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Abstract. We consider the steady group motions of a rigid body with a fixed point moving
in a gravitational field. For an asymmetric {op, rotation about the axis of gravity is the
only permissible group motion; for a Lagrange top, simultaneous rotation about the axis
of gravity and spin about the axis of symmetry of the top is permissible. Our analysis
of the heavy top follows the reduced energy momentum methed of Simo et af , which is
applicable to a wide range of conservative systems with symmetry. Steady group motions
are characterized as solutions of a variational problem on the configuration space; local
minima of the amended potential correspond to nonlinearly orbitally stable steady motions.
The combination of a low-dimensional configuration space and a relatively large number
of parameters that produce substantial qualitative changes in the dynamics makes possible
a thorough, detailed analysis, which not only reproduces the classical resulis for this well
known system, but leads to some results which we believe are new.

We determine general equilibrium and nonlinear stability conditions for steady group
motions of a heavy top with a fixed point. We rederive the classical equilibrium and stability
conditions for sleeping tops and precessing Lagrange tops, analyse in detail the stability
of a family of steady rotations of tilted tops which bifurcate from the branch of sleeping
tops parametrized by angular velocity, and classify the possible stability transitions of an
arbitrary top as its angular velocity is increased. We obtain a simple, general expression for
the characteristic polynomial of the linearized equations of motion and analyse the linear
stability of both sleeping tops and the family of tilted top motions previously mentioned,
Finally, we demonstrate the coexistence of stable branches of steadily precessing tops that
bifurcate from the branch of sleeping Lagrange tops throughout the range of angular
velocities for which the sleeping top is stable.

AMS classification scheme numbers: 70E15, 70K 20, 58F035, 58F14, 70H30

1. Introduction

The heavy top is onc of the most familiar classical mechanical systems. The system,
which consists of a rigid body with a fixed point moving in a gravitational ficld, is
of sufficiently low dimension that a reasonably thorough analysis is tractable, yet rich
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enough to possess many interesting features in common with other, more complicated
systems. The literature on the heavy top is substantial; Klein and Sommerfeld (1910)
is an exhaustive study. Routh (1882, 1884) contains an elegant and thorough analysis
of the stability of simple motions of heavy tops with a fixed point, as well as more
complicated rigid body systems. Modern, topological treatments of the heavy top in
the spirit of Smale (1970a, b) have been carried out by Tacob (1971), Katok (1972) and
Tatarinov (1974); see Arnold (1989) for a summary (in English) of Tatarinov’s results.

Our goal in this paper is the derivation of old, as well as new, results by means of
energy-momentum techniques. Part of our goal is the demonstration of the effectiveness
of these techniques in a classical setting. As shown in Simo et al (1990, 1991a, b),
Lewis and Simo (1990), and Simo et @l (1991), these methods are applicable to a
wide variety of mechanical systems. We believe that some of our results, including a
thorough bifurcation analysis of the linear stability of sleeping tops and a classification
of the possible stability transitions of a broad class of steady motions, are new. The
focus of our analysis is steady group meotion of a heavy top. By a group motion, we
mean a motion that is compatible with the symmetries of the top. For an asymmetric
top, rotation about the axis of gravity is the only permissible group motion; for a
Lagrange top, i.e, a heavy top whose centre of mass lies along its axis of symmetry,
simultaneous rotation about the axis of gravity and spin about the axis of symmetry
of the top is permissible, For these classes of motions, it is possible to characterize
configurations that will maintain steady motion with a specified velocity as solutions
of a variational problem. In fact, configurations that are censtrained minima of
the appropriate functional determine nonlinearly stable (modulo symmetries) motions.
There are a number of variational analyses of steady motions of conservative systems in
general and the heavy top in particular. Routh (1884) makes frequent use of variational
methods; for a more recent treatment, see Maddocks (1989).

The variational technique used in the present work is the reduced energy momentum
(REM) method of Simo er al (1991). This method is a synthesis of techniques developed
by Riemann (1860), Routh (1882, 1884), Smale (1970a, b), Arnold (1966), Poincaré
(1892) and the authors. One of the advantages of the REM method over other variational
formulations is the conversion of the original constrained variational problem on
phase space into an unconstrained variational problem on the configuration space.
This reduced problem may be further simplified at the linear level by decomposing
variations into ‘rigid’ and ‘internal’ modes with respect to which the second variation
of the associated functional block diagonalizes. In consequence, the equilibrium and
stability conditions can be easily derived as simple, explicit algebraic conditions.

