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Abstract

This paper continues the work of Koon and Marsden [1997b] that began the
comparison of the Hamiltonian and Lagrangian formulations of nonholonomic
systems. Because of the necessary replacement of conservation laws with the
momentum equation, it is natural to let the value of momentum be a variable
and for this reason it is natural to take a Poisson viewpoint. Some of this
theory has been started in van der Schaft and Maschke [1994]. We build on
their work, further develop the theory of nonholonomic Poisson reduction, and
tie this theory to other work in the area. We use this reduction procedure
to organize nonholonomic dynamics into a reconstruction equation, a nonholo-
nomic momentum equation and the reduced Lagrange d’Alembert equations in
Hamiltonian form. We also show that these equations are equivalent to those
given by the Lagrangian reduction methods of Bloch, Krishnaprasad, Mars-
den and Murray [1996]. Because of the results of Koon and Marsden [1997b],
this is also equivalent to the results of Bates and Sniatycki [1993], obtained by
nonholonomic symplectic reduction.

Two interesting complications make this effort especially interesting. First
of all, as we have mentioned, symmetry need not lead to conservation laws
but rather to a momentum equation. Second, the natural Poisson bracket fails
to satisfy the Jacobi identity. In fact, the so-called Jacobiizer (the cyclic sum
that vanishes when the Jacobi identity holds), or equivalently, the Schouten
bracket, is an interesting expression involving the curvature of the underlying
distribution describing the nonholonomic constraints.

*Research partially supported by the DOE contract DE-FG0395-ER25251.



The Poisson reduction results in this paper are important for the future
development of the stability theory for nonholonomic mechanical systems with
symmetry, as begun by Zenkov, Bloch and Marsden [1997]. In particular, they
should be useful for the development of the powerful block diagonalization
properties of the energy-momentum method developed by Simo, Lewis and
Marsden [1991].
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1 Introduction

The General Setting. Many important problems in robotics, the dynamics of
wheeled vehicles and motion generation, involve nonholonomic mechanics, which
typically means mechanical systems with rolling constraints. Some of the important
issues are trajectory tracking, dynamic stability and feedback stabilization (includ-
ing nonminimum phase systems), bifurcation and control. Many of these systems
have symmetry, such as the group of Euclidean motions in the plane or in space and
this symmetry plays an important role in the theory.

Bloch, Krishnaprasad, Marsden and Murray [1996], hereafter denoted [BKMM],
applied the methods of geometric mechanics to the Lagrange-d’Alembert formula-
tion and extended the use of connections and momentum maps associated with a
given symmetry group to this case. The resulting framework, including the non-
holonomic momentum equation and nonholonomic mechanical connection, provides
a setting for studying nonholonomic mechanical control systems that may have a
nontrivial evolution of their nonholonomic momentum.



The setting is a configuration space ) with a (nonintegrable) distribution D C
T'Q describing the constraints. For simplicity, we consider only homogeneous ve-
locity constraints. We are given a Lagrangian L on T'Q) and a Lie group G acting
on the configuration space that leaves the constraints and the Lagrangian invariant.
In many example, the group encodes position and orientation information. For ex-
ample, for the snakeboard, the group is SFE(2) of rotations and translations in the
plane. The quotient space /G is called shape space.

The dynamics of such a system is described by a set of equations of the following
form:

g7'g = —A"(r)ir+ 1" (r)p
p = T H(r)i + T K (r)p+p" D(r)p
M(r)i = 6(r,7,p) + .
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The first equation is a reconstruction equation for a group element g, the sec-
ond is an equation for the nonholonomic momentum p (strictly speaking p is the
body representation of the nonholonomic momentum map, which is not conserved
in general), and the third are equations of motion for the reduced variables r which
describe the “shape” of the system. The momentum equation is bilinear in (7, p).
The variable 7 represents the external forces applied to the system, and is assumed
to affect only the shape variables, i.e., the external forces are G-invariant. Note
that the evolution of the momentum p and the shape r decouple from the group
variables.

This framework has been very useful for studying controllability, gait selection
and locomotion for systems such as the snakeboard. It has also helped in the
study of optimality of certain gaits, by using optimal control ideas in the context
of nonholonomic mechanics (Koon and Marsden [1997a] and Ostrowski, Desai and
Kumar [1997]). Hence, it is natural to explore ways to develop similar framework
on the Hamiltonian side.

Bates and Sniatycki [1993], developed the symplectic geometry on the Hamilto-
nian side of nonholonomic systems, while [BKMM] explored the Lagrangian side.
It was not obvious how these two approaches were equivalent, especially how the
momentum equation, the reduced Lagrange-d’Alembert equations and the recon-
struction equation correspond to the developments in Bates and Sniatycki [1993].

Koon and Marsden [1997b], established the specific links between these two sides
and used the ideas and results of each to shed light on the other, deepening our un-
derstanding of both points of view. For example, in proving the equivalence of
Lagrangian reduction and symplectic reduction, we have shown where the momen-
tum equation lies on the Hamiltonian side and how this is related to the organization
of the dynamics of nonholonomic systems with symmetry into the three parts dis-
played above: a reconstruction equation for the group element g, an equation for
the nonholonomic momentum p and the reduced Hamilton equations for the shape
variables r, p,. Koon and Marsden [1997b] illustrate the basic theory with the snake-
board, as well as a simplified model of the bicycle (see Getz and Marsden [1995]).
The latter is an important prototype control system because it is an underactuated
balance system.



However, on the Hamiltonian side, besides the symplectic approach, one can also
develop the Poisson point of view. Because of the momentum equation, it is natural
to let the value of momentum be a variable and for this a Poisson rather than a
symplectic viewpoint is more natural. Some of this theory has been started in van
der Schaft and Maschke [1994], hereafter denoted [VM]. We build on their work
and develop the theory of Poisson reduction for the nonholonomic systems with
symmetry. We use this Poisson reduction procedure to obtain specific formulas for
the nonholonomic Hamiltonian dynamics. We also show that the equations given
by Poisson reduction are equivalent to those given by the Lagrangian reduction via
a reduced constrained Legendre transform.

Two special features of nonholonomic systems make this study interesting. First,
as we have mentioned, symmetry need not lead to conservation laws but rather to a
momentum equation. Second, the natural Poisson bracket fails to satisfy the Jacobi
identity. In fact, the Jacobiizer (the cyclic sum that vanishes when the Jacobi
identity holds) is an interesting expression involving the curvature of the underlying
distribution describing the nonholonomic constraints. As is well known (see, for
example, Marsden and Ratiu [1994], §10.8), the failure of Jacobi’s identity may be
equivalently measured by the Schouten bracket of the Poisson tensor with itself.

These results are important for the future development of the stability theory
for nonholonomic mechanical systems with symmetry. Important progress towards
a stability theory for these systems has been made in Zenkov, Bloch and Mars-
den [1997]. However, additional insight will be required for the development of the
powerful block diagonalization properties of the energy-momentum method devel-
oped by Simo, Lewis and Marsden [1991]. This technique is very important for the
applicability of the energy-momentum method to complex systems.

Outline of the Paper. In Section 2, we first consider general nonholonomic
systems without symmetry assumptions. In this section,

1. we recall the basic ideas and results of [BKMM] on general nonholonomic
systems: in particular, how to describe constraints using Ehresmann connec-
tion and how to write the Lagrange d’Alembert equations of motion using the
curvature of this connection.

2. We review the Poisson formulation of nonholonomic systems in [VM].

3. With the help of the Ehresmann connection, we use the Poisson procedure to
write a compact formula for the equations of the nonholonomic dynamics.

4. We prove the equivalence of the Poisson and Lagrange-d’Alembert formula-
tions for the nonholonomic mechanics.

5. We develop a formula for the Jacobiizer that involves the curvature of the
Ehresmann connection.

6. We apply the Poisson procedure to the example of the snakeboard.



In Section 3, we add the hypothesis of symmetry to the preceding development. In
this section,

1. we recall the basic ideas and results of [BKMM] on simple nonholonomic me-
chanical systems, especially on how it extend the Lagrangian reduction theory
of Marsden and Scheurle [1993a,b] to the context of nonholonomic systems.
We shall describe briefly how [BKMM] modifies the Ehresmann connection
associated with the constraints to a new connection, called the nonholonomic
connection, that also takes into account the symmetries, and how the reduced
equations, relative to this new connection, break up into two sets: a set of
reduced Lagrange-d’Alembert equations, and a momentum equation. When
the reconstruction equation is added, one recovers the full set of equations of
motion for the system.

