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Abstract

This thesisaddresseghe problemof estimatingthe statein multi-agentdecisionand
controlsystems.In particular a novel approacho stateestimationis developedthatuses
partial ordertheoryin orderto overcomesomeof the severe computationalcompleity
issuesarisingin multi-agentsystemsWithin this approachstateestimatioralgorithmsare
developed,which enjoy proved cornvergencepropertiesandare scalablewith the number
of agents.

Thedynamicevolution of the systemsinderstudyarecharacterizetyy theinterplayof
continuousanddiscretevariables. Continuousvariablesusually represenphysicalquan-
tities suchas position, velocity, voltage,and current,while the discretevariablesusually
represenguantitiesinternal to the decisionprotocolthatis usedfor coordination,com-
munication,andcontrol. Within the proposedstateestimationapproachthe estimationof
continuousanddiscretevariablesis developedin the samemathematicaframework, asa
joint continuous-discretepaceis consideredor the estimator This way, the dichotomy
betweerthe continuousanddiscreteworld is overcomefor the purposeof stateestimation.

Application examplesare consideredwhich include the stateestimationin competi-
tive multi-robot systemsandin multi-agentdiscreteeventsystemsandthe monitoring of

distributedenvironments.
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Chapter 1

Intr oduction

Logic anddecisionmakingareplayingincreasinglylarge rolesin moderncontrol sys-
tems,andvirtually all moderncontrol systemsareimplementedusingdigital computers.
Examplesinclude aerospaceystems transportatiorsystems(air, automotve, and rail),
communicatiometworks (wired, wireless,and cellular), and supply networks (electrical
power andmanufcturing). The evolution of thesesystemds determinedy the interplay
of continuousdynamicsandlogic. The continuousvariablescanrepresentuantitiessuch
asposition, velocity, accelerationyoltage,current,etc., while the discretevariablescan
representhe stateof the decisionandcommunicatiormprotocolthatis usedfor coordina-
tion andcontrol. Most of thesesystemsare also multi-agent,in which an agentcan be,
for example,a wirelessdevice, a micro-controller a robot, a pieceof machinery a piece
of hardwareor software,or evena human.The needfor understandingndanalyzingthe
behaior of thesesystemss compelling. However, the couplingof continuousdynamics
anddecisionprotocolsrenderghe systemunderstudyinterestingandcomplicatedenough
thatnew tools areneededor the sale of analysisandcontrol. Also, multi-agentsystems
areusuallya ectedby the combinatorialexplosionof the statespacethatrenderamostof
the existing stateestimationalgorithmsinapplicable.

Theproblemof estimatinghestateof adecisiomandcontrolsystemhasbeenaddressed
by severalauthorsasfunctionalfor controlor asameandor solvingmonitoringor sur\eil-
lanceproblemsin distributedenvironments.In the hybrid systemditerature,Bemporacdet
al. [7] proposethe notion of incrementalobsenability for piecavise a ne systemsand

constructa deadbeabbsenrer that requireslarge amountsof computation.Balluchi et al.
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[4] combinealocationobsenerwith aLuenbegerobsererto designhybrid obserersthat
identify thelocationin a nite humberof stepsandconvergesexponentiallyto the contin-
uousstate.However, if thenumberof locationsis large,asin the systemgshatwe considey
suchanapproachs impracticable.In Balluchietal., su cientconditionsfor alinear hy-
brid systento be nal statedeterminablaregiven[5]. In Alessandretal., Luenbegerlike
obsenrersareproposedor hybrid systemavherethe systemlocationis known [1], [2]. Vi-
daletal. [39] derive su cientandnecessargonditionsfor obsenability of discretetime
jump-linearsystemspasedon a simplerank teston the parametersf the model. In later
work [40], thesenotionsaregeneralizedo thecaseof continuoudime jumplinearsystems.
For jump Markov linear systemsCostaanddo Val derive testfor obsenrability [18], and
Cassandrat al. proposean approacho optimal controlfor partially obsenable Markov
decisionprocesse$l5]. For continuoustime hybrid systemsDe Santiset al. proposea
de nition of obsenability basedon the possibility of reconstructinghe systemstate,and
testableconditionsfor obsenability areprovided[34].

In the discreteevent literature,obsenability hasbeende ned by Ramadgg31], for
example,which derive a testfor currentstateobsenrability. Oishi et al. [30] derve a
testfor immediateobsenability in which the stateof the systemcan be unambiguously
reconstructedrom the outputassociatedvith the currentstateand last and next events.
Ozwerenet al. [22] and Caines[13]-[14] proposediscreteevent obserers basedon the
constructiorof the current-locatiorobsenationtreethatis impracticablevhenthenumber
of locationsis large, which is our case.Obsenability is alsoconsideredn the context of
distributedmonitoringandcontrolin industrialautomationwhereagentsare cooperating
to performsystem-leel taskssuchasfailure detectionandidenti cation on the basisof
local information [32]. Diaz et al. considerobsenersfor formal on-line validation of
distributedsystemsjn which the on-line behaior is checled againsta formal model[3].
In the context of sensonetworks, stateestimationcoversa fundamentatole whensolving
suneillanceandmonitoringtasks,in which the statehasusuallyseveralcomponentssuch
asthepositionof anagent,its identity, andits intent(seefor example[17] or [11]).

Themaincontribution of thiswork is to designstateestimatorgor decisionandcontrol

systemghatovercomesererecompleity issuesencountereah previouswork ([13]-[14]-
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[4]). Thesecompleity issuesrenderedprohibitive the estimationproblemfor systems
with large discretestatespacewhich is oftenthe casein multi-agentsystems.Our point
of view is thatsomeof the compleity issuessuchasthoseencounteredh [13] or [4] can
beavoidedby nding agoodway of representinghe setsof interestandby nding agood
way of computingmapson them. As a naive example,considerthe setS of all natural
numbersbetweenoneandonethousand.This setis usuallyrepresente@saninterval in
N, thatis S = [1;1000],sothatthelisting of all the elementst containsis not necessary
for representingt. Supposeve wantto know whatsetS is mappedto by amap that
associatesachelementn with theelemenin + 2. Clearly, to compute (S) we donotneed
to compute oneachelementof S andcollectall theresults.In fact, it is easyto seethat

(S) = [3;1002],thatis, we justcomputed ontheleastandmaximumelementof S to
obtaintheleastandmaximumelementof (S), whicharethenusedto representhelatter
set. Thissimpli cation is possiblethanksto the orderstructurenaturallyassociateavith N
andthanksto the structureof themap .

Theseideasareextendedby usingpartialordertheoryto anarbitraryset, which might
be more complicatedthana setin N and might containcontinuouscomponents.Partial
ordertheoryhasbeenhistorically usedin theoreticalcomputerscienceto prove properties
aboutcornvergenceof algorithms[19]. It hasalsobeenusedfor studyingcontrollability
propertienf nite statemachineg12] andfor approachinghe stateexplosionproblemin
the veri cation of concurrentsystemg24]. In this work, we exploit partial ordertheory
to estimatethe statein systemswith large discretespace.In particular givena system
de ned onits spaceof variableswe extendit to alarger spaceof variableshathaslattice
structureso asto obtainan extendedsystem” . Under certainpropertiesveri ed by the
extension, anobsenrer for system canbe constructedyhich updatesat eachsteponly
two variables.lt updateghe leastandgreatestlementof the setof all valuesof variables
compatiblewith the outputsequencend with the dynamicsof . The structureof the
obtainedobserer resembleshe structureof the Luenbegerobsener or aKalman lter as
it is obtainedby “copying” the dynamicsof thesystem andby correctingit accordingto
themeasuredutputvalues.

This work is concernedvith the estimationof the discretestatein casethe continuous
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stateis measuredandwith theestimatiorof thewholesystenstatein casea cascadstruc-
ture of the estimatoris possible.Within this contet, the proposedestimationapproachs
alsogenerahbsit appliesto any obsenablesystem.n fact,we shav thatasystenis observ-
ableif andonly if thereis alatticein which the extendedsystemsatis estherequirements
for the constructiorof the proposedestimator Within the stateestimationframework that
we develop,the estimationof thediscreteandcontinuougpartof the statespaces handled
in auni ed way. In fact,thereis no needof implementingootha continuousstateestimator
thatrelieson classicalcontroltheoryanda discretestateestimatorbasedn automatahe-
ory, asdonein mostof previouswork. Thisis achiezedby usinga partialorderto establish
relationshipsetweerelementsf a discretespacein analogyto how a metric establishes
relationshipsbetweerelementsn a continuousspace.

The contentsof this work are organizedasfollows. In Chapter2, someof the basic
mathematicaimachineryon partial ordertheoryandtransitionsystemss introduced.Ob-
senability notionsareintroducedaswell andenumeratiorapproacheso stateestimation
arereviewed. In Chapter3, the stateestimationproblemis re-castean a partialorderand
a solutionis proposedor estimatingthe discretestateof a deterministicsystemwhenthe
continuousstateis measuredChapterd shows thatthe proposedapproachappliesto ary
obsenablesystemanthusis general.ln Chapter5, theresultsof Chapter3 andof Chapter
4 aregeneralizedo the caseof nondeterministicystems.In Chapter6, the resultsof the
previous chaptersare extendedto the caseof estimationof both discreteand continuous
variablesassuminga cascaddor of the estimator A multi-robot systeminvolving two
teamscompetingagainsteachotheris usedthroughthesechaptersasa leadingexample.

In Chapter7, moreapplicationexamplesareproposedlongwith possibleextensions.



Chapter 2

BasicConcepts

In this chapteywe review somebasicnotionsthatwill beusedthroughthiswork. First,
we give somebackgrounan partialorderandlatticetheoryin Section2.1 (for moredetails
thereadeiis deferredo [21]-[33]). Thetheoryof partialorderswhile standardn computer
sciencemay be lesswell known to the intendedaudienceof this thesis. Then,the class
of systemaunderstudyis introducedin Section2.2,i.e., deterministictransitionsystems,
andthe stateestimationproblemis de ned. Finally, we shav a solutionto the problemin

Section2.3,anenumerationmethodthathasbeenthe mostusedin previouswork.

2.1 Partial Order Theory

A partialorderis aset with apartialorderrelation® ”, andwe denoteit by the pair
(; ). Forary x;w2 ,thesudx;wgisthesmallestelementhatis largerthanboth x and
w. In asimilar way, the inffx; wgis the largestelementthatis smallerthanboth x andw.

“ ”

We de ne thejoin “g” andthemeet'‘f ” of two elementsxandwin as
1. xg w:= sugx;wgandxf w:= inffx;wg
2.if S ,WS =sup S, andV S:=inf S.

Let(; ) beapartialorder If xf w2 andxgw?2 forary x;,w2 ,then(; )
is alattice. In Figure2.1,weillustrateHassediagramgq21] shawving partially orderedsets.
Fromthe diagramsijt is easyto tell whenoneelements lessthananother:x < w if and

only if thereis asequencef connectedine segmentsmoving upwardfrom x to w.
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Figure2.1: In diagrama) andb), x andw arenot related,but they have a join anda meet
respectrely. In diagramc), we shav acompletdattice. In diagramd), we show a partially
orderedsetthatis not alattice,sincethe elementsx andw have ameet,but notajoin.

Let(; ) beapartialorder Then(; )isachainif for all x;w 2 , eitherx w
orw X, thatis ary two elementsare comparable.lf insteadary two elementsare not
comparablei.e. x yif andonlyif x=1vy, (; ) issaidto beananti-chain. If x < wand
thereis no otherelementn betweenx andw, wewrite X~ w.

Let (; ) bealatticeandlet S be a non-emptysubsetof . Then,(S; ) is a
sublatticeof if a;b 2 S impliesthatag b 2 Sandaf b 2 S. If any sublatticeof
containsits leastand greateselementsthen(; ) is calledcomplete Any nite lattice
is complete,but in nite latticesmay not be complete,and hencethe signi cance of the
notion of a completepartial order (CPO)[33]. Givena completelattice (; ), we will
be concernedwith a specialkind of a sublatticecalled an interval sublatticede ned as
follows. Any interval sublatticeof (; )isgivenby[L;U] =fw2 L w Ugfor
L;U 2 . Thatis, this specialsublatticecan be representedby two elementsonly. For
example,the intenvals sublatticeof (R; ) arejust the familiar closedintervalson thereal
line. A particularinstanceof apartialorderis thef -semilatticewhichis apartially ordered
setin which all joins exist but not necessarilall meetsaxist.

Let(; ) bealatticewith leastelement? (thebottom).Then,a2 is calledanatom
of (; )if a> ? andthereis noelementb suchthat? < b < a. Thesetof atomsof (; )

isdenotedA (; ).
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Thepowerlattice of asetU , denotedP (U ); ), is givenby thepowersetof U, P(U)
(thesetof all subset®f U ), orderedaccordingo thesetinclusion . Themeetandjoin of
the power latticeis givenby intersectiorandunion. The bottomelements the emptyset,
thatis ? = ;, andthetop elementis U itself, thatis > = U. NotethatA (P(U); )=U.

An exampleis illustratedin Figure2.2. GivenasetP, we denoteby jPj its cardinality

G

Figure2.2: Pawverlattice(; ) of asetU composedy threeelements.

De nition 2.1.1.Let(P, )and(Q; ) bepartiallyorderedsets.A mapf : P! Qis
() An orderpreservingmapif x w =) f(x) f(w);

(i) Anorderembeddingf x w() f(x) f(w);

(iif) An orderisomorphismif it is orderembeddingandit mapsP onto Q.

De nition 2.1.2.If (P, ) and(Q; ) arelattices,thenamapf : P! Qis saidto bea
homomaorphisnif f is join-preservingandmeet-peservingthatis for all x;w 2 P we have

thatf(xg w) = f(x) g f(w) andf(xf w)= f(x)f f(w).

Proposition2.1.1.(see[21]) If f : P! Qs abijectivehomomorphisnthenit isanorder

isomorphism.

Every orderisomorphicmapfaithfully mirrorsthe structureof P onto Q. In Figure2.3

we shav someexamples.
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Thenotionof orderpreservingmapcanbe generalizedo the casein which the mapis
non deterministicthatis it mapsan elementto a setof possibleelements.With a slight

aluseof theterm“order preserving’'we alsomake thefollowing non-standardle nition.

De nition 2.1.3.Letx;w2 ,with(; )alattice,x w,andf: ! P( ). Wesaythat
w w Vv Vv
f is order preservingf  f(X) f(w)and f(X) f(w).

f(2) = f(w)

e)
f(x) = f(y)

z f
<\
O/W
Yy
i

SR

oum

e

Figure2.3: In diagrame), we shonv amapthatis orderpreservingout notorderembedding.
In diagramf), we shov an orderembeddinghat is not an orderisomorphism:ary two
elementgmaintainthe sameorderrelation,but in betweerz andw thereis nothing,while
in betweenf (z) and f (w) someotherelementsappeal(it is notonto).

A partialorderinducesa notion of distancebetweerelementsn the space De ne the

distancdunctionon a partialorderin thefollowing way.

De nition 2.1.4.(Distanceonapartialorder)Let (P, ) beapartialorder A distanced on

(P, )isafunctiond: P P! Rsuchthatthefollowing propertiesareveri ed:
() d(x;y) Oforary x; y2 Pandd(x;y) = 0if andonlyif x=1y;
(i) d(xy) = d(y; X);

@ii) if x 'y zthend(x;y) d(x;2).



9
SinceChapter6 dealswith a partial orderon the spaceof the discretevariablesand
with a partial orderon the spaceof the continuousvariables,it is usefulto introducethe

Cartesiarproductof two partialordersasit canbefoundin [33].

De nition 2.1.5.(Cartesiarproductof partialorders)Let (P,; ) and(P,; ) betwo partial
orders. Their Cartesiarproductis givenby (P; Py, ), whereP; P, = f(x;y) j x 2
P, andy 2 P,g and(x;y) (X%y9) if andonlyif x x%andy y°. Forary (p:;p2) 2
P, P, thestandardrojections ; : P, P,! P;and ,:P; P,! P,aresuchthat

1(P1; p2) = prand 2(pa; P2) = Pe.

Onecaneasilyverify thatthe projectionoperatorgpresere the orders.
In this work we will alsodealwith approximationsof setsand elementsof a partial

order We thusgive thefollowing de nition.

De nition 2.1.6.(Upperandlowerapproximationl.et P; andP, betwo setswith P; P,
and(P,; ) apartialorder Forary x 2 P,, we de ne thelower andupperapproximations

of xin P, as

a (x) = (rya>)<fw2 Pijw xg

ay(x) ;= (rlpin)fwz Pijw Xxg

If suchlowerandupperapproximationsxist for ary x 2 P,, thenthe partialorder(P,; )

is saidto be closedwith respecto P;.

Onecanverify thatthe lower andupperapproximatiorfunctionsareorderpreserving.
Thismeanghatfor any x;; x> 2 P, with X; X, thena (X;) a (%) anday(X)) ay(X).
Exampleof lowerandupperapproximationsaredepictedn Figure2.4.

In this section,we have givensomebasicde nitions on partialorderandlatticetheory
In the next section,we introducethe classof modelsthatwe aregoingto considerin this

work. Thesearetransitionsystemswith output.
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ay(x)
O in Pz andnotin P,
® inP;

a (x)

Figure2.4: Let P, Py, thenot lled circlesrepresentlementsn P, thatarenotin P,
while the lled onesrepresentlementghatarealsoin P;.

2.2 Deterministic Transition Systems

The classof systemswe are concernedvith are deterministic,in nite statesystems

with output. Thefollowing de nition introducessuchaclass.

De nition 2.2.1.(Deterministidransitionsystemsp deterministidransitionsysten{DTS)

isthetuple = (S;Y;F;qg), where
() Sisasetof stateswith s2 S;
(i) Y isasetof outputswithy 2 Y;
(i) F:S! Sisthestatetransitionfunction;
(iv) g:S! Y istheoutputfunction.

An executionof is arny sequence = fs(k)gon suchthats(0) 2 S ands(k + 1) =
F(s(k)) for all k 2 N. Thesetof all executionsof is denotede( ). An outputsequence
of isdenotedy = fy(K)gon, With y(k) = g( (K)).

De nition 2.2.2.Let = (S;Y;F;g) beadeterministicransitionsystem.The set S

is the! *-limit setof , denoted! ( ), if it is the smallestsubsetof S suchthat for all
= fs(k)gen

() if k)2 ands(k+ 1) = F(s(k)), thens(k + 1) 2 :
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o »

Q!()

Figure2.5: Executions , and j;areweaklyequvalentaccordingo De nition 2.2.5while
1 is notweaklyequvalentto either , or .

(i) foreach 2 E( ),thereexistsk suchthat (k)2

De nition 2.2.3. Givena deterministictransitionsystem = (S;Y ;F;g), two executions

1; 2 2 E( ) aredistinguishablef thereexistsak suchthatg( 1(k)), g( 2(k)).

De nition 2.2.4. (Obsenability) The deterministictransitionsystem = (S;Y;F;Qg) is

saidto beobservablef ary two di erentexecutions ;; , 2 E( ) aredistinguishable.

Fromthisde nition, we deducehatif asystem isobsenable,any twodi erentinitial
stateswill giveriseto two executions ; and , with di erentoutputsequenceslhus,the
initial statescanbe distinguishedoy looking at the outputsequence However, thereare
systemdor whichtwo di erentinitial statescannotbedistinguishedbut the statesatsome
later stepcan. We introducea wealer notion of obsenability analogougo detectability

[36] thataccountdor this distinction.

De nition 2.2.5. Givena deterministictransitionsystem = (S;Y ;F;g), two executions
1, 2 2 E( ) areweaklyequivalentdenoted ; 2, If thereexistsk suchthat (k) <
F'()and (k)= (k) forallk k.

In Figure2.5,we shav examplesof equivalentandnot equivalentsystemexecutions.

De nition 2.2.6. (WeakObsenability) A deterministictransitionsystem = (S;Y;F;Q)

is weaklyobservablef whenerer ;/ , thenthereis k suchthatg( 1(k)), g( 2(k)).
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For ary system , the stateestimationproblemis de ned asfollows.

Problem 1. (StateEstimationProblem)Given andary outputsequence = fy(k)gon,
determineg s(k)g «, for somek, > O.

In the next sectiona solutionto this problem, rst introducedby Caineg([13]-[14]), is

presented.

2.3 Enumeration Approachto The Discrete State Estima-
tion Problem

Let = (S;Y;F;g), with S a nite set,Y = fY ;Y gwith m  jSj. We usea
variables to representin estimateof s with § 2 P(S). SinceS is composedyy a nite
numberof elementsthe estimationproblemis nameddiscretestateestimationproblem.
Theintensionis that §(k) denotethe setof all possiblevaluesof s(k) compatiblewith the
outputsequencauntil stepk andwith the systemdynamics. For k 0, §K) is updated
accordingto

Sk+1)=F(8K)\ Oyk+1);, §0)=S; (2.1)

wherefor ary §2 P(S), wede ne
F(§=12S : 952 8with F(s) = s

and Oy is the outputsetandit is de ned by O, := g (y), withg * : Y I P(S)isthe
inverseof g de ned as

g'y)=fs2S : g(9=yg

Equation(2.1) givesat eachstepk a setthatcontainsall andonly the statescompatible
with thesystemdynamicsandwith theoutputsequencepto stepk+ 1. For suchanupdate

law, thefollowing resultholds.

Theorem 2.3.1. Giventhesystem = (S;Y;F; g), theupdatelaw in equation(2.1)is sud
that
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() s(k) 2 §Kk) for anyk O (correctness);

(i) j8k+ 1) j8K)j (non-inceasingerror);

(@ii) if is (weakly)observablethenthereis kg > 0 sud that §k) = s(k) for anyk ko

(corvemence).

Proof. Proof of (i). This canbe proved by induction agumenton the stepk. Briey,
s(0) 2 §0). Assumes(k) 2 §Kk), we prove that s(k + 1) 2 §k + 1). This follows from
two facts.Fact1): s(kk+ 1) 2 g }(y(k + 1)) becaus@(s(k + 1)) = y(k + 1). Fact2): Since
s(k) 2 §Kk), alsos(k + 1) = F(s(k)) 2 F(§(K)).

Proofof (ii). This follows directly from the following two facts. Fact1): jF(§(K))j =
j8(K)j. Fact2): for ary two setsA andB, JA\ Bj jA).

Proof of (iii). This canbe proved by contradiction. Assumethat thereis no kg such
that§(k) = s(k), thenonecanconstructtwo executionsof , ;, ,suchthatg( 1(k)) =

o( 2(k)) for any k. This contradictweak)obsenability.

This proofis just a sketch. For a completeproof, the readers deferredto [13]. This
enumeratiorapproacho stateestimatiorwill alsobereferredto ascurrentlocationobser
vationtree,dueto thetreeimplementatiorprovidedin [13].

Fromexpression(2.1), it is clearthatthis approachs impracticablef the sizeof S is
large. Thisis oftenthecasen multi-agentanddistributedsystemsin which eachagenthas
a setof possiblestatesandthe overall stateof the systemexplodescombinatoriallyin the
numberof statesof eachagent.In the sequelwe proposea methodologyto overcomethis

stateexplosionproblem.
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Chapter 3

Construction of Discrete State
Estimators on a Lattice

In the previous chapter we have shovn anenumeratiorapproacho the discretestate
estimatiorproblem( rst introducedoy Caineq13]). Suchanapproachs howeverimprac-
ticablewhenthe dimensionof the statespaces large asit is oftenthe casein multi-agent
or distributedsystemsin this chapterwe proposeanalternatve to the enumeratiorof the
compatiblestates.In particular a setis representetdy alower andanupperboundonceit
hasbeenimmersedn alattice structure We thentake trackof the setby updatingits lower
andupperboundsas oppositeto the list of elementdgt contains. As a motivating exam-
ple, we introducein Section3.1 a multi-robotsystem.In Section3.2, the stateestimation
problemis formulatedon a lattice, anda solutionis proposedn Section3.3. Finally, the

examplepresentedn Section3.1is revisitedandthe estimatorconstructedn Section3.4.

