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Abstract— This paper studies the effect of uncertainty, using
random perturbations, on area preserving maps of R

2 to itself.
We focus on the standard map and a discrete Duffing oscillator
as specific examples. We relate the level of uncertainty to the
large scale features in the dynamics in a precise way. We
also study the effect of such perturbations on bifurcations in
such maps. The main tools used for these investigations are
a study of the eigenfunction and eigenvalue structure of the
associated Perron-Frobenius operator along with set oriented
methods for the numerical computations.

I. INTRODUCTION

Uncertainty is obviously of central importance for dy-
namic and control systems both from a theoretical and
a practical point of view. While this topic has received
much attention in the control community, there is still
much to learn about the effect of random perturbations
on such systems. In this paper we focus our attention on
perturbations of conservative systems as a first step towards
studying mechanical systems (including molecular systems)
in the presence of uncertainty. An important aspect of our
approach is to try to extract the key dynamical features that
survive in a noisy environment. One can make the case that
such features are the most important ones to compute.

The specific context we work in is as follows. Let
f : X → X be an area preserving map of a compact
subset X of R

2 to itself. Let B be the Borel–σ–algebra
and m the standard volume measure on X . We model a
perturbed version of the map f by a stochastic process
which maps a point x ∈ X near the image point f(x)
with high probability. Formally, we consider a stochastic
transition function p : X × B → [0, 1] corresponding to a
small random perturbation of f in the sense of [1]. A typical
small random perturbation of f is given by letting pδ(x, ·)
be the uniform distribution on a δ-ball around f(x). This is
in fact the type of perturbation we use in the computations.

Throughout the paper, we focus on two example systems,
1) the standard map(

x1

y1

)
=

(
x + εy + ε2ρ sin(2πx)
y + ερ sin(2πx)

)
(1)

on the two–torus, as resulting from a symplectic time
discretization of the ordinary differential equation for
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the pendulum. We fix the step size ε = 1 and view ρ
as a bifurcation parameter;

2) and the Duffing map,(
x1

y1

)
=

(
x + εy + ε2

2 (ρx − x3)
y + ε

2 (ρx − x3 + ρx1 − x3
1)

)
(2)

on R
2, as resulting from applying the Newmark

scheme to the Duffing equations (see, e.g., [10]). Here
ε is a fixed parameter (corresponding to the stepsize
in the Newmark scheme) and ρ ∈ R is a bifurcation
parameter.

A. Stochastic transition functions

A measure µ on B is called invariant for a stochastic
transition function p, if∫

p(x,A) µ(dx) = µ(A) (3)

for all A ∈ B. A transition function p is called reversible
w.r.t an invariant probability measure µ, if∫

A

p(x,B) µ(dx) =
∫

B

p(x, A) µ(dx). (4)

The value

p(A,B) :=
1

µ(A)

∫
A

p(x,B) µ(dx) (5)

is the probability to map from set A into set B in one step.
The corresponding probability for the time reversed system
is given by

p̂(A,B) =
µ(B)p(B,A)

µ(A)
. (6)

A stochastic transition function with invariant measure µ
is called uniformly ergodic, if there are constants q < 1 and
M > 0, such that ‖pn(x, ·)−µ‖ ≤ Mqn for n = 0, 1, 2, . . .
and all x ∈ X .

An absolutely continuous transition function is of the
form

p(x,B) =
∫

B

k(f(x), y) dm(y),

where k : X ×X → [0,∞) is some suitable kernel. In this
case, the transition function of the time reversed system is
explicitly given by

p̂(x, A) =
∫

A

k(f(y), x) dm(y). (7)
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B. Macroscopic dynamics

It is instructive to first consider the situation when there
is no noise. In this case, the Perron-Frobenius operator,
acting on L2, is given by Ph(x) = h ◦ f−1 and its adjoint,
the Koopman operator by Uh = h ◦ f . These are both
examples of transfer operators ([9]). The spectral properties
of these operators can be related to phase-space structure
of the underlying map. In particular, invariant sets of f can
be obtained as level sets of functions in the eigenspace at
1 of U (see e.g. [11]). In addition, invariant densities of f
are functions in the eigenspace at 1 of P . The operators P
and U are unitary and thus their spectrum is confined to
the unit circle in the complex plane. Their spectrum can be
analyzed via the study of the simpler, symmetrized operator
(U + P )/2. Since P is normal, any eigenfunction h of P
at the eigenvalue λ is an eigenfunction of U at eigenvalue
λ̄, the complex conjugate of λ. In that case, we have

