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1.- Basic examples

o ¢(x,z) =0, general form of an implicit
differential equation (IDE).

e ¢:TM — F, M manifold, F' vector space.

e ¢ belongs to a certain class of functions, for
instance, smooth, analytic, etc.

e Nonholonomic systems

5/L(:13,:i:)dt =0, ¢(x,0x)=0

o(x,z) = 0.

e (r,%) = (x,v) then the previous system of
equations becomes an IDE, ¢ (x, v, &,0) = 0.

e Reduced versions of nonholonomic systems
also lead to IDE, sometimes easier. Question:
find a good systematic way of writing an
equivalent ODE, at least for a certain class of

nonholonomic systems.
e Singular Lagrangian systems

e 0 | L(z,%)dt = 0, no restriction on dx, with
the same substitution (z, ) = (x,v) leads to
Fuler-Lagrange equation, which are IDE

O*L
ovtOvJ

v’ + By(x,v) = 0.



e Hamilton-Poincaré equations.

5 / (b — (po — L(q,v))) dt = 0,

gives the equations

w(q,v,p) ((¢,v,p), )=dH(q,v,p),

where H(q,v,p) = pv — L(q,v) and
w = dq N dp is a presymplectic form.

e More generally, an equation similar to this on
a given presymplectic manifold, say
w(z)(#, ) = a, where « is a 1-form (even in
infinite dimensions) is the starting point of
the theory of Gotay-Nester, which generalizes
the Dirac-Bergman theory of constraints.

e An even more general class of examples:
instead of a presymplectic structure one can
write equations in terms of a given Dirac
structure,which in general also lead to IDE.

e Control systems of the type
&= f(z,y)
0=g(z,y)

are obviously another source of examples of
IDE



2.- The algorithm

e M manifold of dimension d, (a, f) given IDE
with domain M and range F. The algorithm
is designed to transform this IDE into an
equivalent IDE, say

az(y)y = fa(y)

on an analytic manifold My, which is an IDE
of locally constant rank. This involves a
desingularization process

e The decomposition M = My U My U Ms.
First, let us assume that M is a connected
manifold of dimension d. For : =0,1,..., let

Si(M) ={x € M| ranka(x) < i}

Si(M) is clearly a closed analytic subset of M,
defined by analytic equations, for ¢ =0, 1,....

e Also, fori=0,1,...,let L;(M) C S;(M) be
defined by

Li(M) = {z € 5;(M) | rankl|a(z), f(z)] < i}

Each L;(M) is a closed analytic subset of M
defined by analytic equations.



o Let
Skl(M) C SkQ(M) C...C Skr(M)

be the distinct nonempty S;(M). We observe
that Sk, (M) = M. Consider the
corresponding inclusions

_— ™

e ranka(z) = rank[ (), f(x)] = /43- for each
x € Ly, (M) — Sk, (M), j= ,7. The
LAS assomated to ( f) has solutlon for each
)

T < Lk ( ) k (
we have written Si, = 0, to umformize the

,7=1,...,r, where

notation.

e We remark the following useful facts: the set
Ly, (M) — Sk,—1(M) may be empty, for some
j=1,...,r; we have dim Sg,__, (M) < dim M;
if dim(Lg, (M)) =d, then Ly (M) = M.

e Now let M be a manifold of dimension d and

:UWJ'
j

is the union of the connected components of

assume that

M of maximal dimension d.



e We will consider the following pairwise
disjoint conditions for a given W; C M,,,

(a) Ly, (W;) =0
(b) Ly, (W;) # 0 and dim Ly, (W;) < d
(¢) Lg,.(W;) # 0 and dim Ly, (W;) = d.

e We now define the following pairwise disjoint
subsets of M.

My = (M — M,,) UULk uUSkM

UW UUW — Ly, (W;))

My = U (W, — Skr_l(Wj)) .

