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1 Introduction

The idea of multiport systems has been known as a useful tool when regarding a
system as an interconnection of physical elements throughout principle of power
invariance, which has been widely used in electrical circuits and networks (see, for
instance, [4, 14]), where the principle of power invariance is known as Tellegen’s
theorem in electrical network theory (see [6]). From the viewpoint of the analogy
between mechanical and electrical systems, much effort has been done to develop
a network-theoretic approach to nonlinear mechanical systems such as multibody
systems in the context of interconnected systems (see, for instance, [15]). Recently,
it was shown by [12] and [3] that such interconnections can be represented by Dirac
structures, which may be a generalization of both symplectic as well as Poisson
structures (see [8, 7]) and also that interconnections of L-C circuits can be modeled
by Dirac structures and then incorporated into the context of implicit Hamiltonian
systems (see also [1, 2]). On the Lagrangian side, a notion of implicit Lagrangian
systems, namely, a Lagrangian analogue of implicit Hamiltonian systems, was de-
veloped by [16, 17], where nonholonomic mechanical systems and L-C circuits as
degenerate Lagrangian systems were shown to be formulated in the context of im-
plicit Lagrangian systems in which induced Dirac structures were systematically
introduced. Furthermore, it was shown by [19] that even for the case in which a
given Lagrangian is degenerate, an implicit Hamiltonian system can be constructed
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from an implicit Lagrangian system by the generalized Legendre transformation.

From the viewpoint of control theory, a notion of implicit port-controlled
Hamiltonian (IPCH) systems, which is an implicit Hamiltonian system with ex-
ternal control inputs such as control forces and voltages, was developed by [12].
For the case of regular Lagrangian systems, the equivalence between controlled La-
grangian (CL) systems and controlled Hamiltonian (CH) systems was shown by
[5]. For the general case in which a given Lagrangian is degenerate, an implicit
Lagrangian analogue of IPCH systems, namely, a notion of implicit port-controlled
Lagrangian (IPCL) systems for electrical circuits was constructed by [18], where
it was shown that L-C transmission lines can be represented in the context of the
IPLC system by employing induced Dirac structures with Lagrange multipliers.

In this paper, we will develop two different representations for induced Dirac
structures and their associated IPCL systems; namely, (1) a standard representation
with Lagrange multipliers; and (2) a representation without Lagrange multipliers.
Those representations are consistent with those developed by [8, 7, 3, 9]. Specifi-
cally, the second representation without using Lagrange multipliers may be crucial
in formulation of constrained mechanical systems since it systematically enables
one to eliminate unnecessary constraint forces. In mechanics, it is known that the
elimination of constraint forces can be done by the orthogonal complement method
or the null space method (see, for instance, [15, 10]), although the link with Dirac
structures has not been clarified. The present paper fills this gap to show that the
orthogonal complement method can be incorporated into the context of Dirac struc-
tures and the associated IPCL systems and we demonstrate those representations
for Dirac structures and implicit Lagrangian systems by an example of L-C circuits.

2 Dirac Structures

Dirac Structures. Recall from [7, 8] that a Dirac structure D on a vector space V'
is defined as a maximally isotropic subspace of V' @ V* such that D = D, where
V* is the dual space of V and D% is the orthogonal of D relative to the pairing
{(-,-)), which is a symmetric paring on V @& V* given by

((v,a),(v,a))) = (@, 0) + (@), (1)

for (v, ), (v,a) € V@ V*. In the above, (-, ) is the natural paring between V* and
V. For the case of a smooth manifold M whose tangent bundle is denoted as T'M
and whose cotangent bundle is denoted as T*M, an (almost) Dirac structure on M
is a subbundle D C TM & T*M that is a Dirac structure in the sense of vector
spaces at each point x € M. In geometric mechanics, (almost) Dirac structures
provide a simultaneous generalization of both two-forms (not necessarily closed,
and possibly degenerate) as well as almost Poisson structures (that is brackets that
need not satisfy the Jacobi identity) (see, for instance, [11]). An integrable Dirac
structure, which corresponds in geometric mechanics to assuming the two-form is
closed or to assuming Jacobi’s identity for the Poisson tensor, is one that satisfies

(£x,02, X3) + (£x,03, X1) + (£x,01, X2) =0,
for all pairs of vector fields and one-forms (X1, a1), (X2, a2), (X5,a3) € D.



