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In the 2/3 of the talk, | show a geometrical mechanics approach for
“Purcell’s animat” and its N linked generalization.

This is a warm up exercise for a more dicult problem, which |
discuss (but do not solve) in the end:

V- Swimming as a result of the internal forces
\ generated by the dynein molecular motors.
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Outline

History: Caltech, 1970: interdisciplinary animal locomotion year
(G.l1. Taylor, J. Lighthill since the 1950’s)
intermission: 1980-1990, gauge theory: Shapere and Wilczek
1995 — today : internal force generators: molecular motors

bio-mimetics, robotics, nanotechnology

Part 1. Microswimming as a “gauge theory” (since Purcell, 1976)
Part 2. Discussion on 3 papers: E.Purcell, O. Pironneau, H. Stone
and our N-link version (with Gerusa Araujo)

Part 3. Some possible developments.

for more info: htip://www.impa.br/~jair (a mini-course + papers)




Gallery

Howard Berg lab ( Harvard) - http://www.rowland.harvard.edu/labs/bacteria/)

Charles Brokaw lab (Caltech) - http://members.cox.net/brokawc/

http://starcentral.mbl.edu/mv5d/ (gallery of friends in the microbial world)

http://www2.cnrs.fr/en/379.htm  Microscopic artificial swimmer

http://www.nature.com/nature/journal/v421/n6924/suppinfo/nature01377.html  (dynein power stroke)

http://www.sciencemag.org/content/vol288/issue5463/index.dtl  (Special Issue of Science, 2000)




PART |: How to Model
Microswimming?
Itis a GAUGE theory !!

E. M. Purcell, Life at Low Reynolds Number

American Journal of Physics vol. 45, pages 3-11,
1977

[ An attempt using classical optimal control:

Pironneau, O. and Katz, D.F. Optimal swimming of
flagellated microorganisms. Journal of Fluid

Mechanics 66:391-415 (1974) ]



Part Il . Two other papers in JFM and our own versions

1. A gauge theory for microswimming:

Shapere, A., Wilczek, Geometry of self-propulsion at low Reynolds
number/Efficiencies of self-propulsion at low Reynolds number.

J. Fluid Mech. 198, 557-585/ 587-599 (1989)

JK, Richard Montgomery, Kurt Ehlers , Problems and Progress in
Microswimming, J. Nonlinear Sci. 6:507-541 (1996)

2. Purcell’s toy: 3- link swimmer

Becker, L.E., Koehler, S.A., Stone, H.A., On self-propulsion of
micro-

machines at low Reynolds number: Purcell’s three-link
swimmer

J. Fluid Mech. 490, pp. 15-35 (2003)

Gerusa Araujo, JK , Self-propulsion of N-hinged ‘animats’ at low
Reynolds number, Qualit. Theor. Dynl. Systems, 1-28 (2003)




Part 3. Some possible developments

1. Not hard: Cells on optical tweezers

2. Very hard: Eukariotic flagella. Modeling the interaction with
the molecular motors. Control and coordination. Systems

biology.



What is Purcell’s ‘animat’ ?



What is Purcell’s ‘animat’ ?
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Robotic implementations:

Annette Hosoi (MIT):

http://web.mit.edu/chosetec/www/robo/3link/

Remi Dreyfus et al, (ESPCI/Paris) + H.Stone (Harvard):

http://lwww2.cnrs.fr/len/379.htm




E. M. Purcells’s paper: Life at Low Reynolds Number
American Journal of Physics vol. 45, pages 3-11, 1977.

Historical note: Purcell presented the contents of the paper in the APS
annual meeting, in 1976. Since then this became a “cult paper”.

Purcell said he was under the influence of his ex-student

Howard Berg . Berg directs an important lab in Harvard, and was one of

the first person that proposed that bacteria are powered by a rotatory

motor.
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Part Il . Two other papers in JFM and our own versions

1. A gauge theory for microswimming:

Shapere, A., Wilczek, Geometry of self-propulsion at low Reynolds
number/Efficiencies of self-propulsion at low Reynolds number.
J. Fluid Mech. 198, 557-585/ 587-599 (1989)
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Gerusa Araujo, JK , Self-propulsion of N-hinged ‘animats’ at low
Reynolds number, Qualit. Theor. Dynl. Systems, 1-28 (2003)
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Optimal swimming of flagellated micro-organisms