The variational characterization of steady motion is also useful for the detection
of bifurcations. When the second variation of the functional to be minimized changes
signature, a new branch of configurations in steady motion may bifurcate. These
branches can be detected and described in increasing detail by computing increasingly
high-order variations of the functional. (See Golubitsky et al (1985, 1988) for a detailed
discussion of singularity theory approaches to bifurcation theory.) We show here that
the REM technique can greatly simplify the search for bifurcations. In particular, it sets
a readily verifiable bifurcation condition on degenerate variations.

Given that a possible bifurcation of relative equilibria is signalled by a zero
eigenvalue of the second variation and that the second variation is central to the
stability analysis, it is natural to consider the relationship between bifurcation and
stability. Typically, one expects a ‘transfer of stability’ at a bifurcation point: the
original branch of solutions loses stability and a new stable branch of solutions appears.
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However, this need not be the case for Hamiltonian systems with symmetry. In fact, we
show that under certain conditions a family of solutions parametrized by precession
and spin bifurcates from a branch of sleeping Lagrange tops, while the sleeping solution
branch retains stability throughout the entire range in which bifurcations occur. The
Lagrange top provides an example of this phenomenon. Associated to each angular
velocity for which the sleeping Lagrange top is stable, there are two one-parameter
families of precessing top motions that limit to the sleeping top with the specified

iy -y

vE10City.

1.1. Basic notation: canonical phase space

We consider a heavy top, ie. a rigid body acted upon by a gravitational force, with a
fixed point. Once we have specified the shape of the top and the point of the top to
be fixed, the configuration space Q is the set of all permissible orientations of the top.
If we choose a reference configuration %, we can identify the current configuration
2, with the element A, of the rotation group SO(3) taking £ to #,; A, is uniquely
determined by the relation A,# = 4#,. Hence we set 0 = SO(3). The tangent bundle
T Q consists of pairs (A, dA), where A € SO(3) and the matrix A satisfies the linearized
orthogonality constraint

ATA+ATIA=0 (1.1)
ie. ATSA is a skew-symmetric matrix:
sym{ATSA] =sym[sAAT] =0. (1.2)

Let ~ denote the map from R? to the space of skew-symmetric matrices determined by

Ex=¢xxX vxeR. (1.3)

The condition (1.2) implies that the pair (A, dA) is an element of TQ if and only if A €
SO(3) and

ASO = A = SOA (1.4)

for some vectors 6@ and 30 € R> Thus there are two distinct identifications of the
tangent bundle TQ with the product SO(3)xIR®. The body variables (A,5@) correspond
to the left trivialization of TQ; the spatial variables (A, 86) correspond to the right
trivialization.

The canonical phase space for the top is the cotangent bundle 7°Q = T* SO(3)
consisting of pairs (A,T1,) of configurations and conjugate momenta. 7°Q also has a
body and a spatial representation: (A,I1,} € T"Q if and only if there exist vectors IT

and 7 € R? such that

Afl =11, =7A. (1.5)

The covector-vector pairings in the body and spatial variables are
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(TT,,0A) = Ltr((ATD)" (AG®)) =11 - 6@ (1.6)
and

(T1,,0A) = Ltr((RA)T (50A)) =7 - 86. (1.7)
The identity

A = AZAT (1.8)

which holds for any vector ¢ € R? and any matrix A € SO(3), implies that the body
and spatial representations are related by the equalities

8 = Ad@ and = AllL (1.9)

The kinetic energy of a top moving with velocity A is

%/@ Prer(X)(AX) - (AX)d*X (1.10)
whora o ¢ tha roferance dancity I we define the aneargv inner neadiet 7\ an TH
WULLLY rap 13 UIE IVILIVIIVG ULL3IY, 11 WO Uil v Vi Ry dLLIWDL Pl \, /l VIl I WS
by

VY= [ U VXX

(L.11)
=tr(UTVI)
where
I:= f Per(X)X ® Xd°X (1.12)
2

then the kinetic energy equals %(/\,f\)l. The gravitational potential energy is
g - AM, where g = ge, denotes the gravity vector and M = [ p (X)X d&*x. If
m =[5 p.lX) d®X is the total mass of the body, then the centre of mass of the
reference body is given by M/m. Thus |M| = m/, where £ is the distance from the fixed
point of the body to the centre of mass.

