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Abstract

We develop discrete mechanics and variational in-
tegrators for a class of degenerate Lagrangian sys-
tems, and apply these integrators to a system of
point vortices. Excellent numerical behavior is ob-
served. A longer term goal is to use these integra-
tion methods in the context of control of mechan-
ical systems, such as coordinated groups of under-
water vehicles. In fact, numerical evidence given
in related problems, such as those in [2] shows that
in the presence of external forces, these methods
give superior predictions of energy behavior.

1 Introduction

Variational integration methods preserve key sys-
tem properties at the discrete level. There are
discrete versions of the canonical nature of the the
time evolution maps, discrete versions of associ-
ated conservation laws, etc. See [4] for a survey
and references. Variational algorithms get their
name from the fact that it is the variational prin-
ciples of mechanics that are discretized rather than
the equations. They extend to forced (e.g., by con-
trol actuation) and dissipative systems. They give
(see [2]) superior predictions about energy conser-
vation for conservative systems and energy change
for forced and dissipative systems over standard
(even more highly accurate) schemes. Symplectic
integration methods for point vortices were given
in [7], which clearly shows their superiority. How-
ever, the methods were somewhat hand crafted
and special. In this paper, we do these simula-
tions by general methods and numbers of vortices,
getting even better results.

The usual theory of variational integrators and dis-
crete mechanics for integration of Lagrangian sys-
tems (see [4]) assumes that the Lagrangian is regu-

lar. However, some potential applications, such as
a system of interacting point vortices have degen-
erate Lagrangians (see [5]). Our main theoretical
contribution deals with degenerate Lagrangians in
the context of discrete mechanics and variational
integrators. We consider a particular class of de-
generate Lagrangians, namely those that are affine
in the velocities. For an application, we consider
point vortices in the plane and demonstrate the
excellent numerical properties of the algorithms.
It would be of interest to also develop them for
point vortices on the sphere and we expect the
techniques here to also apply to that situation; see
[6] for an interesting, but different approach.

2 Background on discrete mechanics

Given a configuration space Q, and Lagrangian
L : TQ → R, Hamilton’s principle, that solutions
q(t) ∈ Q are critical points of the action integral

S =
∫ b

a
L(q(t), q̇(t)) dt, (1)

(with fixed endpoints q(a) and q(b)), leads to the
Euler-Lagrange equations

d

dt

∂L

∂q̇
− ∂L

∂q
= 0. (2)

Discrete mechanics begins with a discrete La-
grangian Ld : Q×Q → R, normally obtained from
L by approximating (1) along solutions:

Ld(q0, q1) ≈
∫ h

0
L(q(t), q̇(t)) dt,

where q(0) = q0 and q(h) = q1, and h is the
timestep. Given Ld, the discrete Hamilton’s prin-
ciple extremizes the action sum

Sd =
N−1∑
k=0

Ld(qk, qk+1)



over q1, . . . , qN−1, given fixed endpoints q0 and qN .
This discrete variational principle leads to the dis-
crete Euler-Lagrange equations

D1Ld(qk+1, qk+2) + D2Ld(qk, qk+1) = 0

for all k = 1, . . . , N − 1, where D1Ld denotes the
derivative of Ld with respect to its first slot. This
equation implicitly defines a discrete algorithm

Φ : (qk, qk+1) 7→ (qk+1, qk+2) : Q×Q → Q×Q,

which satisfies

D1Ld ◦ Φ + D2Ld = 0. (3)

The algorithm Φ is well defined if the map D1Ld :
Q×Q → T ∗Q is invertible (usually guaranteed by
the implicit function theorem for pairs (q0, q1) of
nearby points and small time steps).