3.1 Motivating Example

As motivating example,we considera task that representsa defensve maneuer for
a robotic “capturethe ag” game[20]. We do not proposeto devise a stratgy that ad-
dressegshe full compleity of the game. Instead,we examinethe following very simple
drill or exercisethatwe call “RoboFlagDrill”. Somenumberof bluerobotswith positions
(z;0) 2 R? (denotedby opencircles) mustdefendtheir zonef(x;y) 2 R> jy  Ogfrom
an equalnumberof incomingred robots(denotedby solid circles). The positionsof the

redrobotsare(x;;y;) 2 R?. An examplefor 8 robotsis illustratedin Figure3.1. Thered
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robotsmove straighttowardthe blue robotsdefensve zone. The blue robotsareassigned
eachto a red robot andthey coordinateto interceptthe red robots. Let N representhe
numberof robotsin eachteam. The robotsstartwith an arbitrary (bijective) assignment

:f1;::Ng ! f1;:::;;Ng where ; is theredrobotthatblueroboti is requiredto inter-
cept. At eachstep,eachblue robotcommunicatesvith its neighborsanddecidedo either
switch assignmentsvith its left or right neighboror keepits assignmentlt is possibleto
shav thatthe assignmenteachesheequilibriumvalue(l;:::;N) (see[28] or [27] for de-
tails). We considerthe problemof estimatingthe currentassignment giventhe motions
of the blue robots,which might be of interestto, for example,the red robotsin thatthey
may usesuchinformationto determinea betterstrateyy of attack.We do not considerthe
problemof how they would changetheir strateyy in this work.

TheRoboFlagDrill systemcanbespeci ed by thefollowing rules

yk+ D=y i yiK (3.1)
ak+ =20+ i 200 <x g (3.2)
ak+ =20 i 200> x ¢ (3.3)

(ik+1) rak+ 1) =( i+2(K); i(K) if X9 zZe1(K" X Z+a(K); (3.4)

wherewe assume; 7.1 andx < z < X+, for all k. Also, if noneof the*“if ” statements
above areveri ed for agivenvariable thenew valueof thevariableis equalto theold one.
This systemis aslight simpli cation of the original systemdescribedn [27].
Equation(3.4) establisheshattwo robotstradetheir assignmentg the currentassign-
mentscausethemto go toward eachother The questionwe areinterestedn is the fol-
lowing: Giventheevolution of the measurablguantitiesz, X, y, canwe build anestimator
thattrackson-linethevalueof theassignment (k)? Thevalueof 2 perm(\N) determines
whathasbeencalledin previouswork thelocationof the system(see[4]). The numberof
possiblelocationsis N!, which,for N 8, rendersprohibitive the applicationof location
obsenrersbasedon the currentlocation obsenation tree as describedn [13] (revisedin
Chapter) andusedin [4], [22]. At eachstep,thesetof possible valuescompatiblewith

the currentoutputandwith the previously seenoutputscanbe solargeto rendenmpracti-
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Figure3.1: Exampleof the RoboFlagDrill with 8 robotsperteam.

cal its computation. As anexample,we considerthe situationdepictedin Figure 3.1 (left)
whereN = 8. We seethe blue robots1; 3; 5 going right andthe othersgoing left. From

equationg3.2)-(3.3)with x; < z < X+, we deducehatthe setof all possible 2 perm(N)

compatiblewith this obsenationis suchthat ; i+ 1fori 2 f1;2;3gand ; i for

i 2 12;4;6;7;,8g Thesizeof this setis of the orderof 40320. Accordingto the enumer

ation methodspresentedn Section2.3, this setneedsto be mappedforward throughthe

dynamicsof the systemto seewhat arethe valuesof at the next stepthatcorrespond

to this output. Sucha setis thenintersectedvith the setof  valuescompatiblewith the

new obsenation. To overcomethe complity issuethat comesfrom the needof listing
orderof 40320elementdor performingsuchoperationsye proposeto represent setby
alower L andanupperU elementsaccordingo somepartialorder Then,we canperform
the previously describedperationonly on L andU, two elementsnsteadof 40320.This
ideais developedin thefollowing paragraph.
For thisexample wecanview 2 NN. Thesetof possibleassignmentsompatiblewith

the obsenrationof the zmotiondeducedrom the equationg3.2)-(3.3),denotedd,(k), can
be representedsan interval with the orderestablishedcomponent-wiseseethe diagram

in Figure 3.2. The function f that mapssucha setforward, speci ed by the equations
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(3.4)with theassumptiorthatx < z < X1, SImply swapstwo adjacentobotassignments
if thesecausethe two robotsto move toward eachother Thus, it mapsthe setO(k) to
the set f~(Oy(k)) shown in Figure3.2, which canstill be represente@asaninterval. When
the new outputmeasuremenbecomesvailable (Figure 3.1, right) we obtainthe new set
Oy(k+1) reportedn Figure3.2. Thesetsf| (Oy(K)) andOy(k+1) canbeintersectedby simply

computingthe maximumof their lower boundsandthe in mum of their upperbounds.

2BE8¢ 1BB2¢ 1Bl 12B1¢
1ERL I 2EBsE 1ER2E 2ER2F
4ERSE 1ER4E 1EE3 1EE3 |
obsenationof 1ER4E 4 ERSE SEESE 5ERSE
zmotionat [6 8 § [1 6 E \ [1 S5 =1 1ERSE
stepk 1ERBG | 6ERS | TERBE 7TERBSE
1 8 1 8 1 8 1 8

C
C
C

o,k YO Oy(k+ 1)

Figure3.2: The obsenrationof thez motionat stepk givesthe setof possible , Oy(k). At
eachstep,thesetis describedy thelowerandupperboundsof aninterval sublatticein an
appropriatelyde ned lattice. Suchsetis thenmappeahroughthe systemdynamics( f) to
obtainatstepk+ 1 thesetof thatarecompatiblealsowith theobsenationatstepk. Such
asetis thenintersectedvith Oy(k + 1), whichis thesetof compatiblewith the z motion
obseredat stepk + 1.

This way, we obtainthe systemthatupdated. andU, beingL andU thelower andupper

boundsof the setof all possible compatiblewith the outputsequence:

Lk+1) = f(max((K);inf Oy(K)))

Uk+1)

f(min(U(K); supOy(K))): (3.5)

ThevariablesL (k) andU (k) representhe lower andupperboundrespecitrely of the set§
computedn equation(2.1). As it will be shavn in detailin this thesisthe updatelaws in
equationg3.5) have,amongothersthepropertythat[L(k); U(k)] \ permN) tendsto (k).
Letting V(K) = jIL(kK); U(K)] \ perm()j, Figure 3.3 shaws corvergenceplots V (k) for the

. Py . . :
estimatorcomparedo the corvergenceplotsE(k) = 1N~ X, j (k) ij of theassignment
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protocolto its equilibrium(1; :::;N).

20 N=8: results for different initial conditions

dashed line = E(k)

101 ~~~-_ solid line = log of V(k)
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Figure 3.3: Corvergenceplotsfor the estimator(V(k)) comparedo the corvergenceplot
of theassignmenprotocolto its equilibrium (E(k)).

This examplegivesanideaof how compleity issuescanbe overcomewith the aid of
somepartialorderstructure In particular thefunction f hasthe propertyof preservinghe
interval structureof the setsof interest:thisis akey propertythatallows to useonly upper
boundsandlower boundsfor computatiorpurposesin a moregeneralsetting,onewould
like to know whatarethe propertiesof a systemthatallow suchsimpli cations. By using
partialordertheory we addresshis question.

In the following section,we restrictthe classof systemsintroducedin the previous
chapterto thosein which the continuousvariablesaremeasurableThe discretestateesti-
mationproblemis thenstatedasthe problemof nding suitableupdatelaws for the upper
and lower boundsof the setof all possiblediscretevariablevaluescompatiblewith the

outputsequenceA solutionto this problemis proposedn Theorem3.3.1.

3.2 ProblemFormulation

The deterministictransitionsystems we de ned in the previous chapterare quite

general. In this section,we restrictour attentionto systemswith a speci ¢ structure. In
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particular for asystem = (S;Y;F; g) we supposehat
() S=U Z withU a nite setandZ a nite dimensionakpace;
(i) F=(f;h),wheref:U Z! Uandh:U 2Z! Z;

(i) y=9d(; 2:=zwhere 2U,z2Z,y2Y,andY =Z.

The setU is a setof logic statesand Z is a setof measuredstatesor physicalstates,
asonemight nd in arobot system. In the caseof the examplegivenin Section3.1,
U = permN) andZ = RV, the function f is representedy equations(3.4) and the
functionh is representetdy equationg3.2-3.3).In the sequelwe will denotethis classof

DTSby = S(U;Z; f;h)whereweassociatéo thetuple(U ;Z; f; h), theequations:

(k+1) = f( (K:zK)
zk+1) = h( (K);zk)) (3.6)
yk) = zK);

where 2 U andz 2 Z. An executionof the system in equationq3.6) is a sequence
= f (K); Zk)gen. The outputsequencas fy(k)gon = fz(K)gon. Givenan execution

of thesystem , we denotethe andz sequencesorrespondindgo suchan executionby

f (K)( )geon andf (K)(2)gon respectiely.

From the measurementf the outputsequencewhich in our casecoincideswith the
evolution of the continuousvariables,we wantto constructa discretestateestimator: a
system that takes as input the valuesof the measurablesariablesand asymptotically
tracksthevalueof thevariable . Wethusde ne in thefollowing de nition adeterministic

transitionsystemwith input.

De nition 3.2.1. (Deterministictransitionsystemwith input) A deterministictransition

systemwith inputis atuple(S;1 ;Y ; F; g) in which
(i) Sisasetof states;

(ii) 1 isasetof inputs;
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(i) Y is asetof outputs;
(iv) F:S 1 ! Sisatransitionfunction;
(v) g:S! Y isanoutputfunction.

In Problem2 below, we specifywhatthe elementof this tuplearewhenthe DTS with
inputis a discretestateestimatorof aDTS = S(U;Z; f;h). First, notethatthe setU
doesnot have a naturalmetric associatedvith it. As a consequenceg way to track the
valueof istolist, ateachstepk, thesetof all possible valuesthatarecompatiblewith
the obsenationandwith the systemdynamicsgivenin (3.6). This enumeratiorapproach
hasbeenshavn in Section2.3, in which the estimateis a list of possiblevaluesthat the
estimatohasto updatevhenanenv measuremeriiecomesvailable. This methodeadsto
computationalssuesvhenthesetto belistedis large.

In this chapteranalternatve to simply maintaininga list of all possiblevaluesfor is
proposedWe nd arepresentationf thesetsothattheestimatomupdatesherepresentation
of the setratherthanthe whole setitself. In particular if the setU canbeimmersedn
alargerset whoseelementsanberelatedby anorderrelation , we couldrepresent
subsef (; ) asaninterval sublattice[L;U]. Let“id” denotetheidentity operator We

formulatethe discretestateestimationproblemon alattice asfollows.

Problem2. (Discretestateestimatoronalattice).Giventhedeterministidransitionsystem
= S(U;Z; f;h), nd adeterministitransitionsystemwithinput” = ( ;2 Z;
7 (f; f2);1d), with f; : Z Z! | f,: Z Z! U , with (; ) alattice,

representetly theequations

Lk+1) = fi(L(K);y(K);y(k+ 1))
Ukk+1) = f(UK);yK);yk+ 1))
With L0 2 UK 2 ,LO):=" ,u@©):="  suchthat

1 LK) (k)  U(K) (correctness);

(i) jJL(k+ 1)U+ 1)) JIL(K);U(K)] (non-increasingrror);
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(i) Thereexistsky > 0 suchthatfor any k ko we have [L(K);U(K)]\ U = (K

(corvergence).

3.3 Problem Solution

For nding a solutionto Problem1, we needto nd the functions f; and f, de ned
onalattice(; ) suchthatU for some nite lattice . We proposen thefollowing
de nitions a way of extendinga system de nedonU to asystem de nedon with
U . Moreover, aswe have seenin the motivating example,we wantto representhe
setof possible valuescompatiblewith anoutputmeasuremerdsan interval sublattice
in(; ). Wethusde ne the~ transitionclasseswith eachtransitionclasscorresponding
to asetof valuesin compatiblewith anoutputmeasurement/Ve de ne the partialorder
(; ) andthesystem to beinterval compatibleif suchequivalenceclassesreinterval
sublatticesand ~ preserestheir structure. On the basisof suchnotions, Theorem3.3.1

belaw givesa possiblesolutionto Problem2.

De nition 3.3.1.(Extendedsystem)Giventhedeterministidransitionsystem = S(U;Z;
f;h), anextensionof on , with U and(; ) acompletelattice, is any system
" =S(; Z;f;h), suchthat

i f: z'!' andfjy, =f;

i h: z1! z andhjyz =h
De nition 3.3.2. (Transitionsets)Let ~ = S(; Z; f;h) be a deterministictransitionsys-

tem. ThenonemptysetsT (") = fw2  j 2 = h(w; Z)g for 2; 7 2 Z , arenamedthe

"_transitionsets

Each’ -transitionsetcontainsall of w2  valuesthatallow thetransitionfrom z* to Z2
throughh.

De nition 3.3.3. (Transitionclasses)hesetT () = fT1(");:::Tum( g with Ti(") such
that
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(i) Forary Ti(") 2 T (") therearez'; 22 2 Z suchthatTi(") = Tiaz)();

(i) Forary Tz () thereis j 2 f1;::;;Mgsuchthat T2 (") = T;();
is thesetof ~-transitionclasses

Note that T2y and T(z.# might be the samesetevenif (z;2%) , (&;2%): in the
RoboFlagDrill exampleintroducedin Section3.1, if robot j is moving right, the setof
possiblevaluesof ;is[j + 1, N] independentlyof the valuesof zj(k). Thus, T .2 and
T2 cande nethesamesetthatwecaIITi(N) for some. Also, thetransitionclasse§ i(N)
arenotnecessarilyquivalenceclasseasthey mightnotbepairwisedisjoint. However, for
the RoboFlagDrill it is the casethat the transitionclassesare pairwisedisjoint andthus

they partitionthelattice(; ) in equvalenceclasses.

De nition 3.3.4. (Outputset)Giventhe extension” = S(; Z; f;h) of the deterministic
transitionsystem = S(U;Z; f;h) onthelattice (; ), andgivenan outputsequence

fy(K)gon Of , theset
Oy(K) = fw2  jh(w;y(K) = y(k+ 1)g

is the outputsetat stepk.

Note thatby de nition, for any k, Oy(k) = Tywyk+1)( ), andthusit is equalto T;(")
for somei 2 f1;:::; Mg Theoutputsetat stepk is the setof all possiblew valuesthatare
compatiblewith the pair (y(k); y(k + 1)). By de nition of theextendedfunctions(hj, ; =

h), this outputsetcontainsalsoall of thevaluesof compatiblewith the sameoutputpair.

De nition 3.3.5. (Intenval compatibility) Given the extension” = S(; Z: f;h) of the
system = S(U;Z; f;h) onthelattice(; ), the pair (~;(; )) is saidto be interval

compatiblef

(i) each -transitionclass,Ti(") 2 T ("), is aninterval sublatticeof (; ):

T.) =1 T 1O,
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o ~ ~V o~ ~W_ ~ . . . :
@y f:(Ti( ;2" [f( Ti( );2;f( Ti( );2)] is anorderisomorphismfor ary i 2
f1;::;;Mgandforarny z2 Z .

Thefollowing theoremgivesthe mainresult,which proposes solutionto Problem?.

Theorem 3.3.1. Assumehat the deterministictransitionsystem = S(U;Z; f;h) is ob-
servableIf theris alattice(; ), suchthatthepair (";(; ))isintervalcompatiblethen

the deterministictransitionsystenwith input ~ = ( 2 Z; ; (fy; f2);1d) with

f LK g OyK:;YK
f UK~ 0Oy(K); y(k)

f1(L(K); y(K); y(k + 1))
F2(U (K); y(k); y(k + 1))

solvesProblem?2.

Proof. In orderto prove the statemenof thetheoremwe needto prove thatthe system

LK g Oy(k):Y(K)
UK T~ Oy(k); Y(K) (3.7)

L(k+ 1)

Uk+1)

with L(0) = v ,U) = w is suchthatpropertieqi)—(iii) of Problem2 aresatis ed. For
simplicity of notation,we omit thedependencef f onits secondamgument.

Proof of (i): This is proved by inductionon k. Basecase:for k = 0 we have that
L(0) = v andthatU(0) = w , SothatL(0) (0) U(0). Inductionstep:we assume
that L(k) (k)  U(k) andwe show thatL(k + 1) (k+1) U(k+1). Notethat

(k) 2 Oy(k). This, alongwith theassumptiorof theinductionstep,impliesthat

LG Ok (W URKF Ok

W .
Becauseve have that L(K) g VOy(k) 2 Oy(k), andU(k) f ~ Oy(k) 2 Oy(k), andthe pair
(";(; )) isinterval compatiblewe canusetheisomorphicpropertyof f (property(ii) of

De nition 3.3.5),whichleadsto

flLwg o) (k+1) fUKT OK):
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This relationshipcombinedwith equation(3.7) proves(i).

Proofof (ii): Thiscanbeshavn by proving thatfor any w 2 [L(k + 1); U(k + 1)] there
is z 2 [L(k); U(K)] suchthatw = f(2). By equation(3.7),w 2 [L(k + 1); U(k + 1)] implies
that

fLwg oK w fURT - OWK): (3.8)

In addition,we have that
Oy(k) L(kk)g Oyk)

and
UK ~OyKk) ~ OyK):

Becausghepair (";(; )) is interval compatible by virtue of theisomorphicpropertyof

f (property(ii) of De nition 3.3.5),we have that

f( o) fL®a Oy K)

and
fUT ~0oyk) (- Oy K):

This, alongwith relations(3.8) impliesthat
w2 [f( 0y(K); FC Oy(kI:

Fromthis, usingagainthe orderisomorphicpropertyof f, we deducehatthereis z 2 Oy(K)

suchthatw = f(2). Thiswith relation(3.8)impliesthat
LG Ok z UKT - OyK);

whichin turnimpliesthatx 2 [L(K); U (K)].

Proofof (iii): We proceedoy contradiction.Thus,assumehatfor ary k, thereexistsa
k kosuchthatf (k); «g [L(k);U(K)]\ U forsome , (k)and 2 U. By theproof
of part(ii) wealsohavethat (issuchthat , = f( i 1) forsome  ; 2 [L(k 1);U(k 1)].
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We wantto shav thatin fact  ; 2 [L(k 1);U(k 1)]\ U. If thisis notthecasewe can
constructanin nite sequencék;g.n+ suchthat 2 [L(ki); U(k)]\ U with = f( k 1)
and 1 2[L(k 1)Uk 1)]\ ( U).NoticethatjlL(ky 1)Uk, D]\ ( U)j=

M < 1. Also,we have
jlLk);U)IN (1 U)i<jlb(ks 1)Uk DIV (Ui

This is dueto the factthat f( k1) < [L(ki);Uk)]\ ( U), andto thefactthateach
elemenin [L(ky); U(ky))]\ ( U) comedromoneelemenin [L(k; 1);U(k; )]\ ( U)
(proof of (i) andbecauseU is invariantunder f). Thuswe have a strictly decreasing
sequencef naturalnumberdj[L(k; 1);U(ki 21)]\ (  U)jgwith initial valueM. Since
M is nite, wereachthecontradictiorthatj[L(k; 1);U(k; 1)]\ ( U)j < 0for somei.
Therefore, 1 2 [L(k 1);U(k 1)]\ U.
Thusfor any kg thereisk  kp suchthatf (k); «g [L(k); UK)]\ U, with = f( ¢ 1)
forsome ¢ ; 2 [L(k 1);U(k 1)]\ U. Also, from the proof of part(ii) we have that
k12 Oyk 1). As aconsequencethereexistsE> Osuchthatf ¢ 1;zk 1g = 1
andf (k 1);zk 1)g i = » aretwo executionsof sharingthe sameoutput. This

contradictghe obsenability assumption.

The following corollary is a consequencef Theorem3.3.1in the casein which the

extendedsystem  is obsenable.

Corollary 3.3.1.If theextendedsystem of anobservablesystem is observablethenthe

estimator  givenin Theoem3.3.1solvesProblem2 with L(k) = U(K) = (k) fork ko.

Proof. The proof proceeddy contradiction. Assumethatfor any kg O thereisk ky
suchthatf (k); «g [L(k);U(K)] for some . By the proofof (ii) of Theorem3.3.1,we
haethat = f( 1) for «1 2 [L(k 1)Uk 1]and 2 Oyk 1). Thus, ;

fouzk Lgenand ,=f (k 1):zKk 1)gon aretwo executionsof = S(; Z;f;h)

thatsharethe sameoutputsequenceThis contradictsheobserability of thesystem' .

An examplein which the Theorem3.3.1holdsbut the Corollary 3.3.1doesnot s pro-

videdby the RoboFlagDrill introducedn Section3.1. In fact,if we allow theassignments
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to bein NN insteadof beingin the setof permutationof N elementstherearedi erent

executionscompatiblewith the sameoutputsequence.

3.4 Example: The RoboFlagDrill

The RoboFlagDrill hasbeendescribedn Section3.1. In this section,we revisit the
exampleby shawving rst thatit is obsenable with measurablevariablesz, andthen by
nding a lattice and a systemextensionthat can be usedfor constructingthe estimator

proposedn Theorem3.3.1.

3.4.1 SystemSpeci cation

For completenessye reportherethe systemspeci cation. Theredrobotdynamicsare

describedby theN rules

yilk+1) = yi(k) it yi(k) (3.9)

fori 2 f1;:::;Ng Thesestatesimply that the red robotsmove a distance toward the

defensve zoneat eachstep.Thebluerobotdynamicsaredescribedy the 2N rules

zk+ =20+ i 200 <x g
2k+ =20 i 200> x g (3.10)

fori 2 f1;:::;Ng For the bluerobotswe assumehatinitially z 2 [Zyin; Znax] aNdz < Z+q

andthatx; < z < x.+1 for all time. Theassignmenprotocoldynamicss de ned by
(ik+1) wa(k+1))=( +2(K; i(K) if X0 Zaa(K™ X Z+2(K):(3.11)

whichis amodi cation of the protocolpresentedn [27], sincetwo adjacentobotsswitch
assignment®nly if they are moving one toward the other We de ne x = (Xg;::5;Xn),

z= (zr;:zn), = ( 155 n)- The completeRoboFlagspeci cationis thengiven by
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the programgivenin rules(3.9)-(3.10)-(3.11).An examplewith 5 robotsis illustratedin
Figure3.4.In particulartherulesin (3.10)modelthefunctionh: U Z ! Z thatupdates

(Xa,y3)

(x1.y1) . (%s,Ys)

. »

/(x2y2)

’,,’"’(X4.y4)

4} 2 Z3 Z4 Z5

Figure3.4: An examplestateof the RoboFloadDrill for 5 robots.Here, =1{3;1;5;4;2g

the continuousvariables,and the rulesin (3.11) modelthe functionf : U Z ! U
that updatesthe discretevariables. In this example,we have U = perm(\) the set of
permutation®f N elementsandZ = RN. Thus,the RoboFlagsystemis givenby =

S(permWN); R\: f; h), andthevariablesz 2 RN aremeasured.

Problem 3. RoboFlag Drill Obsewation Problem.Giveninitial valuesfor x andy and
the valuesof z correspondindo an executionof = S(pern(N); RV; f; h), determinethe

valueof duringthatexecution.

Beforeconstructinghe estimatoifor thesystem = S(perm(N); RN; f; h), we show in

thefollowing propositionthatsucha systemis obsenable.

Proposition 3.4.1. Thesystem = S(perm(N); RN; f; h) representedby the rules (3.10)

and(3.11)with measuablevariablesz is observable

Proof. Givenary two executions ; and , of , for proving obsenability, it is enough

to shaw thatif f 1(K)( )don » f 2(K)( )gen, thenf 1(K)(2don , T 2(K)(Dgen. Since
the measurableariablesarethe z's, alsotheir direction of motionis measurable Thus,
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we considerthe vector of directionsof motion of the z asoutput. Let g( (k)) denote
sucha vectorat stepk for the execution . It is enoughto shawv thatthereis a k such
thatg( 1(k)) , g( 2(k)). Notethat,in any executionof , the trajectoryreacheshe
equilibriumvalue[l;:::;N],andthereforethereisastepEatwhichf( 1(E))= f( 2(E)) and

1(E)( ), Z(E)( ). Herewe have denotedby f (K)( )gon the sequenceorresponding
to the execution . As a consequencéhe systemis obsenableif g( 1(E)) , o Z(E)).
Thereforeit is enoughto prove thatforary , ,for ; 2 U,wehaeg(; 2 =
g;v) 3  f(; 2, f(;v),wherezv 2 RN. g( )= g() by (3.10)impliesthat (1)
z<Xx,() v<x,and(2)z x,, Vvi X, Thisimpliesthatx, Zz:" X,

Zi1, X, V1™ X,, Vi1 Bydenoting °= f(; 2 and °= f(; v), we have that

O 0 )=C(iw i), 0 9.) = (s i). Henceif thereexistsani suchthat ;, |,

thenthereexistsa j suchthat ©, © andthereforef(; 2), f(; V).

