(k)) g ly(k + 1)

U(k + 1) =
_

F(U(k)) f uy(k + 1) (7.14)

L(0) = L0; U(0) = U0;

in which ly(k) = VOy(k)j[L0;U0] and uy(k) = WOy(k)j[L0;U0] with L0 = VF(L(k)) and U0 =
WF(U(k)). Wealsoassumethattheset[L(k); U(k)] is suchthatj[Li(k); Ui(k)] \ � i

s; j j 2 f1; 0g

for eachi; j. This canbe veri�ed if L0 andU0 arenot too far from eachothercompared

to the distancesbetweenthe coordinateof the sensorlocationson the abscissas.If the

systemis deterministic,thatis WF = VF = F, thenwe have thefollowing result,which is a

straightforwardconsequenceof theresultsin Chapter3.

Proposition 7.2.2. Giventhesystem� = (Z ; Y ; F; g) with outputsequencefy(k)gk2N and

with � vi = 0 for anyi, thentheupdatelaws(7.14)aresuch that

(i) z(k) 2 [L(k); U(k)] for anyk;

(ii) j[L(k + 1); U(k + 1)]j � j[L(k); U(k)]j;

(iii) if � is observable, thenthere is a k0 > 0 such that [L(k); U(k)] \ U (k) = z(k) for any

k � k0.

Theonly di� erencewith theresultsin Chapter3 is thatin thepresentcasethesetU is

notconstantin time. It in factdependsonthemeasurementswhile in Chapter3 it depended

on thespacestructure,whichwasthecaseof Chapter3. Despitethisdi� erence,theresults

follow in thesameway.
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If the systemis nondeterministic,in order to guaranteethat j[L(k); U(k)]j is bounded

asymptotically, we needto askfor anadditionalstructuralpropertyof thesystem.In fact,

observability is not su� cient becausethe output set is not exactly an interval sublattice

as the theorydevelopedin Chapter5 requires. This additionalproperty, namedinterval

observability, is de�ned in thefollowing de�nition.

De�nition 7.2.5. (Interval observability) Considerthesystem� = (Z ; Y ; F; g) with output

sequencefy(k)gk2N, andconsiderthe updatelaws asin equations(7.14). The system� is

saidto beinterval observableif for any i thereis an in�nite sequencefki;0; :::;ki;l; :::gsuch

that

(i) Ui(ki;l) 2 � i
s; j for somej;

(ii) [Li(k); Ui(k)] \ � i
s; j , ; ) [Lp(k); Up(k)] \ � p

s; j = ; for any p , i, for any ki;l � k �

ki;l + � ki;l , with ki;l + � ki;l suchthatL(ki;l + � ki;l) 2 � i
s; j.

Thispropertybasicallyrequiresthatperiodicallytheset[Li(k); Ui(k)], for any i, will be

theonly oneto containthecoordinatecorrespondingto theasensorj for all theinterval of

time that[Li(k); Ui(k)] containssuchacoordinate.Thisguaranteesthattheset[L(k); U(k)]

doesnotgrow unboundeddueto nondeterminismasthefollowing propositionshows.

Proposition 7.2.3. Giventhesystem� = (Z ; Y ; F; g) with outputsequencefy(k)gk2N, then

theupdatelaws(7.14)aresuch that

(i) z(k) 2 [L(k); U(k)] for anyk;

(ii) if � is intervalobservable, thenthere is a k0 > 0 such thatd(L(k); U(k)) � M with

M =
1
N

NX

i=1

min
 
di

� vi;M � � vi;m

vi + � vi;m
; di

!
;

where di = maxl(U(ki;l+1) � U(ki;l)).

Proof. For eachi, let di := maxj(U(ki; j+1) � U(ki; j)). Then,giventheupdatelaws (7.14),

we have that agentAi takesbetweendi=(vi + � vi;M) anddi=(vi + � vi;m) stepsto cover the
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distancedi, thenwehave that

Ui(k) � Li(k) � min
 
di

� vi;M � � vi;m

vi + � vi;m
; di

!
:

�

Let di;m betheminimumdistancebetweeninterestinglocationsontheabscissa
 i. Prob-

lem2 is solvedif theuncertaintieson thesets[Li ; Ui] aresuchthat

min
 
di

� vi;M � � vi;m

vi + � vi;m
; di

!
� di;m 8 i: (7.15)

Notethattherearetwo waysto satisfysuchinequality:

(1) Act onthesensorpositionsuchthatdi is decreased.For example,onecanputsensors

suchthatbetweenthe pointson theabscissacorrespondingto U(ki; j) andU(ki; j+1),

thereis only oneinterestinglocation.