2.1 Symplectic structure
A symplectic structure on a manifold M is a nonde-
generate closed two-form Ω, and a diffeomorphism
ϕ : M → M is called symplectic if it preserves this
symplectic structure: that is, if ϕ∗Ω = Ω. The
typical way one shows that Lagrangian flows are
symplectic is by introducing the fiber derivative

FL : TQ → T ∗Q : (qi, q̇i) 7→
(
qi,

∂L

∂q̇i

)
,

and defining the two-form ΩL on TQ by pulling
back the canonical form Ω on T ∗Q: that is, ΩL =
(FL)∗Ω. In coordinates, this form is given by

ΩL =
∂2L

∂q̇i∂qj
dqi ∧ dqj +

∂2L

∂q̇i∂q̇j
dqi ∧ dq̇j ,

which is nondegenerate if and only if the matrix
∂2L/∂q̇i∂q̇j is nonsingular. In this case, L is reg-
ular. Otherwise, L is degenerate. If L is regu-
lar, then (2) are second order, and the flow map
ϕt : TQ → TQ is symplectic (i.e., ϕ∗t ΩL = ΩL).

However, if L is degenerate, then the two-form ΩL

is degenerate, and it does not even make sense to
ask whether the flow on TQ is symplectic (though
one may still study whether ΩL is preserved by the
flow map, as long as the flow is well defined). In
this paper, we address a special class of degener-
ate Lagrangians for which a symplectic structure
is well defined. For the cases we address, how-
ever, the symplectic structure will not be defined
on TQ, but rather on Q.

2.2 Variational integrators are symplectic
Just as the flow of the Euler-Lagrange equations
is symplectic if L is regular, one can show that
the algorithm Φ determined by the discrete Euler-
Lagrange equations is symplectic. One defines the
discrete fiber derivative

FLd : Q×Q → T ∗Q : (q0, q1) 7→ (q1, D2L(q0, q1))

and, as in the continuous case, one defines the
discrete Lagrangian two-form ΩLd

by ΩLd
=

(FLd)∗Ω, where again Ω is the canonical form on
T ∗Q. In coordinates, ΩLd

has the form

ΩLd
=

∂2Ld

∂qi
0∂qi

1

dqi
0 ∧ dqj

1.

As before, this form is nondegenerate if and only
if the matrix ∂2Ld/∂qi

0∂qj
1 is nonsingular, and in

this case we say that the discrete Lagrangian is
regular. Note that the discrete Lagrangian must
be regular in order for the algorithm Φ to be well
defined. Just as in the continuous case, one can
show (see, for example, [4]) that the algorithm Φ
determined by (3) exactly preserves the symplectic
form ΩLd

(i.e., Φ∗ΩLd
= ΩLd

).

3 Degenerate Lagrangian systems

In this section, we describe the class of degen-
erate Lagrangians we address, motivated by the
example of point vortices interacting in a two-
dimensional potential flow.

3.1 Example: point vortices
Consider a system of n interacting point vortices
in two dimensions, where the coordinates of the
jth vortex in the complex plane are given by zj =
xj + iyj . If the circulation of the jth vortex is Γj ,
then the Lagrangian is given by (see, e.g., [5])

L(zj , z̄j , żj , ˙̄zj) =
1
2i

n∑
j=1

Γj(z̄j żj − zj ˙̄zj)

− 1
2π

n∑
j 6=k

ΓjΓk log |zj − zk|,



or in real form,

L(x, y,ẋ, ẏ) =
1
2

n∑
j=1

Γj(xj ẏj − yj ẋj)

− 1
4π

n∑
j 6=k

ΓjΓk log((xj − xk)2 + (yj − yk)2).

(4)
Though this Lagrangian is degenerate, Hamilton’s
principle still applies, and the Euler-Lagrange
equations give the first-order evolution equations

˙̄zj =
1

2πi

∑
j 6=k

Γk

zj − zk
. (5)

The above Lagrangian has the general form

L(q, q̇) = 〈α(q), q̇〉 −H(q), (6)

where α is a one-form on Q, and H is a function
on Q. For the point vortex Lagrangian (4), with
q = (x, y) ∈ R2n, the form α is given in coordinates
by

α(xi, yi) = −1
2
Γijy

i dxj +
1
2
Γijx

i dyj , (7)

where Γij = Γiδij is a diagonal matrix of vortex
strengths. It is well known (see, e.g., [5]) that
this point vortex system possesses a Hamiltonian
(symplectic) structure, and the motivation for the
present work is to obtain integrators which pre-
serve this symplectic structure.