Distributions. Recall from [2] that any Dirac structure D on M naturally defines
a distribution Ay; € T M, which is denoted by, for each x € M,

Ap(x) = {vy € TuM | (v3,0) € D(x)}
and a codistribution I'y; C T*M whose fibers are given by
Ty (z) = {ay € Ty M | v, such that (vy, ) € D(x)}.
In this paper, we assume that all distributions are regular, i.e., smooth and constant
in dimension at each point € M. Since D is isotropic, one has Ay (z) C 'S, (),
where I'S; () C T, M is the annihilator of I'y;(x) C T M, which is defined by

IS (x) ={v, € T, M | {ag,v,) =0 for all a, € Tps(x)}.

Similarly, one can read I'j;(z) C A, (z), where AS,(z) C T M is the annihilator
of Aps(z), which is given by

Ay (x) ={ay € Ty M | {ay, v,y =0 for all v, € Aps(x)}.

Since D is maximally isotropic, it reads Ay = I'§; and equivalently, I'yy = AS,.
Induced Dirac Structures. Let us review an induced Dirac structure for the
setting of émplicit port-controlled Lagrangian systems by following [16].

Let @ be an m-dimensional configuration manifold, whose kinematic con-
straints are given by a constraint distribution Ag C T'Q), given by, at each ¢ € @,

Ag(q) ={veT,Q | (w*qg),v) =0, a=1,..,m},
where w® are m one-forms on ). Define the distribution Az+g on T*@Q by
Ar-q = (TmQ) ' (Ag) C TT*Q,

where T'mg : TT*Q — T(Q is the tangent map of the cotangent bundle projection
mq : T"Q — @, while the annihilator of Ar-g can be defined by, for each z € T;Q,

AFig(z) ={a. € T;T*Q | (a2, w,) = 0 for all w, € Ap-g(2)}.
Let Q be the canonical symplectic structure on 7*Q and Q° : TT*Q — T*T*Q be
the associated bundle map. Then, a Dirac structure Da, on T*(Q induced from

Aq can be defined by, for each z € T;Q,

Dag(2) = { (w2, 0,) € T.T* QXTI T*Q | w, € Ap-q(2),
and o, — Q(2) w. € Aju(2) 1.



Local Expression. Let us choose local coordinates ¢* on Q so that Q is locally
represented by an open set U C R". The constraint set Ag defines a subspace of
TQ, which we denote by A(g) C R™ at each point g € U. If the dimension of A(q)
is n — m, then we can choose a basis €,11(q), em+2(q), - - -, en(q) of A(qg).

Recall that the constraint sets can be also represented by the annihilator
of A(q), which is denoted by A°(q) spanned by such one-forms that we write as
whw? ... w™. Using mg : T*Q — Q locally denoted by z = (¢,p) — ¢ and
Trg : TT*Q — TQ; (q,p,4,p) — (q,4), it follows that

Ar-q = {(a,p,4:p) |4 € U 4 € Alg)}.

Let points in T*T*Q be locally denoted by (¢, p, 3,u), where (3 is a covector and u
is a vector. Then, the annihilator of Ap-¢ is locally represented as

Afig = {(g;p,B,u) [ g€ U, B € A°(g) and u = 0} .

Since we have the local formula Q°(q, p) “W(g,p) = (¢, P, =P, q), the condition a g,y —
Qb(q,p)~w(q7p) € AT.g reads a+p € A°(q), and w—¢ = 0, where (g ) = (¢,p, @, w)
and wg ) = (¢,p,¢,p). So, the induced Dirac structure is locally represented by

Dag(g,0) ={((¢,9), (a,w)) | § € Alg), w= ¢, a+pe ()} (2)

Representation (1). Let us introduce a matrix representation of Da, given in
equation (2). First, let N7 (g) be an n x m matrix whose m-column vectors
wl(q),...,w™(q) span the basis of A°(q), namely, N (q) = [w'(q),...,w™(q)] and
the distribution A(q) C R™ = T, may be represented by

A(g) ={¢€R" | N(q) ¢ = 0}.
So, using Lagrange multipliers A = (A1, ..., \;p) € R™, one has
A°(q) = {B e R")"|f=N"(gA}.
Thus, the induced Dirac structure can be represented by