2. We build on the work of [VM] and develop the Poisson reduction, using the
tools like the nonholonomic connection and nonholonomic momentum. We
write the equations of motion for the reduced constrained Hamiltonian dy-
namics using a reduced Poisson bracket. This Poisson reduction procedure
breaks the Hamiltonian nonholonomic dynamics into a reconstruction equa-
tion, a momentum equation and a set of reduced Hamilton equations.

3. We prove that the set of equations given by the Poisson reduction is equivalent
to those given by the Lagrangian reduction via a reduced Legendre transform.

4. We apply the Poisson reduction procedure to the example of the snakeboard.

In the conclusions, we give a few remarks on the future research directions.

2 General Nonholonomic Mechanical Systems

Following the approaches of [BKMM], we first consider mechanics in the presence
of homogeneous linear nonholonomic velocity constraints. For now, no symmetry
assumptions are made; we add such assumptions in the following section.

2.1 Review of the Lagrangian Approach

We start with a configuration space @ with local coordinates denoted ¢*,i =1,... ,n
and a distribution D on ) that describes the kinematic nonholonomic constraints.
The distribution is given by the specification of a linear subspace D, C T;,() of the
tangent space to () at each point ¢ € (). Consistent with the fact that each D, is a
linear subspace, we consider only homogeneous velocity constraints. The extension
to affine constraints is straightforward, as in [BKMM].

The dynamics of a nonholonomically constrained mechanical system is governed
by the Lagrange-d’Alembert principle. The principle states that the equations of
motion of a curve ¢(t) in configuration space are obtained by setting to zero the vari-
ations in the integral of the Lagrangian subject to variations lying in the constraint
distribution and that the velocity of the curve ¢(t) itself satisfies the constraints;



that is, ¢(t) € Dy(t)- Standard arguments in the calculus of variations show that
this “constrained variational principle” is equivalent to the equations

doL AL\ .,

for all variations d¢q such that 6g € D, at each point of the underlying curve ¢(t).
These equations are often equivalently written as

4oL oL _
dtogt ¢t "
where ); is a set of Lagrange multipliers (i = 1,...,n), representing the force of

constraint. Intrinsically, this multiplier A is a section of the cotangent bundle over
q(t) that annihilates the constraint distribution. The Lagrange multipliers are often
determined by using the condition that ¢(t) lies in the distribution.

In Bloch and Crouch [1992] and Lewis [1996], the Lagrange-d’Alembert equations
are shown to have the form of a generalized acceleration condition

Vii=0

for a suitable affine connection on ) and the force of constraint A is interpreted as a
generalized second fundamental form (as is well known for systems with holonomic
constraints; see Abraham and Marsden [1978], for example). In this form of the
equations, one can add external forces directly to the right hand sides so that the
equations take the form of a generalized Newton law. This form is convenient for
control purposes.

To explore the structure of the Lagrange-d’Alembert equations in more detail,
let {w}, a=1,...,k be a set of k independent one forms whose vanishing describes
the constraints; i.e., the distribution D. One can introduce local coordinates ¢* =
(r*,s*) where « = 1,...n — k, in which w® has the form

w?(q) = ds* + A% (r, s)dr®

where the summation convention is in force. In other words, we are locally writing
the distribution as

D={(rs,735) €TQ|s+ Asr® =0}.

The equations of motion, (2.1) may be rewritten by noting that the allowed
variations dq° = (6%, §s%) satisfy ds® + A%dr® = 0. Substitution into (2.1) gives

d 0L 0L . (d oL L
(5% - %) = Aa (a 5 asa> : (22)

Equation (2.2) combined with the constraint equations




gives a complete description of the equations of motion of the system; this procedure

may be viewed as one way of eliminating the Lagrange multipliers. Using this
notation, one finds that A = A,w®, where A\, = % gs.% - %.

Equations (2.2) can be written in the following way:

d0L, 0L, 0L 0L
S e THe | pqaZe T pboiB 2.4
diore o Cepge @ el (2.4)

where
Lo(r®, s, 7)) = L(r®, s, 7, —A%(r, s)ir").

is the coordinate expression of the constrained Lagrangian defined by L. = L|D and
where

oAb 0AD 0A DAL
b _ a B a B pa e}
Baﬁ = <87"5 o Aa Dsa Aﬂ Dsa . (25)

Letting dw® be the exterior derivative of w’, a computation shows that

dwb(q,-) = Bgﬁf“o‘drﬁ

and hence the equations of motion have the form

_ €1 AC

et a_ 7 b -
dtore  are e )0 dw’(q, or).

ddL. L
—0Le= < Db

6Lc) oL

This form of the equations isolates the effects of the constraints, and shows, in
particular, that in the case where the constraints are integrable (i.e., dw = 0), the
equations of motion are obtained by substituting the constraints into the Lagrangian
and then setting the variation of L. to zero. However in the non-integrable case the
constraints generate extra (curvature) terms, which must be taken into account.

The above coordinate results can be put into an interesting and useful intrinsic
geometric framework. The intrinsically given information is the distribution and the
Lagrangian. Assume that there is a bundle structure 7g g : Q@ — R for our space
@, where R is the base manifold and 7 g is a submersion and the kernel of T;mg r
at any point ¢ € @ is called the vertical space V,. One can always do this locally.
An Ehresmann connection A is a vertical valued one form on @ such that

1. Ay : T,Q — Vj is a linear map and
2. Ais a projection: A(vy) = v for all v € V.

Hence, T,Q) = V;® H,; where H,; = kerA, is the horizontal space at q, sometimes
denoted hor,. Thus, an Ehresmann connection gives us a way to split the tangent
space to () at each point into a horizontal and vertical part.



If the Ehresmann connection is chosen in such a way that the given constraint
distribution D is the horizontal space of the connection; that is, H; = Dy, then in
the bundle coordinates ¢° = (r®, %), the map mQ,R is just projection onto the factor
r and the connection A can be represented locally by a vector valued differential
form w®:

0

_ a
Y s

A w(q) = ds* + AL (r, s)dr?,

and the horizontal projection is the map

(7%, 8%) = (7, = AL (1, 5)77).

The curvature of an Ehresmann connection A is the vertical valued two form
defined by its action on two vector fields X and Y on @) as

B(X,Y) = —A([hor X, horY])

where the bracket on the right hand side is the Jacobi-Lie bracket of vector fields
obtained by extending the stated vectors to vector fields. This definition shows the
sense in which the curvature measures the failure of the constraint distribution to
be integrable.

In coordinates, one can evaluate the curvature B of the connection A by the
following formula:

B(X,Y) = dw*(hor X, horY)%,
s

so that the local expression for curvature is given by
B(X,Y)" = BisX°YP

where the coefficients By ; are given by (2.5).
The Lagrange d’Alembert equations may be written intrinsically as

0L. = (FL, B(4,6q)),

in which dq is a horizontal variation (i.e., it takes values in the horizontal space)
and B is the curvature regarded as a vertical valued two form, in addition to the
constraint equations

Alq)-¢=0.
Here (,) denotes the pairing between a vector and a dual vector and

L. ddL. 0L
5LC—<(5T ,W—%w—Aaasa>.




As shown in [BKMM], when there is a symmetry group G present, there is a
natural bundle one can work with and put a connection on, namely the bundle
@ — Q/G. In the generality of the preceding discussion, one can get away with just
the distribution itself and can introduce the corresponding Ehresmann connection
locally. In fact, the bundle structure  — R is really a “red herring”. The notion
of curvature as a 7,0 /D, valued form makes good sense and is given locally by the
same expressions as above. However, keeping in mind that we eventually want to
deal with symmetries and in that case there is a natural bundle, the Ehresmann
assumption is nevertheless a reasonable bridge to the more interesting case with
symmetries.

2.2 Review of the Poisson Formulation

The approach of [VM] starts on the Lagrangian side with a configuration space @
and a Lagrangian L (possibly of the form kinetic energy minus potential energy,
i.e.,
. L, ..
L(q,4) = 5((¢:d)) = V(a),

where ((, )) is a metric on @ defining the kinetic energy and V' is a potential energy
function.)

As above, our nonholonomic constraints are given by a distribution D C TQ.
We also let D° C T*(Q denote the annihilator of this distribution. Using a basis w®
of the annihilator D°, we can write the constraints as

w(q) = 0.

where a =1,... k.
As above, the basic equations are given by the Lagrange d’Alembert principle

and are written as

a
19

d oL 0L
dtog  dqt
where )\, is a set of Lagrange multipliers.
The Legendre transformation FL : T'QQ — T*@Q, assuming that it is a diffeomor-
phism, is used to define the Hamiltonian H : T*(Q) — R in the standard fashion
(ignoring the constraints for the moment):

H=(p,g)—L=pij — L.