3.2 Hamiltonian structure
We now investigate the equations of motion that
arise from Lagrangians of the form (6), and the
sense in which these equations are Hamiltonian.
Note that there are other classes of degenerate
Lagrangians [1], but the form (6) arises in many
physical examples, including not just point vor-
tices, but also quantum mechanics! For these sys-
tems, the momentum is given by

pi =
∂L

∂q̇i
= αi(q),

and so the Euler-Lagrange equations become

d

dt
(αi(q)) =

∂L

∂qi
=

∂αj

∂qi
q̇j − ∂H

∂qi

and hence

∂αi

∂qj
q̇j − ∂αj

∂qi
q̇j = −∂H

∂qi
.

These are first-order equations of the form

q̇ = X(q) (8)

where the vector field X is given by

−dα(X(q), v) = dH(q) · v (9)

for all v ∈ TqQ. This equation shows that the
equations of motion (8) are Hamiltonian, where
the symplectic two-form is given by Ω = −dα. De-
noting the flow of X by ϕt : Q → Q, it is straight-
forward to show that ϕt is a symplectic transfor-
mation (i.e., ϕ∗t Ω = Ω), and the Hamiltonian H is
preserved by the flow (i.e., H = H ◦ ϕt).

For the point vortex Lagrangian (4), the symplec-
tic form is therefore

Ω = −dα = −Γijdxi ∧ dyj .

It is important to note the differences between
the usual case for regular Lagrangians, and the
degenerate case discussed here. For regular La-
grangians, the Euler-Lagrange equations produce
second-order equations, while for degenerate La-
grangians of the form (6), they give the first-order
equations (8). Furthermore, in the regular case,
the symplectic structure is a two-form on T ∗Q or,
on the Lagrangian side, on TQ, while here the
symplectic structure is a two-form on Q. This
distinction will be important when we discuss the
sense in which the integrators we derive are sym-
plectic.

3.3 The action and symplectic structures
Define the action integral

S(q, t) =
∫ t

0
L(q(s), q̇(s)) ds, (10)

where q(s) denotes the solution to the Euler-
Lagrange equations with q(0) = q. Recall that
in the degenerate case being considered here, the
Euler–Lagrange equations are first order. Define
St : Q → R by St(q) = S(q, t). In this formu-
lation, we regard q(t) as a function of the initial
condition q. Thus, for example, the differential dq
at time t is obtained by using the first variation
of the equations (i.e., the tangent TFt of the flow
map Ft : Q → Q). This induces a first variation
of the curve, and hence the velocity q̇, which can



be used in the variational principle. Then taking
the exterior derivative, we have

dSt = d
∫ t

0
L(qi, q̇i) dt

=
∫ t

0

(
∂L

∂qi
dqi +

∂L

∂q̇i
dq̇i

)
dt

=
∫ t

0

(
∂L

∂qi
− d

dt

∂L

∂q̇i

)
dqi dt +

∂L

∂q̇i
dqi

∣∣∣∣t
0

= αidqi
∣∣t
0

= F ∗
t α− α

since dqi at time t is obtained from that at time
t = 0 by the tangent to the flow map, as ex-
plained above. (See [3], §8.2 for the corresponding
calculation for regular Lagrangians). Thus, since
d2St = 0, we obtain

F ∗
t dα− dα = 0, (11)

which is one way of seeing that the symplectic form
Ω = −dα is preserved by the flow map.

4 Discrete mechanics for degenerate
Lagrangians

4.1 Variational integrators
One choice of the discrete Lagrangian is

Ld(q0, q1) = h ·L
(
(1−σ)q0 + σq1,

q1 − q0

h

)
. (12)

Writing qk+σ = (1 − σ)qk + σqk+1, the discrete
Euler-Lagrange equations become

σ
∂αj

∂qi
(qk+σ)

qj
k+1 − qj

k

h
+ (1− σ)

∂αj

∂qi
(qk+1+σ)

qj
k+2 − qj

k+1

h

−αi(qk+1+σ)− αi(qk+σ)

h
= σ

∂H

∂qi
(qk+σ) + (1− σ)

∂H

∂qi
(qk+1+σ).