In thefollowing subsectionthe formal estimatorconstructions presented.

3.4.2 RoboFlagDrill Estimator

In theprevioussectionwe have shavn thattheRoboFlagsystem = S(perm(\); RN; f; h)
representedy therules(3.10)and(3.11)with measurableariableszis obserable.In this
section,we constructthe estimatorproposedn Theorem3.3.1in orderto estimateand
trackthe valueof the assignment in ary execution. To accomplishthis, we needto nd
alattice(; ) in whichtoimmersethesetU andanextension™ of thesystem to , so
thatthepair (";(; ))isinterval compatible.

We rst constructa lattice (; ) andtheextendedsystem™ = S(; Z; f;h) suchthat
(";(; )) isinterval compatible We chooseas thesetof vectorsin NN with coordinates
X 2 [1; N], thatis

=fx2 NV : % 2[1;N]g (3.12)

For theelementsn , we usethevectornotation,thatis x = (Xq;:::;Xn). The partialorder

thatwe chooseon suchasetis givenby

8x;w2 ; x wif x; w; 8i: (3.13)
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As aconsequencéhejoin andthe meetbetweerary two elementsn  aregivenby

8xw 2 ; v=xgwif v = maxx;wg

8xw 2 ; v=xf wif v = minfx;wg

With this choice,weha/eW = (N;::;;N) andV = (1;::;;1). Thepair(; ) with the
orderde ned by (3.13)is clearly a lattice. The setU is the setof all permutationf N
elementsandit is asubsebf . All of theelementsn U form ananti-chainof thelattice,
thatis any two elementf U arenotrelatedby theorderin (; ). In thesequelwe will
denoteby w the variablesin  not specifyingif it isin U, andwe will denoteby the
variablesn U .

Thefunctionh: perm(N) RY! RN canbenaturallyextendedo as

ak+ =20+ i 2(K) < X
ak+ D=2 i 20> X (3.14)

forw2 . Therules(3.14)specifyh: RN! RY, andonecancheckthathj, ; = h. In

analogousvay f : perm@N) RN! perm(N)is extendedo as
Wik + 1);wisa(k+ 1)) = Wisa(K); Wi(K)) if Xy Zea(K) ™ X Z+2(K)(3.15)

forw 2 . Therules(3.15) modelthe function f : RN | , and one cancheck
that fjy = f. Thereforethesystem™ = (f:h; ; RV) is the extendedsystemof =
(f; h; perm(N); R) (seeDe nition 3.3.1).

Thefollowing propositionshawvs thatthepair (";(; )) is interval compatible.

Proposition 3.4.2. Thepair (_;(; )), whee = S(perm(N);RV; f; h) is representedy
therules(3.10-3.11)and(; ) isgivenby(3.12-3.13)js interval compatible

Proof. Accordingto De nition 3.3.5,we needto shav thefollowing two properties

M T =0 TO: O
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(i) f: ([V T.O); WTi(")]) L [fi (V T.O); f (WTi("))] is anorderisomorphism.
To simplify notation,we neglectedthe dependencef f onits secondargument.

Proofof (i): By (3.14)we ha/ethatT(Zl;ZZ)() is notemptyif for ary i wehavez? = z'+ |
Z=z7 ,orzz=2z.Thus

fwj Xy > 759 ifz|.2=z|.1+

T(zl;ZZ)(~) =gfwjxy <zhg ifZ2=12 (3.16)

0000/ /XXX OO

fwixy =29 if Z=2"

Becausave assumedhatx; < z < x.1, we have that

Xw >z if andonlyif w; > i

Xw <z if andonlyif w; <i:

This, alongwith relations(3.16)andDe nition 3.3.3,imply (i).

Proof of (ii): To shaw that f : T;(") ! [f”(VTi()); f"(WTi())] is an orderisomor
phismwe shaw: a) thatit is onto; b) thatit is orderembeddinga) To show thatit is onto,
we shaw directly that f(T;(")) = [F(VTi(")); F(WTi("))]. We omit the dependencen
" to simplify notation. From the proof of (i), we deducethatthe setsT; areof the form
Ti = (Tia; 5 Tin), with Ty 2 f[1;J];[) + 1;N];[J; jlg Denoteby f~(Ti)j the jth coor
dinatesetof f(T;). By equationg(3.15)we derive that f(T;); 2 fT;.;; Tij 1;Ti;j 10 We
considerthecaseNheref(Ti)j = Ti;j 1, theothercasesanbetreatedn analogousvay. If
f(T); = Tij 1 thenf(Ty); 1 = Tiy. DenotingVTi = andWTi = u, with | = (I3;:::1y) and
u = (ug; Uy, wehavealsothat f(1); = 1 1, f(1); 1 = 1, f(U); = u; 1, f(U); 1 = u;. Thus,
f(T1); = [f(1);; f(u);] for all j. Thisin turnimpliesthat f(T;) = [f(1); f(u)], whichis what
we wantedto shawv. b) To shawv that f : T; ! [f(VTi); f(WTi)] is orderembeddingit is
enoughto noteagainthat 1‘~(Ti) is obtainedby switchingT;.; with T;.j+1, Ti;j 1, Or leaving
it to Ti.; . Thereforeif w v forw,v 2 T; then f(w)  f(v) sincecoordinate-wisave
will comparethe samenumbers.By the samereasoninghe reverseis alsotrue, thatis if

f(w) f(v)thenw .
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The estimator = ( 2L Z; : (fy; f2);id) givenin Theorem3.3.1canbe
constructedbecausehe hypothese®f the theoremare satis ed by virtue of Proposition

3.4.1andProposition3.4.2. Theestimator canbespeci ed by thefollowing rules

i(k+ D) =i+1 if z(k+1)=2z(K)+ (3.17)
ik+1)=1 if z(k+1)=z(K) (3.18)
Liy(k + 1) = maxtLi(k); li(k + 1)g (3.19)

(Li(k+ 1), Liva(k+ 1)) = (Lirgy(k + 1); Liy(k + 1))

if Xeymey  Zea(K) ™ Xgymeny  Zea(K) (3.20)
uk+1)=N if z(k+1)=z(K) + (3.21)
uk+ 1) =i it z(k+ 1) = z(K (3.22)
Uiy (k+ 1) = minfU,(k); u(k + 1)g (3.23)

(Ui(k+ 1); Uisa(k + 1)) = (Uirgy(k + 1); Uiy(k + 1))

if Xuymeny  Zea(K) ™ XUpgykeny  Z+1(K) (3.24)

initialized with L(0) = v andU(0) = w . Rules(3.17-3.18)and (3.21-3.22)take
the outputinformationz andsetthe lower and upperboundof Oy(k) respectiely. Rules
(3.19) and (3.23) computethe lower and upperboundof the intersection[L(k); U(K)] \
Oy (k) respectiely. Finally, rules (3.20) and (3.24) computethe lower and upperbound
of the set ([L(k); U(K)] \ Oy(K)) respectiely. Also notethattherulesin (3.17-3.24)are
obtainedby “copying” the rulesin (3.15) and correctingthem by meansof the output
information,accordingo how theKalman Iter ortheLuenbegerobsererareconstructed
for dynamicalsystemqseethe Kalmanseminalpaper[26] or Luenbeger seminalpaper
[29]).
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3.4.3 Complexity of the RoboFlagDrill Estimator

Theamountof computatiorrequiredfor updatingL andU accordingo (3.17-3.24))s
proportionalto theamountof computatiorrequiredfor updatingthe variables in system
. In fact,we have 2N rules, 2N variablesand2N computationf “max” and“min” of
valuesin N. Thereforethe computationatompleity of the algorithmthat generateshe
sequencek(k) andU(K) is proportionako 2N, whichis of thesameorderasthecompleity

of thealgorithmthatgenerateshe trajectories.

As establishedby property(iii) of Problem2, thefunctionof k givenby jIL(k); U(k)] \

U  (K)jtendsto zero.Thisfunctionis usefulfor analysigourposeshut it is notnecessary
to computeit at arny point in the estimationalgorithm proposedn equation(3.17-3.24).
However, sinceL(k) doesnot corverge to U(k), oncethe algorithm hascornverged, i.e.
whenj[L(k);U(K)] \ Uj = 1, we cannot nd thevalueof (k) from the valuesof U(k)
andL(K) directly. Insteadof computingdirectly [L(k); U(k)]\ U, we carryout a simple
algorithm, thatin the caseof the RoboFlagDrill exampletakesat most(N? + N)=2 steps
andtakesasinputsL(k) andU (k) andgivesasoutput (k) if thealgorithmhascorvemed.

Thisis formally explainedin thefollowing paragraph.

Algorithm 1. (Re nementAlgorithm) Let ¢; = [L;; U;j]. Thenthealgorithm
(my; :5my) = Re ne(cy; i en);

which takesassignmensetsc,; ::;;cy andproducesassignmensetsmy; :::;my, is suchthat

if m = fkgthenk <m; forary j, i.

This algorithmtakesasinput the setsc; andremovessingletonsoccurringat onecoor
dinatesetfrom all of the othercoordinatesets. It doesthis iteratively: if in the procesof
removing onesingletonanew oneis createdn someothercoordinateset,thensuchasin-
gletonis alsoremovedfrom all of the othercoordinatesets.There nementalgorithmhas
two usefulproperties.First, the setsm; areequalto the ; when[L;U]\ U = . Second,
the cardinalityof the setsm (k) is non-increasingvith thetime stepk. Thesepropertiesare

provedformally in the following propositions.
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Proposition3.4.3.1f [L;U\U = withL;U 2 ,andc; = [L;j; U], thenRefing(cy; :::;cn) =

Proof. Let ¢; denotethe sets[L;; U;]. Also, let U; denotethe setof permutationof i el-
ements.If [L;U]\ U = | we notethatamongthe sets[L;; U] thereis at leastonei
for which L; = U;, andthereforewe have at leastone singletonto take out from all of
the othercoordinatesets. Without lossin generalitywe assumehati = N (if notwe can
reduceto this caseby performinga permutationof the coordinatesetsand keepingtrack
of the usedpermutation).We areleft to shawv thatthe procesof taking out onesingleton
always createsa new singletonthat thenneedsto be removed from the other coordinate
sets.Then,we remove thatsingletonfrom all of the othersetsc; for j < N to obtainnew
setsc} whoseelementdake valuesin a setof possibleN 1 naturalnumbers.Still, there
isonlyone 2 Uy ;suchthat 2 (c};:icy ). Again, for thisto betruetheremustexist
| suchthatc}, for j 2 [1;N 1], isasingleton.Assumej = N 1. We thusremove this
singletonfrom all of the othersetsc} for j < N 1toobtainnew setscj? whoseelements
take valuesin a setof possibleN 2 naturalnumbers.Proceedingteratively, we nally
obtainm, = ¢} !,...my 1 = ¢, ;, My = cy, whichimpliesthatthem aresingletons Since

i 2 m by constructionwe have provedwhatwe wanted.

Proposition 3.4.4. Letc;(k) = [Li(K); Ui(k)], anddenoteby mi(k) the setsobtainedwith the
re nementalgorithm. Then

X\l . . X\l . .

jmi(k + 1)] jm (K)j:

i=1 i=1
Proof. Let usdenotethe variablesat stepk + 1 with primedvariablesandthe variablesat
stepk with unprimedvariables.The proof proceeddy showving thatfor eachj thereexist
a k suchthat m? m. By equations(3.17-3.24)e deducethat we canhave one of the

following casedor eachi: (@)c® c.1 ™ ¢, ¢, (b)c® ¢, (€)c® ¢ 1™

1 G.Let
usconsidercase(a), the othercasesanbetreatedn analogousvay. Let c; beasingleton.
In there nementprocesst is deletedfrom ary otherset,sothatwe have c; = m; + ¢; for

all i. Assumethatin the rst singletonremoval processo new singletonsarecreated We
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have oneof thefollowing situations:c®  cji1 * Cju1 G, €7

Thisimpliesthatoneof thec? is equalto thesingletonc;. ThesetsmP arecreatedemoving

0 ) N 0 )

suchsingletonfor all the othersets,sothatwe obtainm’+ ¢; = ¢® ¢, = my; + ¢j and
ml,+c=c, ¢=m+c. Tgisin turn ilgnpliesthatmi0 m., andnf,; m. Because
thisholdsfor ary i, wehavethat L, jm% Y, jmj. Thisreasoninganbegeneralizedo

the casewherea singletonremoval processreatesiew singletons.

3.4.4 Simulation Results

The RoboFlagDrill systemrepresenteth therules(3.10)and(3.11) hasbeenimple-
mentedin Matlabtogethemwith the estimatoreportedin therules(3.17-3.24).Figure3.5

(left) shonvs the behaior of the quantities
V(K) = jIL(K); UK]\ Uj

and
X

1 . ..
EQ = 10
i=1
V(K) representghe cardinality of the setof all possibleassignmentst eachstep. This
guantity givesan idea of the cornvergencerate of the estimator E(k) is a functionof
andit is notincreasingalongthe executionsof the system = S(perm(N); RN; f; h). This
guantityis shaving therateof convergenceof the assignmento its equilibrium(1;:::;N).
In Figure3.5(right) we shaw theresultsfor N = 30robotsperteam.In particulay wereport
thelogarithmof E(k) andthelogarithmof W(k) de ned as

RO

Wk =5 Im(K)j;

N i=1
which by virtue of Propositior3.4.3andPropositior3.4.4is nonincreasingandcorverging
to one,thatis, the sets(my(k); :::;;mny(K)) corvergeto  (K) = ( 1(K);:::; n(K). In thesame
gure, we noticethatwhenW(k) cornvergesto one,E(k) hasnotcornvergedto zeroyet. This

shows thatthe estimatoiis fasterthanthe dynamicsof the systemunderstudy
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Figure3.5: (Left) Examplewith N=8: notethatthefunctionV(k) is alwaysnon-increasing
becausehe set U is invariantunder f. (Right) Examplewith N=30: notethatthe
functionW(K) is alwaysnon-increasingndits logarithmis cornverging to zero.

In this chapter we have proposedan estimator = (
) foraDTS = S(U;Z;f;h) with U

2 Z; ; (fy; fp);id)

. Suchan estimatorcanbe
)) is

)) isinterval

on a lattice ( ;
constructedf the extendedsystem™ = S(; Z; f:h) is suchthat the pair (";(;
interval compatible.In the next chapterwe investigatevhenthe pair (" ; (;

compatible andwhatpossiblecausesanbe of the estimatorcompleity.
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Chapter 4

Existenceof Discrete State Estimators
on a Lattice

In the previous chaptey we have shawn thatif a systemcanbe extendedto a lattice
in away suchthat the systemextensionandthe lattice are ordercompatible the estima-
tor on a lattice givenin Theorem3.3.1 canbe implemented. In this chapter we give a
characterizatiorof what obsenable meansin termsof extensibility of a systeminto an
extendedsystemthatis interval compatiblewith alattice (; ). We show thatif the sys-
tem = S(U;Z; f;h)is obsenable,therealwaysexistsalattice(; ) suchthatthe pair
(";(; ))isinterval compatible Thesizeof theset is singledoutasa causeof complex-
ity, andaworstcasesizeis computedln particular theworstcasesizeof thelattice never
exceedghesizeof theobserertreeproposedn [13]. As a consequencehe methodpro-
posedn thisthesisis in the worstcasecomputationallyequivalentto previously proposed
methods For systemavhereU canbeimmersedn aspacesquippedvith algebraiqgorop-
erties,asis the casefor the RoboFlagDrill, a preferredatticestructure( ; ) existswhere
joinsandmeetscanbee ciently computedandrepresentely exploiting thealgebra.For
thesesystemstheestimatiormethodologyproposedn this thesisreducesompleity with
respectto enumeratiormethods. However, the pair (";(; )) is not necessarilynterval
compatiblefor any (; ). We proposeaway of constructinghe estimatoron achoserlat-
tice by nding ageneralizatiorof for which thereexist anextensiononthelattice(; )
with thedesiredproperties A possibleway of determininga generalizatiorof is by cre-

ating a nondeterministi@pproximationof the system. This is explainedin the following
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chapter

Note that, asin the caseof the RoboFlagDrill, therearea numberof applicationsin
which the discretestatedynamicsevolves naturally on partially orderedsets. Resource
allocationproblemsinvolving moving resourcegagents)asin the caseof air tra ¢ con-
trolled systemg[37], [6]), or weapon-tagetassignmenproblemsareexampleswvherethe
tasksareusuallyassociateavith positionsin Euclideanspacewherethe usualconepartial
orderinducesa partialorderon thetasks.In the caseof dynamicschedulingor distributed
computing.the setof processethatneedto beallocatedto resourcess typically partially
orderedaccordingto priorities([10]), andtheallocationto resourcess dynamicallyestab-
lishedon the basisof suchpartial ordering. In addition,thereis plenty of systemswvhere
a partial orderamongeventsis naturally establishedy a causalorderrelation,asin the
caseof messag@assingasedlistributedsystemg[41]), or in thecaseof humanactvities
([38]). An examplefrom this class,is presentedn Chapter7. Also, all discreteeventsys-
temsimplementedsPetriNets([16]) arecharacterizethy orderpreservingstatetransition
functionswith respecto asuitablepartialorder In Chapter7, we shov how ouralgorithms
applyto this case Most of theseexamplesarealsodistributed,meaninghatthe sizeof the
discretestateis solargeto renderprohibitive the estimationproblemif the partialorderis
not explicitly takeninto accountn theestimatordesign.

This chapteris organizedin two sections.In Section4.1, the existenceresultfor the
estimatoron alatticeis given. In Sectiornd.2,a possibleway for constructinghe estimator

onachosenratticeis given.

4.1 Estimator Existence

Considerthe deterministictransitionsystem = S(U;Z; f;h). We de ne the -
transitionsetsandthe -transitionclassesisde nedfor theextendedsystem = S(U;Z; f:h)

in De nition 3.3.2andDe nition 3.3.3respectiely.

De nition 4.1.1. ThenonemptysetsT.2( ) =f 2U jZ2=h(; Z)gforz;22 2 Z,

arenamedhe -transitionsets
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De nition 4.1.2. ThesetT ( ) = fT( );::;;Twm( )g with T;( ) suchthat

(i) Forary Ti( ) 2T ( ) thereis (z42%) 2 Z suchthatTi( ) = Tz ( );

(i) Forary z};72 2 Z for which Tia2( ) is notempty thereis j 2 f1;:::;; Mgsuchthat
T(zl;zz)( ) = Tj;

isthesetof -transitionclasses

Each -transitionsetT,.2( ) containsall of valuesin U thatallow the transition
from z* to 2 throughthe functionh. Notealsothatfor ary z'; 2 2 Z we have Tia.2( )
T(Zl;ZZ)(~) becauséij, ; =handU . Thisin turnimpliesthatT;( ) Ti().

We alsoassumehatall of the executionscontainedn the! *-limit setof ,! ( ), are

distinguishableMore formally we have:

Assumption4.1.1. The! *-limit setof = S(U;Z; f;h),! (), is suchthatfor any two
di erentexecutions ;; , with 1(0); 2(0) 2! ( ) thereis k 2 N suchthat 1(k)(2) ,

2(K)(2).

In thecasein which! *-limit setis justone x edpoint, this assumptions alwaystriv-
ially veri ed. In casewhere! *-limit setis madeup by x ed pointsandlimit cycles,the
assumptiomrequiresthatarny two di erent x edpointshave di erentoutputvalues,other

wisetwo di erentexecutionsstartingin thetwo x edpointswill notbedistinguishable.

Lemma 4.1.1. Considerthe deterministictransitionsystem = S(U;Z; f;h). Let! ( )
verify Assumptiort.1.1.Then, is observablef andonlyif f : (T;( );2! f(T;( );2is

oneto onefor any j 2 f1;::; Mgandfor anyz2 Z .

Proof (2) ). Let usshow thatif the systemis obserablethenfor ary z 2 Z andary
j 211;:;;Mgwehavethatf : (T;( );2! f(T;( );2) is oneto one.We have to show that
if a, pand 4 2 Tj()forsomej, thenf( 52, f( b 2. Supposdnsteadthat
f( &2 = f( b2, this meansthatthe two executions ,, |, startingat ,(0) = ( 42
and ,(0) = ( p; 2 have thesameoutputsequencehut they aredi erent. This meanghat
they arenotdistinguishabl@andthereforehe systemis notobsenable. This contradictshe

assumption.
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(( =). We assumehatforary z2 Z wehavethatf : (T;( );2! f(T;( );2 isone
to one,andthatAssumptiord.1.1is veri ed. We needto shaw thatforary ,, ,there
is k 2 N suchthatg( 1(k)) , g( 2(k)), thatis ; and , aredistinguishable.Let then
1 and , betwo executionssuchthat 1(0), »(0). Assumethatg( 1) = g( ). This
impliesthat 1(k) = ( 1(k); z(k)) and (k) = ( 2(K); z(k)). Thisimpliesthat (k) , 2(k)
for all k, because 1(k) and (k) arein T x+1).2x) (Whichcoincideswith aT; for somei by
De nition 4.1.2),andwe assumedhatif ,(k), (k) thenf( 1(k);z(k)), f( 2(K); z(K)).
Thisin turnimpliesthatfor k k ,andk k,, (k) 2! (f;h), 2k 2! (), (K ,
»(k) andg( 1) = g( »2). ThiscontradicteheassumptionThereforef 1(0), »(0),we
havethatg( 1), g( »), whichimpliesthat ; and , aredistinguishabl@ndby De nition

2.2.4impliesthat is obsenablewith outputz.

This lemmashaows that obsenability canbe determinedby checkingif the function
f is oneto oneon the -transitionclassesT ( ), provided that the executionsevolving
in ! () aredistinguishable.This lemmais usedin the following theorem,which gives
an alternatve characterizatiorof what obsenable meansin termsof extensibility of the

system intoasystem thatis interval compatiblewith alattice(; ).

Theorem 4.1.1. (Observabilityon boundedattices) Considerthe deterministicransition
system = S(U;Z; f;h). Let! () verify Assumptionrt.1.1. Thenthefollowing are equiv-

alent:
(i) System isobservable;

(i) Thewe exist a completelattice (; ) with U , sud that the extension™ =

(f:h; ; Z)of on issudthat(";(; ))isintervalcompatible

Proof. ((i) ) (ii))We shav the existenceof a lattice (; ) andof an extendedsystem
T =5(; z;f:hywith (";(; )) aninternal compatiblepair by constructionDe ne  :=
P(U),and(; ):=(PU); ).

To de ne h, wede ne thesublatticeqT;("); )of (; )fori2f1;:::;:Mgby (Ti();
) := (P(Ti( )); ) asshawn in Figure4.1. As a consequencedpr ary givenz';z> 2 Z

suchthatz2 = h(; 2%) for 2 Ti( ) for somei, we de ne 22 = h(w;Z!) for ary w 2
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T:(). Clearly hjy = h, andT;(") for ary i is aninterval sublatticeof theform T;(") =
W -~

[?; Ti()l.

(: )=(PU); )

Figure4.1: Exampleof the and’ transitionclassesvith U (dark elementsomposed
by threeelements.

Thefunction f is de nedin thefollowing way. Forary x; w2 and 2 U wehave

8
gf(xgw) = f(9 g fw)

f(xf w) = f()f f(w)
(4.1)
éf(?) =7

() =)

wherewe have omittedthedependengconthez variable(thatis kept x ed)for simplifying
notation.We prove rst thatf : T;(") ! [?; f~(WTi(~))] is onto. We have to shaw thatfor
ayw, ? 2[?; f~(WTi(N))] thereis x 2 [?;WTi(~)] suchhatw = f(x). SinceWTi(N) =

19::g pforf 45 p9= Ti( ),Weha/ealsothatf(WTi(N)): f( 1)g g f( p) by
virtue of equationg4.1). Becausev fN(WTi(~)),weha/ethatw= f( i,)g::g f( j,) for
j 2 f1;::;pgandm < p. Thisin turnimplies,by equationg4.1),thatw = f{( 90 )
Sincex:= j,0:0 j,< WTi(N), we have provedthatw = f(x) for x 2 T;("). Second,
we noticethat f : T;(") ! [?; fN(WTi(~))] is oneto onebecaus®f Lemma4.1.1. Thus,
we have provedthat f : T;() ! [?; F(WTi())] is a bijection,andby equationg4.1)it is

alsoanhomomorphismWe thenapply Proposition2.1.1to obtaintheresult.
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(i) 0 (). Toshow that(ii) impliesthat = S(U;Z; f;h) is obsenable,we apply
Lemmad4.1.1. In particular (";(; )) beinginterval compatibleimpliesthat f : T;(") !
[f~(VTi(~)); f~(WTi(~))] is oneto onefor ary i. This, alongwith Assumption4.1.1, by

Lemmad4.1.1limply thatthe systemis obsenable.