(2) Thepreviousmeasureis not neededif thesmallestvelocity of theagentvi + � vi;m is

high comparedto thedistancedi. In this case,theagentsexcite thesensorwith high

frequency andthustheuncertaintyis decreased(we show this point in a simulation

example).

7.2.2.1 Meeting Constraints on The Partial Order

We considertwo kindsof meetingconstraintsthatwecall of typeC1andof typeC2.

C1. Two or moreagentsmeetin onelocationspeci�cally dedicatedto themeeting,that

is, noneof theagentscanbeat suchlocationalone. Formally, let Ai1; :::;AiP be the

agentsinvolvedin suchmeetingconstraint,thentheconstraintP canbeformulated

as

8 p 2 f1; :::;Pg; � ip(k) = � j if andonly if � iq(k) = � j for any q , p: (7.16)
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C2. Oneor moreagentsgo to meetsomeotheragentto a locationalreadyoccupiedby

thelatteragent.For examplestudentsmeeta professorin hiso� ce.Thismeansthat

thestudentscannotbein theprofessor'so� ceunlesstheprofessoris there.Formally,

let Aq be theagentin location� j andfAi1; :::;AiPgbedi� erentagentsmeetingAq in

� j. Then,theconstraintP canbesetas

8 p 2 f1; :::; pg� ip(k) = � j ) � q(k) = � j: (7.17)

In thepartialorderformulationon (Z ; � ) thesetwo typesof constraintsimply translateto

conditionson lowerandupperboundsaccordingto whatfollows.

C1. Let Aip 2 [Lip; Uip] andlet � ip

j any abscissacoordinatecorrespondingto thelocation

l j, then(7.16)reducesto

Uip � � ip

j , Uiq � � iq
j 8 p; q 2 f1; :::;Pg; (7.18)

Lip � � ip

j , Uiq � � iq
j 8 p; q 2 f1; :::;Pg; (7.19)

C2. and(7.17)reducesto

Uq � � q
j ) Uip � � ip

j 8 p; q 2 f1; :::;Pg; (7.20)

Lq � � q
j ) Lip � � ip

j 8 p; q 2 f1; :::;Pg: (7.21)

In the next section,we give a qualitative overview on how to deal with uncertainty

issues.

7.2.3 Dealingwith Uncertainty on The Model, RandomDisturbances,

and MeasurementErr ors

In this section,we consideruncertaintyoriginatingfrom di� erentsources:uncertainty

onthemodelof thediscretestateevolution(uncertaintyon fi), randomdisturbancescaused

for exampleby unmodeledagentsthatpopulatetheenvironment,andmeasurementerrors
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dueto falsealarmsor misseddetections.Theargumentsarenot formal andhave thesole

purposeof showing possiblewaysof dealingwith uncertaintywithin this framework.

7.2.3.1 Uncertainty on The Model

In this case,givena currentagentlocation,(1) eitherthenext locationis not uniquely

determinedandbelongsto a setof possibleknown locations,(2) or only a nominalnext

locationis known andtherestis unmodeledbecauseunexpected.

In case(1), theabscissaof anagentlooksasdepictedin Figure7.2. This couldcorre-

Figure7.2: Abscissaof oneagentwith uncertaintyon themodelof type(1).

spondin practiceto thefactthattheagentdoesnotbehaveexactly thesamewayeveryday,

but theremightbevariationsfrom onedayto theotherthatonecanmodel.Also, thecondi-

tion thatdecideswhichway to go is notdirectlyobservablein general.In thiscasenothing

changesin theestimationalgorithmstructureexceptthatfor eachagent,thealgorithmhas

to keeptrack of all possiblebranchingsat the sametime. This translatesto a lower and

anupperboundwith dynamicdimensionfor eachagent.Thedimensionincreaseswhena

new branchingoccurs,andit decreaseswhenonebranchingbecomesinconsistentwith the

measurement.Thedrawbackis thatthealgorithmupdatesmorethanonevariablefor each

agentwith anincreasedcomputationalcost.