Here, the momentum is p = FL(vy) = 0L/0q. Under this change of variables, the
equations of motion are written in the Hamiltonian form as

aW

, OH
i = =, 2.6
o, (2.6)
) 0H
pi = — 8(]1 + )‘aw?a (27)
where ¢ = 1,... ,n, together with the constraint equations
, OH
wigt = Wi =0.
(2 q 7 8pZ

9



The preceding constrained Hamiltonian equations can be rewritten as
OH

i\ _ [ o 0 JOH _
( pl > = J < oH ) + ( )\awg ) 5 (.UZ' 6p1 =0. (28)
Ip;

Recall that the cotangent bundle T*(@ is equipped with a canonical Poisson bracket
and is expressed in the canonical coordinates (q,p) as

_OFOG  OF G <6FT 8FT>J< %—§>

F = — =5
{ aG}(Q7p) g’ Ip; Ip; Oq' dq ) op %

Here J is the canonical Poisson tensor

On In
J_<—In 0n>’

which is intrinsically determined by the Poisson bracket {,} as

_ ( {¢. ¢’} {d'.pj} )
{pi. Y {pi,p;} )

On Lagrangian side, we saw that one can get rid of the Lagrangian multipliers.
On the Hamiltonian side, it is also desirable to model the Hamiltonian equations
without the Lagrange multipliers by a vector field on a submanifold of T*@. In
[VM], it is done through a clever change of coordinates. We now recall how they do
this.

First, a constraint phase space M = FL(D) C T*Q is defined in the same way
as in Bates and Sniatycki [1993] so that the constraints on the Hamiltonian side are
given by p € M. In local coordinates,

OH
M = ,p) €T* @ =0
{(q p)eTQ ‘wz o }
Let {X,} be a local basis for the constraint distribution D and let {w*} be a local
basis for the annihilator D°. Let {w,} span the complementary subspace to D such

that (w® wy) = 6 where §7 is the usual Kronecker delta. Here a = 1,... %k and
a=1,...,n—k. Define a coordinate transformation (¢, p) — (¢, Pa,Pa) by

(2.9)

Do = X.pi, Pa = W.Di- (2.10)

[VM] shows that in the new (generally not canonical) coordinates (¢, Pa,Pa), the

POiSSOH tensor beCOIneS
s {¢', ¢’} {qi,ﬁj}>
J(g,p) = W s WD . 2.11

and the constrained Hamiltonian equations (2.8) transform into

y dH

¢ a0t 0 5

. ~ ~ OH

5] = 5 | o 9L 0.5 =

]'ja - J(qap) 6}5? + 0 ) 8]5(1 (Q>p) 0. (212)
D o0H

DPa 8_1317 Aa



where H (¢,p) is the Hamiltonian H(q,p) expressed in the new coordinates (g, p).
Let (Pa,Pa) satisfy the constraint equations g—g(q, p) = 0. Since

. |eH, _
M = (Qapavpa) = (qapa,pa)zo s
p

[VM] uses (¢, Pq) as an induced local coordinates for M. It is easy to show that

O () = 4.5,
57 (1 PecPa) = =5 57 (0 P

oOH OHaz , .

@(q,pa,pa) = s (¢, Pa)

where H 4 is the constrained Hamiltonian on M expressed in the induced coordi-
nates. ~

Now we are ready to eliminate the Lagrange multipliers. Notice that g—g)(q, D) =
0 on M, and by restricting the dynamics on M, we can disregard the last equations
involving A in equations (2.12). In fact, we can also truncate the Poisson tensor .J
in (2.11) by leaving out its last k columns and last k rows and then describe the
constrained dynamics on M expressed in the induced coordinates (¢*, po) as follows

. OH pm ~ .
= = JM\Y; Pa - s ~ . .
Pa %HTQA(Qapa) Pa

Here Jy is the (2n — k) x (2n — k) truncated matrix of J restricted to M and is
expressed in the induced coordinate.

The matrix Jy defines a bracket {, } s on the constraint submanifold M as
follows

) OFT, OFT, L B
{FM7 GM}M (Q7pa) = 8—(]1 aﬁa JM (q 7p()é) oG
g

for any two smooth functions Faq, Goq on the constraint submanifold M. Clearly
this bracket satisfies the first two defining properties of a Poisson bracket, namely,
skew symmetry and Leibniz rule, and it is shown in [VM] that it satisfies the Jacobi
identity if and only if the constraints are holonomic. Furthermore, the constrained
Hamiltonian H 4 is an integral of motion for the constrained dynamics on M due
to the skew symmetry of the bracket.

In section (2.5), we will develop a general formula for the Jacobiizer (the cyclic
sum that vanishes when the Jacobi identity holds) which is an interesting expression
involving the curvature of the underlying distribution that describes the nonholo-
nomic constraints. From this formula, one can see clearly that the Poisson bracket
defined here satisfies the Jacobi identity if and only if the constraints are holonomic.

11



2.3 A Formula for the Constrained Hamilton Equations

In holonomic mechanics, it is well known that the Poisson and the Lagrangian
formulations are equivalent via a Legendre transform. And it is natural to ask
whether the same relation holds for the nonholonomic mechanics as developed in
[VM] and [BKMM]. But before we answer this question in the next section, we would
like to first use the general procedures of [VM] to write down a compact formula for
the nonholonomic equations of motion.

Theorem 2.1 Assume that we have same setup as in the preceding section. Let
q' = (r%,5%) be the local coordinates in which w® has the form

w?(q) = ds* + Al (r, s)dr® (2.14)

where A%(r,s) is the coordinate expression of the Ehresmann connection described
in section 2.1. Then the nonholonomic constrained Hamilton equation of motion on
M can be written as

OH v,
0 = _ o IM 2.15
S 8 95 ( )

OH vy
o 2.16
"7 O (219)
S A — ppBY LM 2.1

Pa gra AT T PPasTgs (2.17)

where BZB are the coefficients of the curvature of the Ehresmann connection given
in equation (2.5). Here, p, should be understood as py restricted to M and more
precisely should be denoted as (py)m-

Proof As mentioned in section 2.1, no additional assumption is needed since one
can always choose local coordinates in which

w(q) = ds* 4+ Ag(r, s)dr®.
In this local coordinate system,
D = span{Oyo — A5 0sa }. (2.18)
Then the new coordinates (1%, s%, Do, Da) of [VM] are defined by
Pa = Pa — AgPa; Pa = Pa + A3Pa (2.19)

and we can use (1%, s%, p,) as the induced coordinates on M.

Moreover, we can find the constrained Poisson structure matrix Jaq(r®, s%, pa)
by computing {q%,¢’}, {¢", P}, {Pa,Pg} and then restrict them to M. Recall that
Jam is constructed out of the Poisson tensor J in equation (2.11) by leaving out its
last k£ columns and last k£ rows and restricting its remaining elements to M.

Clearly

{¢,¢}=0.

12



In addition, we have
{rﬁ7ﬁa} = {Tﬁvpa - Aapa} - {T ;pa} {7" pa} = 55
{Sb,ﬁa} = {Sbapa — Agpa} = {3 sPa) — {5 , Agpat = —Af’w
where 65 is the usual Kronecker delta. It is also straightforward to find

{Pa: D3} = {Pa — Alpa,ps — Alpp}
= —{Pa; A%pb} - {Agpmpﬁ} + {AGPas A%pb}
Ah  9Ab  pAe dAY
_ 945
= Gra bt aﬁpwa,,paflg Aaaa
(8/1% 9AY oA 0AY )
= j2)

— + Af — Al
ara ~ orp T g T Ao
= _Bgﬁpb-
After restricting the above results to M, all other terms remain the same but the
last line should be understood as —Bgﬁ(pb) M- But for notational simplicity, we

keep writing it as —Bgﬁpb. Putting the above computations together, we can write
the nonholonomic equations of motion as follows

OH pm
ga 0 0 -AY ds?
. « OH
7204 — 0 OB 55 _M('?rﬁ (220)
Pa (Al(;)T _504 _pcBgﬁ OH pm
opg

which is the desired result. Notice that the order of the variables r* and s* have
been switched to make the block diagonalization of the constrained Poisson tensor
more apparent.