The inner product{ , ), given by (1.11) can be expressed in terms of the pairing
(1.6) in body representation in the following fashion. Define the reference inertia tensor
]Iref by

][ref =f pref(X)(|X|213 —X® X)d3X
E:

1.13
=(trh1; -1 019
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where I, denotes the three by three identity matrix. Then a straightforward computation
shows that

(A60,Ad0,), =60, 1,00, (1.14)

for any A € SO(3). Note that (1.13) implies that the eigenvalues I}, I,, and I; of I

catiefv T = trT — ) faric 1.2 11 whera tha 1'% nra the (nactival ajganvalnes of T
satisty & iri Apiori e (5,40, waer € N2 A8 are (ag (positive) gigenvaliues O 2,

Thus I; + 1, —I; = 24; > 0 implies that the inequalities I; < f; + T, hold for all i, j,

ke {1,2,3}, j k.
The analogous expression for the inner product { , ), in terms of the spatial
variables involves the current spatial inertia tensor I, given by

I, = AL AT (1.15)
Using (1.9} and (1.14), we determine the relationship

(80,A,80,A), = (A(ATSD,)  A{ATE,)), = (AT60,) - B (AT 60,) = 80, - 1,50,
(1.16)

for any A € SO(3). Note that (1.14) shows that the metric { , )l on TQ is left invariant,
whereas (1.16) shows that the metric is typically not right invariant.

1.2. Lagrangian and Hamiltonian structures

The Lagrangian L for the heavy top is the diffcrence between the kinetic and potential
energies, i.e.,

LA AY=3{AA), —g - AM. (1.17)
The Legendre transformation FL associated to a Lagrangian L, defined by

FL(AA) - (A A) = ;E LA, A +€8A) (1.18)

e=0

for A, A € T,Q, maps velocity fields to momentum fields. In the case of the heavy
top, the Legendre transformation FL : T,Q — T,Q at a configuration A is

FL(A,A8) = (A, (A8©,"),) = (A, A(I100)) (1.19)

or, equivalently,

-

b

EriA SDAN - (A /5DA A\ \ {10
x ].J\l\’ UUI[} — \l\’\\lull, / }- \l.‘U

~—

Y —
J T U

I

Formulae (1.19) and (1.20) are a direct consequence of (1.14) and (1.16} and the
definition of the pairing between T°Q and TQ given by (1.6) and (1.7). The total
energy associated to the configuration-velocity pair (A, A) is

E(AA) =FLA) - A~ LA A) = LA A), +5-AM. (1.21)
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To express the Lagrangian in terms of the spatial variables, define the spatial
angular velocity by

@ = AAT. (1.22)
Then (1.16) gives the expression of the Lagrangian in spatial variables as

CAM —

TIA mY =TI{A A = — PR | P
L\, ) =LA 1 8 AN H

o .
ws AT & iuva,

{177
\1-‘4.}’

hl—

The Legendre transformation FL : SO(3)xIR* — SO(3)xIR? has the spatial expression
FLA,w) = (A, T w), (1.24)

which follows directly from (1.20}. Note that we use the same letter L to denote the

Lagrangian with respect to both material and spatial variables; in gencral, we shall
use the same notation to denote a mapping with respect to material, spatial or body
coordinates.

Next, we determine the Hamiltonian structure of the heavy top. The canonical
phase space is the cotangent bundle T°Q consisting of pairs (A,IT,) of configurations
and conjugate momenta. Given the Lagrangian L, the cotangent bundle T*Q is the
image of the tangent bundle TQ under the Legendre transformation. The Hamiltonian
on the phase space T°Q is defined by

H(ATI,) :=E(A FL™([1,)) =g - AM + HIT T, {1.25)
where (,),_, is the metric on covectors induced by FL, ie.