1
2
(U + P )h =

(λ + λ̄)
2

h = Re(λ)h,

and thus h is an eigenvector of the symmetrized operator
(U + P )/2 associated with the eigenvalue Re(λ). In the
case when f is ergodic (and the eigenspace at 1 is one-
dimensional), all of the other eigenspaces are at most two-
dimensional. However, typical area-preserving maps show
a more complicated structure in phase space where regular
regions of periodic and quasi-periodic motion coexist with
chaotic areas. An example of this is shown in Figure 1
for the standard map. In this case, the eigenspace at 1

Fig. 1. Standard map: 500 iterates of 500 different initial conditions,
chosen at random according to a uniform distribution, ρ = 0.3.

can be obtained using the projection operator Pfh =
(1/n)

∑n−1
j=0 h ◦ f jh. An example of such a computation

is given in Figure 2.
In the presence of noise the decomposition of phase space

into invariant sets with regular resp. chaotic dynamics is
no longer possible. Due to the noise, the evolution may
become transitive on the state space. However, for certain
types of perturbations and if the perturbation is sufficiently
small, certain invariant sets of the unperturbed map can

Fig. 2. Standard map: Invariant sets obtained from Pf h, for h =
cos(2πy), ρ = 0.3.

still be recovered as almost invariant subsets. In fact, this
is the more likely thing one will see in a more realistic
noisy and uncertain model of a system. Intuitively, a set
A ⊂ X is almost invariant, if the invariance ratio of A,
p(A,A), is close to 1, i.e. if the probability to stay within
the set A under the evolution is high. We refer to [2] for
a more formal definition. For the perturbed system, it is
therefore natural to ask for a decomposition of the state
space into almost invariant sets when one is interested in a
more macroscopic and robust description of the dynamical
behavior. Thus, we aim at finding sets A for which p(A,A)
is as large as possible. This question has been treated in
[3], [4] in detail. It is a trivial (but important) observation,
that

p(A,A) = p̂(A,A) =
1
2
(p(A,A) + p̂(A,A)), (8)

i.e. when looking for sets that maximize p(A,A), we might
as well consider the transition function

r(x, A) =
1
2
(p(x, A) + p̂(x,A)), (9)

which is reversible.

C. Transfer operators

As mentioned before, spectral properties of transfer op-
erators can be used to explore the macroscopic dynamics of
the underlying system. For a given (“pointwise”) evolution
law, an associated transfer operator describes the evolution
of probability measures or densities on the state space. Its
spectrum can also be used to identify sets with a large
almost invariance ratio; see e.g. [2].

For a deterministic map f , the Perron-Frobenius operator
P : M → M is Pµ(A) = µ(f−1(A)), A ∈ B, where M
is the space of probability measures on (X,B). The transfer
operator of a stochastic transition function p is given by

Pµ(A) =
∫

p(x, A) dµ(x), µ ∈ M. (10)

2226



In the case that p is absolutely continuous, we can equiva-
lently consider P as an operator on L2(X), given by

Ph(y) =
∫

k(f(x), y) h(x) dm(x).

Note that for the standard inner product on L2, the adjoint
of P is given by

PT g(x) =
∫

k(f(x), y) g(y) dm(y).