For point vortices, this expression simplifies con-
siderably:

z̄j
k+2 − z̄j

k

2h
=

1

2πi

∑
j 6=l

Γl

(
σ

zj
k+σ − zl

k+σ

+
1− σ

zj
k+1+σ − zl

k+1+σ

)
.

(13)

It is insightful to compare this expression to the
form of the continuous evolution equations (5). If
f(z) denotes the complex conjugate of the right
hand side of (5), then these equations have the
form

zk+2 − zk

2h
= σf(zk+σ) + (1− σ)f(zk+1+σ). (14)

For σ = 0 or σ = 1, the scheme is explicit, and
is just the leapfrog scheme, which is often used in
molecular dynamics simulations where exact en-
ergy conservation is critical. For σ ∈ (0, 1) it gives
a (possibly new) family of implicit schemes. The
structure of the scheme is illustrated in Figure 1.

xk
xk+2

xk+1

xk+σ

xk+1+σ

Figure 1: Structure of the scheme (14) for point
vortices: Closed circles indicate final val-
ues of x, arrows indicate evaluations of the
right hand side f(x), and open circles indi-
cate temporary values of x used for func-
tion evaluation.

Accuracy and stability. To assess the accu-
racy stability of the method, we consider applying
the scheme (14) to the linear equation ẋ = λx.
The integration scheme (14) is formally second-
order accurate (the truncation error is O(h3)) for
all values of σ except σ = (3 −

√
3)/6, for which

the scheme is fourth-order accurate. A standard
stability analysis shows that the scheme is stable
only when λ is purely imaginary, with

| Im(λh)| < 1
|1− 2σ|

.

For σ = 1/2, the region of stability is the entire
(closed) left half plane.

Thus, which scheme to use depends on a trade-
off between speed, accuracy, and stability. The
scheme with σ = 0 is explicit, so requires the
least computation per timestep, but has the most
severe timestep restriction of the family, |λh| <
1. The implicit scheme with σ = 1/2 has no
timestep restriction, but the implicit scheme with
σ = (3−

√
3)/2 is the most accurate.

4.2 Discrete symplectic structure
Let us look at the discrete symplectic structure
that is conserved by our family of variational inte-
grators. The discrete symplectic structure ΩLd

is
a two-form on Q×Q, given by

ΩLd
=

∂2Ld

∂qi
0∂qj

1

dqi
0 ∧ dqj

1. (15)



In coordinates, our discrete Lagrangian is given by

Ld(qi
0, q

i
1) = αi(qσ)(qi

1 − qi
0)− hH(qσ) (16)

where qσ = (1 − σ)q0 + σq1. Therefore, one com-
putes

∂2Ld

∂qi
0∂qj

1

= hσ(1− σ)
∂2αk

∂qi∂qj
(qσ)

qk
1 − qk

0

h

− σ
∂αi

∂qj
(qσ) + (1− σ)

∂αj

∂qi
(qσ)

− hσ(1− σ)
∂2H

∂qi∂qj
(qσ).

(17)

This is the form that is preserved by the integra-
tor. It is not clear precisely when this form is
nondegenerate, as one reviewer pointed out. One
might hope that this form is nondegenerate (on
Q×Q) whenever dα is nondegenerate (on Q), but
this is unfortunately not the case, and in fact the
degeneracy of ΩLd

depends on the choice of α, not
just dα. However, for the point vortex example,
with α given by (7), ΩLd

is nondegenerate, at least
for small time steps.

One easily checks that this form is close to the
continuous symplectic form Ω = −dα: in the limit
as h → 0 (and q1 → q0), the first and third lines
of (17) vanish, and the form (15) becomes

ΩLd
≈

(
∂αj

∂qi
− σ

(∂αi

∂qj
+

∂αj

∂qi

))
dqi

0 ∧ dqj
1.

The term that multiplies σ will cancel (it is sym-
metric), and we are left with, for q0 − q1 = O(h),

ΩLd
≈ ∂αj

∂qi
dqi ∧ dqj = dα,

which is precisely the continuous symplectic form
from section 3.2.

The fact that the continuous symplectic form is
in the above sense, close to the discrete form, and
the discrete form is exactly preserved, means that
numerically, the continuous form will remain close
to its exact value indefinitely for all bounded mo-
tions.

