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SPECTRAL ANALYSIS OF TIME-SERIES

Giventime-seriesdata:���������
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APPLICATIONS: SAR

SYNTHETIC APERTURE RADAR:
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APPLICATIONS: NONINVASIVE TEMPERATURE SENSING

imaging
transducer

heating
transducer

Ultrasound echo:
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SPECTRAL ANALYSIS OF TIME SERIES
A MOMENT PROBLEM

�� � !� ! "$# �&%�')(+*-,/.0 *-,).1'2, 3 4 � ')(5*6,/. � � “energy densityacrossfrequencies”

Covariancestatistics& spectral density

7 �8� 4 ���:9;�:9=<>���?
7 �@� ABDC !� ! " � # �&% 0 *-,).1'2,E F�G HIKJDL %KM
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SPECTRAL ANALYSIS OF TIME SERIES
CLASSICAL RESULTS

7 ��� 7 	$� 7 ��������� autocorrelationsequence?O *-PQ. � 	� 7 �SR 7 	 P R 7 � P � RT����� “positive-real”function?
0 *-,/. � UWV * O * " # % .�.� ����� 7 � " �2� # % R 7 	 " � # % R 7 �XR 7 	 " # % R 7 � " � # % RT����� Y[Z

Givenfinite data7 ����������� 7 �
all consistentspectraaregivenby:0 �\UWV^]`_ <bacd <be
cgf with h a “free” parameter
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THEORETICAL ADVANCES

Spectral analysis j analytic interpolation

k Theory lk Academicexamples lk Applications l
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BASIC QUESTIONS

no pXqsrut�v-wQxyqsz|{8r}t�v�~�w�t�v�� n�
� � �[� � �}��	5R������

What is the structure of the state-covariance matrix �[� � 4 � ����� � ?
What are all spectra consistent with � ?

� � !� ! �5� * "$# %u.
'Q��*6,/.B�C � * "�# %u. �&�
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UNIFORM ARRAY EXAMPLE
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CHARACTERIZATION OF STATE-COVARIANCES
ARBITRARY “ SHIFT”

� � !� ! �5� * " # % .
'Q��*6,/.B�C � * " # % . � �

...� �¶µ R·µ � � � R¸� � � �

THM: With
* �¹�u� .

controllable pair,
�

stable, � Y\Z :
� is a covarianceof � � �[� � �}��	 R���� �j� �º�¶µ R·µ � � � R¸� � � � hasa solution

µ
j»�¼¾½>¿ÁÀ � «Â� � � � �� � ZÄÃ � »�¼¾½>¿ÁÀ Z �� � Z¸Ã
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“ POSITIVE-REAL NEHARI”

THM: All input spectraconsistentwith � are'Q��*6,/.Æ3ÈÇÊÉ=ËÌÎÍ 	 UWV¢Ï O *�Ð " # % .&Ñ|'2,
whereO *ÓÒ. � O � *ÓÒ. R h *ÓÒ.�Ôy*ÓÒ. is positive-real

Data
�¹�}�Õ� � �uµ :O � *ÖÒ�. �ºµ *-× « Ò � . ��	 �

,Ôy*ÓÒ. �ÙØ R·Ú Ò|*6× « Ò � . ��	 �
all-pass,h *ÓÒ. fr eeparameter.

� LFT parametrization of all spectraconsistentwith �
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SPECIAL SOLUTION: MAXIMUM-ENTROPY

Entr opy: Û *��Ü. � � AB�C !� ! Ç=Ý¾Þàß V�á *�â��*-,).�.1'2,
THM: A unique maximizing spectrum is'2��ãä*-,/. � � ]�å * "$# %}.���	Kæç��	 Ï1å * "�# %}.���	 Ñ � f '2,
Where:å *ÓÒ. � � * � � � ��	 � . ��	 � � � ��	 *6× « Ò � . ��	 �Õ�æ � � * � � � ��	 � . ��	 �
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SPECIAL SOLUTION: COMPOSED OF MINIMAL NUMBER OF SINUSOIDS

If
��èé�

“white-noise”
RëêTì��í�	`î 0 � " # èðï�ñ � then� � 0 � × R ìò ó í�	 0 ó � * " # ïäô . � * " # ï�ô . �

THM: Thereexistsa unique minimal decompositionof �
correspondingto a sumof sinusoids
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FURTHER TOPICS

k minimal complexity spectrak Kullback-Leiblerdistance& approximationof spectra
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EFFECT ON RESOLUTION
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RESOLVING SINUSOIDS
BEATING FT-UNCERTAINTY BOUND

ö � �Ù÷D��RÄ�^	2ø É ½ *ðù 	�ªúR�û�	 . Rü�¢�:ø É ½ *ðù �}ªúR�û:� . , ªý� A ���������� ,
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SPECTRAL PLOTS/OPTIONS
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ENVLPS & BNDRY INTRPLNTS
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FRACTAL SPECTRUM
LIMITS TO RESOLUTION?
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FRACTAL SPECTRUM :
FOCUSING WITH ME INTERPOLANTS
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SAR IMAGING

T-72
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SAR IMAGING:
FILTER FOCUSING
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SAR IMAGING
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SAR IMAGING

fft

high resolution
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SAR IMAGING
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NON-INVASIVE ULTRASOUND TEMPERATURE SENSING

imaging
transducer

heating
transducer

Ultrasound echo:
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RE-CAP

SUMMARYk generalizedstatistics
3

analyticinterpolationk high resolution,applications

QUESTIONS AND ON-GOING RESEARCH PROGRAM :k ¿how canwequantifyresolution?

� tradeoffs betweenvarianceandresolution
seekingan“

���
-likeparadigm”

� spacio-temporaldynamicsandnon-uniformarrays

� applications:SAR,medicalimaging,polarimetry

Matlab codeand referencesat:

http://www.ece.umn.edu/users/georgiou
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