This resultlinks the propertyof a pair (";(; )) beinginterval compatiblewith the
obsenability propertiesof the original system .
Theorenmd.1.1shonvsthatanobsenablesystemadmitsalatticeanda systemextension
thatsatisfyinterval compatibility by constructinghem,in a similar way asoneshaws that
a stabledynamicalsystemhasa Lyapunw function. However, the lattice constructedn
the proof of thetheoremis impracticalfor theimplementatiorof the estimatorof Theorem
3.3.1whenthesizeof U is large becauséhe sizeof the representationf the elementof
is largeaswell. However, onedoesnot needto have = P(U), butit is enoughto have
in theelementghatthe estimatomeedsthatis, the elementsn the ~-transitionclasses.

With this considerationthe following propositioncomputegheworstcasesizeof .

Proposition4.1.2. Considerthesystem = S(U;Z; f;h),with f : U ! U. Assumehat
thesetsfT,( );:::;Tw( )gareall disjoint. Thenj j  2jUj2.

Proof. We constructheworstcase(; ) byaddingin it all theelementghatthe estimator
in TheorenB3.3.1needsThesearein thesetof subset®f U orderedaccordingo inclusion.
LetTi( ) bea -transitionclass.For simplifying notation,we omit the dependencen
denotingT;( ) by T;. Theproofproceedsn two steps:1) we show thatfor ary T;, thelast
elemenof thesequencéT ;; f(Ti)\ Ti; F(F(T)\ Ti)\ Ty F(FCEF(T)N T\ T 9
is asingletonfor n < jUj, for ary i; 2 f1;:::;mg 2) the jth elementof the abore sequence
cangenerateat mostjU j nonemptysetsfor ary combination(is; ::;;ij 1) andfor ary j.
Proofof 1). Let! denotethe! *-limit setof f. Sinceall of the executionsare con-
vemgingto the! *-limit set,it is enoughto shaw thatarny two executionstartingin the!
will distinguishfrom eachotherin lessthann = j! j. We proceedby contradiction.De ne
thefunctionY : U ! fY ;5 Y gsuchthatY( ) = Y;if 2 T;. Assumethatthereare
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X;X; 2! suchthat

(@) Y(f¥(x)) = Y(f¥(x;)) for ary k < nand

(0) Y(£()) » Y(F"(x)):

Sincex andx; belongeachto alimit cycle, therearek;; k; suchthat f" k(x) = f"(x) and
fn ki(x;) = f'(x;). As aconsequencaye have by (b) that

(© Y(F" “0q) . Y(E" 9(x)):

Assumewithout loss in generalitythat k; ki. If x andx; belongto the samelimit
cycle, we have ki = k;, andthereforewe contradict(a). If ki > k;, x andx; belongto
di erentlimit cycles,andk; andk; aretherespectre limit cycle lengths. Thusk; + k; n.
Thus, by virtue of (a) we have Y(f" &*ki)(x)) = Y(f" &*k)(x;)) andby the periodicity of
trajectoriesn thelimit cycles,wehave f" &*k(x) = 1 ki(x) and f" &*kd(x;) = 1 k(x)).
As a consequencey(f" ®&tki(x)) = Y(f" ki(x)) and Y(f" &*kid(x))) = Y(f" k(x;)). By
(a), we alsohave that Y(f" (x;)) = Y(f" %(x)) andY(f" ki(x)) = Y(f" ki(x;)). Onecan
verify thatthe setof theserelationsareinconsistentvith (c).

Proofof 2). SincetheT;sareall disjoint, the jth elemenbf thesequencé 2) canhave
atmostjT;j nonemptyintersectiondor ary combinationof (i; :::;i; 1) for ary j. Thenfor
ary j, wecanhave atmostP i JTij = JU ] nonemptyintersections.

Sincethe estimatomeedsall of thesgU j? elementsandthe“ f” of theseelementsthe

sizeof (; )isatmost2jU j2.

Example In this example,we shov how thelattice (; ) lookslike in the caseof an
automatordriving the discretestatedynamics.Considerthe automatorreportedn Figure
42whereU = f 4;:; sg andT = fT4;Tog Thelattice (; ) canbe constructedoy

following the proceduren the proof of Propositior4.1.2,andit is shovn in Figure4.3.

The sizeof givesanideaof how mary valuesof joins and meetsneedto be stored.



Figure4.3: Automatonexample:lattice(; ).

In the caseof the RoboFlagexamplewith N = 4 robotsper team,the sizeof P(U) is
16778238 while the worstcasesizegivenin Propositiord.1.2is 576, andthe size of the
lattice proposedn Section3.4.2is 4* = 256. Thusthe estimategiven by Proposition
4.1.2signi cantly reduceghe sizeof givenby P(U). Note thatthe size of the lattice
proposedn Section3.4.2is smallerthan576,because¢herearepairsof elementgshathave
thesamgoin, for examplethepairs(3; 1; 4; 2); (4; 2; 1; 3) and(4; 2; 1; 3); (2; 1; 4; 3) have the
samegoin thatis (4; 2; 4; 3).

This propositionshaws thatthe worst casecomputatiomneededor implementingour
estimatoris the sameasthe oneneededn Caineg[13], wherethe obsenrer treemethodis
proposedThemainadwantageof themethodproposedn thisthesisis clearwhenthespace
of discretevariablescanbe immersedn a lattice whoseorderrelationscanbe computed
algebraically((; ) doesnotneedto bestored).In sucha case,oneneedso nd abetter
lattice,if it exists,consideringts size therepresentationf its elementsandthecompleity

of computingjoins and meets. In the RoboFlagDrill, for example,sucha betterlattice
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exists. Evenif thesizeof U is N! (whichis hugeif N is large)thelattice(; ) issuchthat
its elementTanberepresentetby a setof N naturalnumbersplusjoins andmeetsand f
canbe computedby usingthe algebranaturallyassociatedavith NN. Thus,somesystems
have a preferredlattice structurethat drasticallyreducescompleity. For thesesystems
however, the extendedsystemandsucha preferredattice structurearenot alwaysinterval
compatible. In sucha case,we proposein the following sectiona way to constructan
estimatoron the desiredattice evenif theinterval compatibility conditionis not satis ed.

Thecountemartis thatthe corvergencespeedf the estimatorcanbe lower.

4.2 Existenceof an Estimator on a ChosenLattice

In this sectionwe consideithe casein whichthereis a preferredatticestructure(; )
in which the order relationscan be computedalgebraically but thereis no systemex-
tension” suchthatthe pair (" ;(; )) is intenal compatible. We thuslook for an over-
approximationof the system that might be interval compatiblewith the desiredlattice
(; )- Suchanoverapproximationis called a weakly equivalentgeneralizatiorand is

de ned thefollowing way.

De nition 4.2.1. Considerthe deterministictransitionsystem = S(U;Z; f;h). We de-
ne = S(U ;Z;f;h) to bea -weaklyequivalentgenerlizationof onU with
U U if

() EC) EC )

(i) Any 2 E( ) suchthatf (K)(@gon = (K)(2gen, fOor someexecution 2
E( ), is suchthat

Item (i) establisheshat is a generalizatiorof , denoted . Moreover, (ii)
establisheshatthoseexecutionsof  that have the sameoutputsequencesone of the
executions, ,of areequvalentto . Asaconsequencef thesystem isobsenable
(or weaklyobsenable),its -weaklyequialentgeneralization is weaklyobserableon

thesetof executionsof . ForweaklyobsenablesystemsTheorenB3.3.1canbeappliedby



45
substitutingthe assumptiorof the pair (";(; )) beinginterval compatiblewith a wealer

assumptiorthatwe call weakinterval compatibilityde ned asfollows.

De nition 4.2.2.(Weakinterval compatibility)Considetheextendedsystem = S(; Z; f:h)
of =SWU;Z;f;hon(; ). Thepair(~; (; )) issaidto beweaklyinterval compatible
if

(i) Each -transitionclass,Ti(") 2 T ("), is aninterval sublatticeof (; ):
O =0 1O TN

(i) f:(L;Ul;2 ! [f(L;2); f(U;2)] is orderpreservingor ary [L;U]  Ti("), and
ary z2 Z andfor aryi 2 f1;:::;;Mg

i) f:(L;UL;2 ! [f(L;2);f(U;2)]isontoforany [L;U] Ti( )forarnyz2Z and
foraryi 2 f1;:::;Mg

We have this di erencebetweenobsenable systemsand weakly obsenable systems
becausen a weakly obsenable systemtwo executionssharingthe sameoutputcancol-
lapseoneontotheother thustherecannotbeary extensionf thatis abijectionbetweerthe
outputlattice andthe setit is mappedo. Thus,we canrestateTheorem3.3.1for weakly

obsenablesystemsn thefollowing way.

Theorem 4.2.1. Assumethat the deterministictransition system = S(U;Z; f;h) is
weaklyobservable If ther is a lattice (; ), such thatthe pair (";(; )) is weaklyin-
terval compatible then the deterministictransition systemwith input = = ( 0 Z
Z; . (fy; f);id) with

fIL® g Oy(k); y(K)
UK~ Oyk); (k)

f1(L(K); y(k); y(k + 1))
f2(U (K); y(k); y(k + 1))

solvesProblem2.
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If we can nd a -weakly equivalentgeneralization for thatis weakly interval
compatiblewith the desiredlattice , we canconstructthe estimatorfor the system by

using . Thisis formally statedn thefollowing proposition.

Proposition 4.2.2. If thesystem = S(U;Z; f; h) is observablgor weaklyobservable)
and its -weakly equivalentgenealization = S(U ;Z;f ;h)is sud that the pair
(" :(; )) is weaklyinterval compatiblefor a given(; ) andU , thenTheoem
4.2.1canbeappliedto  with (k)= (k)( )andz(k) = (K)(2).

This way, we constructthe estimatorusing f , but we estimatethe valueof corre-
spondingto theexecutionof whoseoutputz we aremeasuring.The proof of this propo-
sition canbe carriedout easilyby usingdirectly (i) and(ii) of De nition 4.2.1. Thecoun-
terpartis thatif the -weaklyequialentgeneralizations too roughanoverapproximation
of ,thecorvergencespeedcanbelow.

A way for constructinga -weaklyequvalentgeneralizatiorof isto nd anondeter
ministicfunctionf : U Z ! P(U) suchthatif (k)= (k)( )andz(k) = (K)(2),
then (k+1) 2 f ( (kK);zKk)). Thefunction f mapsanelementto a setof possibleval-
uesin U, andU = U. We show in the following chapterhow the resultsobtainedfor

deterministicsystemgarryto nondeterministisystems.
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Chapter 5

Discrete State Estimators on a Lattice
for Nondeterministic Systems

In this chapter we outline the basicideasthat allow us to generalizethe resultsof
Chapters3 and4 to nondeterministidransitionsystems.The systemsconsideredn this
chapterarenotprobabilisticasnondeterminisnarisesbecausea stateis updatedo aknown
setof possiblevaluesinsteadof beingupdatedo onevalueonly. Thisis away of taking
modelinguncertaintyinto account. Suchuncertaintycan be due to poor knowledge of
the dynamicsor to timing uncertaintieghat often happernin concurrensystemsln these
systemsn fact, the stateof the agentscan be updatedin an asynchronousashion,and
the orderin which eachstateof eachagentis updateds not known a priori. In Section
5.1, basicde nitions for nondeterministid¢ransitionsystemsaregiven. In Section5.2,the
estimatormproposedn the previous chapterss constructedndthe existenceresultproved.

Thechapteiis concludedvith anondeterministiexamplein Section5.3.

5.1 BasicDe nitions

De nition 5.1.1. (Nondeterministidransitionsystems)A nondeterministi¢ransitionsys-

tem(NTS)is thetuple = (S;Y;F;g), where

(i) Sisasetof stateswith s2 S;
(ii) Y isasetof outputswithy 2 Y;

(i) F:S! P(S)isthestatetransitionset-\aluedfunction;
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(iv) g:S! Y istheoutputfunction.

An executionof is arny sequence = fs(k)gon suchthats(0) 2 S ands(k+ 1) 2
F(s(k)) for all k 2 N. As opposedo aDTS, in anNTS F mapsan elementto a set,and
thusit is a set-\aluedfunction. The De nitions 2.2.2,2.2.5,and 2.2.6,which arerelated
with theweakobsenrability property canberewritten the sameway for NTSsby replacing
“deterministictransitionsystem”with “nondeterministidransitionsystem”,andby taking
thatF is a set-\valuedmapinto account.As donefor deterministictransitionsystemswe

considemondeterministi¢ransitionsystemswith the specialstructure
() S=U Z withU a nite setandZ a nite dimensionakpace;
(i) F=(f;h),wheref:U Z! P(U)andh:U Z! Z;
(i) g(; 2:=zwhere 2U,z2Z,andY =Z.
We denotethis classof nondeterministi¢ransitionsystemsy = S(U;Z; f;h), andwe

associateo thetuple(U ; Z ; f; h) theequations

(k+1) 2 f( (K);zk))

zk+1) = h( (K;zK) (5.1)
y) = zK);
if f isaset-aluedmap.Givenalattice(; )withU ,theextension” = S(; Z; f:h)

of isde nedin away similarto theway it is de ned for deterministidransitionsystems
(seeDe nition 3.3.1),but in thiscase™ is nondeterministidtself andU is allowedto be

notinvariantunderf.

De nition 5.1.2. Given the nondeterministidransitionsystem = S(U;Z; f;h), a N-
extensiorof on ,withU and(; )acompletdattice,isany system =S(; Z; f:h),

suchthat
@ f: z! P()andfjyz \ PU) = f;

i) h: z ! z andhjy, =h
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Thede nition of interval compatiblepair changedo the following de nition.

De nition 5.1.3. ConsidettheN-extension” = S(; Z ; f;h) of the nondeterministit¢ran-
sition system = S(U;Z:f:h)yon(; ). Thepair( ;(; )) is saidto be N-interval

compatiblef

(i) Each  -transitionclass,Ti(") 2 T ("), is aninterval sublatticeof (; ):
O =0 O TN

(i) f: (wiw];2) ! [V F(Wl;z);Wf(Wz;z)] is order preservingfor arny [wi; w;]

Ti("), andary z2 Z andfor ary i 2 f1;::;;Mg

(i) f:(wiw]\ U;2) ! [V f(wl;z);Wf(Wz;z))]\ U isontofor ary [wi;w,]  Ti()
foranyz2 Z andforaryi 2 f1;:::; Mg

Notethatfor aset-\valuedfunction f, we havethatf : A! Bisontoif for any element
b 2 B thereis anelementa 2 A suchthatb 2 f(a). In thefollowing sectionthe estimator

is constructed.

5.2 Estimator Construction and Existence

In this sectionwe shav how to extendthe estimatorconstructiorandexistenceto non-
deterministicsystems.The argumentscarriedout are similar to the deterministicsetting.
Themaindi erencdies in thefactthatnow we dealwith setvaluedmapsasopposedo
onevaluedmaps. This will be taken directly into accountin the estimatorconstruction.
Also, this featurewill not allow usto prove the monotonicitypropertyof the estimation
errorthatwe hadin thedeterministicsetting(see(ii) of Problem2). In particulay Theorem

3.3.1transformgo thefollowing.

Theorem 5.2.1. Assumehat the nondeterministi¢ransitionsystem = S(U;Z; f;h)is

weaklyobservable If there is a lattice (; ), sud thatthe pair (";(; )) is N-interval
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compatible then the deterministictransition systemwith input = = ( 2 Z;
; (fy; f2);id) with

"L g Oy(k): (k)
~fUR T Oyk);Y(K) (5.2)

f1(L(K); y(k); y(k + 1))
f2(U (K); y(k); y(k + 1))

solved(i) and(iii) of Problem2.

Proof Theproofis similar to the oneof Theorem3.3.1,exceptthatnow thefunction f is
nondeterministicandthusonehasto carryouttheagumentsusing™f and"f asopposedo
f itself. Thisis sketchedn whatfollows. For simplifying notation,we omitthedependence
of f ony.
Item (i) canbe provedby inductionon k. By theinitialization of the estimator_(0)
(0) U(O) (basecase). Assumethat L(K) (k)  U(k), andshow this holdsat step
k+ 1.ltsu cesto noticethatVOy(k) g L(k) Ky UK V‘by(k), because (k) 2 Oy (k)

by de nition. By theorderpreservingpropertyof f, we have

flomaLK) f( K)  (k+1)

and
k+1) ~f( ) ~fUKRT~OLK):

Item (jii) of Problem?2 is proved by contradiction.Assume 9 °2 [L(k + 1); U(k +
1)]\ U. By equationg5.2) andby property(iii) of De nition 5.1.3,thereare 9; 9 2
[Ou(K) g L(k); UK f YO,(K)]\ U suchthat ©2 f( 9 and %2 f( 9),and 9 22 0y(K).
In analogousvay, thereare 1; ,2['Oy(k 1)gL(k 1)Uk 1)f "Oyk 1)]\ U such
that 92 f( ;)and 22 f( 2),and 1; 2 Oy(k 1). Thisimpliesthatonecanconstruct
two executionsof , 1 = f 1(K);zZ(K)gon and » = f »(K); z(K)gon, that sharethe same

output. This contradictsheweakobsenrability of .

In Theorem5.2.1,we assumehatthe systemis weakly obsenableasopposedo ob-

senableasassumedn Theorem3.3.1,andthefunctionsf; and f, aremodi ed by taking
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that f () is asetinto accountAlso, (i) of Problem2 cannotbeguaranteethecause maps
anelemento aset.
Thefollowing theoremshawvsthatalsofor nondeterministisystemsit is alwayspossi-
bleto nd alattice(; )andasystemextension suchthatthepair((; ); )isN-interval

compatible.

Theorem 5.2.2. Considerthe nondeterministicystem = S(U;Z; f;h). Thee existsa
lattice (; ), with U , and extensionsf : Z! P()h: Z ! Z,with
f=fjuz \ P(U)andhjy ; = h,sudthatthepair((; ); ) isN-intervalcompatible

Proof. Theproofproceeddy construction(0) A lattice(; ) with U is constructed;
() themaph : U Z ! Z isextendedto (; ) suchthat(i) is veri ed; (2) the map
f:U Z ! P(U)isextendedo (; ) suchthatfj,z \ P(U) = f, andsuchthat
(ii)-(iii) of De nition 5.1.3areveri ed. Sincetheconstructiong0) and(1) areidenticalto
thedeterministiccasethe proof concentratesn proving (2).

(2) In orderto prove (i) of De nition 5.1.3, f is de ned. For simplifying the notation,
we omit the dependencen z. We de ne f for every elementw 2 . By the construction

in (0),ary w2 hastheformw= ,g::g9 ,forsome ;2 U. Thus,Foreveryp-tuple

f( Dg:g f( o)
PFC ) =L fC p)): (5.3)

f( 19::9 )
f( Dg:ig f( p)

This is shavn in Figure5.1for p = 2. Thereforefor any w 2 , it follows that f(w) =
[2:Yf(w)]. Alsode ne f(?) = ?. It follows by constructiorthat f( ) = f( )\ U for ary

2 U . Toshaw that f is orderpreservingwe checkDe nition 2.1.3.Sinceforaryw  x
we have Vf(w) = Vf(X) = ?, we needto checkthat"f(w) “f(x). In factif w  x, then
W= 10:d mandXx= 10::d mg ma10::g nforsome ; 2 U bypart(0). By de nition
fow) = P((F(C [ [ F( w)andf(x) = PF( D[ 2 £ mi £ n). Thereforef(w) =
[icamf( ) [ jeanf( ,-)=Wf"(x). (i) Toprovethatf : [?;U]\ U | [?;"f(U)]\ U
is onto, we needto shaw thatfor ary 2 [?;Wf(U)]\ U thereis 2 [?;U]\ U
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Figure5.1: Extensionf onlattice .

suchthat 2 f( ). By construction(part (0)) we havethatU = ;g ::g n, for some
1,00 e Therefore[?;Wf(U)]\ U =[iz1nf( i), whichimpliesthat 2 f( ;) for some
i 2f1;::;ng SinceU = ;g::g pwehavethat ; 2[?;U]\ U foralli.

Notethatan equivalentof Propositiond.2.2holdsif is nondeterministi@andweakly

obsenable.For completeneswe reformulatesuchproposition.

Proposition 5.2.3. If the nondeterministidransitionsystem = S(U;Z; f;h) is weakly
observableandits -weaklyequivalentgenealization = S(U ;Z;f ;h) is sud that
thepair (" ;(; ))is N-intervalcompatiblefor agiven(; ), thenTheoem5.2.1canbe
appliedto with (k)= (K)( )andz(k) = (K)(2).

In thefollowing example,we shonv how to applythis propositionto a nondeterministic

versionof the RoboFlagsystemin orderto construcianestimator

5.3 Nondeterministic Example

In this sectionwe proposea non-deterministizversionof the RoboFlagsystemandwe
show how to construcanestimator Thesystems analogouso theoneanalyzedn Section
3.4 exceptfor theway theassignmenis updatedIn fact,we assumehatat eachsteponly

onepair of robotsamongthe pairswith con icting assignmentswap the assignmentthe
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pair that switchesbeingrandomlychosen.The blue robot dynamicsare describedoy the

rules

zk+ D=z + if 70 <x g (5.4)
zk+ =20 i 200> x g (5.5)
Citk+ 1) seak+ 1) = (i (K) F - switchg(K); (5.6)

fori 2 f1;:::;Ng whereswitchy;.j,(K) is suchthat

switchgis(K) ) X9 X @ (5.7)
switchyi+1)(K) * switch.j+1)(K) = false i, ] (5.8)
(Xaw X)) — o (X v X aw) )

(switchy12y(K) _ = switchyy 1.n(K) = true (5.9)

Rules(5.6) establishthat two closerobotswill exchangetheir assignmentsf switch is
true. In particular (5.7) implies that switch canbe true only for two robotswith con ict-
ing assignmentg5.9) establisheshatonepair of closerobotswill exchangeassignments
providedthereis atleastonepair of robotswith con icting assignmentg5.8)impliesthat
only onepair of robotswill exchangeassignmentsThereforg(5.7),(5.8),(5.9),alongwith
(5.6), guarantedhat, if thereare somecloserobotswith con icting assignmentghereis
oneandonly onepair of robotsamongthemthatwill switchtheassignmentsThisrenders
the assignmenprotocolin commandg5.6) nondeterministicas at eachstepwe do not
know which pair of robotsswitchesassignmentslt is possibleto shav that the assign-
mentprotocol corvergesto the equilibrium value(1; :::;N). For this, we deferthe reader
to [28]. For the blue robots,we assumehatinitially z 2 [znin; Znax), Z < Z+1, andthat
X < z < X1 for all time. With thisassumptionpnecancheckthatsystem is weaklyob-
senable.Theproofis similartheonegivenin Propositior3.4.1.We de ne X = (Xg; 1} Xn),
z=(z;u52n), = ( 105 N).

Therulesreportedn (5.6)determinghefunctionf : U RN! P(U) thatupdateshe

discretevariables , while therulesin (5.5)and(5.4) determinghefunctionh: U RN !
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RN. Thereforethebluerobotsystemis de nedby = S(perm(N); RN; f; h).

For the purposeof constructingthe estimatoy we considerthe order(; ) described
in Section3.4.2. One canverify thatthereis no extensionof on thatis N-interval
compatiblewith (; ). As aconsequenceaye apply Proposition5.2.3. We look for a -
weakly equialentgeneralizatiorof the NTS thatadmitsan extension” on thatis
N-interval compatiblewith (; ). We de ne thesystem = S(U;Z;f ;h) by de ning
f in thefollowing way. Let (k) = z(k + 1) z(k) denotethe velocity, thenat stepk we
havefor 2U

f(;2=1(2ifvwk, vk 1) (5.10)
f(;2:= [A Oy(k);” Oy(K)] \ U otherwise (5.11)

It is easyto verify (i)-(ii)) of De nition 4.2.1,sothat = S(U;Z;f ;h)isa -weakly
equialentgeneralizatiorof = S(perm{\);RN; f;h). Property(i) is trivially veri ed.
To verify (ii) it is enoughto noticethat the switch beforethe stabilizationtime k of the
sequencé (K)( )gen iIsobsenable.Let denoteanexecutionof andf  (K)( )gen
the corresponding sequencewe havethatf ( (k1) );zk 1)) = f( (k
1)( );zk 1)) = (3;::5N). Thisin turnimpliesthat (k- 1)( )= (k  1)( ) for
someexecution  of .