(M, Ty )y = (FL7HIL), FLTH(ITY)), (1.26)
In spatial representation, (1.17), (1.16) and {1.20) imply that

H(A,n) :=m-g+in-I3'n (1.27)

where m = AM is the spatial representation of the mass vector. In the body
representation (1.17), (1.14), and (1.19) imply that

H(A,TI) :=gy M+ 31T - [T (1.28)
where vy == ATe3 is the direction of gravity in the body frame.

1.3. Equations of motion

Recall from section 1.2 that the spatial angular velocity o defined by (1.22) satisfies
@ = AAT. Similarily, the body angular velocity Q is given by

0=ATA. (1.29)
Note that (1.9} implies that

w = AQ and = AIl (1.30)
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where the body and spatial momenta
H = Hrei‘Q‘ and = KAG) (1.31)

are given by the Legendre transformation according to (1.19) and (1.20).

The following expressions are the weli-known body and spatial forms of the
equations of motion; see e.g. section (6.1) or Amnold (1966, 1989) for the derivation of
these equations.

The body form of the equations of motion is
A=AQ and M=TxQ+gyxM (1.32)
The spatial form of the equations of motion is

A=A and =g xm (1.33)

Note that the second equation in (1.33} is the Euler equation for a rigid body under
the influence of a gravitational potential.

1.4. Symmetries

The symmetries of the Hamiltonian are central to the stability analysis. To obtain
optimal results, it is typically necessary to work with the largest available symmetry
group; failure to incorperate all symmetries can result in overly restrictive stability
conditions.

the heavy top. Material frame
indifference (i, left SO(3) invariance) of the free rigid body is broken by the
gravitational potential. While the kinetic energy is invariant under the full group
of spatial rotations, the potential energy is invariant only under spatial rotations that
preserve the gravity vector g. The gravitational potential is invariant not only with
respect to spatiaf (left) rotations about g, but also with respect to body (right) rotations

alont the vector naweine thrauch the centre of mass M If the ton nossesces an ayie nf
apout the vector pal g through the cenire of mass ML I the 1op po axis of

nnnnnnnn

SiFara BSOS ead

symmetry, then the kinetic energy is right invariant under rotations about the axis of
symmetry. [f the top has a symmetric moment of inertia tensor and its centre of mass
lies on the axis of symmetry, i.e. it is a Lagrange top, then the Hamiltonian is invariant
under the group G = S' x §' consisting of spatial (left) rotations about the direction
of gravity and body {right) rotations about the axis of symmetry.

We consider threc distinct cases of steady motion, each determined by the
symmetries of the top and its motion: first, the ‘asymmetric’ top (i.e, not a Lagrange
top); second, a ‘tilted” Lagrange top, for which the axis of symmetry is not parallel
to the gravity vector g; finally, the sleeping Lagrange top, for which the axis of
symmetry and the gravity vector g are parallel. In the case of an asymmetric top, the
appropriate symmetry group is G = S!, which acts freely by spatial rotations about
g. The appropsiate symmetry group in the case of a Lagrange top is G = §! x §!,
which acts by rotations about g and the axis of symmetry. Tilted configurations have
trivial isotropy, i.e. there are no elements of the group G that fix the configuration. On
the other hand, a sleeping Lagrange top is fixed by the one-dimensional subgroup of
G consisting of a rotation about g paired with a reverse rotation of equal magnitude
about the axis of symmetry.
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2. The asymmetric top

We briefly outline some of the essential constructions of the reduced energy momentum
(REM) method here, using the asymmetric top to illustrate the definitions, and refer the
reader to Simo et al {1991) and Lewis (1991a) for the general statement of the method.
A glossary of the essential constructions and a very brief summary of the method
are given in the appendix. An essential feature of the analysis is the incorporation
of the constant momentum constraint given by Noether’s theorem. In the case of the
asymmetric top, where the symmetry group is §!, the momentum in question is simply
the e; component of the angular momentum. (In the case of the Lagrange top, which
possesses a body symmetry, an additional scalar ‘material momentum’ is conserved.)
For the asymmetric top the symmetry group G is

G = {expsop [$&] s R} ~ 8 2.1

with Lie algebra g = {s&; : s € R} ~ R. The dual g" to g is also isomorphic to R,
with pairing given by multiplication. G acts on Q and T"Q by matrix multiplication
on the left.

