TWO APPROACHES TO
DISCRETE CONFORMAL
MAPS

Peter Schroder
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CONTEXT

Discrete analytic functions
m conformal maps
m parameterization
m remapping of domains
m what are the right discretizations?
m DEC derived approaches
m circle packings
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THE DEC WAy

Mercat’s approach
m discrete Riemann surfaces
m start with cellular decomposition
m add discrete metric: length of edge
m need dual for analytic geometry
m discrete conformal structure
m only primal/dual edge length relevant
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DISCRETE HOLOMORPHY

Discrete Cauchy-Riemann equations

L1V
S6) = 10) _ S&) = f@) e
1Y) 1)

y

m X : oriented surface w. boundary
m I": discrete cellular decomposition
m C,(I): chains, T, T, T,
mo:C(M)—C, (D
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SETUP CONTINUED

[ | A=F U F*: the dOUble‘\everyeeRgetsaO

m conformally equivalent metrics

) 1)
P =T = 7o)

= Ck(A):=Hom(C,(A),C)

W pairings: | f(x) fec®A) xe A
La acClA) ecA
[r® ®0cC*(A) Fe
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Co-BOUNDARY & HODGE

m d:Ck(A)— CK*1(A)

m * : CK(A)— CZK(A)

/e*ocz—p(e*>/e*°‘ /F*f:ﬂF*) *O’(x):/*‘”

W eigen spaces of x 1(e*) 1

,\
x|

2 = (=DM | [ =cTac0

CIMMS TUTORIAL




HOLOMORPHIC 1-FORMS

Projectors
Poy= %(IdJr ix) : C1(A) — CHO(A) holomorphic part
P(O./]) = %(Id— i*) CI(A) — C(Ovl)(A) anti-holomorphic part

m closed and of type (1,0)
acQlA) e do=0 and xa=—io

m meromorphic with pole at xeA,

1
RCSX((X/) = ﬂ‘/axx ol
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LAPLACE’'S EQUATION

Our old friend
A=—dxd*x—*dxd

Afx)= ) pl)(fx)—f(x))
() €A
m in the compact case: d"= -xdx

(9= ¥ /0w @P=Y ple) [afp o)=Y [ofs

XEAQ ecA Fenp

C(A) = Imd & Imd* & KerA

cot formula
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LAPLACE’'S EQUATION

Finite, connected I" & p:I',—(0,00)
m Dirichlet (f°:(oI),—C)
Af =0lpr), flar= f° P
m Neumann x{ RS

ﬁ.ﬁ 2 ///\H‘/‘x
Af = Ol are, s Vo

7
fo)=rnH [ldf=].« S f“““f\“
m dual problem: ixa, integrate ixd f
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COMPUTATIONALLY..

SplitontoT"and I
m boundary, co-boundary, Laplacian

m conformal map is conjugate pair

or o= ini*(Xr

Approach
m compute harmonic function

m form conjugate pair BUT...

CIMMS TUTORIAL 10




[ISSUES

Laplace needs boundaries... .~ J~

m simple conjugacy ? P
m natural boundaries ql\ &
mE=E,-A A
SR S g ]
m Mobius symmetries! - /
Bt

m reflection boundary

m double cover (Gu/Yau)é &’
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CIRCLE PACKINGS

Thurston’s conjecture

m approximate Riemann map through

circle packing (1985)
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CIRCLE PACKINGS

Thurston’s conjecture

m approximate Riemann map through
circle packing (1985)
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CIRCLE PACKINGS

Thurston’s conjecture

m approximate Riemann map through
circle packing (1985)

-

L] proof-:'Rodin & Sullivén 1987
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CIRCLE PACKING

Big picture idea
m continuous conformal maps:

m infinitesimal circles to infinitesimal
circles

m discrete version:
m finite circles to finite circles

m much of analytic function theory
carries over (Stephenson)
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SOME EXAMPLES

.....

........

------

.....

© Ken Stephenson © Boris Springborn
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ALGORITHM

Given
m geometry: C, D, S? (just a disk)

m combinatorics: 2-complex, (V,E,F)
m with boundary for now

m boundary conditions

We are solving for
radii, not positions!