In case(2), theabscissaof eachagentlooksasdepictedin Figure7.3. The unshaped

partsarecompletelyunknown asthey correspondto the agentbehavior that wasnot ex-

pectedandthusnot modeled. If an agentgoesin the unshapedregion, it is lost until (if

ever) he comesbackon the nominalpath. This correspondsin practiceto the fact that

onedayan agentdoesnot enterthebuilding becausehe is sick or somethingunexpected
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Figure7.3: Abscissaof oneagentwith uncertaintyon themodelof type(2).

happenedto him, for example. In this case,theagentis lost. However, robustnessof the

estimatorrequiresthat this doesnot a� ect “too much” the estimationerror on the other

agents. This canbeguaranteedundertheassumptionalreadymadeof interval observabil-

ity. This assumptionstatesthat for eachagenti thereis periodicallyonesensor�ring for

which the interval [Li ; Ui] is the only onecompatiblewith the abscissacoordinatewhere

thesensor�ring occursfor theentiretime [Li ; Ui] is compatiblewith it. As aconsequence,

if a �ring doesnot occurfor any time at which [Li; Ui] is theonly onecompatiblewith the

�ring of thesensor, it meansthatagentAi did not follow thenominalpath.This factgives

anideaof how thealgorithmcandetectwhenanagentdoessomethingunexpected.Once

theinconsistency is detectedfor oneagent,thealgorithmcankeepestimatingtheposition

of all theotheragentsasusual.Notethatbeforetheinconsistency is detected,theestima-

tion error canincreasefor all of the agents(this point is illustratedin a later simulation

example).

7.2.3.2 RandomDisturbances

This sectioncoversthecasein which therearepeoplewonderingaroundthebuilding,

whoseidentity is not known andwhosebehavior is not modeled.They obviously cause

the sensorsto �re whenthey stopby locationsat which the sensorsarepositioned. Ro-

bustnessof the estimatorrequiresthat the estimationerror doesnot diverge dueto these

randomevents. This canbe obtainedfor exampleif an agentreturnsperiodically to the

samelocationwherea sensoris placedaftera long enoughperiodof time. This way, if a

�ring is causedby a randomagent,thishappeningwill bedetectedatsomelatertime. The

basicideais thatwhena �ring occursanda randomagentcouldbe thecauseof that, the

algorithmcankeeptrackof multiple hypotheses,onein which the�ring wascausedby an
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agentandonein whichthe�ring wascausedby arandomagent.Thiscausesanincreaseof

theestimationerror. At somelater time thefalsehypothesiswill bedetectedassuch,and

theestimationerrordecreasesagain(this is illustratedin asimulationexample).

7.2.3.3 MeasurementErr ors

Measurementerrorscanbeof twokinds.Wecanhavemisseddetectionsor falsealarms.

Thecaseof misseddetectioncanbetreatedin a way similar to theway uncertaintyon the

model(case(2)) is treated. In fact, a misseddetectionwill causean inconsistency to be

detectedasa sensor�ring was in fact expected,but it did not occur. The caseof false

alarmis similar to thecaseof random�rings causedby randomagents.These“spurious

�rings” canbedetectedassuchasexplainedin thesectiononrandomdisturbances(Section

7.2.3.2).

7.2.4 Simulation Examples

We concludetheexampleof environmentmonitoringwith somesimulationexamples,

which giveanideaof how theperformanceof theproposedalgorithmlookslike. We give

somesimulationresultsfor boththedeterministiccase(� vi = 0) andnondeterministiccase

(� vi , 0 without uncertaintyon themodelof fi). We then,show how thealgorithmcopes

with thecasein which we have uncertaintyon themodelof type (2), i.e., an agentnever

enteredthebuilding, andwith thecasein which therearerandomagentsthatmakesensors

�re. We assumedthat initially all of theagentswereoutsideof thebuilding in aninterval

alongtheir abscissasbetweenL0 andU0 (correspondingto uncertaintyon whentheagent

usuallyentersthebuilding). Theentranceof thebuilding hasasensorthatdetectsaperson

passingthroughit. Also, we distributedsensorsalong the abscissas.In the �gures, we

show theerror

E(k) =
1
N

NX

i=1

Ei(k); with Ei(k) = (Ui(k) � Li(k)):

In Figure7.4,we consideranexamplewithout uncertaintyfor di� erentnumberof agents.

As thenumberof agentsincreases,thetime takento convergenceincreasesasthenumber

of sensor�rings neededfor disambiguatingthe agentsincreasesaswell. In Figure7.5,
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we show theerrorE(k) in thenondeterministiccasefor two di� erentvaluesof � vm;i + vi.