The infinitesimal generator associated to the G action on Q is

So(A) = (A, {&;A) (2.2)

i.e., an infinitesimal rotation about the axis e, with angular velocity . The infinitesimal
generator in the spatial representation is éQ(A) = (A, &ey). The locked inertia tensor
I(A) : g — g° measures the momentum associated to the specified group motion; e.g.,
H{A)¢ is the e; component of the angular momentum of the top in orientation A
rotating with angular velocity ¢ about the e, axis. Specifically, the locked inertia tensor
associated to the S§! action is defined by the relationship

7 MA)E = (FL(Eg(A),ng(A)) = (ney) - T (Ces) =n ey~ Byey (2.3)

for all £ and n € R, where the second equality follows from (1.20) and (2.2). Hence
I{A) = e, - e,

There are two functionals that play a role in the variational problem. The first,
the augmented potential, is construcied by evaluating the negative of the Lagrangian at
a specified infinitesimal generator. Given ¢ € g = IR, the augmented potential for the
asymmetric heavy top is defined by

Ve(h) = —L(&p(A) =m - g — JH(A). (24)

A point A, is a critical point of V, if and only if FL({p(A,)} is a relative equilibrium,
ie. if A, can be maintained in steady motion with angular velocity £. (This result
is proved for general simple mechanical systems in Simo et al (1991).) However,
the second variation of V; does not provide sharp stability conditions. Hence we
introduce the amended potential, which is constructed by evaluating the energy at an
infinitesimal generator obtained via the locked inertia tensor from a specified value
of the momentum. Specifically, given u € g° ~ R, the amended potential for the
asymmetric heavy top is

V,(A) = E((IA) ') o(A)) =m - g + 1Ay (2.5)
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Critical points A, of V), are also relative equilibria and remain in steady rotation with
the specified momentum g Definiteness of the second variation D"’-Vp(/\e) on some
complement to the tangent space g - A, to the group orbit is sufficient to guarantee
nonlinear stability of the motion modulo rotations about e;. The functional vV, is often
less convenient to work with than ¥V, ; these inconveniences can be avoided to a great

extent by noting that the second variation D? V,(A,) of the amended potential can be

constructed by adding a positive semi-definite bilinear form to the second variation
D? Ve(A,) of the augmented potential. Define the locked momentum map I;:Q— g" by

L (A) :=I(A)L. (2.6)
Then the symmetric bilinear form &, = D? V. (A,) satisfies
B0, AA) = DZVE(AQ)((SA, AA) + (DI, (A,) - 6A) - ]I(Ae)‘l(D]li(Ae) - AA) 2.7

for all variations 0A, AA € T, Q. (See Simo et al (1991) for the general statement of
this result for simple mechanical systems.)
2.1. Relative equilibria—the first varigtion

We use the augmented potential ¥, to determine relative equilibria. Using standard
vector product identities, the first variation of the locked inertia tensor is computed as
follows:

DI(A) - 6A =e; - (BAIL AT + AL 5AT e,
=e; - (801, — I, 8)e,
=e; (00 x I e;) ~ Myey - (0 x €y)
=200 - ((I,e;) x ey)

(2.8)

where 8 = SAA”. The first variation of the gravitational potential in the direction of
the variation dA is

ge; - 0AM = gdf - (m x e;). (2.9)
Thus relative equilibria are determined by the condition

0=DV;(A,) oA =50 ((gm, — 62]1,\'%) X €3) (2.10)
forall A € T Q, ie.,

(gm, — £%1, e;) x e; = 0. (2.11)

The relative equilibria determined by (2.11) are traditionally referred to as the ‘axes of
Staude’ (see, e.g., Maddocks (1989)). When performing the stability analysis, we shall
find it convenient to express the equilibrium condition in the form

gm, — &71, e; =T e (2.12)
where

T, :=m, g—¢M(A, = (gm, — &1, ¢;) - e;. (2.13)
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2.2. Stability—the second variation