5 Numerical results: point vortices

We performed several numerical experiments to
evaluate the performance of the symplectic inte-
grators, relative to some standard integrators of

comparable accuracy. The schemes considered are
as follows:

Scheme Name Order Type
RK2 Runge-Kutta 2 Explicit
RK4 Runge-Kutta 4 Explicit
VE2 Variational, σ = 0 2 Explicit
VI2 Variational, σ = 0.5 2 Implicit
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Figure 2: Hamiltonian (H(t) − H(0)) for scheme
RK2 (dashed) and symplectic scheme VE2
(solid).

Explicit scheme. Figure 2 shows the variation
in the Hamiltonian for schemes VE2 and RK2 for
a system of four point vortices, with the following
initial configuration:

j 1 2 3 4
xj −1 1 −1 1
yj 2 2 −2 −2
Γj 1 1 −1 −1

These initial conditions are symmetric about the
line y = 0, and as time evolves, the two pairs of
vortices leapfrog past each other, as shown in Fig-
ure 3. Both simulations are performed for time
0 ≤ t ≤ 2× 105, with a timestep h = 2 for scheme
VE2 and h = 1 for scheme RK2 (the simulation
using scheme RK2 blows up if the larger timestep
h = 2 is used). The variational scheme VE2 is
not self-starting, so scheme RK2 was used for the
first timestep. Because scheme RK2 requires two
right-hand-side evaluations for each timestep, the
computational time for scheme RK2 is approxi-
mately four times that of scheme VE2.
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Figure 3: Typical trajectories of leapfrogging vortices
for numerical tests.

From Figure 2, it is apparent that the scheme RK2
shows a secular drift in the Hamiltonian, while
for the symplectic scheme VE2, the Hamiltonian
remains close to its initial value for all time.

Implicit scheme. To evaluate the performance
of an implicit variational integrator (σ = 1/2), we
used the following two sets of initial conditions,
also used by [7]:

j 1 2 3 4
xj 1.0 0.866 −0.85 −0.5
yj 1.0 0.45 −1.363636 −0.15
xj −1.85 −0.07 0.78 0.76
yj 0.05 −1.332 0.167 −1.2902

For the first case, the motion is quasi-periodic,
and for the second case, the motion is chaotic.
Poincaré sections of the two cases are shown in
Figures 4 and 5, in which the results from schemes
VI2 and RK4 are compared. The section shown
is for R2 = 0, dR2/dt > 0, and the (R1, P1)-plane
is plotted, where the coordinates Rj , Pj are as
defined in [7]. The simulations in Figure 4 were
carried out for 0 ≤ t ≤ 105, and for Figure 5 for
0 ≤ t ≤ 106.

Both schemes yield accurate results if a small
enough timestep is used. However, as the timestep
is increased, the Poincaré sections for scheme RK4
degrade much sooner than those for scheme VI2,
even though RK4 is a higher-order scheme. For
all of these cases, the behavior of the Hamiltonian
is qualitatively similar to that shown in Figure 2:
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Figure 4: Poincaré map: quasiperiodic solutions.
Both schemes give qualitatively correct re-
sults for h = 0.1, but scheme RK4 gives
spurious results for h = 0.2.
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Figure 5: Poincaré map: chaotic solutions. Both
schemes produce clear Poincaré sections
for h = 0.2, but for h = 0.5, scheme RK4
produces a blurred section, while the sec-
tion from scheme VI2 remains crisp for
h = 1.0. For h = 1.0, scheme RK4 de-
viates completely, and transitions into a
quasiperiodic state, as in Figure 4.



scheme VI2 stays close to its original value, while
scheme RK4 drifts.

6 Conclusions

We have developed the theory of variational inte-
grators for a class of degenerate Lagrangians and
have applied it to the case of point vortices in the
plane to produce symplectic and momentum pre-
serving schemes for arbitrary numbers of vortices.
We have demonstrated with some numerical exam-
ples, that these schemes have excellent energy pre-
serving properties compared to standard schemes
and capture the subtle chaotic dynamics in a su-
perior way.
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