To nd anextension” thatis N-interval compatiblewith (; ), considetthefollowing

extensionof f on atstepkforarny q2

f (@2 =w WiWe) = (GeasG); i vk, vk 1) (5.12)
f (02 = [A Oy(k); ™ Oy(K)] otherwise (5.13)

Expressior(5.12)de nesanorderisomorphisnbetweerL; U] and[ f (L;2); f (U;2)] for
ary L;U 2 . From expression(5.13), we deducethat f is trivially order preserving
accordingo theDe nition 2.1.3.Moreover f : ([L;U]\ U;2) ! [V f~(L;z);Wf~(U;z)]\

U is clearlyontoby constructiorfor ary [L; U]  Oy(K), andf ju \ P(U) coincideswith

f by constructioraswell. As aconsequencthesystem = S(P( );Z; f ;h) with has
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de nedin Section3.4.2is N-interval compatiblewith (; ).
We thenapply Proposition5.2.3for constructinghe estimator Suchan estimatorcan
be written asa setof rulesasalreadydonefor the examplein Section3.4.2.1n Figure5.2

we report

W(k) = im(K)j;

i=1
which corvergesto 1 whenthevalueof hasbeenlocked,and
1 X
=y 0 i
i=1
which givesanideaof the speef corvergenceof theassignmento theequilibriumvalue
(2;::5N). jIL(k); U(K] \ Ujconvergesto 1, but j[L(k); U(K)]j is not a monotonicfunction
of k asit wasin the deterministiccase. This is dueto the nondeterministimatureof the
transitionfunctions,asoneelementcanbe mappedo mary. The choiceof f hasacon-
siderablémpacton the corvergencespeedf theestimator Themapf we choses rough
anddoesnot take otherinformationthat we have on the systeminto account. For exam-
ple it doesnot modelthe factthatevenif thereis anunobserableswitch,a subsewf the
robots,dependingon their assignmengestimatesundegoesparticularswitches. The most

informationwe canmodelwith f thefastesis the corvergencerate.

N = 10 robots
40 | :

300 T N= \30 I’Ob‘OtS T

301

10k i 100+

0 10 20 30 40 50 60 0
time time

Figure5.2: Examplewith N=10(left) andN=30(right): upperplot shavs the stabilization
functionof the assignmen(E), while lower plot shavs thefunction W for the estimator
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Chapter 6

CascadeDiscrete-ContinuousState
Estimators on a Lattice

In this chapter a cascadaliscrete-continuoustateestimatoron a partial orderis pro-
posedandits existenceinvestigatedThe continuousstateestimatiorerroris boundedoy a
monotonicallynon-increasingunction of the discretestateestimationerror, with boththe
estimationerrorscornverging to zero. We show thatthe lattice approachto estimationis
generalasthe proposedestimatorcanbe constructedor any obsenableandindependent
discretestateobsenablesystem.The mainadwantageof usingthe lattice approacHor es-
timationbecomeslearwhenthe systemhasmonotonepropertieghatcanbe exploitedin
the estimatordesign. In sucha case,the computationakompleity of the estimatorcan
be drasticallyreducedandtractability can be achierzed. Someexamplesare proposedo
illustratetheseideas.This chaptetis structuredasfollows. In Section6.1,we introducethe
modelof thesystemwhichis equalto theoneof the previouschaptersexceptthatnow the
continuousvariablesare not measuredIn Section6.2, the problemis formulated,andin
Section6.3asolutionis proposedIn Section6.4,we shav thatundersuitableobsenability
assumptionghe proposedstimatorcanalwaysbeenconstructedin Section6.5,we shov
a particularclassof systemsmonotonesystemsfor which the orderrelationscanbee -
ciently computedat leastin the continuousvariablespace.Iln Section6.6, threeexamples
with decreasingomplity areshavn andthecomplexities of therespectre estimatorsare

computed.
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6.1 The Model

Themodelthatwe considerin this chapteris the sameastheonein Section3.2, except
that now the continuousvariablesare not measuredarymore. Then, for a system =

(S;Y; F;g), supposehat

() S=U Z withU a nite set,andZ anin nite possiblydenseset,andY isa nite

orin nite set;
(i) F=(f;h),wheref:U Y! Uandh:U 2z! Z;

@) g:U Z ! Y istheoutputmap.

Thesesystemdave theform
(k+1) = f( (K;yK) (6.1)
zZk+1) = h( (k);zk)) (6.2)
y® = 9 (k);zK);

andthey arereferredto asthetuple = (U Z;Y;(f;h);g). Thefunction f thatupdates
thediscretevariable canberepresentetty a setof logic statementspr, in thecaseY is
nite, by alook-uptableor recursve formulaasis thecaseof nite statemachineq[25]).
For eachvalueof ,theequation(6.2)isadi erencesquation.ThesetY canbesuchthat
theoutputhasbotha continuousanda discretecomponentWeleave Y unspeci edfor the
moment.In theexamplesattheendof the chapterwe will shov severalformsthatthis set
cantake.
Beforestatingthe problemin moredetail, we recallthe notionsof transitionsetsof

givenin Section4.1, by rede ning themfor the presentcasein which the variablesz are

notmeasured.

De nition 6.1.1. ( -transitionsets)The non empty setsTy,yy( ) = f 2 U jy =

g(; 2 andy, = g(f(; y1);h(; 2))g arethe -transitionsets

In generalthesesetsdependon z. For the sale of simplicity, we areinterestedn the

casein whichthesesetsdo notdependn z. Thus,we give thefollowing de nition.
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De nition 6.1.2.(Independendiscretestateobsenability) Thesystem = (U Z ;Y ;(f;h);Q)
is saidto beindependendliscretestateobservablef for any executionwith outputsequence

fy(k)geon, thefollowing areveri ed
(i) the -transitionsetsT yu).y«+1)( ) donotdepenconz,

(i) for any two executions 1; » 2 E( ) with g( 1(k)) = g( 2(k)) = y(k) andwith
f 1(K( )gen , f 2(K)( )den, thereis k > 0 suchthat 1(K)( ) 2 Twyk1y( ) and
2(K)( ) < Ty ( )

Item (i) is trivially veried if g(; 2 = (g ( );9.(; 2),whereg :U ! fYy;Yo;:::Yng
partitionsthe setU in equivalenceclassesWe allow two stepsin orderto have anequiv-
alenceclassthatis independenof z(k), asthis is oftenthe casewhen actsin the z dy-
namics. This assumptioris madefor the sale of simplicity. It canberelaxedto allow a
z with minor modi cationsto the estimatorstructure.Fromthis de nition, it follows that
anindependentliscretestateobsenablesystemadmitsa discretestateestimatorthatdoes
not involve the continuousstateestimate. This propertyallows usto constructa cascade
discrete-continuoustateestimatorthatis, anestimatoiin whichthediscretestateestimate
is doneasin Chapter3, andthe continuousstateestimates function of the discretestate

estimate Thisis formally explainedin thefollowing section.

6.2 Problem Statement

Considerthe deterministidransitionsystem = (U Z;Y;(f;h);g), with the output
sequencéy(k)gon. Theproblemof determiningandtrackingthe valueof the currentstate

(' (K); z(k)) of thesystemis formally statedn thefollowing problem.

Problem4. (Cascadeliscrete-continuoustateestimator)Grenthedeterministidransition
system = (U Z;Y;(f;h);g), nd adeterministictransitionsystemwith input T =
( L LY Y; Zg Zg(fy o f5 fa); (s fs; fe; f7)), with f - Y Y 1
fy: Y Y!I ,f3:L Y Y! L, fy:L Y Y! L,fg: !
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andfs =id, fg: L ! Zg, withU , (; )alattice,Z Zg with (Zg; ) alattice,
Zg L,(L; )alattice,suchthattheupdatdaws

Lk+1) = fi(L(k); y(k);y(k + 1))
Uk+1) = f(UK)y(k)yk+ 1))
quk+1) = fa(au(k); L(K); y(K); y(k + 1)) (6.3)
quik+1) = fa(qu(k); UK);y(K); y(k + 1))
z(k) = fe(au(k))
zy(K) = fr(qu(k)
with LUK 2, L0) =" U@ =" a:a® 2L, a0 =" L, 0=
VVL , andz (k); z, (k) 2 Z g, have thefollowing properties

() L) (K U(K) (correctness);
(i) jlL(k+1);U(k+1)]j j[L(k); U(K)]] (non-increasingrror);

(iii) thereexistsk, > 0 suchthat[L(k); U]\ U = (k) foranyk ko (corvergence);
)z zZk) zy(k);

(i) thereis a nonngative functionV : N ! R suchthatd(z (k);z,(k)) V(K), with
V(k+1) V(K);

(iii")y thereexistsk > 0 suchthatd(z o(K); zyo(K)) = Ofor ary k k3, where

AN

Lo = ([L; U]\ U)
u® = = ([L;U]\ U)
otk + 1) = fa(quo(k); LUK); y(K); y(k + 1))

quok + 1) = fa(quo(k); UAK); y(K); y(k + 1))
zo(k) = fe(quo(k))
= f7(que(k));

&

P

=
|
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with g.o(0) = q.(0) andqyo(0) = qu(0), for somedistanceunction“d”.

Theupdatdaws (6.3)arein cascadéorm asthevariabled. andU areupdatednthebasis
of their previous valuesandon the basisof the output,while the variablesq, andqy are
updatednthebasisof their previousvalues,onthe basisof the output,andonthe basisof
thevaluesof L andU respectrely. Notethatthe lower andthe upperboundestimateof
z(k) areoutputsof thelawsthatupdateq, (k) andqy (k), whichlie in thespace. . Properties
(iif) and(iii") askthatthelowerandupperboundscorvergeto (k) andz(k). Property(ii')
givesa monotonicboundon the continuousvariableestimatiorerror.
Notethatthedistancdunction“d” hasbeenleft unspeci edfor themomentasits form
dependn the particularpartialorderchosenZ g; ). In thecasein whichZ ¢ = Z and
Z = R" with the orderis establisheccomponent-wisethe distancecan be the classical

euclideardistanceln thefollowing section,a solutionto Problem4 is proposed.

6.3 Estimator Construction

Giventhe deterministictransitionsystem = (U Z;Y;(f;h);q), asetof su cient
conditionsthatallow a solutionto Problem4 is provided. With this respectsomede ni-

tionsinvolving the extensionof the system to alattice areuseful.

De nition 6.3.1. (Extendedsystem)Considerthesystem = (U Z;Y;(f;h);g). Let
(; ),(Zg; ),and(L; ) belatticeswith U ,Z Zg,and Zg L.Anextension
of onthelattice(L; )isgivenby ~ = (L:;Y;F;) suchthat

() F:L Y! LandFjyzy =(f;h),andL (U 2Z)isinvariantunderF;

(i) Fj 2 .v = (f;h), wheref : Y! | fiuy = f, h: Ze! Zg and
hiuz =h;

@) §:L!' Yandguz =9;

(iv) thepartialorder(L; ) is closedwith respecto Zeg.
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Item (iv) of the above de nition establishegaccordingto De nition 2.1.6) that the
chosenlatticesaresuchthatarny elementin L thatis notin Z g canbe approximated
by two elementsn Z g, alower elementa, (g) and an upperelementay(qg). These
arethe lower andupperapproximationof q respectrely. Notethatif q 2 Z g, then
a(q) = ay(g) = q.
In the following two de nitions, we rede ne the notionsof ~ -transitionsetsand of

" transitionclasses.

De nition 6.3.2. (" -transitionsets)Let = = (L:;Y;F;g) be the extensionof on the
lattice (L; ). For ary y;;y, 2 Y, the non emptysetsT(yl;yz)(N) =fw2 jy =

§(f(w; y1); h(w; 2)) andy; = §(w; 2)gfor z2 Z arenamedthe " -transitionsets

By the independentliscretestateobsenability property the -transitionsetsdo not
dependn z. Onecanalwaysobtainthis samepropertyfor the " -transitionsetsby a proper
de nition of thesystemextensionon . In thesequelwe assumehatthe systemextension
" hasbe chosensothatalsothe ~-transitionsetsdo not dependon z. As donein Section

3.2,wecanalsode ne the ~ transitionclassesWe recallthis de nition for completeness.

De nition 6.3.3.(  -TransitionclassesYhesetT () = fT1(");:::Tw( )g with T;(") such
that

(i) forany Ti(") 2 T (") thereareyy;y, 2 Y suchthatTi(") = T,y ();
(i) forary T,y () thereis j 2 f1;::;;Mgsuchthat Ty, (") = T;();
is thesetof ~-transitionclasses

Thenext de nition links thediscretestatedynamicsof ~ with thepartialorder(; ) as

donealreadyin Chapter3.

De nition 6.3.4. (Interval compatibility) Thepair (" ;(; )) is saidto beinterval compat-

ible if thefollowing areveri ed

(i) each -transitionclass,Ti(") 2 T ("), is aninterval sublatticeof (; ):

T.) =1 T T,
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i) f: Ty ! [f~(VTi(~);y); fN(WTi(N);y)] is an orderisomorphismfor any i 2
f1;::;;Mgandforaryy2 Y .

This de nition is the sameasDe nition 3.3.5,theonly slightdi erences in the way
the transitionclasseshave beende ned dueto the fact that now the z variablesare not
measureditem (i) in the above de nition impliesthatthe setTygywr1)( ) of W2  com-
patiblewith the pair (y(k); y(k + 1)) for ary execution with outputsequencéy(k)gey is a

sublatticeinterval in . Also, theoutputsetO,(K) is still givenasin Chapter3 by

Oy(K) = Tyoyern)():

For the constructiorof a cascadeliscrete-continuoustateestimatoythe casein whichthe
partialorder(L ; ) isinducedby thepartialorder(; ) by meansofthesystemdynamics
is of interest. Thus, the notion of inducedtransitionsetsis introducedin the following

de nition.

De nition 6.3.5. (Inducedtransition sets)Considerthe system™ = (L;Y;F;§) anda
transitionsetT, ., (") for somey;y, 2 Y. Forary wi;wWs 2 T,y () With wy Wy, the

nonemptysets

T((;,Aﬁ;,\;vf)() =fq2Lj 1 a(d wi; 1 a(@ W y2=8(F(g;yr); andys = §(q)g

arenamedhetheinducedtransitionsets.

Note that not necessarilfthe numberof suchsetsis nite asq2 L,( Zg) L,
andZ g is not always nite. In analogyto how we have proceededor the estimationof
the discretestate , we considerthe casein which the inducedtransitionsetsinducedby an
interval [wy; w,] arethemselesintervalsin L . In sucha casewe saythatthe system
" andthe partialorder (L ; ) areinducedinterval compatible. This conceptis formally

de nedin thefollowing de nition.

De nition 6.3.6. (Inducedinterval compatibility) Thepair (" ;(L; )) is saidto beinduced
interval compatiblef for any wy;w, 2 Tyl;y2(~) for somey;;y, 2 Y withw;  w,, we have

that
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(i) theinducedtransitionsetsaresuchthat

N
T = I
T = o)

with l4(w;) andug(W,) suchthatay (14(wa)) = (wy; 1(wr)) anday (Ug(W2)) = (W2; UA(W2)),

for 1,(wy); uz(Wo) 2 Z ;

(i) F: ([gwa);ugW2)];yn) ! [F(lq(wa); ya); F(ug(Wa); ya)] is orderpreservingandF :
([ ku )Ly [FGo1L )y F(soug( ) ya)] is orderisomorphic;

(iii) forany [wi;wo]  Ty,y,( "), we have that

d o a Flqw)iy); 2 au FlugWa)iye)  Glwe welj);

for somedistancdunction“d”, and : N! Ramonotonicfunctionof its algument.

Item (i) of this de nition meanghata sublatticeinterval [wy; w,] compatiblewith
an output pair (ys1;y.) inducesa sublatticeinterval in (L; ) correspondingo the same
outputpair. Also, suchoutputinterval is approximatedy the Cartesiarproductof thetwo
sublatticeintervals [wq; W] and[l,(wy); u,(Wo)]  Z g, in which |, dependsonly on
w; andu, dependonly onw,. Item (ii) establisheshe usualorderpreservingoroperties
of the extensionanditem (iii) establisheshatthe sizeof theinterval sublatticein (Z g; )
inducedby aninterval [wy;W,] 2 increasewith the sizeof [wy; w,]. A solutionto the

Problemd is proposedy thefollowing theorem.

Theorem 6.3.1. Giventhe system = (U Z;Y;(f;h);g), assumehat there are lat-
tices(; ), (Zg; ),and(L; ), withU ,Z Zg,and Zg L sud thatthe

pairs (";(; ))and(";(L; )) are interval compatibleand inducedinterval compatible
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respectivelyThena solutionto Problem4 is providedby

BLM: YRk + 1) = F( Oy(K) g L(K):y(K)
UMK YR Y(k+1) = fCOKF UK:;Y(K)
(LK LK YK vk + 1) = F@u® g lo( Oy(K) g LK): y(K)
fa(au (K); UK YK Yk + 1)) = F(au()f ug( Oy(k) f UK)); ¥(K)
fe(a(k) = 2 a(au(k)
flau(k) = 2 au(u(k)):

Tl Lk+1)

RN

<(k 1)

7 U(k+1)

~ ‘(

————— T "
/T !

|

|

/ \

2 ady / \

/ \

- -ngzulk+1)

Figure6.1: Hassediagramgepresentinghe updatesf the estimatorin Theorem6.3.1.1n
thediagramwe havedenoted) = V‘by(k)f Uk),L ="Oy(k)gL(k),q, =aqukf I5U ),
andq, = qu(k) g Iq(L ).

Proof. Theideaof the proof is analogoudo the one proposedn Theorem3.3.1. Here,
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a sketchis provided. For the proof of (i)-(ii)-(iii), the readeris deferredto the proof of
Theorem3.3.1.Dene U ="Ou(K)f UKK),L ="0O,(K) g L(k),q, = qu(K) f 14(U ), and
g, = du(k) g I4(L ). Thedependencef u, andly ontheir agumentss omitted,aswell as
thedependencef F ony:.

Proofof (i'). By usinginductionagumenton k and exploiting the order preserving
propertyof F, onecanshawv thatq (k) ( (k):z(k)) qu(k) (seeFigure6.1)for ary k. By
thethefactthat , a_and , ay areorderpreservingunctions,(i') follows (seeFigure
6.1).

Proofof (ii"). Usingtheorderpreservingpropertyof F, of , a.,andof , ay,one
deduceshatz (k+1) , a If(lq(L ))andzy(k+1) . ay If(uq(U )) (seeFigure6.1).
By exploiting theproperty(iii) of thedistancdunctionin De nition 2.1.4,andtheproperty
(iv) givenin De nition 6.3.6,onecaninferthatd(z (k+1);zy(k+1)) (L ;U ])). Sincef
is orderisomorphiciit followsthatj[L ;U ]j = j[f(L ;y); f(U ;y)]j. Thus,(ii") of Problem
2is satis edwith V(k) = (j[L(K); U(K)]))-

Proofof (iii"). Fork> kg, LYK) = (K) = UYK) as[L(k); U(K]\ U = (K). Asaconse-
quencegok+1) = F(qu(k)glq( (K))) andgue(k+1) = F(auo(K)g Ug( (K))), wherelg( ) =
(; 1 ))andug( ) = (; u( )). Onethenusesthefactsthat(; 1,( )) aue(k) g I4( (K)),
que()gug( (K)  (; ux( ), thefactthatF : (- [1,( )i ) ! [FG 1)) F(C ()]
is orderisomorphicandthefactthatL (U  Z) isinvariantunderF. Proceedindy con-
tradiction,if for ary k thereare( %20); ( % 2) in [quo(K); que(k)] \ (U  Z) thatarecom-
patiblewith theoutput,theremustbe(; z);(; z) 2 [qe(k 1);que(k 1)]\ (U Z)such
that( %2) = F(; z) and( %) = F(; 2). Also, (; z);(; 2) arecompatiblewith the
outputaswell (seeFigure6.1). Sincethisis truefor ary k, onecanconstructwo executions
of thataredi erentandsharethe sameoutputsequenceThis contradictsobsenability
of . Thentheremustbek > kg suchthat[q.o(k); quo(K)]\ (U Z) = ( (K); z(K)), and
thereforez o(k) = z,0(k) = z(k).

In the following section,conditionsin orderto verify the assumptionsmeededor the
constructionof the estimatorgivenin Theorem6.3.1aregiven. In particular obserabil-

ity andindependentliscretestateobsenability aresu cient conditionsfor the estimator
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constructionandthereforethe proposecdestimationapproacton alatticeis general.

6.4 Estimator Existence

The following theoremshaws thatif the system is obsenableandindependentlis-
cretestateobsenrable, the lattices(L; ), (Zg; ), and(; ) introducedin the previous
sectionexist, suchthat the extendedsystemis both interval compatiblewith (; ) and

inducedinterval compatiblewith (L; ). Asaconsequence

Theorem 6.4.1. Assumdhat thesystem = (U Z;Y;(f;h);q) is observableandin-
dependentliscrete stateobservable Thenthere exist lattices(; ), (Zg; ), (L; ) with
U , Z Z g, and Zg L,andan extension” of on (L; ) thatis interval

compatiblewith (; ) andinducedinterval compatiblewith (L ; ).

Proof. To prove that independentiscretestateobsenability implies the existenceof a
lattice (; ) andanextensionon (L; ) of thatis interval compatiblewith (; ), the
readeris deferredto Section4.1. Brie y, it wasshavn thatthelattice(; ) canbechosen
as(; )= (P(U); ). Thefunctionf: Y ! isdenedf(wy)= f( :;Y)g::gf( ny)

foranyw= ,g::g nandf(?;y) = ?. Thefunctionh canbede nedon Z asin

Sectiond.1soto guarante¢hatthe " -transitionsetsde nedin De nition 6.3.2areintenvals.
We recall that suchsetsdo not dependon z, andthusthe sameconstructiondevelopedin

Sectiord.1canberepeatedNext, lattices(Z ¢; ),and(L; ) with extensionsh andF that
satisfytheinducedinterval compatibility propertiesareconstructecswell.

Denefzjy=9g(; 2; 2Ug:=m(; y). ThenZ ¢ isde nedin thefollowing way:
() Z Zg;
(i) m(; y)2Zgforaryy2Y and 2U;
(i) Z gisinvariantunderh,i.e.if z2 Z ¢,thenh(; 2 2Zgforaryz2Zgand 2U;

(iv) Z g is closedunder nite unionsand nite intersections.
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By construction,(Z g; ) is a lattice wherethe order is establishedy inclusion. Each
elemenin Z g is eitherasubmanifoldof Z or aunionof disjointsubmanifoldsAlso, (
Z g; )isalatticewith orderestablisheg@omponent-wiseDe ne (L; ):=(P( Zg); ).
Obviously, Zg L.Anyelemenig2L hastheformq= (wi;z) g :::g (Wk; Z), where
Z 2Z g andw; 2
De ne thefunctionF : L Y ! L inthefollowingway. Forary q= (W:;z) g ::g

(Wi; Z) 2 L, de ne (we omit thedependencef F ony for simplifying notation)
F(0) := F(wi;z1) g 119 F(Wi Zo);

where
F(wi; z) = (f(w); h(w; 7)):

Letw, = i19::09 ipandz = my g ::ig My, with m.; submanifoldsof Z or setsof

subset®f manifoldsof Z , thenh : Ze! Zgisde nedsuchthat
h(wi; z) = gjh( i5;2):

Fromthis de nition, it followsthatF is orderpreservingAlso, F(?) := 2.

Thefunctiond : L ! Y is de ned in the following way. Forary q 2 L for g =
(Wi;Z1) 9 09 (Wi Z), W = 10 310 iip, andz = my1 g iiig My,

g(q) := yif andonly if §(wi;z) =,

with
d(wi;z) = yif andonlyif g( i4;z) = yforary;

whereg( i4;z) = yif andonlyif z m( i,;y) by de nition of m( i4;y).

Forany g = (Wq;2z1) 9 :::g (Wk; Z) 2 L, its lowerandupperapproximationsarede ned
asa (q) := (wif :f w;zif f z) anday(Q) := (Wi g ::g W 210 :::g Z). An exampleof
elementsn thelattice(L ; ) with theirlowerandupperapproximationss shovnin Figure
6.2.
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(19 27102) )
o2 L andnotin ZE
o2 Ze

( 22)

a(( 1z)g( 22)="?
aul( 1) 9( 22)=(19 2292)

Figure6.2: Hasseadiagramrepresentinglementsn thelattice (L ; ).