2.4 The Equivalence of Poisson and Lagrange-d’Alembert Formu-
lations

Now we are ready to state and prove the equivalence of the Poisson and Lagrange-
d’Alembert formulations.

Theorem 2.2 The Lagrange-d’Alembert equations

§% = — AL (2.21)
dOLe 0L ,,0Le _ 0L, .
diore o T Aage = “pmPas” (2.22)

are equivalent to the constrained Hamilton equations

) OH pq
§%Y = — A% —— 2.23
7 0pg (228

] OH aq
S 2.24
r 5. (2.24)
. 8HM b aHM b 8fI/\/l

= + A — pp B g——— 2.25
Do or @ 9g b Py af 8]3,8 ( )

13



via a constrained Legendre transform which are given by

9L

 OHum
Po = pa -

Opa

-

Proof Recall that

(2.26)

D={(r,s,78) €TQ|s+ A" =0}.

And we can use (r,s,7) as the induced coordinates for the submanifold D. Since

the constrained Lagrangian is given by

L(r®, s, 7)

L(r, s*, 7%, — A& (r, s)r%),

we have

oL, 0L OL ~

ora = % - 05 Agz = Pa — paAg = Pa- (227)
Hence, % = Do does define the right constrained Legendre transform between the

sub-manifolds D and M with the corresponding induced coordinates (r¢, s, 7*) and

(Taasa7ﬁa)'

Now notice that if E' = ggj q -
oL oL
Ep = [ =—r“ s“ )| — Le
P (amr MIPE ) »

oL oL oL

— C .oy Aa O Aa V
gra’ T hagga” T Hag
IL.

= & - LC-
i

Hence, the constrained Hamiltonian is given by
Hy = par® — Le.
And it is straightforward to show that

o QL. orP

OHm .. . - 0
" 9pa

— =T
OPa

which gives the equation (2.24). Clearly, $°
gives equation (2.23).
Furthermore, we have

OHny . Or  OL. OL.Or®

“orB P98 T 9rB T Gro orf
and

OHw _ . 0 OLe 0L.0F

OsP “ost Osb Ora 9sb

T,Oé

L, then restricting it to D we will get

_Lc

(2.28)

-

0P 0pa

—Agfﬁ together with equation (2.24)

0L,

_W7 (2-29)
0L,

_@. (2.30)

Substituting the results of (2.29) and (2.30) into equation (2.22), we get the remain-

ing equation (2.25).
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2.5 A Formula for the Jacobiizer

Recall that in the proof of Theorem 2.1, we have obtained

{¢.¢Im =0
{rﬁ7ﬁa}/\4 = 55
{Sb’ﬁa}/\/t = —Ag

{Pa: Pt = Bls(pe) m-

Since

(pb)M = (gba *gbaAg)f‘a
OH v,

O
3pa b PB

= (gba - gbaAgé)

where gy, and gp, are the components of the kinetic energy metric and K bﬂ is defined
by the last equality, we have

{Pa, Pt i = BLs K] b,

Clearly
{{d", @’} rm @k} + cyclic = 0 (2.31)
{{d", Y ms Patm + cyclic = 0 (2.32)
It is also straightforward to obtain
{{r", Pa}t s, Pa} i + cyclic = K Blg (2.33)
{{s", Pa} Ms Patm + cyclic = —BS; — AYK] Bl . (2.34)

As for {{Pa,Pg} m}m + cyclic, it takes slightly more work to find

o o _ (0K] 0K
{H{Pas Pp Y Py M + cyclic = pTKaBasz‘fBig—pT( b_A b)ﬂ’ig

or 7 Ost
(0B OB, '
—p-Kj o AS Hsa + cyclic.

Notice that the right-hand side of the last equation involves the derivatives of
the curvature. However, by applying the following Bianchi-type identity

8335 CBBZB u aAg .
e AL st + Baﬁ@ + cyclic = 0,

we can rewrite the last equation using only the curvature but not its derivatives

0Ky 0Ky
- - - s~ T PDa J pb ~ b a b b
{{Pas Pay i Pyt + cyclic = pr Ko B Ky Bog — pr <—8M ~ Ay o > Bag

+~KT%BI’ + cycli (2.35)
Dr a gb Pap cyclic. .
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Equations (2.31) to (2.35) give the Jacobiizer of the Poisson bracket on M. Of
course, one can also use the formalism of Schouten bracket to do the computations
and obtain the same results.

Notice that from the formulas for the Jacobiizer, one can see clearly that if
the constraints is holonomic and hence the Ehresmann connection has zero curva-
ture, then the Jacobiizer is zero and the Jacobian identity holds. Conversely, if the
Jacobian identity holds, then we have

0 = K} Bog
0 = —Bly— AYK]Bls.

Therefore, Bgﬁ = 0 and the constraint is holonomic.

2.6 Example: The Snakeboard

The snakeboard is a modified version of a skateboard in which the front and back
pairs of wheels are independently actuated. The extra degree of freedom enables
the rider to generate forward motion by twisting their body back and forth, while
simultaneously moving the wheels with the proper phase relationship. For details,
see [BKMM] and the references listed there.

The snakeboard is modeled as a rigid body (the board) with two sets of indepen-
dently actuated wheels, one on each end of the board. The human rider is modeled
as a momentum wheel which sits in the middle of the board and is allowed to spin
about the vertical axis. Spinning the momentum wheel causes a counter-torque to
be exerted on the board. The configuration of the board is given by the position
and orientation of the board in the plane, the angle of the momentum wheel, and
the angles of the back and front wheels. Let (z,y,6) represent the position and
orientation of the center of the board, 1 the angle of the momentum wheel relative
to the board, and ¢; and ¢5 the angles of the back and front wheels, also relative
to the board. Take the distance between the center of the board and the wheels to
be r. See figure 2.1.

P
([0

Figure 2.1: The geometry of the snakeboard.
In [BKMM], a simplification is made which we shall also assume in this paper,

namely ¢1 = —¢2, J1 = Jo. The parameters are also chosen such that J + Jy+ J; +
Jo = mr?, where m is the total mass of the board, J is the inertia of the board, Jy is
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the inertia of the rotor and Ji, Jo are the inertia of the wheels. This simplification
eliminates some terms in the derivation but does not affect the essential geometry
of the problem. Setting ¢ = ¢1 = —¢9, then the configuration space becomes
Q = SE(2) x S' x S! and the Lagrangian L : TQ — R is the total kinetic energy of
the system and is given by

1 1 0 1. - ) .
L= §m(a‘c2 +9°) + 5mr292 + §J0¢2 + Jod + J1 2.

The Constraints. The rolling of the front and rear wheels of the snakeboard is
modeled using nonholonomic constraints which allow the wheels to spin about the
vertical axis and roll in the direction that they are pointing. The wheels are not
allowed to slide in the sideways direction. The constraints are defined by

—sin(f + ¢)i + cos(0 + @)y — rcospf = 0
—sin(f — ¢)i + cos(d — @)y +rcospd = 0

and can be simplified as

T = —rcotqbcos@é
Y = —rcotqbsin@é.

Since the coordinate expressions of the Ehresmann connection A% are zeroes except
Al = rcot ¢cosb A? = rcot ¢sin b,
the coefficients of the curvature of this connection are zeroes except

Bly = —Bl = —rcsc? gcosb

B}y = —B2 = —rcsc? ¢sin.
Also, the constrained Lagrangian is given by
L. = L(r%,s* 7%, =A%)
= %mrQ csc? pf? + %Jm/? + Jothb + J1 ¢

The Constrained Hamiltonian. The constrained Legendre transform on the
constraint D is given by

o = aal(;c = mr?csc? ¢ + Joip
oL. . .

Dy = —— = Jo + Jpb

Dip o9 o + Jo
0L, .

Py — —— = 2J10.