C

e We have the following assertions, whose proof
is easy: each subset L (W,) C W;, and each
subset Sk, _, (W;) C Wj, is a closed analytic
subset of W) defined by analytic equations on
W;. In consequence, W; — Ly, (W),

W; — Sk, _,(W,) are open submanifolds of W;.

e The manifold M is the disjoint union
M = My U M; U M.

My and M5, are open submanifolds of M. and
My is a union of subsets defined by analytic
equations on each W;, union M — M,,, and
we have that dim My < d.



e We have that the LAS associated to (a, f) has
no solution for x € M;. On the other hand, it
has solution for all x € M5, moreover,

(a, f)|Ma, is an IDE of locally constant rank.

e It remains to see what happens with the
system restricted to M. The idea here is to
desingularize each closed analytic subset
Ly, (W;) € Wj, and S, _, (W) € W;. By
forming the disjoint union of those
desingularizations and M — M, one obtains a
desingularization of M say

mo : MY — M, where mo(M*') = M.

e Then (a, f)|My can be naturally lifted to an
IDE (a1, f1) = 7 ((a, f)|Mg) on M*! as
follows

a1(y)y = a(mo(y))Tymo(y, y)
fiy) = f(mo(y)).

e Note that M is a manifold of dimension
dim M = dim M, < d.

To desingularize (a, f) in a finite number of
steps we repeat the process for the IDE

(a1, fi) with domain M?! and range F, as we
did before with (a, f).



e We obtain a decomposition
M"' = My UM UM,.

We know that there is no solution to the LAS
system

a1(y)y = f1(y)

for y € M{. We also know that there is
solution to the same LAS system for y € M,
moreover, (a1, f1)|M3 is an IDE of locally
constant rank. Now we desingularize M,

m s M? — M, (M?*) = M,

and repeat the process. It is clear that we
obtain a finite sequence of manifolds and
maps

7Tq1

T 2
Ma VAR E Ny S

where mo(M1) = My, m1(M?) = M}, and in
general m;(M**t1) = M}, fori=0,...,q — 1,
where we have written M° = M to unify the
notation.

e We have obtained a finite recursive procedure
that reduces the problem to a finite number
of IDE of locally constant rank, namely, the
IDE of locally constant rank (a;, f;)| M2, for
1 =0,1, ..., q, where we have written
(ao, fo) = (a, f), to unify the notation.



e We will call this a desingularization process
and the sequence of maps m; and IDE
(ajs1, fix1), 1 =0,...,q — 1 a desingularization
of (a, f).

e The collection of IDE (ay, fi)| MY,
k=0,...,q, defines a single IDE (a5, fg) of
locally constant rank in the disjoint union
M,y = 1_, M%. We have a natural projection

~

7o : My — M. This IDE (s, f2) with domain
M, and range F is called the desingularizing
IDE.

e Are the given system and the desingularized
system equivalent? It is easy to see that any
solution of the desingularized sytems is
projected into a solution of the original syste.
The converse is not easy to prove.

e The main difficulty for proving the converse
comes from the following problem. Let
f: X — Y be given and let y(t) be a given
curve in Y. Question: Is it true that there
exists a curve z(t) in X such that

y(t) = f(x(1))?.



e | do not know the answer to this question in

the category of C'*° manifolds and maps. But
there is a certain affirmativr answer in the
category of real analytic manifolds and maps.
This is possible thanks to the theory of
semianalytic and subanalytic sets, developed
by Lojasiewicz Hardt, Hironaka, Bierstone,
Milman, Sussmann and many others. We will
show later in this talk the main lines of the
proof of the equivalenc in the analytic case.
This case is important because of the many

problems in mechanics that belong to it.