D. A perturbed rotation on the circle

As an example, we first study the spectral properties
of the Perron-Frobenius operator for a perturbed rotation
on the circle. In this example, spectral properties can
be analytically computed and as a result are simple to
understand. Let f : S1 → S1, f(θ) = θ + ω, be a
rotation on the circle, where ω is a constant. Note that
this map preserves the Haar measure on the circle. The
Perron-Frobenius operator associated with it is given by
Ph(θ) = h(θ−ω). The eigenfunctions of P associated with
the eigenvalues exp(−i2πnω), n ∈ N, are exp(i2πnθ),
which span L2(S1). Consider the following stochastic per-
turbation of this conservative system: fδ(θ) = θ + ω + ξ,
where ξ is a random variable uniformly distributed on the
interval [−δ/2, δ/2] for some δ > 0. The transfer operator
associated with fδ is

Pδh(θ) =
1
δ

∫ δ/2

−δ/2

h(θ − ω − ξ) dξ.

For h(θ) = exp(i2πnθ) we obtain

Pδh(θ) =
1
δ

∫ δ/2

−δ/2

exp(i2πn(θ − ω − ξ))dξ

=
sin(nπδ)

nπδ
exp(−i2πnω) exp(i2πnθ).

Thus hn(θ) = exp(i2πnθ) are eigenfunctions of Pδ asso-
ciated with the eigenvalues λn = sin(nπδ)

nπδ exp(−i2πnω).
For fixed n, if δ → 0, |λn| → 1. In Figure 3 we
show eigenvalues of Pδ for ω = π/320 and δ = 0.01.
The eigenvalue with the largest modulus smaller than 1 is
λ1 = sin(πδ)

πδ exp(−i2πω), with the associated eigenfunc-
tion exp(i2πθ). The adjoint operator of Pξ is the Koopman
operator Uδh(θ) = 1

δ

∫ δ/2

−δ/2
h(θ+ω+ξ) dξ. In this case the

Perron-Frobenius and Koopman operators are normal and
thus the symmetrized operator (Pδ +Uδ)/2 has eigenvalues
(sin(nπδ)(nπδ) cos(2πnω)) and the same eigenfunctions
as Pδ . For small ω the second largest eigenvalue is obtained
for n = 1. The associated eigenfunctions are given by
c1 sin(2πθ) + c2 cos(2πθ). Clearly any two arcs that split
the circle in two parts are almost invariant sets.

E. Eigenvalues and almost invariance

For a reversible and uniformly ergodic absolutely contin-
uous stochastic transition function p, the essential spectral
radius of the corresponding transfer operator P : L2 → L2

is bounded away from one, i.e. σ(P ) ⊂ [
, r] ∪ {1} with

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Re

Im

Fig. 3. Eigenvalues of Pδ for ω = π/320 and δ = 0.01.

r < 1; see [6]. By combining Theorem 3.1 and Corollary
4.33 of [6], we obtain:

Proposition 1 Let the absolutely continuous stochastic
transition function p be reversible and uniformly ergodic.
Assume that

σ(P ) ⊂ [
, r] ∪ {λ2, 1}, (11)

with r < λ2 and λ2 a simple eigenvalue of P . Then for any
set A ∈ B

1 − λ2 ≤ p(A,AC) + p(AC , A) ≤ 1 − κλ2, (12)

where 0 < κ ≤ 1.

In fact, one has (see [6])

κ =

√
µ(AC)
µ(A)

∫
A

v2 dµ −
√

µ(A)
µ(AC)

∫
AC

v2 dµ,

where v2 is the eigenvector at λ2. Note that κ will be
maximal if the set A is the set on which v2 is positive.
In fact, the strategy of using the sign structure of the
eigenvectors associated to eigenvalues 	= 1 in order to
detect almost invariant sets has been proposed in [2] and
already successfully been applied in different situations, in
particular in order to identify conformations of molecules,
see [5], [12].

In Figure 4 we show six eigenvectors of the reversibi-
lized transfer operator of the unperturbed standard map.
Clearly the almost invariant sets defined by the positive
resp. negative components of these modes are in very good
agreement with invariant sets of the unperturbed system (c.f.
Figure 1) for the eigenvectors v2, . . . , v6. The eigenvector
v7 decomposes the “chaotic sea” itself.
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(a) v2 (b) v3

(c) v4 (d) v5

(e) v6 (f) v7

Fig. 4. Standard map: eigenvectors v2, . . . , v7 to the six largest eigen-
values (except 1) λ2 < · · · < λ7 of the reversibilized transfer operator of
the unperturbed system on a partition of 212 boxes, ρ = 0.3.