Do 96 10
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Its inverse are

. sin? ¢
0 — S
mr2 — Jo sin? gb(pe Pv)
1/-} o mr2ﬁ¢ — J() sin2 d)ﬁg
N Jo(mr2 — J() Sin2 (b)
= Do
¢ - 2J1>

And we can find the corresponding constrained Hamiltonian on the submanifold
M via the inverse of the constrained Legendre transform in the following way

e 1 . 1. . .. .
Hp = pob + Pytb + Pod — (§m7~2 csc? ¢f? + 5Joq/)? + Jod + J1$?)
sin? ¢ . 1 1

- 2(mr? — Jysin? ¢)2 (o — Do)+ 2Jo pw + 4., p¢

The Equations of Motion. Now we can write the constrained Hamilton equa-
tions of motion using the constrained Poisson matrix as follow

& 00 0 0 0 =4 0 0 8
y 0O 0 0 0 0 -4 0 0 0
0 0 0 0 0 0 1 0 0 0
¢ [_] 0o 0 0 0 0 0 1 0 OHm
6 |~ 0o 0o 0o 0 o0 o 0 1 0¥
Do Al A2 -1 0 0 0 0 —ppBYy 9po
Dy 0 0 0 -1 0 0o 0 0 e
P 0 0 0 0 -1 —pBY 0 0 o1l
Py

where Al = 7 cot ¢ cos 6, A? = 7 cot ¢sin @ and

OH pq mr?singcosd . _
96 (mr2 — Josin? ¢)2 (o =)
OH pq sin? ¢ L
g mr?— Jysin? ¢(p0 ~Pw)

8HM mTQﬁw - Jo Sin2 ¢]§9
0Py Jo(mr? — Jysin? ¢)
OHy 1 .

B = 2

As for pyBY5, notice first that

L oL
Pz =5z Py =5
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Restricting them to M is the same as restricting them to D and then applying the
constrained Legendre transform, i.e.,

py = —mrcot ¢ cosfh = — mr Sin § 0s ¢ (Pg — Py) cos b

mr?2 — Jysin? ¢

. mr sin ¢ cos
py = —mrcot ¢sinff = —#(ﬁg — Py) sin 6.

mr? — Jysin? ¢
Therefore,

poBYy = pu(—rcsc? ¢cos ) + py(—rcsc? ¢sin )

B mr? cot ¢ . .
 mr? — Jysin? ¢(P0 ~Dby).

After simplification, we have the constrained Hamilton equations

2
. sin® ¢
i — _
mr2 — Jysin® ¢(P0 by)
lb . m7‘2]5w - Jo sin2 d)ﬁg
N J()(m7“2 — J() sin2 ¢)
y _ Do
¢ = 2.J;
L mr200t¢ 0 5 )15¢
Po = T2 " JosinZe 0 T PYo g
Py =0
Py =
together with the constrained equations
. rsin ¢ cos ¢ (5 52,) cos 0
r = - —_
mr2 — Jysin? ¢ Po — Py
. rsingcos¢ . .
Yy = ——(pe - pw) sin ¢

mr? — Jysin? ¢

3 Nonholonomic Mechanical Systems with Symmetry

Now we add the hypothesis of symmetry to the preceding development. Assume
that we have a configuration manifold @), a Lagrangian of the form kinetic minus
potential, and a distribution D that describes the kinematic nonholonomic con-
straints. We also assume there is a symmetry group G (a Lie group) that leaves
the Lagrangian invariant, and that acts on @ (by isometries) and also leaves the
distribution invariant, i.e., the tangent of the group action maps D, to Dy, (for
more details, see [BKMM].) Later, we shall refer this as a simple nonholonomic
mechanical system.
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3.1 Review of Lagrangian Reduction

We first recall how [BKMM] explains in general terms how one constructs reduced
systems by eliminating the group variables.

Proposition 3.1 Under the assumptions that both the Lagrangian L and the dis-
tribution D are G-invariant, we can form the reduced velocity phase space TQ/G
and the constrained reduced velocity phase space D/G. The Lagrangian L induces
well defined functions, the reduced Lagrangian

1:TQ/G — R

satisfying L = 1 o mpg where mrg : TQ — TQ/G is the projection, and the con-
strained reduced Lagrangian

lc.:D/G — R,

which satisfies L|D = 1. o mp where mp : D — D/G 1is the projection. Also,
the Lagrange-d’Alembert equations induce well defined reduced Lagrange-d’Alembert
equations on D/G. That is, the vector field on the manifold D determined by the
Lagrange-d’Alembert equations (including the constraints) is G-invariant, and so
defines a reduced vector field on the quotient manifold D/G.

This proposition follows from general symmetry considerations, but to compute
the associated reduced equations explicitly and to reconstruct the group variables,
one defines the nonholonomic momentum map J™", and extends the Noether Theo-
rem to nonholonomic system and synthesizes, out of the mechanical connection and
the Ehresmann connection, a nonholonomic connection A" which is a connection
on the principal bundle @ — Q/G.

The Nonholonomic Momentum Map. Let the intersection of the tangent to
the group orbit and the distribution at a point ¢ € () be denoted

Sq = Dy N Ty(Orb(q)).

Define, for each ¢q € @Q, the vector subspace g? to be the set of Lie algebra elements
in g whose infinitesimal generators evaluated at ¢ lie in Sg:

g’ ={6eg|lq) € S}

We let gP denote the corresponding bundle over @ whose fiber at the point g is
given by g¢. The nonholonomic momentum map J" is the bundle map taking TQ
to the bundle (gP)* (whose fiber over the point g is the dual of the vector space g9)
that is defined by

(T (1), €) = 2—@(5@2 (3.1)
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where £ € g?¢. Notice that the nonholonomic momentum map may be viewed as
encoding some of the components of the ordinary momentum map, namely the
projection along those symmetry directions that are consistent with the constraints.
[BKMM] extends the Noether Theorem to nonholonomic systems by deriving the
equation for the momentum map that replace the usual conservation law. It is proven
that if the Lagrangian L is invariant under the group action and that £7 is a section
of the bundle g, then any solution ¢(t) of the Lagrange d’Alembert equations must
satisfy, in addition to the given kinematic constraints, the momentum equation:

% <Jnh(£q(t))> _ g_; [%(fq(t))];, (3.2)

When the momentum map is paired with a section in this way, we will just refer to
it as the momentum. Examples show that the nonholonomic momentum map may
or may not be conserved.

The Momentum Equation in Body Representation. Let a local trivializa-
tion (r,g) be chosen on the principal bundle 7 : @ — Q/G. Let n € g? and
¢ = g~'¢. Since L is G-invariant, we can define a new function ! by writing
L(r,g,7,4) = l(r,7,&). Define J2I : TQ/G — (gP)* by

<Jfé}é(7“,f,€)m> = <§—éﬂ7>-

As with connections, J™ and its version in a local trivialization are related by the
Ad map; i.e.,

T (r,g,7,G) = A T (r, 7, €).

Choose a g-dependent basis e,(q) for the Lie algebra such that the first m ele-
ments span the subspace g?. In a local trivialization, one chooses, for each r, such
a basis at the identity element, say

e1(r),ea(r),... ,em(r), ems1(r), ... ,ex(r).

Define the body fixed basis by
ea(r,g9) = Adg - €a(r);

thus, by G invariance, the first m elements span the subspace g¢. In this basis, we
have

<Jnh(7’,g77‘,g)76b(r, 9)> = <g—é,eb(r)> i= Db, (3.3)

which defines pp, a function of r, 7 and €. Note that in this body representation,
the functions py are invariant rather than equivariant, as is usually the case with
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the momentum map. It is shown in [BKMM] that in this body representation, the
momentum equation is given by

d 8[ 862‘ .o
%p’b = <8_§’ [57€i] + 8T’ar > ’ (34)

where the range of 7 is 1 to m. Moreover, the momentum equation in this represen-
tation is independent of, that is, decouples from, the group variables g.

The Nonholonomic Connection. Recall that in the case of simple holonomic
mechanical system, the mechanical connection A is defined by A(v,) = I(q)~1J(v,)
where J is the associated momentum map and I(g) is the locked inertia tensor of
the system. Equivalently the mechanical connection can also be defined by the fact
that its horizontal space at ¢ is orthogonal to the group orbit at ¢ with respect to
the kinetic energy metric. For more information, see for example, Marsden [1992]
and Marsden and Ratiu [1994].

As [BKMM] points out, in the principal case where the constraints and the orbit
directions span the entire tangent space to the configuration space, that is,

Dy + T4(Orb(q)) = T5Q, (3.5)

the definition of the momentum map can be used to augment the constraints and
provide a connection on Q — Q/G. Let J"" be the nonholonomic momentum map
and define similarly as above a map A7™ : T,Q — S, given by

AV (vg) = (I (g) 1T (vg)) @

(this defines the momentum “constraints”) where I"" : gP — (gP)* is the locked
inertia tensor defined in a similar way as in holonomic systems.

Choose a complementary space to S, by writing 7,(Orb(q)) = S; & U,. Let
A};in : T,Q) — Uy be a U, valued form that projects U, onto itself and maps D, to
zero. Then the kinematic constraints are defined by the equation

Af(g)g = 0.

