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1 Normal Form Theory

Introduction. To find a coordinate system where the dynamical system take the “simplest”
form.

e The method is local in the sense that the coordinate transforms are generated near a know
solution, such as a fixed point.

e The coordinate transformation will be nonlinear, but these transformation are found by solv-
ing a sequence of linear problem.

e The structure of the normal form is determined entirely by the nature of the linear part of
the problem.

Preliminary Preparation. Consider
w = G(w)
where w € R", G is C", and the system has a fixed point at w = wg. Then it can be written as (*)
t=Jr+ F(z)=Jz+ Fa(x) + F3(x) + - - -+ Fr_1(x) + O(|z]")

where Fj(z) represent the order ¢ terms in the Taylor expansion of F(z).



1.1 Simplification of the Second Order Terms
Introduce the coordinate transformation
r =y + ha(y)

where ha(y) is second order in y.
If ha(y) can be found to satisfy the following homological equation

oh
By v The() = )

then the F(y) can be eliminated.

The Space of Vector-Valued Homogeneous Polynomials of Degree k, H.

The Linear Map Lsk) on H.
Finding Solution of Homological Equation for ho. Notice that
Hy = L'Y(Hy) ® Gy

where G4 represent a space complementary to LE,Q) (H2). We can choose ha(y) such that only second
order terms that are in G2 remain. We denote these terms by

F3(y) € Ga.



Simplification of the Third Order Terms. Similar computation can be done to simplify the
third order terms.

1.2 The Normal Form Theorem

Normal Form Theorem): By a sequence of analytic coordinate changes equation (*) can be
transformed into equation (**)

y=Jo+ Fy(x)+ F5(z) + -+ F_(2) + O(l2")

where F} (y) € G,2 < k < (r — 1), and Gy, is a space complementary to Lf,k) (Hy). Equation (**)
is said to be in normal form through order (r — 1).
Remarks:

1. The terms F](y),2 < k < (r — 1) are referred to as resonance terms.

2. The structure of the nonlinear terms in (**) is determined entirely by the linear part (i.e.,
J).

3. Notice that in simplifying the terms of order k, any lower order terms do not get modified.
However, terms of order higher than k£ are modified.

Example 2.1.2



Theorem 13.1 (Poincaré) If the eigenvalues of the matrix A are non-resonant, then the equation
&= Az + falz) + ...
can be transformed into the linear equation
y=Ay
by the formal transformation z =y + hao(y) + ...
Example 13.4: Find the normal form of

. 2 2

T1 = 2z1 + a12] + agz122 + azzy + ...
. 2 2

Ty = X2 + br1ax] + bax122 + b3xy + . ..

Example 13.5: Find the normal form of a perturbed harmonic oscillator

T1 = To+ ...

To = —x1+ ...
Theorem 13.2: Consider equation & = Ax + f(x). If all the eigenvalues of A are lying either to
the right or to the left of the imaginary axis in C, the equation can be reduced to a polynomial

normal form by a formal transformation.

1.3 Normal Form for Hopf Bifurcation