Thelatticesandthe systemextensionhave beenconstructedNow, theitemsof De ni-
tion 6.3.6canbechecled. Item (i) of De nition 6.3.6is satis edwithfq2 L jy= §(q); 1
a(a)=7?; 1 au(@=wg=[?;ug(w)] with ug(kw) = ( 1;m( 1;Y)) 9 9 ( 0 M 0 Y))
ifw= 19:0 nAlso,a(?)=?and , ay(ugw)=m( 1;y)g::gm( n;Y).

ltem (ii) of De nition 6.3.6is satis ed becausé- is orderpreservingby construction
andbecause- : [2:m(; V]! [?;F(; m(; y))] is one-onebecausehe systemis
obserable.

To verify (iii) of De nition 6.3.6,adistanc€unctiononZ g is de ned. For ary z;; 2, 2

Z g, de ne
8
o %dim(il) dim(z)j if z; andz arerelated
d(z;2) = § (6.4)
=1 if z, andz, arenotrelated

whereif z=my; g :::g m,, dim(2) := Pi dim(m), anddim(m;) denoteghedimensiorof the
submanifoldm,  Z. De ne dim(?) = 0, dim(2) = 1 for ary z 2 Z, thusa submanifold
isomorphicto R™ hasdimensionm + 1. Propertieqi)-(ii) of De nition 2.1.4areveri ed.

(Note that ary two pointsin Z are not related.) To verify (iii) of the De nition 2.1.4,
considerzy 7 for z;2, 2 Z g, andcomputed(? ;z) andd(?;2). If zz 2, by theway
Z £ hasbeenconstructedit meanghattherearem andnfsubmanifoldsin Z £ suchthat
z=mg::gm,andz =mlg::g mg with n  p, andfor ary i thereis a j suchthat
m  m. Thus,dim(z) = dim(my) + ::: + dim(m,) anddim(z;) = dim(mg) + ::: + dim(mp)
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withn  p anddim(m) dim(mP). Thusexpression(6.4) de nes a distancefunction

accordingo De nition 2.1.4.Thus,forany [?; U] withU = ;g::g n wehavethat

d?; 2 a F(ugU) =d?;h( m( 1Y) g::g h( nm( ny));

as
F(ug(U)) = (f( 1;h( um( 1) g g (FC n)ih( nm( o y));
and
av F(ugU)=(f( )g:g fCnih( um( ) g g h( mm( ny));
andthus

2 au F(Ug(U)=h( tm( 1Y) g:gh( mm( my)):
Concludingthede nition of distancegivenin equation(6.4)yieldsto

X0
d(?;h( ;m( 1;¥) g ::g h( iym( 1Y) = | dim(h( ;m( i;y))  dwmil?;Ulj;

i=1
wheredy, = maxdim(h( ;;m( i;y)).

This theoremshaws thatfor obsenableandindependentliscretestateobsenablesys-
temsit is alwayspossibleto constructhe estimatomon alattice proposedn Theorem6.3.1.
However, the mainadwantageof usingthe partial orderbasedapproactto stateestimation
is clearfrom a computationatompleity standpointvhenthe spaceof discreteandor the
spaceof continuousvariablescanbe extendedto latticeswherethe orderrelationcanbe
e ciently computed. A classof systemdor which this is the caseis shovn in the next

section.
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6.5 The Caseof Monotone Systems

In this section,we show a classof systemdn which thereis a partialorderon Z , the
conepartial order thatis preseredby the systemdynamics.In thiscaseZ ¢ = Z,(Z; )
isalattice,and(L; )=( Z; ),i.e. (L; )istheCartesiamproductof thepartialorders
onthespace®f discreteandcontinuousvariables.

Monotonedynamicalsystemsareusuallyde ned on orderedBanachspaceswhichwe

now introduce.

De nition 6.5.1.(OrderedBanachspace)An orderedBanad spacds arealBanachspace
Z with anonemptyclosedsubseK known asthe positive conewith thefollowing proper

ties:
() K Kforarny 2Ry
(i) K+K K;
(i) K\ ( K)=fqg,i.e.,theconeis pointed.

A partialorderingis thende ned by x  yforarny x;y 2 Z if andonlyif x y 2 K, with

x> yif andonlyif x yandx, y. Thespaceandthepartialorderis denotedZ ; ).

For more detailson orderedBanachspacesand monotonesystemsthe readeris de-
ferredto [35] and[8].

Sincenow on, let (Z; ) beanorderedBanachspace.A monotonedynamicalsystem
on(Z; )isonewhose o w preserestheorderingoninitial data.To extendthis property
to deterministictransitionsystemsgconsiderthe extensionof = (U Z;Y;(f;h);g) on
thelattice(  Z; ). Suchextension,denoted = (  Z;Y:(f;h); ), is by de nition
suchthat f : Y ! andfjyy = f;h: Z! Zwithhiyz =h§: Z!'Y
andgju z = g. Theonly portionof the spacehatin facthasbeenextendeds the discrete

portionasthe continuougortionis anorderedBanachspacealready

De nition 6.5.2. (Monotonedeterministictransitionsystems)A deterministictransition

system = (U Z;Y;(f;h);g),with(Z; )anorderedBanachspaceand(; ) alattice
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with U , is saidto be a monotonedeterministictransitionsystenon the partial order
(  Z; )if thereisanextension” = (  Z:;Y;(f;h):;§on( Z; )withtheproperty
thath : Z ! Z isorderpreservingTheextension™ is termedthe monotonextension
of on( Z; ).

For a monotonedeterministictransitionsystem,the partial order(Z ; ) canbe used
in the estimatordesignto bring the computationalburdendown, asthe elementsof Z
arepoints,andtheir partial orderrelationcanbe computede ciently usingthe algebraic
de nition of (Z; ). Thisavoidsthe compleity of the representationf elementsuchas
the onesin the constructve proof of Theorem6.4.1,in which the elementsn Z ¢ aresets

of pointsof Z , speci cally manifolds,intersectiorof manifolds,andunion of manifolds.

6.5.1 Form of The Estimator for a Monotone System

For a monotonedeterministicransitionsystem = (U Z;Y;(f;h);g), theinduced
transitionsetstake a new form. Considetthemonotoneextension” = ( Z;Y;(f;h); )
of on Z andatransitionsetT,., (") for somey;y, 2 Y. Forany wy;ws 2 T,y ()
with w;  w,, theinducedtransitionsetshave theform

TO(") =122 Z jyo = §(f(w;y2); hw; 2)) andy; = §(w; 2)g

in which now T((;:%;VQ’)Z)(N) Z . As aconsequencalsothe inducedinterval compatibility
takesanew form. In particular theinducedtransitionsetsmustbeintenalsin Z according
to the coneorderestablishedn Z . More formally, we canre-de ne the inducedinterval

compatibilityasfollows.

De nition 6.5.3. (Inducedinterval compatibility-monotonecase)The pair (" (Z; )) is
saidto beinducedinterval compatiblef for any wq;w, 2 Tyl;y2(~) for somey;;y, 2 Y with

W, Wp, we have that
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(i) theinducedtransitionsetsaresuchthat

N
T = L
T = o)

() h: [0 )u()]! [hCG 1,0 ):h(; ul( )] is orderisomorphicforary 2 U;

(i) d(ﬁ(wl; [,(W,)); F](Wg; Uz(W>))) (ifw1; wWo]j), with “d” adistancgunctiononZ , and

with : N! Ramonotonicfunctionof its agument.

Then,theform of theestimatomof Theoren6.3.1is givenby thesamef, and f,, andby
f3:Z Y Y! Z,f,:Z Y Y! Z,f5: ! withfs=id,fg: 2! Z
with fg =id, f;,: Z ! Z with f; = id de ned as

fa(z (K); L(K); y(K); y(k + 1))
fa(zu(K); U(K); Y(K); y(k + 1))
fo(z(K)) = id

f2(zu (k) = id:

h( Oy(K) g L(K;z. (K g 1.( Oy(K) g LK)
F\(‘ Oy(k) f U(K); zu(K) f u (" Oy(k) f U(K)));

Theresultsof the Theoren6.3.1lremainthe sameexceptfor property(iii') thatchanges

to

(i) thereexistsky > 0 suchthatfor any k k3, d(z o(K); Zyo(k)) = O where

LAK) = ' ([L(k); UI\ U)

UAK) = = ([LK); UM\ U)
zo(k+1) = fa(z0(k); LAK); y(K); y(k + 1))
Zgo(k+ 1) = fa(zuo(K); UNK); y(K); y(k + 1));

with z,0(0) = z,(0) andz;(0) = z,(0):

Theschematiof Figure6.1transformgo theonein Figure6.3.



Lk+1)

“(k2 1)

v Uk+1)

Figure6.3: Hassaliagramgepresentinghe updateof theestimatoin Theorem6.3.1for thecase
of monotonesystems.In the diagram,we have denotedJ = V\by(k)f uk),L = VOy(k) g L(k),

2y = (0T U ),andz =2.(K) g lAL ).

Corollary 6.5.1. If in addition to the assumption®f Theoem6.3.1, " is observableand

independentliscretestateobservable thenwe havethe stronger corvergenceproperties
(iv) thereexistskd > 0 sudhthatfor anyk kS d(z (k); zy(k)) = O;
(v) thereexista kg > 0 sudhthatfor anyk > kg L(K) = U(K) = (k).

For the proof of (v), the readeris deferredto Section3.3. The proof of (iv) canbe

carriedout by contradictionn away analogougo how (iii") of Theorem6.3.1wasproved.



74
6.5.2 Algebraic Testsfor Induced Inter val Compatibility

In the caseof monotonesystemsan algebraiccheckcan be performedto verify the
interval compatibility propertiesoncea lattice(; ) is choserfor the discretestatespace.
De ne

Rw; 2) := (A" *w; 2); f 2wy vk 2)));

and
ey 1)) := f(f *wyk  2)yk 1)),

with fo(w;y) := wandh®(w; 2) := z. Thefollowing propositionis a straightforvard conse-

guenceof the obsenability propertyof a system.

Proposition6.5.1. Considetthemonotonaleterministidransitionsystem = (U Z ;Y ;(f;h);g).

If its monotonesxtension is observabletheris k > 0 suc that
f2 §(Wo; 2) = y(O); =5 8(R* Ywo; 2); X Twory(k  2))= y(k  1)g= fz(0)g

whee y(k) = §(w(k); z(k)), andwgy = w(0).

This propositionindicatesthatif thesystem™ is obsenable,the continuousstatez can
be expressedasa function of the outputsequencendof the startingdiscretestate. Thus,
thereis a mapthatattachego a discretestate,a value of the continuousstateafter some
time givenanoutputsequencethis mapis de ned to bethe obsenrability map.In general,
Edependsm z. In caseit is notdependenon z, we saythatthe systemis obsenablein k

steps.

De nition 6.5.4. (Obsenability map)Let the monotoneextension” of be obserable.
Lety = fy(K)d.piq betheoutputsequenceipto thesmallesistepEsuchthatthesystemof

equations

d(z w) y(0)

gk *w2); f Ywyk 2) = yk 1)
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hasanuniquesolutionfor z 2 Z . Then,the observabilitymap denotedO, : ! Z,is
themapthatfor a x ed nite sequence attachego w the uniquez satisfyingthe above

system.

Then, we can give the algebraiccondition that guaranteeshat ~ is inducedinterval

compatiblewith (Z ; ).

Proposition 6.5.2. If the monotoneaxtensionof , ~ is observablen two steps,and the
observabilitymapQ, : ! Z is order preserving thenthe pair (";(Z; )) is induced

interval compatible

Proof. To prove (i) of De nition 6.3.6,lety = (y(k);y(k + 1)) be a pair of consecutie
outputsin theoutputsequencéy(k)gen correspondingo anexecutionof . By theobserv-

ability in two stepshypothesisit follows thatfor a x edw 2

f22Z jyK) = §(w; 2); y(k+ 1) = §(h(w; 2); f(w; y(K)))g= fz g

andthusl,(w) = z = uy(w). Also, by the De nition 6.5.4,it followsthatz = Oy (w). By
theorderpreservingoropertyof Oy, it followsthatOy(w;)  Oy(w.) if wy  ws. Item (i) of
De nition 6.3.6isclearlyveri ed asl,( ) = u,( ). Item(iii) canbeprovedin thefollowing

way. Let
d:= max, wkh(wi; Oy(w))  A(w;; Oy(wj))k

for wi; w; 2 [wy; wy) , then(iii) isveri ed with  (jjwy; Ws]j) = d_j[wl;wz]j.

As a consequencef this proposition,the checkfor inducedinterval compatibility is
the order preservingproperty of the outputmap Oy, which is easyto check. The basic
assumptionn orderto have inducedinterval compatibility, is theorderpreservingoroperty
of theobsenability map.In fact,thetwo stepsobsenability assumptiortanbeabolishedf
item (i) of De nition 6.3.6is relaxedto consideralongersequencef outputobsenations.

This canbedonewith minor modi cations.
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6.6 Simulation Examples

The rst exampleis alinearhybrid automatonin which alatticeof thetypeconstructed
in the proof of Theorem6.4.1is used. The secondexampleis a monotonedeterministic
transitionsystemin which the discretespacedattice is constructedasin the proof of The-
orem6.4.1. This allowsto have Z ¢ = Z with a conepartial orderwith somecompleity
reduction. However, the discretespacelattice hasstill the worst casesize andits partial
orderrelation needsto be stored. The third exampleis the multi-robot examplealready
proposedn Section3.4,in which now the defendersdhave a secondorderdynamicsand
only their positionsare measured.This is a monotonedeterministictransitionsystemin
which alsothediscretestatehasbeenextendedo alatticewhosepartialorderrelationscan
bee ciently computedusingalgebraicproperties.This is the casethatallows the largest
complity reduction. This sectionis then concludedwith compleity computationgor

eachonesof thethreeexamplesproposed.

6.6.1 Examplel: Linear Discrete-Time Hybrid Automaton

Figure6.4: Map f andoutputfunctionfor theautomatorof Examplel (left). Lattice(; )
andtheextendedtunction f (right).

LetU =1f 1; 5 3, 4 sgand (k+1)= f( (k) wheref is de nedin the Figure
6.4left. AssumeZ = R", z(k + 1) = A( (K))z(k) + B( (k)), whereA( ;) = A 2R" R"
andB( ;) = B; 2 R". Theoutputfunctiong is suchthatg(; 2) = (g ( );9.(; 2), where
g :U! fTyTogandg,(; 2=C( )zwithC( j)=C2R™ R"
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An instanceof suchanexampleis consideredvith n = 3, whereA; = ((1; 1;1)%
(0;1;1)%(0;0;1)9° A = ((1=2,1=2;1=2)% (1,2, 2)% (0; 0; 1)9° As = ((2: 1, 1)% (0; 1, 1)1,
(220,000°% As = (1 11)%(L1,0)%(0;0;1))° As = ((1,0;,0)%(1,1,1)%(1,1,0))% Cy =
(1,0;0),C, =(1;1;2),C3=(0;0;0),C4 = (1;0;0),andCs = (0; 1; 1). Thevaluesof B; are
notrelevantfor computingthe estimatomperformanceandthusthey areomitted.

For the discretestateestimatethe minimal lattice (; ) wherethe systemis extended
is shown in Figure6.4right. Its sizeis alwayssmallerthanjU j?> asshowvn in Proposition
4.1.2.

For the continuousstateestimate the lattice (Z g; ) is constructedaccordingto the
proofof Theorem6.4.1,wherethesubmanifoldsarea nelinearsubspacesrhus,zy (k) at
eachstepkisacollectionofa nelinearsubspacesachgivenby thesetof z 2 R3 suchthat
Mi(Kiz= (Y(K) Vi(K)), whereM;(K) = (C( )% (C(f( )DA( ))%:5(CF HC AR 2( )"
Vi(K) = (0;C(F( i))B( 1);==CF 2 a))B(F 2 1))° Y(K) = (y(0); vk 1)) and i is
suchthat f< 1( ;) 2 [?;U(K)], for U(k) 2 andi 2 f1;::;5g Whenonly one ; is left
in [?;U(k)] andthe correspondingnatrix M;(k) hasrank equalto n, the estimatorhas
corverged. Thus,de ne d(?; zy(K)) = Pf;l (M;(K)) where

8
H k 1 . .
M () = §O if f (. i) <[?;UK)]
Z(n+1) rank(M;(k)) otherwise

Asaconsequencevhend(?; z,(k)) = 1, theestimatohasconvergedandz(k) = M;(k)*(Y(k)
V;(K)) for somej 2 f1;:::;5g whereM;(k)¥ is the pseudoinerseof M;(k). Notethat, after
the rst k at which d(?;z,(k)) = 1, the stateof the systemis tracked. The behaior of
d(?;U(K)) = j[?;U(K)]j andof d(?;zy(K)) areillustratedin the left plot of Figure 6.5.
Note thatthe simultaneousliscrete-continuoustateestimationallows fastercorvergence
ratesof the continuousestimatewith respecto the casein which the continuousestimate
would take placeafterthe discreteestimatehascorverged.

In this example thecontinuousrariablespacedoesnothave monotonepropertiesAs a
consequenceherepresentatioof theelementof (; ) andof (Z g; ) involvesalisting

of objects:for , thereis alisting of ;sandfor Z we have alisting of linear subspaces.
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Figure6.5: Estimatorperformanceexamplel (left) andexample2 (right).

Moreover, to represeneachlinearsubspacea numberof constantsargerthann (thenum-
ber of constant;ieededor representingan elementin R") is needed.A measureof the
complity of the estimatoris givenin the sequel.If jU | is very large, this choiceof the
partialordersrendergheestimationprocesgprohibitive. A casein whichadi erentpartial

ordermustbe usedfor computationatractability, is presentedn Example3.

6.6.2 Example2: Monotone System(a)

This exampleconsiderdghe casein whichit is possibleto chooseZ ¢ = Z becausé¢he
systemis monotonelLetagainU =f ; 5, 3; 4 sgand (k+1)= f( (k)) wheref is

de nedin Figure6.4 (left). The continuousdynamicds givenby

zk+1) = 1 Ha® 2K +2 X( (K)

kt+l) = 1 )z®+ X( (K); (6.5)
where = 01, = 01, X( ;) := 10 fori 2 f1;::;;5g The minimal lattice (; ) is
shavn in Figure 6.4 (right). In this caseL = Z, whereZ = R? andthe order
(Z; )is chosersuchthat(z;2) (£;2) if andonlyif Z 2. Thefunctionh :
Z | Z isdened by de ning thefunctionX : ! R in thefollowing way. X(T,) :=

maxX( 1); X( 2):X( 3)) = 30, X(T>) := maxX( 3); X( s)) = 50, andin analogousvay
for the others thatis X(f(T,)) = 50, X(f4(T1)) = 50, X(f(T1)) = 50,andX(?) := 0. With
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(Xa.y3)
(x1y1) (%s,Ys)
.

Figure6.6: An examplestateof the RoboFlagDrill for 5robots.Here = £3;1;5;4;2g

this choice,h(wy; )  h(wy; 20) for ary (wi; 2)  (wW»; 2Y), thatis the systemis monotone.
Corvergenceplotsareshavn in Figure6.5 (right).

As oppositeto Examplel, in this casetherepresentationf theelementsn Z g requires
only n scalarnumbersandthe computationof the orderrelationis straightforvard. This

alleviatesthe computationaburdenwith respecto the previousexample.

6.6.3 Example 3: Monotone System(b)

A versionof theRoboFlagDrill systemalreadypresentednh Section3.4,is considered
in which now the robotshave partially measuredsecondorder dynamics. Brie y, there
aretwo teamsof N robots,saythe attaclersandthe defendersin which eachdefenderis
assignedo an attacler andmovestowardit in orderto interceptit beforeit passe®ver a
defensve zone. Thereis anassignmenprotocolthatestablisheshattwo closedefenders
moving onetoward the otherwill exchangetheir assignmentsOnly the dynamicsof the
defenderssdi erentfrom Section3.4. In thiscasdn fact,they have secondrderdynamics
in which the stateis not entirely measured.Figure 6.6, represent&n examplewith ve
robotsperteam. The attacler positionsaredenotedoy (X;; y;) andtheir dynamicss given
by

if y;> theny’=y;
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For the defenders]et the assignmenbe denotedby = ( 1;:::; n) 2 perm(N), with
i the assignmenbf defender, U = perm(N), their statevariablebe denotedby z =
(z1:1; Za2; 05 Zns Zn2) 2 Z, with output(zyg;::i52n1) 2 Y. Thefunctionf :U Y I U

thatupdates is givenby
if X, <zgandx ,, <zaathen( 5 %)= (i i) (6.6)

foraryi. Thefunctionh:U Z ! Z thatupdateshezvariableds givenby

Z
Z5

(1 )zx  z2+2X,
@ Yze+ x, 6.7)

for ary i. ThesetZ is suchthatz. 2 [x;X+1] andz., 2 [X; %1] for ary i, which is
guaranteedf and areassumedu cientlysmall.

It canbe easilyshown thatthe systemis independentliscretestateobserableandin-
terval compatiblewith (; ) de nedin thefollowingway. Theset isthesetof vectorsin
NN with componentsessthanN, andtheorderbetweerary two vectorsin  is established
component-wiseBy constructiomperm(N) . It canbeveri ed thattheextendedsystem

is obsenablein two steps.Also, we have thefollowing property

Proposition6.6.1. Thesystem reportedin equationg6.6)and(6.7)is monotoneindthe

outputmapis order preserving

Proof. We show thatthe systemis monotone py showving thatthereis a positive conein

Z thatinducesthe partialorder(Z ; ), andalattice(; ) suchthatthe extendedsystem
“on(; )isasin De nition 6.5.2. Let uschoose(; ) to bethe setof vectorsin NN

with componentdessthan N, with the order betweenary two vectorsin  established
component-wise For shaving thath : Z ! Z is orderpreservingwe choosethe

positve coneK in Z composedy all vectorsv = (vi.1; Vi:2; 133V Vi2) Suchthatvi, 0.

This basically meansthat the order on eachz., mustbe presered by the dynamicsin

equations(6.7). Thisis trueasif 73 < 77 andw®  w® then(1  )£)+ xp

@ )29+ X, becauseqm X wheneerw?  w®, andbecausg¢l ) > 0.
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Theoutputmapis readilyseeno beorderpreservingn its agumentw = (wy; :::;Wy) 2

asfor ary k, wehavethatz,(K) =2 (1 )yi(k) yi(k+ 1)+ 2 Xyp -

The estimatorin equationg6.4) hasbeenimplementedor systemin equationg6.6)
and(6.7). The discretestateestimatoris identicalto the onein Section3.4. For the con-
tinuousstateestimatorsetz, = (z..4;::5z.n) 2 RN andzy = (zu1;::5zun) 2 RY, where
Zi Zo Zyj, thatis z i andz,; arethelower andupperboundof the z., respectiely.
The rst componentg;.; arenegglectedasthey aremeasuredFigure6.7 illustratesthe es-

timator performanceW(k) = = [, jm(K)j, wherejm(k)j is the cardinalityof the setsmy (k)

» &) ]
T T

W(K)

= N w
T T

V(K)

20 dz, K 2,K)

10 15 20
time step k

Figure6.7: Estimatorperformancevith N = 10 agents.

that arethe setsof possible ; for eachcomponenbbtainedfrom the sets[L;; U;] by re-
moving iteratively a singletonoccurringat componenti by all othercomponents.When
[L(K); U(K)]\ permN) hascorvergedto ,thenmi(k) = (k) (seeSection3.4for details).

Thedistancgunctionfor z x 2 RN is de ned

X
d(x;2 = absg  x):

i=1
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ThefunctionV(K) is de ned as

e
VK =5 (uw  Xuw);

2 i=1
andit is alwaysnonincreasing.Notethatevenif thediscretestatehasnot corvergedyet,

the continuousstateestimationerrorafterk = 8 is closeto zero.