This kinematic constraints equation plus the momentum ”constraints” equation can
be used to synthesis a nonholonomic connection A™ which is a principal connection
on the bundle @ — @/G and whose horizontal space at the point g € @ is given by
the orthogonal complement to the space S, within the space D,. Moreover,

A (1) = ()71 (). (3.6)
In a body fixed basis, (3.6) can be written as
Ady(g71 g+ AP (1)) = Ady (I () p).
Hence, the constraints can be represented in a nice way by

g7l g=¢&=—A(r)i +T(r)p, (3.7)
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where A(r) is the abbreviation for AM (r) and I'(r) = I (r)~1.

Moreover, with the help of nonholonomic mechanical connection, the Lagrange-
d’Alembert principle may be broken up into two principles by breaking the variations
dq into two parts, namely parts that are horizontal with respect to the nonholonomic
connection and parts that are vertical (but still in D), and the reduced equations
break up into two sets: a set of reduced Lagrange-d’Alembert equations (which
have curvature terms appearing as ’forcing’), and a momentum equation, which
have a form generalizing the components of the Euler-Poincaré equations along the
symmetry directions consistent with the constraints. When one supplements these
equations with the reconstruction equations, one recovers the full set of equations
of motion for the system.

3.2 Poisson Reduction

Now let G be the symmetry group of the system and assume that the quotient
space M = M /G of the G-orbit in M is a quotient manifold with projection map
p: M — M. Since G is a symmetry group, all intrinsically defined vector fields
push down to M. In this section, we will write the equations of motion for the
reduced constrained Hamiltonian dynamics using a reduced ”Poisson” bracket on
the reduced constraint phrase space M. Moreover, an explicit expression for this
bracket will be provided.

The crucial step here is how to represent the constraint distribution D in a way
that is both intrinsic and ready for reduction. The work in both [BKMM] and
Koon and Marsden [1997b] suggest that we should use the tools like nonholonomic
momentum p and the nonholonomic connection A in [BKMM] to describe D

Recall that in [BKMM], a body fixed basis

ep(g,m) = Ady - ey(r)

has been constructed such that the infinitesimal generators (e;(g,7))q of its first m
elements at a point g span S; = D, N T, (Orb(g)). Assume that G is a matrix group
and e is the component of e;(r) with respect to a fixed basis {b,} of the Lie algebra
g where (by)g = Oye, then

(eilg. 7)) = gaef Oge-
Since Dy is the direct sum of S; and the horizontal space of the nonholonomic
connection A, it can be represented by

D = span{g%eldya, —gi AL Dya 4 o }. (3.8)

Before we state the theorem and do some computations, we want to make sure
that the readers understand the index convention used in this section:

1. The first batch of indices is denoted a,b,c, ... and range from 1 to k corre-
sponding to the symmetry direction (k = dim g).

2. The second batch of indices will be denoted ¢, j,k,... and range from 1 to
m corresponding to the symmetry direction along constraint space (m is the
number of momentum functions).
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3. The indices a, 3, ... on the shape variables r range from 1 ton —k (n — k =
dim (Q/G), i.e., the dimension of the shape space).

Then the induced coordinates (g%, r%, p;, po) for the constraint submanifold M
are defined by

Pi = g4€ipa = paef (3.9)
Pa = Pa — 94 ALDa = Pa — AL, (3.10)

Here 1 is an element of the dual of the Lie algebra g* and pu, is its coordinates
with respect to a fixed dual basis. Notice that p; are nothing but the corresponding
momentum functions on the Hamiltonian side.

We can find the constrained Poisson structure matrix Ja( (g%, r%, pi, Pa) by com-
puting {g%, gb}, etc. and then restrict them to M. Recall that J4 is constructed
out of the Poisson tensor .J in (2.11) by leaving out its last k columns and last k
rows and restricting its remaining elements to M.

Clearly

{ga,gb} =0, {gaa Ta} =0, {Taﬂ“ﬁ} =0.

And we also have

{g%.0i} = {9" gbeipp} = glel

{9%, Do} = {9 Pa — g5 A%} = —gi AL,
{r*,pi} = {r’ gleipp} =0

{r*.ps} = {r*,ps — g5 A%pc} = 65

It is also straightforward to find

(B, D} = {90€ipas ghepo}

dg? d 393 d
892 €;93€5 — Db da" €ige€;

39b 39b d
= m (89295 — =gl ) efe]
= —paggCé’defe?

ced

a
= —HaCegeie],

= Db

where C?, is the structure coefficients of the Lie algebra g. Similarly, we have

{ﬁiaﬁa} = {Qgegpa,l)a - gflAgpd}
= {9%€5Pa, Pat — {92€5Pa, 95 AL D4}

def a b ad
= Hag g T 1aChaei Ay

24



and

{PaDs} = {Pa — 94 AP0, ps — 95AGPC}
= —{Pas 95A%D} — {98 Abpa, v} + {95 Alpa, 95 AGD}

0Ab HAL
B
= g — 1 arg — mpCh A% A
= _Mngﬁ7

where Bgﬁ are the coeflicients of the curvature of the nonholonomic connection and
are given by

oAb OA
b B b
Bog = 87"5 ~ Hra + Cp A AG.
Therefore the constrained Hamilton equations can be written as follows
OH pm
a 0 aec 0 g% AC ag®
9 bc\T gcaj bd ge e OHm
D; B —(gees) —,uadeeiej 0 MaFig op; (3.11)
e 0 0 0 03 3;1MB ’
~ r
Pqo (QSAE)T _(NaFjaa)T _55 _Mang OH
0pg
where Fj is defined by
ae‘-l b ad

Notice that the order of the variables r® and p; have been switched to make the
diagonalization of the constrained Poisson tensor more apparent.

Since G is the symmetry group of the system and the Hamiltonian H is G-
invariant, we have Hxq = h . Hence

OH vy
agb 0
OHpy O
op; op;
OHy  Oh
or8 oS
OHym  Oh
0ps Ops '

After the reduction by the symmetry group G, we have

0
b | | (DT —naCiete] 0 paF 0% 513
O I 0 0 Ohg (3.13)
. T
Pa (AT —pa(FE)T =68 —paB2, Ohg

P
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where £ = (371)34".
The above computations prove the following theorem

Theorem 3.2 The momentum equation and the reduced Hamilton equations on the
reduced constraint submanifold M can be written as follows

p; = —uacgde?e?% + uaﬂ%% (3.14)
= %};A: (3.15)
Po = f%]:f — uaﬂ‘la% ~ Ha gﬁ%. (3.16)
Adding in the following reconstruction equation
¢ = _p a0l (3.17)

Ta~ €. ~
5 apg T op;
we recover the full dynamics of the system.

Notice that equation (3.14) can be considered as the momentum equation on
the Hamiltonian side which corresponds to the momentum equation developed in
[BKMM]. It generalizes the Lie-Poisson equation to the nonholonomic case.

Moreover, if we now truncate the reduced Poisson matrix .J in equation (3.13)
by leaving out its first column and first row, the new matrix J; given by

—1aCigeie] 0 paF
T = 0 05 (5% (3.18)
_Ma(F;‘la)T —00  —fla gg

defines a bracket {, } ; on the reduced constraint submanifold M as follows

G
aﬁj

. - OG o

) T (Dis 7, Pa) | A
86: 7

0ps

OFL OFL OFL
O (Y Rl Y
{Fx Gl s (Bis 75 Pa) - ( o ore Opa

for any two smooth functions Fyy, G on the reduced constraint submanifold M
whose induced coordinates are (p;, r®, po). Clearly this bracket satisfies the first two
defining properties of a Poisson bracket, namely, skew-symmetry and Leibniz rule.
Moreover, the reduced constrained Hamiltonian h 4 is an integral of motion for the
reduced Hamiltonian dynamics on M due to the skew symmetry of the reduced
bracket.
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3.3 The equivalence of Poisson and Lagrangian Reduction

Theorem 3.3 The equations (3.14) to (3.17) given by the Poisson reduction are
equivalent to the equations given by the Lagrangian reduction

& = —AYP 4 TV, = — Al 4 b (3.19)
) ol @ va ded .
Di = 8_§b <de§ 6?4— 8Tzﬁrﬂ> (3.20)
d (0l.\ al o, s b
dt <an) ~gra = ~ge(Bas’ + Fa ), (3.21)

via a reduced Legendre transform

ol L
~ i Pi=aqr

Pa

Proof Define the reduced constrained Lagrangian
le(r,7, Q) = (r,7, — A7 + Qe).