Whensuchavalueis increased,theupperboundontheerrordecreasesaspredictedby our

analysis(seeProposition7.2.3).
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Figure7.4: Examplewithoutdynamicuncertainty:convergenceplotsfor di� erentnumber
of agents.

In Figure7.6, we show the casein which an agentnever enteredthe building. The

algorithmdetectsaninconsistency asexplainedin Section7.2.3.1.In Figure7.7,we show

the casein which a randomagentmakesthe sensors�re and the algorithmdetectsit as

explainedin section7.2.3.2.



108

0 10 20 30 40 50 60 70 80
0

50

100

150
E

(k
)

0 50 100 150 200
0

50

100

150
3 agents, slow agents

E
(k

)
3 agents, faster agents

time 

Figure7.5: Examplewith dynamicuncertainty:convergenceplots for di� erentvaluesof
� vm;i + vi. The lower plot hassucha valuethreetimestheoneof theupperplot for each
agent.For any agent,thenominalspeedis vi = 1 and� vi;m = 0 and� vi;M = 2, sothat the
speedof eachagentis uniformly distributedin [1; 3].
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Figure7.6: Examplein which agent3 never entersthebuilding. Thesolid line shows the
errorwewouldhave if agent3 enteredthebuilding asexpected.Thedashedline showsthe
errorin thecaseagent3 unexpectedlydoesnotenterthebuilding. Theerroronagentsone
andtwo growswith respectto thenominalcaseuntil whentheinconsistency is detected(at
k=120). At this point the lower andupperboundfor agentthreearearbitrarily setto zero
indicatingthattheagenthasbeenlost.
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Figure7.7: Examplewith a randomagentcausing�ring of sensorsbetweenk = 100and
k = 150. Thedashedline shows theerrorwith suchrandom�rings. Thesolid line shows
the error we would have without the random�rings. Note that after the inconsistency is
detected,theerrorgoesbackto normal.
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Chapter 8

Conclusionsand Futur eWork

In thiswork, wehavepresentedanapproachto stateestimationin decisionandcontrol

systems,which reducescomplexity by using partial order theory. The developedalgo-

rithms enjoy scalability propertiesthat are substantialin multi-agentsystems.This has

beendonefor estimatingthediscretestateoncethecontinuousoneis measuredandfor es-

timatingbothdiscreteandcontinuousstatewhenanestimatorin cascadeform is possible.

Thequestionof how to dealwith theestimationproblemfor both thecontinuousandthe

discretestatewhenanestimatorin cascadeform is not possibleis still to beaddressed.In

particular, wewill considerthisquestionby requiringaboundonthecomputationalburden

neededfor implementingtheestimator. With thisbound,weconjecturethatwith thepartial

orderapproachto stateestimationit will bepossibleto developstateestimatorswith low

computationalburdento theexpenseof estimationaccuracy. Thisis acompromisebetween

performanceandcomplexity.

By theuseof apartialorder, wewereableto reasonaboutnotionssuchasconvergence,

stability, andperformancein adiscretespacein awaysimilar to how wereasonaboutthese

notionsin a continuousstatespace.This fact let us to overcomethe dichotomybetween

thediscreteworld andthecontinuousworld asfar asstateestimationis concerned.Partial

ordertheoryhasprovedto bea usefultool borrowedfrom theoreticalcomputerscienceto

addressthis issue,andit wasnicelymergedwith classicalcontroltheoryto reachourgoal.

Usingpartialordertheory, canwe build a bridgebetweenthecontinuousandthediscrete

world for dealingwith moregeneralanalysisandcontrolproblemsaswell? This is subject

of currentandfuturework.
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Finally, in Chapter7, we gave somehints on possibleapplicationareasand related

extensionsof theproposedestimationapproach.In particular, we showedhow to usethe

stateestimationalgorithmsona latticeto reducecomputationalcomplexity whensolvinga

monitoringproblemof distributedenvironments.Thekey point for applyingourestimator

in a way suchthatcomplexity is reducedis theoneof �nding a goodcoordinateframefor

describingthesystem.Oncethis is done,thetheoryapplieswith minor extensions.Simu-

lation exampleshaveshown promisingperformance.Thenext stepis to testthealgorithm

on realdata,whichwill beaddressedin our futurework.
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