By O. PIRONNEAUY anp D.F. KATZ§

Drapartment of Apphied Mathematios and Thearetioal Phystes:
I ¥
[Tniversity of 0 ‘nmbirid

{Rocoivid 13 Moreh 187§

Thiz P studics il |"'|:‘:i wr nndubations that propel & micra argEanism it a given
!-[9.‘\:‘r| whiles minimizing its expenditiune of hy drodynamical energy. The study is
Fintwer basio pacts, The first part isa qualitutive imguiry into the genersl nature of
tumdnlations that sre hydrodynamieally optimal in the instantancous sense,
Vlhe vesults indieate that an apparent sliding of the entire Bagellum aling its
'lﬂ'ir"ll'ﬂ-ll:l.t‘*'l‘l::- wxig i3 fundamental to such motios s, although an additional
deformation fsnecessary to aampensite for the presence of the onganism’s heaid,
Perindic ar semi-periodic wndulations ane elewrly sugpested, and must consist of
fravelling wives propugated in the dircction oppesite to propulsion,

The second part of the paper is & quantitative Inguicy s to the values of
| parameters thil optimize given periodie wive shapes in the time-aversge sense.
[Tl.n trade- ol Between wave amplitude and the number of wavelengths is of

partionlar interest. Resulis are obtained for small amplitude sinusoidal waves
and finite smplitude sowtonth waves, For the latter, a single wavelength with
l-ll'l'f.'llll.l.ldf‘lu'l.z"hl.‘.' one-sixth of the war r_']r_-]]gl:ig woptimal, The a.]-.-ruftpal_-n.c.t-. of the
twitching movements of the head i investigsted. The results are conaistent with
the qualitative study and emphasize the need to inhibit swch motions. The im pli-
Lestions of tho {luppnrlonﬂ* of resistive-foree coefficients upon wave shape are
wonsidered, and the physical significance of votational pitehing metions is
P

1, Introduction

The si"‘Llil."-' of the motions of 1&1‘|j1]€|“‘( Hated miv. oreanizms, such as HPrrT-
Romiy, 15 4n important mechano-cherical preililim, [[1,-.-|n,|-|\-ﬂ.s,-,.,l.llr studies
rE'I'n‘P" imitiated b Taylor (1051, 1952) and Hancook (1952), and have continued
'HI date, T such htllr[tm, &Pt roaotive undulabion or beat iz assipned to
itk flagetlum; the propulsivie veleeity, rate of working againgt the surrounding
fuid, and distribution of applied viscous bending moments wlovg the Ihl.,.f&.]l.l.lrll
b then be caleulited, A knowledge of these bending moments s important
hﬂ'lfll sindying the mechanism re sponsible for phe
‘m:lml.-ﬂml:-:.-l of thiz naty

ellar eontraction, Mathe-
reewome initinted by Maehin (1058, 1063 and have aleo
Sprovresail 1o date. Insuoh studies, the internal dynwmics of the flagell

LERRVRRLE L

§ Prescnt nehidpess: Luboria TRTA, Rocquencourt, 78150 Te Chesnay, Franne,

- Precoat adlidress: T pariinent of Meehnnical Engine e Vniversity of Califarnin,
BT e

This paper is an
extended version
of their article in
Caltech’s
proceedings of the
animal locomotion
year (1973).
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o, Pivowneaw and 0. F, Kotz

mdelled vis consideration of the equilibeiwm between the applied visoous Tioy
ing moment and an interally indoeed bending moment. This internal mome
which s decomposed inlo pagsive and petive cffects, pliysically Sharaetor;
the contraction meshanism, The result of sueh a study is Uhe determination of
Hagellar nnculations, Thus, stodies of the controetion mechanizm een Be eoy
with hydvedynsmie determinations of swimming trajectories, g Bra
{1972},

I this paper, we present o thivd wpproach, We start with the faet that
orgmnism is swimming forward of 8 eertain eade, and we inquive as to the b
coonormical way of deing =0, The object of this spproach is to determine
fiagellar undulations rosponsibie for the 'optimal ' propulson. Thue our
is intimately conneeted with the twao previows Lypes of investigations, Tt w
seem reasonable to stipulate that an cooemical wiy of swimming is one in wl
the hyvdradynamicnl energy expenditive by the organism is kept to o ming
Indeed, this is & problem with which nature was oviginally faved when des
Hagella. Thus onr results veileel upon the faeility of the evolutionary pr
ad woll na presenting oriteria upon which to evaluste the hydrodynamio sffiei
of swimming organisms, OF ¢ourse, when more ia understood about the i
miecRanies and dynamiss of Sugeetle, it may be possible to inelude speeific in
comsiderations as well, Tdeally woe might ask, "' Given that an orgonism
from A to fin n given fime, how can the total energy expenditore durin
E!tll:l‘»ﬂl'll'lﬂ minimized 7 This 12 s optime] eontrol peoblem of non-sta
type T fee which ne general theory his been developesd. We shall therefors
an wlternntive, though closely related problem in whieh the i1]5l:|l.u1nnuuu§q; 3
o working ieanmimized 4t eaeh time.