where () is the body angular velocity and e(r) is the body fixed basis at the identity
defined earlier. Notice first that
o _ oL _
g~ pje P
Since
oL aae o,
Po= 3¢ = agaog ~ agad v
we have
or
85(1 - ,U'a-

Hence,

ole ﬁ L ol o¢°
ore  gre T gge g
ol a .,
T Aa
= Pa — ,UaAgz

= ﬁav

and

a ~ .

ol _ ol og" _ ol ,
001~ agr o~ aga T

That is, po, = aaqu and p; = 88(1202_ do define the right reduced constrained Legendre

transform between the reduced constraint submanifolds D and M with the corre-
sponding reduced coordinates (r®, 7%, Q%) and (1, pa, Ps)-
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To find the reduced constrained Hamiltonian haq, notice first that since E is

G-invariant, we have

(9L
(9L 8L
- o
g2 T gia’
o, ol
== 85‘15 + %7’ l

After restricting it to the submanifold D, we have

al al
E — Aa (Xe% Qz a C
D= gea(TANT A + <8W
ol al.
— Qz a «_ .
oga G T gpa”
al. le .o
~ oq pal e

Therefore, we have
hyg = B + par® — e,

via the Legendre transform (r%, % Q) — (

spect to p, and p; and use the Legendre transform, we have

Ohy . O v o’ Lo ol. o7 9l 9%
= Pig~— a~ T T ST A3 T A A~ —
O 0P Opa 05 0pa O Opa
which is equation (3.15). Also, we have
Oh 4 o0t _ 9 Ol 9 9l O
=V 4P+ Par — oo — me o =,
Opj 0p; 0p;  0rq Op; 02 Op;

which, together with equation (3.19), gives equation (3.17). Moreover, since

L ~
ggg? = up and p; = p;, we have

- ol d de?
p; = 8§b (deéa or Tﬁ)
= Uqg <C’§‘de§l (—A%?’"ﬁ + eg’-Qj) 9ef

oh
= Chues Ab M 4 ¢
< . ( 2y

orf

b O iy
€; 0p;

(dee

28

dee

h x4
Zyar

which is equation (3.14).

’)

86? 8hM

orP Ops

oef \ Oh x4
orP ) Opg’

ol
w Yo,

)

ol

(3.22)

7Y, P, Di). Differentiate hy with re-
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Finally, differentiate h y; with respect to r*, we have

Ohy .0 9 ol ol 0 ol oy ol
Oor® ore  orae 9B ore 9 Ire Iy,

=DPi %
which together with equation (3.21) gives

oh oh x Oh x;
pa = - /;/l - ;ua ]@a_~M - ,Ua gﬁ—;/\/l
or 0p; 0ps

which is equation (3.16).

Remark. Notice that equations (3.21) are the same as the reduced Lagrange-
d’Alembert equations in [BKMM]. The only difference is that in this paper, the
reduced constrained Lagrangian [. is a function of r,7,  where in [BKMM] and
Koon and Marsden [1997b] it is considered as a function of r,7,p. Since it is more
natural to use the body angular velocity as a variable on the Lagrangian side, the
formulation here looks better.

3.4 Example: The Snakeboard Revisited

Now we return to the snakeboard and discuss the role of the symmetry group G =
SE(2). Recall from our earlier discussion that the Lagrangian is

1 1 . 1 . .. .
L(g,q) = 5m(:;:2 +9%) + §mr292 + +§J01/12 + Johl + J1¢2, (3.23)

which is independent of the configuration of the board and hence it is invariant to
all possible group actions.

The Constraint Submanifold. The condition of rolling without slipping gives
rise to the constraint one forms

wi(q) = —sin(0 + ¢)dx + cos( + ¢)dy — r cos pdb
wa(q) = —sin(0 — ¢)dx + cos(§ — ¢)dy + r cos pdb,

which are invariant under the SE(2) action. The constraints determine the kine-
matic distribution Dy:

Dy = span{ 0y, 0y, a0y + b0y + cOp},

where a = —2r cos® ¢ cos 6, b = —2r cos® ¢sin d, ¢ = sin 2¢. The tangent space to the
orbits of the SFE(2) action is given by

T,(Orb(q)) = span{d,, 0y, Og}

The intersection between the tangent space to the group orbits and the constraint
distribution is thus given by

Sy = Dy NT,(Orb(q)) = span{ady, + b0y, + cdy}.

29



The momentum can be constructed by choosing a section of S = D N TOrb
regarded as a bundle over ). Since D, N T;0rb(q) is one-dimensional, the section
can be chosen to be

gg = a0y + b0y + cOy,

which is invariant under the action of SE(2) on Q. The nonholonomic momentum
is thus given by
oL 4.
b= a_qz(éQ)
= mai + mby + mr?ch + Jocy.
The kinematic constraints plus the momentum are given by
0 = —sin(f + @)z + cos(h + @)y — r cos ¢
0 = —sin(f — @)z + cos(f — @)y + r cos ¢

p = —2mr cos? ¢ cos O — 2mir cos? ¢ sin Oy
+mr? sin 2¢0 + Jy sin 2¢1)

Adding, subtracting, and scaling these equations, we can write (away from the point

Jo . . -1
cos 04 + sin Oy T oy o 200 o’
—sinfz + cosfy | + 0 = 0 : (3.24)
0 Jo .o tan ¢
o oy 2mr2
These equations have the form
97 g+ A(r)yi =T(r)p
where
Ji Ji
A(r) = — 0 gin 2¢e, dip + —02 sin? geg dip
2mr mr
-1 1
I(r) = o + Dy tan ¢ ey.

These are precisely the terms which appear in the nonholonomic connection relative
to the (global) trivialization (r, g).

Since I'p = Qe, we can rewrite the constraints using the angular momentum €2
as follows

Jo . ;
I ZTr(Zr sin 2¢¢) —2r cos? ¢
e | = 0 + 0 ) (3.25)
& _ LOQ sin? ¢¢ sin 2052
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The Reduced Constrained Hamiltonian. ;From the Lagrangian L, we find
the reduced Lagrangian

U, ,) = 5ml(€) + () + 5mrd(€) + 5o + +Iod(€%) + 7P,

where ¢ = g~1¢. After plugging in the constraints (3.25), we have the reduced
constrained Lagrangian

2

J, . 1. .
le(r,7,Q) = _Woﬁ sin? ¢p? + 2mr? cos? P02 + §J01l)2 + +J19% (3.26)

Then the reduced constrained Legendre transform is given by

ol. 9 o
£l = 4mr~ cos® ¢f2
Ol JB s .
= % = oY + Jop
_ e 2J1¢.
o¢

And its inverse is
p
Q= —
4mr2 cos? ¢

¢ B mr2ﬁw
— Jo(mr? — Jysin? ¢)
S
¢ 2J1

Therefore, the reduced constrained Hamiltonian h y; is

hyy = P+ Pyth + Ped — e
2 2
sec @ o mr 9 1 5
+ +—
smr2l T2 (mr2 — JosinZ ) Y 4T

The Reduced Poisson Structure Matrix. Recall that in computing the re-
duced structural matrix, we only need to calculate {pa,pg}, etc. and then restrict
them to M. Since

p = —2rcos® ¢ cosOp, — 2r cos® ¢sin Opy + sin 2¢pg

J() . JO . . JO .
Py = 92 sin 2¢ cos Op, + 2 sin 2¢ sin fp, — 2 sin” ¢pg + Py

Py = D¢

we have

{p, Do} = {—2rcos® pu1,py} + {sin20u3, pg} = 2rsin 2¢u; + 2 cos 2¢us.  (3.27)
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Similarly, we find

. Jo Jo .
= Y o820y — L sin?2 2
{Py, Do} 0082041 — o sin 20y (3.28)
{p.py} = 0. (3.29)

As for 1, pa, us (restricted to M), recall that

p1 = costp, + sin fp,
cos O(md) + sin 6(my)

= —mrcot d)é

= —mrcotgb(—mj—s ¢@b+ tan¢ >

J .
=22 cos ¢ sin g — —p

r 2r
mrsin¢cos¢ _ 1

— Jysin? ¢p¢ ot

We can also find o, g in a similar way. Therefore

mrsingcos¢ 1
i (mr? — Jsin? )" o P
po | = 0 4 0 ) (3.30)
w3 mr?cos®¢ tan ¢
(mr? — Josin? ¢) Py 2 P