Dag(g:p) = {((4,9), (,w)) IN(9)§ =0, w=¢, a+p=N"(gA}. (3

Example: L-C Circuits. Consider an illustrative example of L—C circuits shown
in Fig.1, which was also investigated in [3, 13]. Refer also to [16, 17, 19]. In the
L—C circuit, the configuration space W is a 4-dimensional vector space, that is,
W = R* Then, we have TW (=2 W x W) and T*W (&2 W x W*). Let q =
(qr, 904, 4css qc;) € W denote charges and ¢ = (41, dcy s §os» Gos) € T,W currents
associated with the L—C circuit. The set of currents satisfying the KCL (Kirchhoff
current law) constraints forms a constraint KCL space A C TW, which is given for
each ¢ = (¢*,¢%,¢%,¢*) = (q1.,9¢,,49c,, 9cs) € W, by the 2-dimensional distribution
A(q) € R* = T,W such that

Aq) ={GeR*|N(q) ¢ =0},
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Figure 1. L-C Clircuit

where the matrix N(q) is given by

No=( 3 S ) @)

On the other hand, the transpose of N(g) span the 2-dimensional annihilator
A°(q) € (RY)* = T3 W as

A°(q) = {B e (RY)" | 5 =N"(g)\}

where A = (A1, \2) denotes Lagrange multipliers. Note that the constraint voltage
space is spanned by the transpose of N(q), namely, N7 (q) = [w'(q),w?(q)], where
w! and w? are one-forms on W associated with the KCL constraints.

Consistent with the general theory, the induced distribution Ap«y on T*W
is defined by the KCL constraint distribution A C TW as

Ay = (Tmw)~H(A) C TT*W,
where myy : T*W — W is the canonical projection and Ty : TT*W — TW. Now

writing the projection map my : T*W — W locally as (q,p) — ¢, its tangent map
is locally given by T'mw : (¢,p,4¢,p) — (q,4G). Then, we can represent Ar.y as

AT*VV = {((Lpa Qap) | q € Ua N(q)q = 0} .
The annihilator of A7« is denoted by
Afew = {(¢,p,8.u) | g€ U, f=N"(g)A and u =0} .

Recall also from equation (2) that the Dirac structure Da on T*W induced from
the KCL constraint distribution A is locally given, for each (g, p) € T*W, by

Da(q,p) = {((¢,;p,4,P), (¢, p, ,w)) | N(q)§ =0, w= ¢, a+p=N"(g)A}.



Representation (I1). In Representation (I) for the induced Dirac structure in equa-
tion (3), we utilized the Lagrange multipliers, which represent constraint forces in
constrained mechanical systems. Here, let us develop another representation of
Da, on T*Q without using the Lagrange multipliers.

Let us choose an n x (n — m) matrix B(q) = [em+1(q9), €ém+2(q),- .., en(q)],
whose column vectors span the basis of A(g). Then, it follows that the distribution
A(g) C R" 2 T,Q can be also represented by

A(g) ={¢d€R" | ¢ =B(q)u},

where v = (u™t1, ™2 . u™) € R"~™. It is needless to say that the orthogonality
condition between N(g) and B(q) holds as BT (¢)NT(q) = 0. The above condition
naturally comes from the fact that A° is the annihilator of the distribution A;
namely, in other words, the basis e;,+1(q), ..., en(q) is orthogonal to the dual basis
wl(q),...,w™(q) at each ¢ € Q. Therefore, one can read that

A°(q) = {p € (R")" | BT(q) p=0}.

Thus, the induced Dirac structure Da, C TT*Q & T*T*(Q can be represented
without using the Lagrange multipliers as

Dag(a.p) = {((d,p), (a,w)) | N(q)g = 0, w = ¢, BY(q)(a+p) =0}. (5)

Q

Example: L-C Circuits. Associated with the matrix in equation (4), namely,
-1 0 1 0
N(Q)_(o -1 1 —1>’

we can construct its orthogonal complementary matrix B(g) such that BT (¢)N7 (¢) =
0, which is, by inspection, given by

-1 -1 -1 0

T —

-5 0 ) 0
By using this matrix B, we can eliminate unnecessary Lagrange multipliers, which

may correspond to the elimination of constraint forces in mechanics. This lead to
the representation

A°(q) = {p € (R")" | BT(q) =0}

It immediately follows that we can obtain Representation (II) in equation (5).