6.6.4 Complexity Considerations

Thescopeof theproposedxampless two-fold. First, they give anideaof therangeof
systemdo which the lattice estimationapproachapplies(obsenableandindependentlis-
cretestateobsenablesystems).Secondthey point out thatthe lattice approactalleviates
the computationaburdenof the estimatorandevenrenderdntractableproblemstractable
whenthe systemhasmonotonepropertiesand a good choiceof the latticesis made. To
make this point moreformal, the computationatompleity in eachof the examplesis es-
timatedasfunction of the continuousvariablesthe discretevariables andthe sizesof the
setswherethe discretevariabledlie. This sectionis not meantto be a formal treatmenbof
computationatompleity, but hasthe scopeof giving a qualitatve measuref the compu-
tationalcomplexity diversityof the proposedexamples.Let n bethe numberof continuous
variables(3 for the rst example,2 for the secondand20 in the third), N be the number
of discretevariables(1 in the rst example,1 in the secondexample,and10 in the third
example),andu bethesetwhereeachdiscretevariablelie (in the rst andsecondexample
u= U, andin thethirdu = f1;::;;NgandU = uN). Thecomputationatostof theestimator
is computedas

computationatost/ S + ayc

whereS is the sumof the sizesof the look-uptablesusedat eachupdateof the estimator
and ayc is the algebraicupdatecost of eachestimatorupdate. The costof ary set of
algebraiccomputatioris setto 1. Onecanverify thatS / juji?N in the rst two examples,
andthatS / 2N in thethird one. In the rst example,ayc / juiNn, andayc / 2nin the

secondandthird examples.Thisis shovn in thefollowing table.
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Examplel | jui + juiNn

Example2 | jui? + 2n

Example3 | 2N + 2n

Table6.1: Estimatorcomputationatost.

Fromthetable,onenoticethatmoving from Examplel to Example3 thecomputational
burdendueto thesizeof u decreasegndit disappears thecaseof thethird example.This
is dueto the monotonepropertiesof the continuousdynamicsin Example2 andExample
3, andto the existenceof alattice(; ) with algebraigpropertiesn Example3. Notealso
thatthe compleity reductionthat characterizeshe third exampledoesnot occurbecause
thediscretevariablesdynamicsdecouplesasin factit is heavily coupled.

In orderto give anideaof how onecan nd a“good” partial orderfor reducingthe
complity of the estimatordesignasit happensn Example3, we considerin the next
chaptersomeapplicationdomainsfor which we shov how a good partial order can be
establishedThe mainideafor a generalkystemis to nd acoordinateframein which the

systemevolvespreservingsomepartialorder
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Chapter 7

Futur e Dir ectionsand Possible
Extensions

In thepreviouschaptersywe have developedatheoryfor estimatinghe stateof decision
andcontrolsystemghatrelieson partialordertheoryto reducecomputationatomplexity.
In Chaptei6, we alsoshavedthatsuchanestimatiormethodallowsto treatthecontinuous
variablesandthediscretevariablesin the sameway asonecanconstructonepartial order
that containsboth the discreteandthe continuousvariable spaces.We have proposeca
multi-robot systemasa guiding exampleto shov how a “good” lattice canbe chosenfor
solving computationatomplexity issues.However, for anarbitrarysystemthereis nota
generalprocedurdor establishinghe partialorderthatallowsto reducethe computational
burden.

Theaim of this chapteris to shav a coupleof applicationexamplegshatareverydi er
entfrom eachotherandfrom the multi-robot example,for which the proposedstateesti-
mationmethodologycanbeusedin orderto reachtractability of the estimatiorproblem.In
generaldistributedandmulti-agentsystemssu erfrom thecombinatoriakxplosionof the
statespace andstateestimationalgorithmsthat scalewith the numberof agentsareoften
necessary Thus, we presenthe following two applicationexamples. The rst example
is concernedvith the stateestimationproblemin purely discreteeventdynamicsystems
modeledas Petri nets(Section7.1). We shav that thesesystemsnaturally evolve on a
partial orderthatis interval compatiblewith the systemitself. The secondexampleis a

monitoringproblemof a distributedenvironmentinvolving interactingagentsvhosestates
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changedynamically asit happensn constrainechumanervironments.We shav how one
canchoosea coordinateframefor describingthe systemthatis characterizedby a partial

orderwith which thetransformedsystemis interval compatible(Section7.2).

7.1 State Estimation in Discrete Event SystemsModeled

asPetri Nets

A discretesventsystenis atransitionsystemwhosestatechangesredrivenby events.
We donotgivethedetailsondiscreteaventsystemmodelsin this chapterandtheinterested
readeris deferredto [16]. Petrinetmodelsareanalternatve to automat&or representing
the dynamicsof a discreteevent system. They are often usedto model manufcturing
ervironmentsandthey arewell suitedfor representingausalrelationshipsprocesssyn-
chronization,resourceallocation,and concurreng. We de ne the Petrinet modelin the

following section.

7.1.1 Petri Net Model

Like anautomatona Petrinetis a device that manipulatesgventsaccordingto certain
rules. Oneof its featuress thatit includesexplicit conditionsunderwhich an eventcan
be enabled; this allows the representatiomf very generaldiscreteeven systemswhose
evolutiondepend®n potentiallycomplex controlschemesThisrepresentatiors described
graphically resultingin Petri netgraphs. Any automatorcanalwaysbe representedsa
Petrinet,but notall PetrinestcanberepresentedsanautomatonConsequentlyPetrinets
represena largerclassof languageshanregularlanguages.

In Petrinets,eventare associatedvith transitions. In orderfor a transitionto occug
several conditionsmay have to be satis ed. The information abouttheseconditionsis
containedn places Somesuchplacesareviewedasan“input” to atransition,andthey
containtheinformationrelatedto the conditionfor thetransitionto occur Otherplacesare
viewed as*“output” od a transitionasthey area ectedby the transitionoccurrence.The

transitionsandplacesarethe basiccomponent®f a Petrinetgraph. In particular a Petri
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netgraphhastwo kinds of nodes placesandtransitionsandarcsconnectinghese.lt is a
bipartitegraphasno two nodesof the samekind canbe connectedy arcs.

Formally, a Petrinetis a weightedbipartite graph (P, T; A;!; s) (see[9] for details
on graphtheory),in which P = fpy;::;;pagis a setof places, T = fty;::;;tgis a setof
transitonsA P T[ T Pisasetof arcsfrom placedo transitionsandfrom transitions
toplaces.! : A! f1;2;3:::gis aweightfunctiononthearcs,s: P! N is thefunction

thatassigngo the setof placesa states = (s(p1); :::;S(pn)) 2 N™.

De nition 7.1.1.Theinputandoutputplacesf atransitiont; aredenotedn(t;) andOuf(t;)

respectrely andarede ned as

In(t;)
Out(t;)

fpi 2Pj(pi;t) 2 Ag

fpi 2Pj(t; p) 2 Ag

In asimilarway, theinputandoutputtransitionsof aplacep; aredenotedn(p;) andOut(p;)

respectrely andarede ned as

In(ps) ft; 2T j(t;; ) 2 Ag

Out(p)

ftj 2Tj(pi;tj) 2Ag

Theweightfunction! : Al f1;2;3::gis suchthatif p; < In(t;) ort; < Out(p;) then
P (pi;t;) = 0. If p; <Out(;) ort; <In(p) then! (t;; pi) = 0.
Thestatetransitionfunctionf : N  P(T)! N"thatupdateghestatesis de ned for

transitiont; if andonly if t; is enabledats. Thesetof enabledransitionsats is givenby

E(s) =ftjjs(p) ! (piit)) 8 pi 21In(t)g (7.1)

Not all enabledransitionsnecessarilyre. Then,we denoteF (s) E(S) to be the setof
ring transitionsthatin fact re ats. We assumehatthe setof ring transitionsis such
thatjF () \ Out(p)j 1. This meansthatif two transitionsare enabledand sharethe

samenput place,they cannotre atthesametime. Then,the statetransitionfunction f is
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C——0

b t1 %)

Figure7.1: In thepicture,we have P = fpy; pog T = ftig A = f(p1;t); (t1; p2)g ! (p1;ty) =
2,and! (t;; p2) = 1. Moreover, In(ty) = fp.g Out(t,) = fp.g Thestateof the netis given
by s = (2; 0) andin this state transitiont, is enabled.

de ned accordingto

Ap) = s(p) : F(pisty) + 4§ (5 p): (7.2)
Jiti2F (9 Jitj2F (9

An exampleof Petrinetwith two placess representeth Figure7.1.
Let s denotethe stateof the netat stepk andF (s¢) the setof transitionsred at s;.
An executionof thesystem(P, T; A;I; 9) is thesequencef states = fs,gon With Seq =
f(sc F (). Thestatelivesin U = N". Sincewe assumeo measureghe transitionsthat
re, F (s, the outputsequencas the sequence/ = fF (sc)gon Wherey, = F (s). The
setin which the outputlivesis thenY  P(T). Theoutputfunctiong is thende ned as
0(s) = F (s0). Givena ring sequencenabledats, F (S)F (Sw1):::F (Si+p), we de ne the

notation

f(si F (SOF (Sr1):2F (Sep)) == FCf(F(S6 F (S0)) F (Srn))iiF (Sep)):

Thesetof all possiblestatescompatiblewith anobsened ring is saidto betheoutputset

andit is de ned in thefollowing de nition.

De nition 7.1.2. (Outputset)Giventhesetyy, T of red transitionsat stepk, the output

setat stepk is the setof all statess thatenableall of thetransitionsin y, i.e.,
O, = 1s2N"JES  yig

Thesystems observablef wheneertwo statesequencearedi erentthecorrespond-
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ing ring sequencearealsodi erent.In thefollowing section,we show thatthe stateof
a Petrinetnaturallyevolveson a partial orderandthatthe systemandsucha partial order

areinterval compatible.

7.1.2 StateEstimation on a Partial Order

In thissectionweintroducethepartialorder(; ) to usefor theestimator Thesystem
speci edby (7.1) and(7.2) naturallyevolveson a partialorder the outputsetis aninterval
sublatticeon sucha partial order andthe dynamicsis orderisomorphicon the outputset.
In particular we establish = = N" with component-wiserder As aconsequenceaye
have a particularcaseof thegeneratheorydevelopedin Chapters3-4,in which =~

Thefollowing propositionsshav thatthesystem = (U ;Y ; f;g) speci edin the pre-
vioussectionandthepartialorder(; ) areinterval compatible First, we assumehatthe

stateof eachplaceis boundedthatis, s(p;)) u; ands uforu= (ug;:::;up).

Proposition 7.1.1. The output set correspondingo the setof ring transitionsyy is an
interval sublattice thatis
Oy(k) = [ Oy(K);™ Oy(K)]

for all k, in which VOy(k) = 1y(K) = (Iya(k); =5 lyn(K) andlyi(k) = ! (pi; t;) for thetransition
t; sudthatt; 2y, \ Out(p;) andly; = 0if y\ Out(p;) = ;. Also,‘”by(k) = u.

Proof. We shaw thateachelemenbf the rst setbelonggo thesecondneandviceversa

Let usshow rst thatif s 2 Oy(k) thens 2 [l (k); u]. If s2 Oy(K), theny, E(s) by the
de nition of outputset. This, alongwith thede nition of enabledransitiong7.1),implies
thatfor any pi s(pi) 2 [! (pi;tj); ui] fort; 2 yx \ Out(p;). Also, notethatif y,\ Out(p;) is

notempty thereis by assumptioronly onet; 2 y, \ Out(p;). If y\ Out(p) = ;, it means
eitherthat p; doesnot enableany transitionin Out(p;) or thatit doesbut suchtransition
doesnot re. Asaconsequencef y,\ Out(p;) = ; it followsthats(p;) 2 [0; u]. Then,we

have shavedthatif s 2 Oy(k), thens 2 [l,(k); u].

Assumenow thats 2 [l,(k); u], we wantto shav thats 2 Oy(k). To show this, it is

enoughto show thatthe setof enabledransitionsat s includeall of thetransitionsyy, that
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is, E(s)  yk. Sinces 2 [l (k); u], we havethats(p;)) ! (pi;t;) if t; 2 i\ Out(p). Asa
consequencg 2 E(s). Thisholdsfor ary t; 2 y, andthusg(s) k.

Proposition 7.1.2. Thestatetransitionfunction f : ([YOu(k); YO,(K1]; i) ! [f(YOy(K); Yi);
f("O,(K); yi)] is orderisomorphic.

Proof. By de nition of orderisomorphicfunction,andby theway YO, (k) and"O (k) have
beende ned, we have to shav that f : ([Iy(k);ul; ) ! [F(y(K); yi); f(u;yi)] is order
embeddingandonto.

Let usshov rst thatit is orderembeddingthatis for ary a;b 2 [ly(K); u] we have
a b, if andonlyif f(a;ykx) f(b;y). Leta = (ar;:::;a,) andb = (by;:::;by). It follows
from equationg7.2)thatif a b thena? b? sincethe samequantityis addedto botha;
andb; asthesetof ring transitionsyy is the samefor both of them. Similarly, if a2 b?
thena; b for thesamereasoning.

Let us shaw thatit is onto. We shaw thatif a°® 2 [f(l,(k); y); f(U; yi)] thenthereis
a 2 [ly(K); u] suchthata®= f(a;y). If %2 [f(l,(K); y&); f(u; y&)] then

X X
ly:i (K) F(pisty) + L (tip) &
J 12y J o2y
and
X X
& D (pist)) + L (t;; po):
Jti2yk Jiti2yk

P =
De ne g suchthata’ =& j.i o, ! (P5t) + 20! () thenlyi(k) & .

As aconsequencef Propositions/.1.1and7.1.2,thesystem modeledasa Petrinet
andthe partialorder(; ) areinterval compatible.NotethatsinceU = , we have that
L(k) = scandU(K) = s, fork ko for someky, > 0. This way, the computableguantity
JIUK) L(k)]j givesa measureof the estimationerror, which goesto zeroif the system
is obsenable. It is alsotrue the oppositestatementthatis, if jJU(k) L(k)]j doesnotgo
to zerothenthe systemwith initial conditionsin [O; u] is not obsenable. In fact, the set
[L(K); U(K)] is by constructiorthe setof all possiblestateghatareconsistentvith the out-

put obsenationandwith the systemdynamics.
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If the stateof eachplaceis not upperbounded,or sucha boundis not known, the

previoustwo propositiongransformto thefollowing.

Proposition 7.1.3. Theoutputsetis a f -semilattice thatis
Oy(k) = [ Oy(k); 1)

wheee VOy(k) = (k) = (Iya(K); 255 lyn(K)), andlyi(K) = ! (pi;t;) for thetransitiont; sud
thatt; 2 y\ Out(p;) andly; = Oif y\ Out(p) = ;.

. . . Vv Vv
Proposition7.1.4. Thestatetransitionfunctionf : ([ Oy(k);1 );y) ! [f( Oy(K);yi); 1)

is orderisomorphic.

In the casein which the placesarenot upperboundedwe have U(k) = 1 in Theorem

3.3.1,andthe estimatorthereincanbe constructedvith the properties
() s« L(k) for all k;
(i) jIL(k+1);seali  J[L(K); sdj for all k;

(iii") thereis ky > O suchthatfor any k ko we havethatL(k) = s.

Notethattheresultingestimatoifor this cases thesameasthe onederivedby othermeans
in [23]. This shows that the kinds of estimatorsfor Petri netsas developedin [23] can
be naturallyre-derved asa particularinstanceof the partial orderbasedstateestimation
approacldevelopedn thisthesis.Thecomputationatompleity of theproposedstimator
is proportionalto the numberof platesasopposedo the dimensionof the statespace(that
is combinatoriain thenumberof plates).Notethatif anupperboundonthestateof aplace
is notknown, we do not have away of computingthe estimationerrorthatscaleswith the

numberof placesasin the casein which suchaboundis known.
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7.2 Monitoring of a Distrib uted Envir onment

In this section,we consideran examplethatis very di erentfrom the previously pro-
posedones,for which we shov how onecanchoosea “good” partial order The purpose
of this sectionis thusto purely shov waysof establishingisefulcoordinateframesin de-
cision and control systemswvhosemodelis fairly general. We do not claim of solving a
speci ¢ practicalproblem,which is left for future work. The problemconsideredereis
the oneof estimatingthe stateof a multi-agentnondeterministidybrid systemmodeling
the behaior of agentsfor examplepeople,in acommonenvironmentsuchasa building,
a hospital,a laboratory or a manufcturingchain. The measurementsomefrom sensors
that, placedat a smallnumberof locations,detectthe presencer the absencef a person,
withoutrecognizingts identity. Theernvironmentis partitionedin locationssomeof which
are“interesting”andsomeof which arenot becausehey areusedto move from oneloca-
tion to theotherandnotinterestingactivity occursin them.Theproblemto solveis theone
of establishingaboutwhichlocationeachagentis ateachtime, giventhesensorrings and
anapproximatenodelof theagentdynamicsanddecisions An obviousway to attackthis
problemis to divide the ervironmentin agrid andat eachsensorring to establishthe set
of all possibleenvironmentcon gurations(in termsof the grid) compatiblewith the sen-
sor rings. Thisleadsto combinatorialcompleity becausé¢he sensorsannotdistinguish
betweeragents.

In this section,we shawv that we can establisha coordinatesystemthat hasas each
coordinatehe positionof anagentalongits own trajectory Eachagenttrajectorycanhave
branchingcorrespondindo possibledecisionsof the agent. Also, eachagentevolveson
its own trajectoryin a nondeterministiovay dueto the fact that he canrandomlystop,
acceleratepr decelerate.Trajectoriescanbe involvedin mutual constraintgepresenting
meetingsbetweenagents.In sucha coordinatesystem,in which the orderis established
accordingto the causalorderrelation (“happenedbefore” relation), the dynamicsof the
agentspreseresthe orderby constructionandthe outputsetcanbe approximatedy an

interval in the partialorder
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7.2.1 SystemModel

ConsideN agentsA;; ::;;Aygin acommonE  R? ervironment,whichis partitioned
in asetof locationsL = f ¢;::;; ,gwith ; E. Thelocationsf 4;:::; garereferredto
as“interesting”locationsaswe areinterestedn determiningvhatagentis occupying them
(if ary). Thelocation o is everythingis left of E oncetheinterestingocationshave been
removed,i.e., o= E f 1;::5; g Let p; 2 E for eachi representhe positionof agent,
andlet ; 2 L for eachi representhelocationof agenti. Thestates = (p;; i) of agent

is updatedaccordingto thelaws

pik+1) = h(pk); i(K)+ hi(k

i(k+1) = fi(pi(k); i(K); (7.3)
subjectto

P(s(k); k) = true S(0) 2 S; (7.4)

inwhichh; :E L! E,fi:E L! L,s=(p; )with =( 1;::; n)andp = (pg;:::pn)s

hi boundeduncertaintiesP : EN LN N ! ftrue falsegisapredicatehatputsglobal
constraintamongthe agents.If no constraints imposedP = truealways. Thefunctions
(hy; f;) arereferredto asthe nominaldynamicsof the agent. The transitionfunctions f;
canbeimplementedasa setof logic rules(if-then-else). The measurementaregiven by
sensorglacedat someof the locationsin L o- EachsensoreturnsO if no personis
detectedandit returnsl if apersonis detectedFormally, letL s =f ¢35 smd L 0
be the setof locationsat which a sensoris positioned thenthe measuremens givenby
y = g(s) takingvaluesin Y = f0; 1d" suchthatfor eachj 2 f1;:::;;mg

8

§1 if thereisi 2 f1;:;;Ngwith ;= ;
A (7.5)
20 otherwise.

Eachagententersary locationthrougha doorthatis identi ed asa pointin E. We rst

assumehatthereareno uncertaintieon the fi andno measuremergrrors.We shaw in a
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nal sectionhow to handleuncertaintieandsensorerrorswithin the proposecdestimation
framavork . Giventhe outputmeasurementhe knowledgeof the nominaldynamicsand
boundson h;, we wantto producean estimatesS of the systemstates that corvergesto
sif thereis no uncertainty( h; = 0 for eachi). In casethereis uncertainty we askthat
thedistanced(s; §) , for somedistancegunctiond, staysboundedoossiblyat a smallvalue
thatallowsto discriminatebetweennterestingocationsfor eachagent.More formally, we

have thefollowing estimationproblem.

Problem5. (Estimationproblem)Giventhesystende nedin (7.3),with constraintg7.4),
andwith output(7.5),determineafunction :EN P(LN) Y ! EN P(LN),suchthat
theestimates = (p; ") with ~ 2 P(LN) andp EN

Sk+1)= (8k);y(k+ 1))

hasthe propertythatthereis ky > 0 suchthat
() d(p(k); p(k)) M foranyk ko for somedistanceunctiond;
(i) "\ (L )N= (Kforanyk ko

andsuchthatif h; = 0 for eachi, we have
() d(p(k); p(k)) = Oforary k  ko;

(i “(k= (kKforanyk ko.

In this problemformulation, the estimateof (k) is the set " (k) of all valuesof the
discretestatecompatiblewith the obsenedoutputandwith the systemdynamics.Iltem (ii)
requiresghatevenif thereis anestimationerroronthe continuousvariablep(k), sucherror
is smallenoughto let us disambiguatehe interestinglocationsfor eachagent. Note also
thatp(k) EN, thatis, it is a setof agentpositionscompatiblewith the outputsequence
andwith thedynamics.

Note thatthe stateestimationproblemhascombinatorialcomplexity in the numberof

agentsastheoutput rings donotdiscriminatebetweeragentsln thefollowing sectionwe
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reformulatethe estimationproblemon a latticeto overcomethis combinatoriacomplexity
issue.In particular we transformthe systemto a lattice wherethe dynamicspreseresthe

partialorderingandwherethe outputsetcanbe approximatedy aninterval sublattice.

7.2.2 Formulation of The Estimation Problem on a Lattice

In this section,we nd a partial orderon the systemsuchthatthe set$§ of all possible
systemstatescan be representedr approximatedy a lower andan upperboundin the
choserpartialorder In particular we look for a partial orderwhoseorderingis presered
by the systemdynamicsthe outputsetcanberepresentedy a interval sublattice andthe
constrainty7.4) canbe reformulatedn termsof lower andupperbounds.In orderto do

so,we give somepreliminaryde nitions.

De nition 7.2.1.(Abscissa)lLet p : [a;b] ! R? bethe parameterizationf a pathin R
Forarnyt 2 [a;b] with t = a+ k for somek 2 N, thefunction
X1
zt)= jip( +1) pC)i
=a
representshe lengthof the pathcoveredup to t startingfrom p(a) increasing oneunit at

atime, andit is calledabscissa

The functionz is a monotonicincreasingunctionof t. If t representsime, all points
on suchabscissareorderedaccordingto the causalorderrelation,i.e., z(t;)  zt,) if and
onlyif t; t,. Also theinversefunctiont(z) is monotonicincreasing.

In the caseof the applicationunderstudy eachoneof the agentghatvisit a sequence
of locations,will have to passthroughthe doorsthat areidenti ed with pointsin E. If

h; = 0, the pathcoveredin thebuilding is x ed,asevery agenthasto enterthe building
by adoor As a consequencesachagenthasa nominalabscissantrinsically attachedo
it, andit will move alongit astime goeson. The uncertaintyon the initial conditionwill
translateon the uncertaintyon wherethe agentis alongthe abscissaThe uncertainty h;
will resultin an uncertaintyon how far the agentmoveson the abscissdrom its current

positionontheabscissaNotethatin generaldependingon the structureof f;, anabscissa
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canhave branchingsorrespondingo decisiongaken by the agent,with this decisionnot
beingdirectly obsered. In orderto explain the basicideas,we initially assumdhatthe
abscissdnasno branchingsThecasen which branchingsccur canbetreatedwith minor
modi cationsthatareexplainedin alatersection.

Note that when an agentis in one of the interestinglocations,we are not interested
in trackingexactly its position,asa consequencee will representsa point on the ab-
scissaeachinterestinglocation. This way the not interestinglocations o will appearas
connectordetweerinterestingocations(pointson the abscissa)Thus,theagentabscissa

is formally de ned in thefollowing de nition.

De nition 7.2.2. (Agentabscissa)et p; : [a;b] ! E bethetrajectoryof agentA; with
h; = Oin theervironmentE witha Oandt=a+k bforsomek 2 N. Thequantity
X1
z)=  kpi( +1) p()k

—a
with 8
B itpo2
pi(t) = %

”p( ;) if p)2 jforj, O;

is theagentA; abscissain which p( ;) denoteghe positionof the doorof locationj. The

setof all pointsonthe abscissas denotedby

i=fzj9t2[abljwitht=a+ kfork2N andz = X kpi( +1) pi( )kg
=a
In the casein which eachlocationhasmorethanone door, we canstill collapsethe
locationat onepoint. The coordinatesalongthe abscissaf agentA; correspondingo the
location ; aredenoteddy J =f ij;l; o ij;”‘g eachassociatewith adi erenttimetheagent
visited thatlocationalongits trajectory Also, L= ; [ 'J The setof positionsalong
theabscissatwhichthereis asensorj 2 f1;:::;mg is denoted ‘S;J..