So after substituting the constraints (3.30) into equations (3.27) to (3.29), we have

2mr? cos? ¢
ol = —ta 4+ 5 3.31
{p. Do} a1 nep+ —5— Tosin? g (3.31)
. Jo Jo sin ¢ cos ¢
Pod i = — - 3.32
{Pu: Pot it 2mr2 mr2 — Jysin? ﬁ¢p¢ ( )
{p,Dy}xx = 0. (3.33)

Therefore the reduced Poisson structure matrix is given by

0 0 0 —2rcos’¢p 0 0 er sin 2¢ 0

0 0 0 0 0 0 0 0

0 0 0 sin2¢ 0 0 —-Lsin?¢ 0
2rcos’¢ 0 —sin2¢ 0 0 0 0 {p, Do} 1

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1
—5% sin2¢ 0 L sin?¢ 0 -1 0 0 {Pys Do} i1

0 0 0 —{p.Petax 0 =1 —{Dy.Pstis 0

where {p, ps} ;1 and {Dy, s} 51 are given as above by (3.31) and (3.32).
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The Reduced Constrained Hamilton Equations. It is straightforward to find
that

Ohy sec? ¢

op dmr2 P

Oh x4

oy

Oh x4 sec?ptang o mr? sin 2¢ 9
96 Amn? P 2(mr? — Jysin? ¢)2pw

Oh x4 mr? .

Opy - Jo(mr? — Jgsin? gb)pw

Ohyy 1

TR

Then by using the formula in (3.13) and after some computations, we obtain the
momentum equation and the reduced constrained Hamilton equations as follows

b= (Cranops ) L, cen
. 2
V= Jo(mr? n—WJo sin? ¢)ﬁ¢ (3.35)
¢ = sz (3.36)
Py = — (T,;];Qp+ 2(mri0_81302::n2 ¢)Z5¢> 2—iﬁ¢ (3.37)
Py = 0. (3.38)

Also, we can obtain the following reconstruction equations on the Hamiltonian side

1 rsin 2¢ -
S | 2 _(_
T = & cosf —E°sinf ( Sy 2(mr? — Jysin? ¢)p¢> cosf  (3.39)
) = &'sing — 2 cosf = | — = + rsin 2¢ py | sinf  (3.40)
v = —\ome? 2(mr? — Josin? ¢) Py '

_ tang sin? ¢ .
~omr2l T 2 Jo sin? (ﬁpw'

f = ¢ (3.41)

Together, these two sets of equations give us the dynamics of the full constrained
systems but in a form that is suitable for control theoretical purposes.

4 Conclusions and Future Work

This paper has continued the work of Koon and Marsden [1997b] in comparing
the Hamiltonian and Lagrangian approaches to nonholonomic systems. This pa-
per, together with Koon and Marsden [1997b], builds on the recent advances made
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by Bates and Sniatycki [1993], van der Schaft and Maschke [1994], Bloch, Krish-
naprasad, Marsden and Murray [1996] and others in the study of nonholonomic
systems. It helps to lay a firm foundation for a gauge viewpoint of such systems.

[BKMM] has started this work on the Lagrangian side and generalized the use
of connections and momentum maps associated with a given symmetry group to
nonholonomic systems. It has shown how Ehresmann connections can be introduced
to write the kinematic constraints as the condition of horizontality with respect to
this connection and shown how the equations of motion can be written in terms
of base variables and that these equations involve the curvature of the connection.
It has also shown that the presence of symmetries in the nonholonomic case may
or may not lead to conservation laws and has developed the momentum equation,
which plays an important role in control problems for such systems. The process
of reduction and reconstruction for these systems is worked out by making use
of a nonholonomic connection which is obtained by synthesizing the mechanical
connection and constraint connection. Moreover, using the tools of Lagrangian
reduction, it developed the reduced Lagrange-d’Alembert equations.

This paper together with Koon and Marsden [1997b] extend this gauge view-
point of such systems to the Hamiltonian side, building on the works of Bates and
Sniatycki [1993] and [VM]. With the help of nonholonomic connections and mo-
mentum maps, the present paper develops the Poisson reduction of nonholonomic
systems with symmetry. It shows that Lagrangian reduction for nonholonomic me-
chanics is equivalent to both the symplectic reduction and the Poisson reduction via
a reduced constrained Legendre transform. But most importantly, it shows where
the momentum equation lies on the Hamiltonian side and how this is related to
the organization of the Hamiltonian dynamics of such systems into a reconstruction
equation, a momentum equation and the reduced Hamilton equations. We also ex-
plore the failure of the Jacobi identity when the constraints are nonholonomic and
show that the so-called Jacobiizer (the cyclic sum that vanishes when the Jacobi
identity holds) is an interesting expression involving the curvature of the underly-
ing distribution describing the nonholonomic constraints. Using this formula, one
sees clearly that the Poisson bracket satisfies the Jacobi identity if and only if the
constraints are holonomic.

Future work

Some interesting topics for future work include

A Deeper Understanding of the Geometry behind this Gauge Viewpoint
of Nonholonomic Systems. In studying the Lagrangian reduction by stages of
holonomic systems, Cendra, Marsden and Ratiu [1997] has developed an intrinsic ap-
proach to the Lagrangian reduction theory of Marsden and Scheurle [1993a,b]. Their
work is based on a deeper understanding of the geometry of the bundle (T'Q)/G over
the shape space Q/G as a Whitney sum 7'(Q/G) & Ad(Q) where Ad(Q) is the ad-
joint bundle (i.e., the associated bundle with fiber g where the action on g is the
adjoint action). Extending this theory to the nonholonomic case will clarify further
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the geometry of Lagrangian reduction in [BKMM]. It will also shed light on the
geometry of the gauge Hamiltonian reductions for nonholonomic dynamics.

Stability, Stabilization and Bifurcation Theories for Nonholonomic Sys-
tems. Because of the momentum equation, it is natural to let the value of the
momentum be a variable and for this a Poisson rather than a symplectic viewpoint
is more natural. This approach may also allow one to extend to the nonholonomic
systems the block diagonalization procedure in the energy-momentum method de-
veloped by Simo, Lewis and Marsden [1991]. With the development of the Poisson
geometry in this paper, we hope that these results will lead to further progress on
the stability issues started by Zenkov, Bloch and Marsden [1997]. In this light,
the stability and stabilization of a simplified model of the bicycle (see Koon and
Marsden [1997b]) is an important problem to tackle.

Optimal Control and Numerical Methods. Closely related to the work men-
tioned above is the optimal control of the bicycle, which is an underactuated balance
system. Koon and Marsden [1997a] initiated the investigation of optimal control for
nonholonomic systems like the snakeboard, using the Lagrangian framework de-
veloped in [BKMM] and coupling it with the method of Lagrange multipliers and
Lagrangian reduction. Interestingly, Gregory and Lin [1992] has used the same
method of Lagrange multipliers to devise a general, accurate and efficient numerical
method to solve the constrained optimal control problem. Ostrowski, Desai and
Kumar [1997] has built on these advances to study the optimal gait selection for
nonholonomic locomotion systems. This kind of finite element method applied to
the variational problem in integral form developed in Gregory and Lin [1992] fits
well with the Lagrangian framework and gives good and interesting results in the
case of a relatively complicated problem, namely the optimal control of a snake-
board. We would like to use this Lagrangian approach to study the optimal control
of a simplified model of the bicycles,

Geometric Phases for Nonholonomic Systems. The geometric effect of holon-
omy plays an important role in the understanding of phase drifts and is a crucial
ingredient in problems of stabilization and tracking. The basic idea of holonomy is
that if the system undergoes cyclic motion in the shape space (this is sometimes the
control space), then it need not undergo cyclic motion in the configuration space.
The difference between the beginning and the end of the motion is given by a drift
in the group variables and this is the geometric phase. But the basic theory for
the holonomy is not as well developed in the case of nonholonomic systems as for
holonomic ones.

The geometric tools to further develop the theory for systems with nonholonomic
constraints are laid in Marsden, Montgomery and Ratiu [1990] and in [BKMM]. We
aim to develop the theory by combining the approaches in these two papers and also
by making the calculations more concrete and accessible. In particular, in [BKMM]
the notion of the nonholonomic connection is defined and this is what replaces the
mechanical connection in the case of holonomic constraints. What makes this theory
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more interesting is the presence of of the constraint distribution as well as the fact
that the momentum need not be conserved. A start on this problem is made in
Koon and Marsden [1997c].
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