Before we do that we will see an example

from nonholonomic mechanics.
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3.- The symmetric ball rolling
without sliding or spinning.

e Kinematics. Let an ortonormal system fixed
in the space, say (e1,e2,€e3), e1 = (1,0,0),
eo = (0,1,0), e3 = (0,0,1), then we have a
basis moving with the body, (Aey, Aes, Aes),
where A = A(t). We introduce the variable
2z € S?, given by z = Aes. The spatial angular
velocity w can be written w = vgz + 2z X 2, so
vo = (w, z) is the component of w along z. To
the usual nonsliding condition w X reg = « for
the rigid rolling sphere we must add the extra
condition that the vertical component of the
spatial angular velocity is 0, that is, wsg = 0.

e Dynamics. We are going to assume that the
center of mass coincides with the center of the
sphere and that the principal axis of inertia
are (Aey, Aes, Aez). The three principal
moments of inertia of the sphere are I, I,
I3, and we are going to assume that [; = Is.
We introduce the adimensional quantities
a = I3/I; and 3 = Mr?/I;, where M is the
mass of the sphere.
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e The Lagrangian of the system is given by the
kinetic energy,

| 1 |
5]122 —|— 5 3’08 —|— §M5132

where z is the velocity of the center of the
sphere. The nonholonomic constraint is given
by * = w X reg and w3 = 0, and using this we
can conclude that the kinetic energy of the
actual motion of the symmetric sphere is
given by

1 1
E = 5(11 + Mr?)% + 5(13 + Mr?)vg.

e The addition of the extra condition wg = 0
introduces an extra singularity in the reduced
system, which is an IDE. We will apply our
desingularization procedure to obtain a single
equivalent differential equation describing the
system. The desingularized manifold
containing the essential dynamics is
diffeomorphic to S? x S!. Integrability by
quadratures appears in a natural way.
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e The IDE for the symmetric elastic sphere.As
a result of reduction by the symmetry
techniques, in this case reduction by the
subgroup SO(2) x R? we obtain the following
system of Lagrange-D’Alembert-Poincaré
equations, which is an IDE,

(a+B)(zxe3)0g+ (1+0) < z,e3 >V 2—
(a+B)vg < z,e3>(zx2) = 0
vo < z,e3 >+ < zXz,e3> = 0.

Here V represents the Levi-Civita connection
on S? with respect to the standard metric.
The previous Lagrange-D’Alembert-Poincaré
equations are derived under the assumption
z3 # 0 because the so called dimension
assumption is not satisfied for the whole
manifold S?. Nevertheless, by continuity,
these are also satisfied by the motion of the
rolling ball for zg3 = 0. One can also check
that these equations are consistent with
balance of momentum (Newton’s law).
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e Preservation of energy. By working with the
previous equations one gets

d .9 2
0=— (14 83)2° + (a+ B)vg)

from which one deduces

2¢ = (1+ B)z° + (a + B)vg,

where € represents the normalized energy.
This equation represents conservation of
energy, as one can check more directly by
looking at the expression of the kinetic energy
E given before. We shall assume from now on
that € > 0, otherwise the motion is trivial.

e We have the following equations to be
satisfied for the symmetric elastic sphere in
variables (z,u) where Z = v and v X z = u, SO
the variable vy does not appears,
(1+0) <z,e3><1t,e3 Xz >
+Ha+B) <ues>* = 0
(1+8) <z,e3>2u’+ (a+ ) <u,ez >°
—2e< z,e3>° = 0,
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e The IDE for the symmetric elastic sphere in

the standard form. Considering that 22 =1

and z = z X u, we must have < z,u >= 0.

Using what was said before we can write the

system of equations for the symmetric elastic

sphere in variables (2, u,vg) € R® x R? x R as

follows,
2 =
Zo =

Z3 =

o o o o o
I

Z2U3 — 23U2

Z3U1 — 21U3

2Z1U2 — 29U

(1+ B)z3(—z2u1 + z1U2) + (o + B)u3

(14 B)23 (uf + uj + u3) + (@ + B)us — 2€z3
z% + zg + z§ —1

Z1U1 + Z2U9 + Z3U3

2¢ — (1 + B)u? — (o + B)v3.