Result
m packing label: radius r(v) for veV
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DIRICHLET PROBLEM

Existence of solutions Euclidean
m if K'is a topotogical disk— wyperbolic
m g: 0 K— (0,00) (or (0,00]) gives

radii for the boundary vertices
m an angle target function

m =3 unique packing label which
agrees with the boundary data
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COHERENT ANGLE SYSTEMS

Radii give angles (and positions)

m Euclidean
Oc(v;u,w):2sin_l\/< . )( - ) @"

v+u V-+w

, D
m Hyperbolic

I- 1-
oty =250 o ({22 ) (1=

iR = ) (] e A0) =2
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ANGLE TARGET FUNCTION

Notion of branch points
m combinatorial condition

Y (A(v) —2m) < (E(Y) -3)n

vey? X
"] Closed chains

of edges

m packing condition

O0(v;R)=A(v)=2mn n>1
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ALGORITHM

Iteratively adjust radii
m meet angle target: UNM method

0(rg;ri,...,r) =a#A(V)
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ALGORITHM

Iteratively adjust radii
m meet angle target: UNM method

O0(rgsr1,-- 1) =a #A(V)

@ 0(rg:7) =a

/
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ALGORITHM

Iteratively adjust radii
m meet angle target: UNM method

0(rg;ri,...,r) =a#A(V)

< 0(rg:7) =a
0(F0;:7) = A(v)
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ALGORITHM

Iteratively adjust radii
m meet angle target: UNM method

e<l’0;l’1,. 7rk>:a7£A()
O(rg;7) =
) A(o )
6(F0:7) = A(v)
6(Fo;r1,-..,me) =b TA(®)
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ALGORITHM

Iteratively adjust radii
m meet angle target: UNM method

m simple direct calculation
m error goes down each time
m locally linear convergence

m simple acceleration possible
m exploit strict monotonicity
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DIFFERENT SETTINGS

Topology of K
m disk: hyperbolic packing
m sphere: punch hole, see above

m compact, g=1: Euclidean packing
m scale not fixed

m compact, g> 2: Hyperbolic packing

M unique
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GENERALIZATIONS

Boundary conditions
m angle targets and radii

Tangency (I)(i,j) E [O,TE/Z] Mixed boundary
m tangency angles
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BACK TO HISTORY

Theory
m existence and uniquness on S?
m Koebe 36; Andreev 70
m modern packings
m Rudin & Sullivan 87 (hex packing)
m He & Rodin 93 (finite valence)
m He & Schramm 98 (C* convgce.)
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HISTORY

Algorithms
m Thurston 85

m Stephenson et al. 95, 03
. M()h'193 Interesting connection with

graph drawing and Tutte...

Variational approaches 91-02
m de Verdiére, Bragger, Rivin, Leibon,
Bobenko & Springborn
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MAIN RESULTS

Koebe

m for every triangulation of the
sphere there is a combinatorially
equivalent circle packing; it is
unique up to Mobius
transformations

m generalization by Bobenko &
Springborn: polytopal and higher-g
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MAIN RESULTS

Bobenko & Springborn

m for every polytopal decomposition
of the sphere there is a unique (up
to Mobius transformations) circle
pattern; along primal/dual edge,
pairs (quads) of circles intersect
orthogonally. . . -2
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CELLULAR DECOMPOSITION

Quadgraphs /—7' remember the “double”
m represent X and X” simultaneously

W cone angles r
m vertex:®, =) 6, o/
1/ b

m face:®r=2) 0. \
1 rf— rfke_’ee

0. = —log .
2i rf}-—-rfkelee % 0, +0,"=n

A

fEuclidean
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EXISTENCE & UNIQUENESS

Bobenko & Springborn (Thm. 3)
m Y oriented cellular surface

m0c (o,m)F and ®€ (0,00)" |
® unique packing exists < F CF
0 D(f)=2 ) 67(e) /
PN j ;
@M ) ®(f)<2 ) 6%

feF! ecE’
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PROOF BY CONSTRUCTION

Variational formulation

m insight: _ ) logr
s P= { logtanh(r/2)

SE(P) = Lyijelf, (—0c(Pr;+Ps)+
ImLio (™ P10 4
ImLi, (epfj—Pkaee))
tLf Ofpy
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COHERENT ANGLE SYSTEMS

Definition: ¢ € RE
mV faces: ) 20.=0¢
mV oriented(!) edges:
0 >0, Qe+ _=06;
0e >0, O0c+0_.<O, Hyperbolic

m convex energies have critical point
iff coherent angle system exists
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ENERGY MINIMUM

Critical point o) — Liogl ="
. O = o OB —a+io
m Euclidean case:
) 2fo, (P —Pj) = O,
k
m scaling ambiguity: fix 2 p;=0
Setup
m fix boundary face angles
m minimize (Hessian available)
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COMPARISON

DEC approach
m simple computations!

m no real boundary control

m missing Mobius DOFs!
How can we

Circle packing get best of
m where’s the metricz | Poth worlds?

m boundary control better?
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