Let A = 66A and AA = AGA denote two clements of T, Q. The second variation of
the. augmented potential is

D? Ve(A)BA, AA) = (e; x 80) - (A8 x gm, — ﬁz(AB x Iy ey -1, (A8 x e3)))
= — &% ey x 80) - I, (e; x AG)
+ (&3 x 09) - A8 x (gm, — &%, e,)
= —{e; x 00) - (£%H, +T,1,)(ey x AG). (2.14)
The momentum correction term in (2.7) is given by

(DI(A,) - 3A) - KA, (DIL(A,) - AA)

_ & . .
= W(DH(AJ 3A)(DI(A,) - AA)
= I[{A ) (23 x 30) - (I, e; ® I, e;) (e; x AB). 2.15)

Substitution of expressions (2.14) and (2.15) into (2.7) yields

{:2

B,(6M, AN) = (e, x 50) - (H(A )

I,e;©1, e — izlll\e - Fel3) (e5 x AB). {2.16)
The equilibrium is orbitally nonlinearly stable if #, is positive semi-definite, with kernel
spanned by &;A,, i, if the restriction %, of the form

¢2

A, )IIA e, 0, e;— &2 o, —T,l, (2.17)

to span{e,,e,} is positive definite. The equilibrium condition (2.12} implies that the

restriction of (2.17) to span{e;, e, } equals
i m, ®m, — 21, —T,1 (2.18)
621[(/\ ) e Ae et3 -

The stability conditions can casily be formulated in terms of the body vectors M
and y. The matrix (2.17) can be written in the form

42
A ( d ]Iref'ye ® ey, — 6 ]Iref' T, 13) AT (2.19)
(}'e ref'ye)
Hence 4, is positive definite if and only if the restriction of
4¢? 2
T Drer¥e ® Doege — &l — el (2.20)

Yz

or, equivalently,

521 M@M Ely — T 15 (2.21)



The heavy top: a geometric treatment 11

to the plane orthogonal to y, is positive definite.
In many cases, the test for positive definiteness of 48, is most easily implemented

by testing for positivity of the trace and determinant of @e. Hence, we derive below
some simple expressions for these invariants. If we define

€, = EZIIAJelieZ +I,1, 2.22) |
then
~ 452 .
€ ]I(A ) (][A,EJ ]I(Ae)e_a,) @ (]IA¢E3 — ][(Ae)e_,,) - %, (2.23)

Using the identities

rx@x—A)=[x>—trd (2.24)
and

det(x @ x — A) =det A —(e; x x) - A(ey x Xx) (2.25)

for all two by two symmoetric matrices A and all x € span{e, e, }, we see that

tr B, = 4 — _le, x I, e tr € 2.26)
r e ][(A ) 83 Ae 3| e ( .
and
~ 4k2
det #, =det €, — (A, )(33 x I, &) 6,(e; x I, e). (2.27)

Hence #, is positive definite if and only if

2

A, ]}23 x Iy, el >1tr ¢, (2.28)
and
52
det &, > (A, )(e3 x Iy €3) - €,le; x 1, 3). (2.29)

Making use of the equilibrium condition (2.11), i.e.

e; x ) e; = 5, xm, (2.30)

52
we can express the stability conditions in the form

4g2

‘E—ZJ_II’A—)I% x melz > tr (ge (231)
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and

det €, > i;l‘l(A )(e3 xm,) €, (e; x m,). (2.32)

In summary, we have derived the following equilibrium and stability conditions:

An asymmetric top with spatial inertia tensor 1, and mass vector m, can be maintained
in steady rotation about the axis of gravity g = ge; with angular velocity ¢ if and only if

gm, — 52“1\}3 =T,
equivalently, if and only if
gM - ﬁZHref})e = re?‘e

where y, == Al e, is the direction of gravity with respect to the body frame and
T,=m, g~ "A,) =gy, M~ &%, Iy,

This steady rotation is nonlinearly orbitally stable if the restriction §Be of the symmetric
matrix

52

A, )nme_., @1, e — &, —T,1,

to the e,—e, plane is positive definite.