This system can be written in the form

with X

a(X)X = f(X),

= (z,u,vp), where



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 —(1+8)22235 (1+8)z123 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

2oU3 — 23U2
23U — 21U3
21U2 — 22U1
— (o + B)ug
(1+ B)z3(uf +u3 + u3) + (o + B)ug — 2ez3
zf + z% + z§ —1
Z1U] T+ 22U2 + 23U3

2¢ — (14 B)u? — (a + B)vg

16




e Application of the algorithm.We will work on
the manifold M = R7, where
(21, 29, 23, U1, U2, U3, v9) € R” are independent
variables. We can easily see that &k, = 4,
Sa(M) =M, Ly(M) = Mo,
My =M — Ly(M), My = (). Now we shall
describe My by equations. Let

01 = —(1+ B)z223
w2 = (1 + B)z123
v = (14 8)z;5(ui +us +u3) + (o + B)uz — 2ez3
ngzf+z§+z§—1
V3 = Z1U1 + 22U2 + Z3U3
vy = 26 — (1 + B)u” — (o + B)vg.
As we know My = L4(M) is given by the
condition that rank|a, f] < 4. Let

Moa = {1 = 0,92 = 0}

= {23 =0} U{21 =0,2, =0}

Moy = {1 = 0,5 =0,v3 = 0,v4 = 0}.
Then we can easily see that My = My, U Mgp.
The desingularization M*! of M, will be the

disjoint union of the desingularizations of
M()a and MOb-

17



e The desingularization M} of My, can be
described by

M! = {23 =0}| {z1 = 0,22 = 0}, where | |
means disjoint union and the projection m is
the identity on each disjoint piece of M. One
can see using (1) - (1) that the lifted system
(a1, f1)|{z3 = 0} satisfies z3 =0, ug =0,

22 + 22 = 1, which implies z = 0, and also,
since u = z X z, that u = 0. This describes the
motion completely. It consists of the rolling of
the sphere with z(t) = (210, 220, 0) fixed and
the z component of the angular velocity vg
satisfies 2¢ = (o + 3)(vg)?. The lifted system
(a1, f1)|[{z1 =0, zo = 0} satisfies z; = 0,

2o = 0, z3 = 1, therefore Z = 0, and then

u = 0, which contradicts equation v; = 0,
because we have assumed € > 0. So there is
no motion, that is, no solution, for the system

(a1, f1)[{z1 = 0,22 = 0}.

Now we will desingularize My,. We are going
to see that My, is in fact a nonsingular
manifold. More precisely, we will define the
desingularizing manifold M; by equations in
the variables (z,u,vg), with vgz3 = u3).

18



e For simplicity, we call u = 2¢/(1 + ) > 0 and
A= (a+06)/(1+ ) >0, from now on. Then
we have the following equations defining the
nonsingular manifold M,

0 = w3 — w923

0 = ui+us+us+ g —p
0 = 2i+25+25—1

0 = 2zju; + 2us2 + 23us.

The proof of this is straightforward. The map
T : M} — M is then given by the restriction
of the identity (z,u,vo) — (z,u,v9) to M.
Then, the original system would be equivalent
to the following system

21 — 22Uz — 23U9

?;’2 — 23U1 — 21Us

23 = Z1U2 — 22U1

Zg’ibl — erL.LQ = )\‘Uoug

0 = U3z — Vp<3
0 = ui+u;+us+ I —p
0 = 20+25+25—1
0 = zjui + 2ous + z3us3.