F. Discretization

Numerically, we need to work with a finite dimensional
subspace Ld of L2 and a corresponding approximation of
Pδ on Ld. A common ansatz is to let Ld be the subspace of
step-functions that are piecewise constant on the elements of
a partition of X . More precisely, let P = {B1, . . . , Bd} ⊂
B such that µ(Bi ∩ Bj) = 0 for Bi, Bj ∈ P, Bi 	= Bj

and
⋃d

i=1 Bi = X . Let Ld = span{χB1 , . . . , χBd
} and let

Qd : L2 → Ld be the orthogonal projection onto Ld. The
discretized transfer operator Pd is defined as Pd = QdPδ . It
is easy to see (see e.g. [2]) that in this case the discretized
operator can be represented by a stochastic matrix with
entries

pij =
m(f−1(Bi) ∩ Bj)

m(Bj)
, i, j = 1, . . . , d. (13)

For bounded small perturbations of the map f , i.e. if
pδ(x, ·) has sufficiently small support, this transition matrix
is sparse and even if the number d of partition elements
is quite large, a couple of eigenvalues and corresponding

eigenvectors can efficiently be computed by Arnoldi meth-
ods as e.g. implemented in ARPACK [8] (which is available
as the eigs command in MATLAB).

In Figure 5 we show the eigenvector to the second largest
eigenvalue of the reversibilized discretized transfer operator
Rd = (Pd +PT

d )/2 for the standard map, computed on four
different partitions of the phase space. Note that the overall
shape of the associated almost invariant decomposition is
already quite well resolved on a partition with only 256
boxes.

(a) 26 boxes (b) 28 boxes

(c) 212 boxes (d) 216 boxes

Fig. 5. Standard map: eigenvector to the second largest eigenvalue of the
reversibilized discretized transfer operator of the unperturbed system for
different partitions, ρ = 0.3.

II. SPECTRAL PROPERTIES OF THE TRANSFER

OPERATOR

A. The dependence of the spectrum on the perturbation size

Let us focus on a particular perturbation of the given map
f : We consider

kδ(f(x), y) =
1

µ(Bδ(0))
χBδ(f(x))(y). (14)

In [7] we prove:

Proposition 2 If A is an invariant set of the unperturbed
system, then the probability pδ(A,AC) to map from A into
its complement AC under the perturbed system can be
estimated as

pδ(A,AC) ≤ length(∂A)
µ(A)

δ + O(δ2) (15)

as δ → 0.

Combining this estimate with Proposition 1, we obtain
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Theorem 1 Let A be an invariant set of the unperturbed
map f . Assume that the reversibilized small random per-
turbation rδ = 1

2 (pδ + p̂δ) of f is uniformly ergodic. Then

1 − λ2 ≤ length(∂A)
µ(A)µ(AC)

δ + O(δ2), (16)

Proof: Note that µ(A)+µ(AC) = 1 and length(∂A) =
length(∂AC).

Note that the constant on the right hand side relates the
length of the boundary of A to its volume. In particular this
means that a larger eigenvalue corresponds to an almost
invariant set of larger volume. So in this sense larger
eigenvalues detect “more important” almost invariant sets.

In Figure II-A we show how the four largest real eigen-
values of the discretized transfer operator for the standard
map depend on the perturbation size δ. The computation of
the transition matrix is based on a partition of 214 boxes.
We used 16 test points on a regular grid in each box of
the covering and 256 points on a regular grid in each δ-
neighborhood of the corresponding image points in order
to sample pδ(x, ·). Note that this numerical result is in very
good agreement with Theorem 1.

10
−2

10
−3

10
−2

10
−1

δ

1−
λ i

standard map, eigenvalues vs perturbation size, depth 14, 16/256 Grid/InnerGrid

λ
5

λ
4

λ
3

λ
2

Fig. 6. Standard map: the four largest real eigenvalues (except 1) in
dependence of the perturbation size.