Remarks. It was shown by [15] that the dual connection matrices N(g) and
B(q) are the orthogonal complement with each other, each of which plays an es-
sential role in eliminating unnecessary constraint forces in constrained mechanical
systems such as multibody systems and also that from the viewpoint of analogy
between mechanics and circuits, the matrices N(g) and B(g) may correspond to
the so-called fundamental cut—set and loop matrices in electrical network theory. In
conjunction with optimal control theory, the matrix B (¢) is sometimes called the
null space matriz (see, for instance, [10]).



3 Implicit Port-Controlled Lagrangian Systems

Let us define an implicit port-controlled Lagrangian system, which is an implicit
Lagrangian system that has an external control force.

Implicit Port-Controlled Lagrangian Systems. Given an external control force
field F : TQ — T*Q, it induces a horizontal one-form F on T*@Q such that, for
v, € TQ and p, € T*Q,

F(pg) - w = (F(vg), Tmg(w)),
where F' = (¢,p, F(v),0) € T; T*Q and w = (g, p,dq, 6p) € T, T*Q.
Let L be a given Lagrangian on T'Q) and let Ag C T'Q) be a constraint distribu-
tion. Then, an implicit port-controlled Lagrangian (IPCL) system or an im-

plicit controlled Lagrangian (ICL) system is defined by a triple (L, F, Ag, X),
which satisfies for each (¢,v) € Ag C T'Q and with (¢,p) = FL(g,v),

(X(q,’l},p),DL(q,U) _FaF(qa U)) € DAQ(Q7U)' (7)
In the above, DL : TQ — T*T*(Q denotes the Dirac differential of a given La-
grangian L, given by DL(q,v) = (¢,0L/0v, —0L/0q,v) and X : TQ®T*Q — TT*Q
is a partial vector field defined at points (v,p) € Ag x P that assigns a vector in
T,T*Q to each point (q,v,p) € Ag & P, where P = FL(Ag) C TQ. Let us write
X(q,v,p) = (¢,p,4,p), so that ¢ and p are functions of (¢,v,p) and it follows that
the local expression of IPCL systems in equation (7) may be locally given by

L o oL
qg=v, p*afq*F(q,v)GA(Q), q € Alqg), p=5 (8)

The curve (q(t),v(t),p(t)), t1 <t <o in TQBT*Q that satisfies the condition
(7) is a solution curve of the IPCL system (L, F, Ag, X).

Power Balance. Let (q(t),v(t),p(t)), t1 <t <ty in TQ & T*Q be a solution curve
of the IPCL system. Let E be the generalized energy, which is given by
E(q,v,p) = (p,v) = L(q,v)
and the time derivative of E reads
& Ba(t),v(6),p(1)) = (Fla(t), (1), d(1),
where we employed p = dL/0v and ¢ = v.

Representation (I). Using Representation (I) in equation (3) for the induced Dirac
structure, an IPCL system in equation (8) can be represented in matrix by

()= Ca) (57 ) Ctn )

0= N(q)4q,
oL

P—%-



In the above, the IPCL system may be represented by differential-algebraic equa-
tions for the 3n-dimensional local coordinates (g, v,p) for TQ & T*Q and with the
m Lagrange multipliers A = (A, ..., \;,). The term on the right-hand side

Y(g:p) = ( NT(()q))\ >

denotes the wertical vector field Y : T*Q — TT*(@Q associated to the constraint
force field F'“ : TQ) — T*(), which is referred to as a special horizontal one-form
Fe=—iyQ on T*(Q that satisfies

Fc(pq) W= <FC(Uq)aTvq7rQ<w)> =0
for vy € TQ, pg € T*Q and w = (g, p, §q, 6p) € Ar-g(py)-

Example: L-C Circuits. Let T : TW — R be the magnetic energy of the L-C
circuit, which is defined by the inductance L as

T,() = LU,

and let V : W — R be the electric potential energy of the L-C circuit, which is
defined by capacitors C1, Cs, and C3 such that

_ 1 (QC1)2 1 (q02)2 1 (q03)2
Vig) =5 oty et o

Then, we can define the Lagrangian of the L-C circuit £ : TW — R by

2 2 2
Lla. ) = T(5) ~Via) = 5L (o) - 50l - Jlael Jle)

It is obvious that £ : TW — R of the L-C circuit is degenerate, since

0*L

(3o

} =0; 4,5=1,..,4.