In thesenew coordinatesthe systemstateis givenby (z ) 2 Z LN, with z =



96

(z1;:zy)andZ = 1 i . Thenew systemdynamicss de nedfor ary i as
z(k+1) = zK+vi+ w(K (7.6)
(k+1) = jifzk+1)2 | (7.7)
yi(k+1) = 1if 9iwithz(k+1)2 L (7.8)
yik+1) = 0if z(k+1)< |;81; (7.9)
z(0) 2 [Lio;Uiol; (7.10)

in which we assumehatv; is known, constantalong the abscissaand ary variationto
it is incubatedn the uncertainty v;(k), with  vi(k) 2 [ vim; Vi:m]. Theuncertaintyon
theinitial conditionis transformedo aninterval notincluding sensorocationsalongthe
abscissaWe do not commentat this point on the constraintspeci ed by (7.4) anddevote
alatersectionto them.

This formulationis in accordancevith the kind of modelthatwe could have for each
persondaily habits. The behaior will typically be describedby sentencesf the form “
agenti entersin the morning between8amand 10am,thenhe usuallygoesto hiso ce,
wherehe has30 minutes- 1 hourmeetingsscheduledvith agentgin theorder) j, k, g".

Notice alsothat,dueto the discretemodelof the agentmotion, the abscissdnasa grid
of points on which the agenttransitions,the abscisséeing de ned on the basisof the
nominaldynamics.In orderfor theagentwith uncertainty v;(k) , 0 to still evolve onthe
abscissawe requirethat v;(k) is suchthatfor arny k it movesthe agentat pointson the
grid of the abscissa.This technicalpoint is dueto our choiceof a discretemodelfor the
agentdynamics.Thistechnicalpointwould beabandoned theequation®f motionof the
agentwererepresentedh continuougime. We alsoassuméor simplicity thattherecannot
betwo locationsnext to eachotheron the abscissa.

In the next de nition, we establisha partialorderonZ LN,

De nition 7.2.3.Forary pairof elementsv; x2Z LNwithw= (2"; “)andx= (z; X
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thepartialorder(Z LN; ) is establishedby

w xif andonlyif 2V Z*

and

W

Z' Z'if andonlyif z' Z foralli:

Sincethe partial orderis establishean the basisof the zcomponenbnly, andthedis-
cretestate canbeunequvocally determinedncethe continuousonehasbeenfound,we
continueour agumentsconsideringhe zcomponenbf the stateonly. Thus,we establish
the partialorder(; ) with = Z andpartial orderasgivenin De nition 7.2.3. Any
X Ww2Z de neaninterval sublatticein Z denoted x;w] = [X;wy] i [Xn;Wn]. Note
thatthediscretestateevolution establishedby f; wasusedfor de ning theabscissas;, asf;
establisheshe sequencef locationsthatthe agentvisits, andh; establishesiow theagent
evolve in eachlocation. In the new coordinatesystemZ , thesetwo di erentevolutions
have beenfusedtogetherin onevariableevolution z for eachagent.Forarny x w2 Z,
we de ne thedistanced(x; w) asfollows

d(x;w) := (W x); withw; % = j[x;w]  fxgj

The systemrepresentethy equationg7.6-7.7-7.8-7.9)s denoted = (Z;Y;F;Q), in
which F is speci ed by equation(7.6) andg by equationg7.8-7.9). If v; = 0 for ary
i, thedynamics(7.6) preseresthe partialorder(; ), andF : [L;U] ! [F(L);F(U)] is
onto. If v;, O,i.e., thesystemis nondeterministiconecanverify thatF : [L;U] !
[VF(L); Y (V)] is orderpreservingandonto.

Next, we shawv thattheoutputsetcanbeapproximatedby anintenalin (; ). Letagain
O, denotetheoutputsetcorrespondingo ameasuremeny, thatis, Oy = fz2 Z j g(2) = yg
Let[L;U] Z denoteaninterval sublatticein Z , with L = (Ly;:::;;Ln), U = (Ug;5;Uw),
Ui 2 j,andL; 2 j, suchthatj[L;; U]\ ‘S;J.j 2 f1;0gfor eachi; j. This meanghat[L;; Uj]
cannotcontainmorethanonecoordinatgpointon ; correspondingo the samelocationat

which a sensotis positioned.Let Oyj; .y denotethe outputsetoncez hasbeenrestricted
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to belongto aninterval sublattice[L; U], thatis, Oyj.u; = fz 2 [L;U] j 9(2) = yg For
simplifying notation,assumehatonly onesensorcan re atonetime. Then,suchsethas

the propertyshavn in thefollowing proposition.

Proposition 7.2.1. Lety be sud that y;

1 andy, = Ofor anyk , j. Then'Oyj;.u; 2

ly = (ly.1; 25 1yn) anduy = (Uy; 205 uyn) with

8
% VLU K [LeUd = 8k,

lyi = 5L, if %\ [LgUd, ; forsomek, iandLi< i, fork, j; (7.11)
TLi + v if ';;j\ [L;Ud , ; forsomek, iandLl;2 |, fork, j;
and
8
?s;,-\ LU i 40\ [LeUd = 8k,
Uy = %Ui if £\ [LcUdJ, ; forsomek, iandL< i fork, j(7.12)

g UV if ';;j\ [L; Uy, ; forsomek, iandL; 2 is;kfork, i

Proof. This canbe easilyprovedby shaving two facts. 1) If x 2 Oyj_.uj, thenl,  x and
Uy, X 2)BothLy andUy arein Oyjj .uj.

Proofof 1). We proceeccomponent-wiself x 2 Oyj;.u;, theng(x) = yandx; 2 [Li; Ui].
Then,if Iy; = L thereis nothingto show. If |; = L; + vj, we needto show thattherecannot
beary x 2 Oyjj.u) With x, = Li. If I = L + v, thenby (7.11),x 2 is;k for k, j,thatis,
it is placedat a sensotocation. By thede nition of g in equationg7.8-7.9)if x; 2 ‘S;k for
somek, it mustbey, = 1, whichis a contradiction.Finally, considery; = ‘s;j \ [Li; Ui]
andthusUy; = L. Then,by (7.11)we have that ';;j\ [L; U] =; 8k, i. This,in turn
impliesthatx = is;j\ [Li; U;j] becauseagenti is the only onethat canhave causedhat
sensorring.

Proofof 2). Thisis clearif Iy; = uy; = ‘s;j\ [Li; Ui]. If ly; = Lj, we shav thatthere
is X 2 OyjiL.up suchthatx = L;. If thereis no x suchthatx; = L; with g(x) =y, it means

thatL; 2 ‘S;k for k, j, whichis a contradictionby thede nition (7.11). If I,; = L; + v;,
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we shaw thatthereis x 2 Oyj;..u; suchthatx = L; + v;. If thisis notthecasejt meanghat
Li+vi 2 |, fork, . Howeverby (7.11)L; = |, fork, j. Sowewouldhavebothl;
andL; + v; correspondingo locations.This contradictour assumptionshatestablistthat

ononeabscissdaherecannotbelocationscloseto eachother

This propositionguaranteeshat the interval sublattice[ly; u,] is the smallestinterval
thatcontainsOyj; .u;, andthusit is the bestrepresentatioof sucha setin termsof interval
sublatticesThereasorwhy Oyj;.u; , [ly; U] is becauseherearepointsin [ly;; uyi] where
agentA; cannotbe. In factthe agentcannotbe at coordinatepointson the abscissahat
correspondo sensolocationsat which thesenorhasnot red. De ne for eachi the setof

pointswherethesensordiave not red as
AR s - Y;=0g (7.13)

WedenoteZ v :=Z [(1 Z") = ( n ZY)] Byde nition, nostatecompatiblewith the
outputcanbein suchaset.In case v; = 0 for eachi, sucha setchangeslynamicallyin a
deterministiovay aspositionsthatwerenot occupiedat stepk mapto positionsthatcannot
be occupiedat stepk + 1. This givesriseto a setU (k) to which Z mustbe constrained.

Sucha constraintsetis de ned in thefollowing de nition.

De nition 7.2.4.Forary execution of thesystem with outputsequencg( ) = fy(K)den
andwith v; = Ofor ary i, we de ne theconstraint setat stepk, U (k), to bethesetde ned
as

U@O)=Z Z.0);

Uk+1)=FU(K) Znalk+1).

Note that the notion of constraintsetmakesno sensdaf v, , 0 asin sucha casewe
cannotknow from onestepto anothemwhereU (k) is mappedo.
In case v;, O,thefunctionF mapsa pointto aset. The supremumandin mum of

thissetfor arny z2 Z arede nedas

“TF@=z+v+ vy
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and

’ F@=z+v+ vy

If thereis nouncertainty"f = VF = F.
Giventhesystem = (Z;Y;F;g) with z0) 2 [Lo;Ug] Z, andwith outputsequence
fy(k)gon We canimplementthe estimatorfor nondeterministicsystemson a partial order

presentedn Chapters, thatis,

Lk+1) =  F(LK)glK+1)
Uk+1) = ~FU®K)T uk+1) (7.14)
L(0) = Lo; U(0) = Ug;

in which I,(k) = YO,(K)jjeuq and uy(k) = “Oy(K)jjLeuq with L° = VF(L(k)) and U® =

Y (U(K)). We alsoassumehattheset[L(k); U(K)] is suchthatj[L;(k); U;(K)] \ is;jj 2 f1;0g
for eachi; j. Thiscanbeveried if Ly andUy arenottoo far from eachothercompared
to the distancedetweenthe coordinateof the sensorocationson the abscissas.If the
systemis deterministicthatis ' = VF = F, thenwe have thefollowing result,whichis a

straightforward consequencef theresultsin Chapter3.

Proposition 7.2.2. Giventhe system = (Z;Y;F;g) with outputsequencéy(k)gon and
with v; = 0 for anyi, thentheupdatelaws(7.14)are sud that

() z(k) 2 [L(k); U(K)] for anyk;
(i) jlL(k+1);U(k+1)]j JIL(K); UKI;

(i) if is observablethenthereis aky > 0 sudthat[L(k); U(K)]\ U (k) = z(k) for any
kK ko

Theonly di erencewith theresultsin Chapter3 is thatin the presentasethesetU is
notconstantn time. It in factdepend®nthemeasurementshile in Chapter3 it depended
onthespacestructurewhichwasthe caseof Chapter3. Despitethisdi erencetheresults

follow in the sameway.
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If the systemis nondeterministicin orderto guaranteehatj[L(k); U(k)]j is bounded
asymptoticallywe needto askfor anadditionalstructuralpropertyof the system.In fact,
obsenability is not su cient becausehe outputsetis not exactly an interval sublattice
asthe theory developedin Chapter5 requires. This additionalproperty namedinterval

obsenability, is de ned in thefollowing de nition.

De nition 7.2.5. (Interval obsenability) Considerthesystem = (Z;Y;F;g) with output
sequencdy(k)gon, andconsiderthe updatelaws asin equationg7.14). The system is
saidto beinterval observablaf for ary i thereis anin nite sequencék;.; :::;ki,; :::gsuch
that

(i) Ui(ky) 2 §; for somej;

() LM UiRIN &, ) [Le(:;Up®I\ 2= forary p, i forarnyky k
ki;| + ki;|, with ki;| + ki;| suchthatL(km + ki;|) 2 1

STk
This propertybasicallyrequireshatperiodicallythe set[L;(k); U;i(k)], for any i, will be
theonly oneto containthe coordinatecorrespondingo thea sensorj for all theinterval of

time that[L;(k); U;(k)] containssucha coordinate This guaranteethatthe set[L(k); U(K)]

doesnotgrow unboundediueto nondeterminisnasthefollowing propositionshons.

Proposition 7.2.3. Giventhesystem = (Z ;Y ;F; g) with outputsequencéy(k)gqn, then
theupdatelaws(7.14)are sud that

(1) z(k) 2 [L(k); U(K)] for anyk;

(i) if isinterval observablethentherisaky > 0 sud thatd(L(k); U(k)) M with
!
min d—M__ Vim. 4

i=1 Vit Vim

whee d, = max(U(ki+1) U(ki)).

Proof. For eachi, letd, := max;(U(k.j+1) U(k;)). Then,giventhe updatelaws (7.14),

we have thatagentA; takesbetweendi(v; + Vi.y) anddivi + V;.y) Stepsto cover the



102
distanced;, thenwe have that
!
Vi;m .

. Vi;M .
U|(k) L|(k) min di\/i+—\/i;m'd| .

Letd;.m betheminimumdistancebetweerinterestingocationsontheabscissa;. Prob-
lem 2 is solvedif theuncertaintieonthesets[L;; U;] aresuchthat
!
Vi;M Viim

min diw+—%;di dim 8 i: (7.15)

Notethattherearetwo waysto satisfysuchinequality:

(1) Actonthesensoipositionsuchthatd; is decreased-or example,onecanputsensors
suchthat betweerthe pointson the abscissaorrespondingo U (k;.;) andU(k;.j+1),

thereis only oneinterestingocation.

(2) Thepreviousmeasuras not neededf the smallesivelocity of theagentv; + V., is
high comparedo thedistanced;. In this case the agentsxcite the sensomwith high

frequeny andthusthe uncertaintyis decrease@we shaw this pointin a simulation
example).
7.2.2.1 Meeting Constraints on The Partial Order

We considertwo kinds of meetingconstraintghatwe call of type C1 andof type C2.

C1. Two or moreagentameetin onelocationspeci cally dedicatedo the meeting,that
is, noneof the agentscanbe at suchlocationalone. Formally, let A;;; ::;; A, bethe
agentsnvolvedin suchmeetingconstraintthenthe constraintP canbe formulated

as

8 p2fl;iPg (k)= jifandonlyif ; (k= jforaryq, p: (7.16)
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C2. Oneor moreagentsgo to meetsomeotheragentto a locationalreadyoccupiedby
thelatteragent.For examplestudentsneeta professoin hiso ce. This meanghat
thestudentsannotein theprofessorso ceunlesgheprofessois there.Formally,
let Aq bethe agentin location ; andfA;;::;;A,gbedi erentagentsmeetingAq in

j- Then,theconstraint? canbesetas
8p2fluipg i,(K= ;) qk= ; (7.17)

In the partialorderformulationon (Z ; ) thesetwo typesof constraintsimply translateto

conditionson lower andupperboundsaccordingto whatfollows.

Cl. LetA, 2[L;,;U; ] andlet ijp ary abscissaoordinatecorrespondingo thelocation

l;, then(7.16)reduceso

Ui, ijp , Ui, ijq 8 p;q2fl;::;Pg (7.18)

Li, ij" , Ui, ijq 8 p;g2fl;:::;Pg (7.19)
C2. and(7.17)reducego

U | ) U, ijp 8 p;q2f1;::;Pg (7.20)

Ly ) L, ij" 8 p;q2f1;::;Pg (7.21)

In the next section,we give a qualitatve overvien on how to dealwith uncertainty

issues.

7.2.3 Dealingwith Uncertainty on The Model, Random Disturbances,

and MeasurementErr ors

In this section we considemncertaintyoriginatingfrom di  erentsourcesuncertainty
onthemodelof thediscretestateevolution (uncertaintyon f;), randomdisturbancesaused

for exampleby unmodelecagentshat populatethe environment,andmeasuremergrrors
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dueto falsealarmsor misseddetections.The agumentsarenot formal andhave the sole

purposeof shaving possiblewaysof dealingwith uncertaintywithin this framework.

7.2.3.1 Uncertainty on The Model

In this case givena currentagentlocation, (1) eitherthe next locationis not uniquely
determinedand belongsto a setof possibleknown locations,(2) or only a nominal next
locationis known andtherestis unmodeleecauseinexpected.

In case(1), the abscissaf anagentlooks asdepictedin Figure7.2. This couldcorre-

Figure7.2: Abscissaof oneagentwith uncertaintyonthe modelof type(1).

spondin practiceto thefactthattheagentdoesnotbehae exactly the sameway every day;
but theremightbevariationsfrom onedayto theotherthatonecanmodel.Also, thecondi-
tion thatdecidesvhichwayto gois notdirectly obsenablein general.n this casenothing
changesn the estimationalgorithmstructureexceptthatfor eachagentthe algorithmhas
to keeptrack of all possiblebranchingsat the sametime. This translatego a lower and
anupperboundwith dynamicdimensionfor eachagent.The dimensionincreasesvhena
new branchingoccursandit decreasewhenonebranchingoecomesnconsistentith the
measuremenilhe dravbackis thatthe algorithmupdatesnorethanonevariablefor each

agentwith anincreasedomputationatost.

In case(2), the abscissaf eachagentlooks asdepictedin Figure7.3. The unshaped
partsare completelyunknavn asthey correspondo the agentbehaior that wasnot ex-
pectedandthusnot modeled. If anagentgoesin the unshapedegion, it is lost until (if
ever) he comesback on the nominal path. This correspondsn practiceto the fact that

oneday an agentdoesnot enterthe building becauséhe is sick or somethingunexpected



Figure7.3: Abscissaof oneagentwith uncertaintyonthe modelof type (2).

happenedo him, for example. In this case the agentis lost. However, robustnesf the
estimatorrequiresthat this doesnot a ect“too mud” the estimationerror on the other
agents This canbe guaranteedinderthe assumptioralreadymadeof interval obsenabil-
ity. This assumptiorstateghatfor eachagenti thereis periodicallyonesensorring for
which theinterval [L;; U;] is the only onecompatiblewith the abscissaoordinatewhere
thesensorring occursfor theentiretime [L;; U] is compatiblewith it. As aconsequence,
if a ring doesnotoccurfor arny time atwhich[L;; U;] is theonly onecompatiblewith the
ring of thesensorit meanghatagentA; did notfollow the nominalpath. Thisfactgives
anideaof how the algorithmcandetectwhenanagentdoessomethingunexpected.Once
theinconsisteng is detectedor oneagentthe algorithmcankeepestimatingthe position
of all the otheragentsasusual. Note thatbeforetheinconsistenyg is detectedthe estima-
tion error canincreasefor all of the agents(this point is illustratedin a later simulation

example).

7.2.3.2 Random Disturbances

This sectioncoversthe casein which thereare peoplewonderingaroundthe building,
whoseidentity is not known andwhosebehaior is not modeled. They obviously cause
the sensordo re whenthey stopby locationsat which the sensorsare positioned. Ro-
bustnesof the estimatorrequiresthat the estimationerror doesnot diverge dueto these
randomevents This canbe obtainedfor exampleif an agentreturnsperiodicallyto the
samelocationwherea sensolis placedafteralong enoughperiodof time. Thisway, if a

ring is causedy arandomagentithis happeningvill be detectecat somelatertime. The
basicideais thatwhena ring occursandarandomagentcould be the causeof that, the

algorithmcankeeptrack of multiple hypothesespnein which the ring wascausedy an
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agentandonein whichthe ring wascausedy arandomagent.This causesnincreasef
the estimationerror. At somelatertime the falsehypothesiswill be detectedassuch,and

theestimatiorerrordecreaseagain(thisis illustratedin a simulationexample).

7.2.3.3 MeasurementErrors

Measuremenrgrrorscanbeof two kinds. We canhave misseddetection®r falsealarms.
The caseof misseddetectioncanbetreatedin away similar to the way uncertaintyon the
model(case(2)) is treated. In fact, a misseddetectionwill causeaninconsisteng to be
detectedasa sensorring wasin fact expected,but it did not occur The caseof false
alarmis similar to the caseof random rings causedby randomagents.These"spurious

rings” canbedetectedissuchasexplainedin thesectiononrandomdisturbancegSection
7.2.3.2).

7.2.4 Simulation Examples

We concludethe exampleof ervironmentmonitoringwith somesimulationexamples,
which give anideaof how the performancef the proposedalgorithmlookslike. We give
somesimulationresultsfor boththedeterministiccasg( v; = 0) andnondeterministicase
( vi, Owithoutuncertaintyonthe modelof f;). We then,shov how the algorithmcopes
with the casein which we have uncertaintyon the modelof type (2), i.e., anagentnever
enteredhebuilding, andwith the casein which therearerandomagentghatmalke sensors

re. We assumedhatinitially all of theagentswvereoutsideof the building in anintenval
alongtheir abscissabetweenL, andU, (correspondindo uncertaintyon whenthe agent
usuallyenterghe building). Theentranceof the building hasa sensothatdetectsaperson
passingthroughit. Also, we distributed sensorsalongthe abscissasin the gures, we
shaw theerror

1 X
ER = . Ei(k); with Ei(k) = (Ui(k)  Li(K)):

In Figure7.4,we consideran examplewithout uncertaintyfor di erentnumberof agents.
As the numberof agentancreasesthetime takento cornvergenceincreasesisthe number

of sensorrings neededor disambiguatinghe agentsincreasesaswell. In Figure 7.5,
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we shaw the error E(K) in the nondeterministicasefor two di erentvaluesof vy + vi.

Whensuchavalueis increasedthe upperboundontheerrordecreaseaspredictedoy our

analysig(seeProposition7.2.3).
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Figure7.4: Examplewithoutdynamicuncertainty:convergenceplotsfor di erentnumber

of agents.

In Figure 7.6, we shav the casein which an agentnever enteredthe building. The

algorithmdetectsaninconsisteng asexplainedin Section7.2.3.1.In Figure7.7,we shav

the casein which a randomagentmakesthe sensorsre andthe algorithmdetectsit as

explainedin section7.2.3.2.
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Figure7.5: Examplewith dynamicuncertainty:cornvergenceplots for di erentvaluesof

Vmi + Vi. Thelower plot hassucha valuethreetimesthe oneof the upperplot for each
agent.For ary agentithenominalspeedsv; = 1and v, = Oand vy = 2, sothatthe
speedf eachagentis uniformly distributedin [1; 3].
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Figure7.6: Examplein which agent3 never entersthe building. The solid line shows the
errorwe would have if agent3 enteredhebuilding asexpected.Thedashedine shavsthe
errorin the caseagent3 unexpectedlydoesnot enterthe building. Theerroronagentsone
andtwo grows with respecto thenominalcaseuntil whentheinconsisteng is detectedat
k=120). At this pointthe lower andupperboundfor agentthreearearbitrarily setto zero
indicatingthattheagenthasbeenlost.
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Figure7.7: Examplewith a randomagentcausingring of sensordetweerk = 100and
k = 150. Thedashedine shaws the errorwith suchrandomrings. Thesolid line showvs
the error we would have without the random rings. Note that after the inconsistenyg is
detectedthe errorgoesbackto normal.
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Chapter 8

Conclusionsand Futur e Work

In thiswork, we have presentednapproacho stateestimationn decisionandcontrol
systemswhich reducescompleity by using partial ordertheory The developedalgo-
rithms enjoy scalability propertiesthat are substantiain multi-agentsystems. This has
beendonefor estimatinghe discretestateoncethe continuousoneis measure@ndfor es-
timating both discreteandcontinuousstatewhenan estimatorin cascaddéorm is possible.
The questionof how to dealwith the estimationproblemfor boththe continuousandthe
discretestatewhenan estimatorin cascaddorm is not possibleis still to be addressedin
particular we will considetthis questiorby requiringaboundonthecomputationaburden
neededor implementingheestimator With thisbound,we conjecturghatwith thepartial
orderapproacho stateestimationit will be possibleto develop stateestimatorswith low
computationaburdento theexpenseof estimatioraccurag. Thisis acompromisédetween
performancendcompleity.

By theuseof apartialorder we wereableto reasoraboutnotionssuchascornvergence,
stability, andperformancen adiscretespacan away similarto how we reasoraboutthese
notionsin a continuousstatespace.This factlet usto overcomethe dichotomybetween
the discreteworld andthe continuousworld asfar asstateestimationis concernedPartial
ordertheoryhasprovedto be a usefultool borrovedfrom theoreticalcomputerscienceo
addresshisissue,andit wasnicely melgedwith classicakontroltheoryto reachour goal.
Using partial ordertheory canwe build a bridgebetweenthe continuousandthe discrete
world for dealingwith moregenerabnalysisandcontrolproblemsaswell? Thisis subject

of currentandfuturework.
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Finally, in Chapter7, we gave somehints on possibleapplicationareasand related
extensionsof the proposedestimationapproach.In particular we shaved how to usethe
stateestimationalgorithmson a latticeto reducecomputationatompleity whensolvinga
monitoringproblemof distributedervironments.Thekey pointfor applyingour estimator
in away suchthatcompleity is reduceds theoneof nding a goodcoordinatedramefor
describingthe system.Oncethis is done,thetheoryapplieswith minor extensions.Simu-
lation exampleshave shavn promisingperformanceThe next stepis to testthe algorithm

onrealdata,whichwill beaddresseth our futurework.
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