B. Spectrum for a fixed value of the bifurcation parameter

Suppose that we are given a symmetry transformation
κ : X → X , such that κ2 = id and the map f satisfies the
equivariance condition

κ ◦ f = f−1 ◦ κ. (17)

Define the action of κ : L2 → L2 by κh = h ◦ κ.

Proposition 3 Suppose that the kernel kδ satisfies

kδ(f(x), y) = kδ(κ ◦ f−1(y), κ(x)), (18)

then
κ Pδ = PT

δ κ. (19)

Proof: We compute

PT
δ κh(x) =

∫
kδ(f(x), y) h ◦ κ(y) dµ(y)

=
∫

kδ(κ ◦ f−1(y), κ(x)) h ◦ κ(y) dµ(y)

=
∫

kδ(κ(y′), κ(x)) h ◦ κ ◦ f(y′) dµ(y′),

where the latter equality follows using the change of vari-
ables y′ = f−1(y) and the fact that f is area preserving.
Using the equivariance condition (17) we continue

=
∫

kδ(κ(y′), κ(x)) h ◦ f−1 ◦ κ(y′) dµ(y′)

=
∫

kδ(ỹ, κ(x)) h ◦ f−1(ỹ) dµ(ỹ)

=
∫

kδ(f(ŷ), κ(x)) h(ŷ) dµ(ŷ)

= Pδh ◦ κ(x) = κPδh(x),

where, again, we performed two changes of variables,
exploiting the area preservation property of κ.

Corollary 1 Let h ∈ L2 be an eigenfunction of Pδ at the
eigenvalue λ, then κh is an eigenfunction of PT

δ at the
eigenvalue λ.

Numerical support for this Corollary is shown in Fig-
ure 7. We consider the Duffing map, for which a suitable
symmetry is given by κ(x, y) = (−x, y). For ε = 0.1 and
ρ = −0.2, we computed the transition matrix on a covering
of 212 boxes, using 100 test points on a regular grid. We set
δ = 0, i.e. did not use an explict perturbation—still one may
view the discretization as inducing one. The figure shows
eiπκh in the left column, where h is the eigenvector of Pδ

and the eigenvector of PT
δ in the right column, both for the

same eigenvalue λ = 0.9902 + i 0.0647.

Fig. 7. Duffing map: Comparison of eiπκh (left column), where h is
the eigenvector of Pδ , and the corresponding eigenvector of P T

δ (right
column).
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Fig. 8. Duffing: The six largest eigenvalues of the reversibilized discretized transfer operator in dependence of the bifurcation parameter ρ, together
with the corresponding eigenmodes (ε = 0.1, depth=14, δ = 0).

C. Spectrum in dependence of the bifurcation parameter

As a bifurcation parameter is varied, it is natural to expect
the spectrum of the transfer operator to change. In particular,
we expect the corresponding eigenmodes to reflect changes
in the global dynamical behavior of the system. As an
example situation we consider the dynamics of the Duffing
map as the parameter ρ is varied. It is well known that at
ρ = 0 the origin undergoes a pitchfork bifurcation, leading
to two stable equilibria for ρ > 0. In Figure 8 we show how
part of the spectrum of the reversibilized transfer operator
depends on ρ ∈ [−0.35, 0.7]. One particular eigenfunction
(associated to the eigenvalue represented by the red curve
in Figure 8) appears to become the dominant one as ρ
changes from −0.35 to 0.7. For positive ρ, the positive resp.
negative components of this eigenfunction are associated to
neighborhoods of the two equilibria which are created in the
pitchfork bifurcation, bounded by the homoclinic orbits of
the origin. For negative ρ however, this geometric situation
is not present, but still the sign structure of this eigenmode
defines a qualitatively similar decomposition of the state
space into two almost invariant sets. Recall that we are
considering the reversibilized operator here (as justified by
(8)), so these modes should not directly be compared to the
ones shown in Figure 7.

III. CONCLUSIONS.

This paper demonstrates that the framework of transfer
operators provides an efficient way to study the effect of
uncertainty on area preserving maps. In particular, we show
how the level of uncertainty affects the macroscopic dy-
namical behaviour in a quantitative way. Using the Duffing
oscillator as example, we also explore how uncertainty may
affect a bifurcation.
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