Throughout the anelytienl developreent of the probiom we shall use reg
foree theory to desoribe the propulsive hydrodynamics, That s, we "L‘E!-“:il.
local tangentind and normal forees pee unit length acting on the fagelli
proportional to the loeal tangential and normal veloesities of the axis
fagetlum, the cocfficients of proportionality being the resistance cosffi
Oy and Oy, mespreetively: [n the quebitative Fs[.ll(ll:l}s of this paper in §§3
wo assume that Oy and © are gonstant, Later, in Lhe quantitabive st
856, Gand 7, we consider the dependence of O, and € upon the Sageline
shape. We shall make use of a complementary vesistive-foree approxi
when considering the influenee of the hoad of an organizm, The beed con
a drag foree Dy and moment My; to the net viseous reaelions seling
arganism, We assumo that Dy, and My depend only upen the movements,

(e

anid rotational motiong:ges not coppled.d Theneo we can anteoducs Tesis
foree and thement eosMicients for the heed; throughout this paper we oo
amn nlt'ectiv&]}' spherion] hewd of vading 2, Thus

= 1
Dy = Gy My = T,
t The problem is non-standeed bt sense o aptinon] conbrol (haory in thak
boundaries wro nok stat iy,
1 This sesumpiion is impliot m tho sesistive-foree teentment of the Eagelinm.

Chgtivnal sasmnsing of fogellated wiicea-orpeaisms BER]

v

Proacoee Logdes £ da thio pesition veotar ns mienearsd o the Aeed X0 ¥ feamo of reforszie,
ﬁ.:,.. tin the “.',_.,h“m wenlor ga inenaned in the v, o frome eeving wich the orgnni=m,

are respeotively the abaolute linear and angular velooitics of
the head, and £ = JSiu'l.'.;.'.' wned Ty = Smpe’, the values for an jsolated aphere,
the viseosity., Tespie our anabytiosl we of resiative-foree theory, wo
however, pase the genernl hydrodynamienl problem first, sinee the applisa-
Eilita of the methods of aplimal senteel theory does not renquive wse of this wp.
proximalion,

IJ.']“'I'I" "f'_;..! 'H-ﬂ'd. {ﬂ_;r;

2 statement of the problem

Chr micro-orgnoism is comyprised of & deformable fagelom sttsehed tooaorigid
beul Wo sonstder o slender ovlindrical fingellum of radive #, and longth Losueh
that v« L, wnel assume that it does oot streteh or twdat whout ita losal axis,
Hinoe oll points on o pirticolar eross-section then move with approximately the
satne vislocity weenn deseribe the motion of the flagellum by the position vestor
fha ), with 4 g [0, 8] ancd £ [0, 71, too point 37 oo the axiy, where 9 @5 measured
i eu-ordinate system fxed o spaoe (see figere 1), The abaolute velosity vis !

of Wb wiven by Vis £) = yfit = ol 4w, n, (1)

Whire 1ie, 8y and s, £ sre respectively the unit [eward tangent and nosal
b the flapelium and, for alecbrsie elarity, we have eonsidered enly twe-dimen.
Eon! fawebine undoltions, Thus,

s
[EFTEO
Whiery At £) ia the logal vadivg of curvatnres. The inex tensibhility eordition for the
ﬂ‘iJ{i'Jmm implies thit

1= filfes, (220 (2.8)

Alahs s ) =la )| fet = b forall se|0,L) telo, T (Y
Eflllatiml (2.4 vields the rolstion
eyl = e (2.5
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EXERCISE:

What is the problem of using
the traditional optimal control

approach ?
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T4 3, FTRONHEALL ANV KATE
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aim respectively the cupressions of ponscrvating of Tinear and
Gimilar momentam o the arganisn: The trajortory of theorgan-
isrn, given by gis:t). ls the solution of the partial diffarontizl
e tion

'.-JT gleet) = g 150 tlL 4,1} +w I.a.ti-llf_,t:
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NO TIME
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The need to generate
“areas” in shape space
was not taken in

consideration.
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J Y ¢ Dy =0 | The need to generate
“areas” in shape space
L HI'| : I,!_ ',-|£ H I )

was not taken in

LR consideration.