19



e More precisely, if we define

a(z,u,vg) =

N
(\V)
|
N
[y
oo O O o o o O
oo O O o o o O

o O O o o o o
o O O o o O = O
o O O o o = O O

o o O O
o o O O

22U3 — Z23U2

Z3U1 — 21Us

Z1U2 — 22U1q

~ )\’UOU3

f(za u, UO) — ’
Uz — Ypz3

uf +uj +uj + Avg — p

22425+ 22 -1

Z1Uu1 + 2ou9 + <23Us

we see that the previous system is in the form

~

a(y)y = f(y), with y = (2, u, vg), so it is an
IDE in standard form with domain R” and
range R®, and our IDE in M bl is given by the
restriction (a1, f1) = (@, f)| M.

20
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e In order to continue with the algorithm, we
shall find explicitly the lifted system (a1, f1).
By differentiating the first seven of the
previous equations, eliminating the redundant
equation z121 + 2222 + 2323 = 0, also realizing
appropriate linear operations in the range
space, we have the following system with
domain R” and range R'!, which is also
equivalent to our system (a1, f1),

21 — 22Uz — 23U9
?;’2 — 23U1 — 21Us
23 = Z1U2 — 22U1
Zg’ibl — erL.LQ = )\‘Uoug
Zl’ibl + ZQ’[LQ + Zgibg = 0
ulibl + ’UQ'I:[Q -+ ’LL3’£L3 -+ )\’U()?.)() = 0
‘iLg - 23@0 = VpR1U2 — Vpr2U1q
0 = U3 — Vp<3
0 = ui+us+u3+ vy
—p
0 = 25+ 25+22—1
0 = 2zju; + 22u2 + 23us.

This system is still not completely
desingularized.



e One can check by direct calculation that it
can be desingularized in two more iterations
of the algorithm. However, in this example
there is an interesting alternative to find the
solutions, which starts with a precise
description of the manifold M;'. We prefer
this alternative because having an
identification of M bl also helps to understand
the dynamics in a direct way, as we will see

SO01.

22



e Solving the equations

Identification of M bl. The manifold M bl 1S
given by the equations in the space of the
variables (21, 29, 23, U1, U2, U3, Vg), as we have
seen before. These equation tells us that u is
a vector tangent to the 2-sphere S?, given by
2? — 1 = 0. Heuristically, for each z € S? we
consider the 3 dimensional space 7,5 x R,,
where R, represents a line normal to the
sphere at z € S2, so the collection of all R, is
a trivial real line vector bundle with base S?.

One of the equation is a plane containing the
origin 0 = 0, since z3 is fixed once z is fixed.
Another equation gives an ellipsoid. The
intersection of the plane with the ellipsoid is
an ellipse. Therefore M, must be some fiber
bundle with fiber S and base S?. Using all
this and some imagination we can see that it
is, in fact, the trivial bundle S? x S*,
moreover, we have the following
parametrization of M, in variables (6, ¢, ).
In any case, this assertion can be easily
checked after some straightforward
calculations.

23
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o
z1 = sinfcosyp
Z9 = sinfsinp
z3 = cosb
w1 = —acos(p —1)cos®hcosy — bsin(p — 1) sin ¢
uy = —acos(p —1)cos?fsing + bsin(¢ — 1) cos ¢
us = acos(p —1)cosfsind
vg = acos(p—1)sind,
where

a:\/ H b= Vi

Asin® 0 + cos2 6’
In other words, by some straightforward
calculations we can check that
(21, 22, 23, U1, U2, U3, Vg) in coordinates
(0, ¢, 1) satisfies the equations.

e We can see that the previous system of
equations define a diffeomorphism
f:8% xSt — M},
f(z, (cosp,sine))) = (z,u,vg), which gives the
desired identification of M, . This takes some
long but straightforward calculations.
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e The differential equation for the symmetric
elastic sphere in variables (6, i, 1). We get the
equations in coordinates (0, ¢, 1) as follows

cos 0 cos gpé — sin fsin ¢ = acosfsin p cos(p — V)
— bcos b cos psin(p — 1)
cos 0sin @f + sin  cos pp = —a cos O cos @ cos(p — 1)
— bcosfsin psin(p — 1)
_sin 00 = bsinb sin(p — 1)
a sin 6 cos? 0 cos(p — ) p—
—bsin g cos(p — ) (p — ¢) — \a? COSQ(QO — ) sin® 6 cos 6