The constraint distribution A C TW is given by using the matrix N(g) as in equa-
tion (4), while the constraint fluz linkage subspace is given by using the Legendre
transform as

P=FL(A) CT*W.
In coordinates, (¢,p) = FL(q, f) € T*W, and it follows

oL oL oL oc )
ofL’ 0fc,” 0fc,” 0fcy )’
from which we obtain pr, = L f1, and with the constraints pc, =0, pc, =0, pc, =

0, which correspond to primary constraints in the sense of Dirac. Needless to
say, the primary constraints form the constraint flux linkage subspace P C T*W.

(PL,PCy DOy PCs) = (



Let X : TW @ T*W — TT*W be a partial vector field on T*W, defined at
each point in P, with components denoted by

X(q, f,p) = (4L, dcy+ dcs s 4y, Pr, 0,0,0) .
The Dirac differential of L, namely, DL(q, f) = (q,0L/dv,—0L/Dq, f) is given by

qc, qc, qc:
DE(Q?f): qLaQCquzang;vaoaovoaOa 1; 2; 37fL7fC717fC2afC3
Cy Cy' C4

together with p = 9L/9f.

Thus, the L-C circuit can be represented in the context of implicit Lagrangian
systems (£, A, X) by requiring that, for each (¢, f) € A C TW,

(X(Q7fap)7D‘C(Qaf)) € DA(Q7p)

holds and with the Legendre transform (q,p) = FL(q, f). Therefore, the implicit
Lagrangian system for this L-C circuit may be locally described by

0

qr 0 0 0 0|1 000 ac, 0 O
ch 0 0 0 O0]0 1 00 ch 0 0
qc, 0O 0 0 O0]0 0 10 o 0 0
dcs 0 0 0 0|0 0 01 ‘IC& 0 O <)\1)
= 3 +
Pr -1 0 0 010 0 0O f -1 0 A2
0 0 -1 0 01]0 00 0 L 0 -1
0 0 -1 01]0 00 0 Jeu 11
0 0 0 0 —1/0 0 0 0 Je, 0 -1
fos
together with the Legendre transformation p; = L f;. The above equations of
motion are supplemented by the KCL constraints
qr
oy (-1 0 1 0 qc,
(0)=(% 571 5)|.
qcs

Thus, we obtain the differential-algebraic equations as

qr = fr, 4o, = fou, do, = fous dos = foss

. qc, qc, qcs
= AL, A= — b A\ = —da A+ Ay = —
pL 1, N2 Cl )y A1 2 02 s N2 03 )

pPL = LfL7 (jL :q-sz q~C1 = q.CQ —CIC3

Representation (11). Using Representation (II) in (5) for the induced Dirac struc-
ture, it follows that an IPCL system in equation (8) can be represented by

0=B"(q) {'—Zs—F(q,v)},



0=N(q)4q,

q=wv,
0L
b= ov’

In the above, the constraint forces represented by Lagrange multipliers A = (A1, ..., A\p)
are eliminated by premultiplying the matrix B (¢) and the equations of motion
for the system are given by the set of differential-algebraic equations for the 3n-
dimensional local coordinates (q, v, p) for TQ & T*Q.

Example: L-C Circuits. By analogy with mechanics, dynamics of electric circuits
can be described in Representation (II) without Lagrange multipliers. As to the
representation (II) of the L-C circuit in Fig.1, the equations of motion

0=B"(q) {p— %s —F(q,v)}

are given, in coordinates, by

(o)(7 3% 5)

while the KCL constraints 0 = N(g¢) ¢ are given, in coordinates, by

3.
coof

qr
oy (-1 0 1 0 dc,
0/ 0 -1 1 -1 do, |’
dcy
together with p;, = Lfr, and g1 = fr, 4o, = feus 4os = feuy oy = fos-
Finally, the resultant equations of motion without Lagrange multipliers are

given by the following implicit differential-algebraic equations:

qr = fr, dc, = feu, dcy = feoy dos = fes,
_qC1 _QC2 O:_QC1 _Q&

C:  Cy’ C:  C5’
pr =L fr, 4L = qc., doy = Go, — Gos-

prL =

4 Conclusions

In this paper, we showed how implicit port-controlled Lagrangian (IPCL) systems
can be developed in the context of Dirac structures with two representations: (1)
a standard representation with Lagrange multipliers and (2) a representation using
orthogonal complementary matrices that eliminates Lagrange multipliers. Espe-
cially, the latter representation enables one to obtain lower order system equations.
Finally, we demonstrated our theory of IPCL systems by an example of L-C circuits.
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