5, 5b) o (250 So this approach was not OK.
!:;:::, ..-1-.-|.I-* -|.I'3.' I\_i ! f; 3] I;’:zi..;.t;-'ﬁn 1 Lok III iii-. a I.| :
o) = vy (ot £ aleithn i What is in order?

17



WHAT IS IN ORDER?

Answer: Geometric Mechanics!!!

« A principal bundle structure with located (Q) and unlocated (S)
shapes, and group G = SE(3)

« A metric on Q and a “fat” connection in the bundle (G, Q ,S)
H V

Optimization: subriemannian metric ; prescribed holonomy

References:

Shapere/Wilczek (1989, J.Fluid Mechanics)
JK,R.Montgomery, K.Ehlers (1996,J. Nonlinear Sci. 6:507-541)
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JFM paper on Purcell’'s swimmer by H.Stone’s group

Modeling is based on [we think correct, by complicated, approach]

“torque difference or strain forcing that the mechanism ...
applies to the surrounding fuid, and represents the external
torque applied to link S1 minus that on link S2.

.. This strain forcing of the motion may be thought of as resulting from a
rubber band stretched across the active joint, or alternatively as twice the
torque exerted by one side on the other via a motor, for example.”

The authors justify rigorously the use of the zero order
Purcell approximations for Stokes equations solutions.

_ They compute the curvature of the connection at the straight
configuration (but they do not use our jargon).

_ They analyze and explain some of the motions.

(they are sometimes not intuitive!)
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Gerusa Araujo, JK , Self-propulsion of N-hinged ‘animats’ at low Reynolds
number, Qualit. Theor. Dynl. Systems, 1-28 (2003)

Modeling is based directly on the fundamental insight for self propulsion at low
Reynolds number (masterfully summarized by J. Lighthill in his 1975 John von
Neumann lecture):

“The organism’s motile activity, in fact, is able to specify the instantaneous

rate of deformation of its external surface only to within an arbitrary rigid body

movement. That movement, comprising a translation and a rotation, is

uniquely determined by the requirement that the forces between the body and the

fluid form a system of forces with zero [force] resultant and zero moment”.

_ The “ linear algebra of Aristotelian physics” is systematically explored.
Further developments ( in order, quite doable )

_ Curvature of the connection, at any point of shape space.

_ Get, via genetic algorithms, intuition for better locomotion strategies.
Hook with optimization codes.

_ Cells on optical tweezers (motion subject to external forces)

20



Part 3. The next wave: Modeling the action of dynein molecular motors

_ Find a simple, but reasonable, model for the sliding of
microtubules - perhaps based on Lighthill’s “doublets”

Show that this internal force generation becomes equivalent to
Peskin’s immersed boundary method as Reynolds tends to zero.

http://www.siam.org/meetings/an99/peskin.htm

_ Combine with (calcium) control vs. hydrodynamical effects
_ Tie with Systems Biology

http://Iwww.cds.caltech.edu/~doyle/shortcourse.htm

Many research groups on each piece (google them)
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A crash course on Eukariotic flagella

http://lwww.cytochemistry.net/Cell-biology/cilia.htm

Charles Brokaw (Caltech)
http://www.cco.caltech.edu/~brokawc/Demo1/BeadExpt.html

Michael Holwill
http://lwww.foresight.org/Conferences/MNT6/Papers/Taylor/

Peter Satir

http://lwww.wadsworth.org/albcon97/abstract/quevara.htm

22



Information about Molecular Motors

Feynman http://www.zyvex.com/nanotech/feynman.html

Three sites to start from...

http://www.bmb.leeds.ac.uk/illingworth/motors/

http://mitacs-gw.phys.ualberta.ca/mmpd/tutorials/cell/motor proteins.php?

http://www.foresight.org/Conferences/MNT11/
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Thanks to ...

Control and Dynamical Systems Alliance !!

http://lwww.cds.caltech.edu/~murray/projects/ed02-fipse/

INFORMATION SECTION COMING SOON!
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