If sin # # 0 the system becomes

) = —bsin(p— 1)
, cosf
: cosf (b
= — ——1
i = acoso- vy (2-1)),
or equivalently,
0§ = —bsin(p — 1)
, cos 6
b = oS cos(p— )
cos
v = (b—a) cos(p — 1)



e It can be easily seen that this system can be

integrated by quadratures. For instance, if we
call w = ¢ — 1, we can write (1)-(1) as a
planar system in coordinates (6, w),

0 = —bsinw

, cos 6

w = —b— cOoS W,
sin 6

which in turn leads to the separable equation

db
— = tan 6 tan w.
dw

Of course the system is still an analytic IDE
on 5% x S' which is of constant rank for

sinf # 0, and the rank changes for sin6 = 0.
So we should continue the desingularization
process. Instead, we observe that the only
solution with some initial condition
compatible with the system and involving the
condition sinf = 0, that is,

(Z1o, <2205 %230, W10, U20, U30, Uoo) —

(0,0, +1,uq9, u20, 0,0), is a uniform circular
motion of z on a vertical plane perpendicular
to the constant vector

(u1(t), uz(t), us(t)) = (w10, u20,0), while

vo(t) = 0. This is also consistent with physical

reasoning.
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4. Equivalence between a given IDE
and its desingularization

The following assertions establish the equivalence
between a given IDE (a, f) and its
desingularization.

(a) Let y(t), t € [to,t1) (respectively, t € (tg,t1],)
be an as-solution to (ag, fr) in M*, k=1,...,q.
Then x(t) = mr—1 (y(t)), t € [to, t2] (respectively,
t € [ta,t1]) is an as-solution to (ax_1, fx_1) in
M* =1 for each ty € (to,t1).

(b) If x(t), t € [to,t1) (respectively, t € (tg,t1]) is
an as-solution to (agx_1, fr—1) in M*~1 such that
x(t) € MYt t € [to,t1) (respectively, t € (to,t1]),
k =1,...,q then there exists ty € (tg,t1) and a
lifted as-solution y(t), t € [to, t2] (respectively,

t € [ta,t1]) of x|[tg,t2] (respectively, x|[ta,t1]) to
(ax, fr) in M, in particular, z(t) = m,_1 (y(t)),
t € [to,t2] (respectively, t € [to, t1].)

5. Future work.

e The well known constraint algorithm of Gotay
and Nester gives a global geometric version of
the Dirac-Bergman theory of constraints, for
infinite dimensional presymplectic manifolds.

27
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e We will briefly show how to deal with the

singular cases, in finite dimensions.

e Let (M,w) be a presymplectic manifold,
where the manifold M and the presymplectic
form w are analytic. Let o be a closed
analytic 1-form on M. Then the problem is to
find solutions to the differential equation

ix'w:Oé.

e To write this IDE with the notation used in
the present paper let us assume, for
simplicity, that M is an open subset of the
vector space F, then TM = M x E and
T*"M = M x E*.



e Then we can write the equation in the form

where a : T'M — F by simply taking F' = E*,
f(x) = a(x) and a(z)t = w(z)(z, ).

e The Gotay-Nester algorithm involves finding
a sequence of constraints submanifolds
M DM, D,.. 2 M,. M, is called the final
constraint submanifold and the dynamics of

the system takes place on this submanifold.

o It is assumed as part of the algorithm that
each M; is a submanifold. If we apply our
algorithm, this assumption is no longer
necessary, and the dynamics is recovered as
the dynamics of the system of locally constant
rank (as, fg) in the analytic manifold Ms.
Thus M, will be the final constraint
manifoldd. In this sense, our algorithm
represents a generalization of the
Gotay-Nester algorithm.
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