2.3. Stability of special classes of relative equilibria

In this section, we explicitly parametrize some special classes of steady motions of
heavy tops that are characterized by conditions on the position of the axis of gravity
relative to the eigenvectors of the inertia tensor and present the equilibriumn and
stability conditions in terms of these parameters. The Hamiltonian is determined by
the eigenvalues of the reference inertia tensor I i, the mass of the top, the coordinates
of the centre of mass with respect to the principal axes of the reference inertia tensor,
and the strength of gravity. The quantities characterizing the steady motion of the top
are the angle of the cone traced out by the motion of the vector from the fixed point
to the centre of mass, and the angular velocity &.

We first apply the stability criteria to a sleeping asymmetric top, ie., a top for
which the gravity vector g = ge, is an eigenvector of the equilibrium inertia tensor
I,,. Taking the remaining eigenvectors of the inertia tensor as our basis vectors, we
may assume that I, = diag [I,,1,,1;] for some positive constants I; satisfying I, > T,.
The equilibrium eqﬁations (h2.12) imply that m, = t+mfe;. A positive sign implies
that the top is upright; a negative sign implies that the top is hanging straight down.
Conversely, if m, and e; are proportional, then e; must be an eigenvector of I, in the
case of steady motion, i.c.,, sleeping tops are characterized by the condition that the
mass vector m, is parallel to the gravity vector g.
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A sleeping top A, can be kept in steady rotation at any angular velocity, ie.
DVg(A,) = 0 for any { € R. The stability matrix %, for an upright top is given by

B, = diag [¢*(1, — 1,} — mgs, (1, — 1) — mg¢). (2.33)

Hence an upright sleeping top, ie. a top for which £ is positive, rotating at angular
velocity £ is nonlinearly stable modulo rotations about e; if it is in rotation about the
axis of maximal inertia, i.e. if [, > I, > I, and

mgft

2
£ > T (2.34)

A hanging sleeping top has stability matrix &, = diag [£2(I;~1,}+mg¢, E2(1;—1,)+mg/].
Hence a hanging top in rotation about the axis of maximal inertia is nonlinearly stable
at any velocity. A hanging sleeping top for which either [; > ;> L, or I, > L > I is
stable for angular velocities £ satisfying

mgt
I -1

&< (2.35)
These stability conditions for sleeping tops can be found in Routh (1884, section 211},

A tilted top is a top for which the gravity vector g = ge, is not an eigenvector of
the inertia tensor I, . If it can maintain a steady rotation about the axis of gravity
without spin, then it is a relative equilibrium. There is a special family of tilted relative
equilibria that generalizes the family of sleeping tops analysed above; specifically, we
consider tops for which the axis of gravity lies in a plane determined by two of the
principal axes of the inertia tensor. To simplify the general calcujations carried out in
sections 2.1 and 2.2, we shall construct a coordinate system tailored to the candidate
relative equilibrium. By assumption, there is an cigenvector ¢, of I, such thate -g =0.
Hence we can set e, ;= e; x €,. In this coordinate system, the spatial inertia tensor I,
is given by

I, 0 0
I, = Rydiag [1,,1,,L]R] = (0 Icos20 +1sin?@ (I, — L) cosBsinB) (2.36)
0 (I, —L;)cos@sin® I,sin’ @ +1,cos’8

where

1 0 0
R, = (O cos 0 —sinﬂ) (2.37)

0 sin@ cosd

for some angle & # 0, n. Note that the stability of a specific top is determined by
the spatial equilibrium values I, and m,, as well as the equilibrium velocity £; the
stability conditions are independent of the specific choice of a reference orientation of
the top. Hence we are free to make any convenient choice of principal axes of the body
frame. We set I, = diag[I},1,,1;] and A, = R,

We now determine the equilibrium mass vector m, = A,M. Since A, is a rotation
about e, and hence fixes e;, (2.36)} and the equilibrium condition (2.12) imply that

gM-e, =gm,- (Ae) =gm, -e =%, -1, e;=0. (2.38)
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Hence

M =mf(0, sin ¢, cos ) (2.39)
and

m, =AM =mlR,_, e, ={(0,msin{¢ — ), m¢ cos(¢ - 6)) (2.40)
for some angle ¢. The e, component of (2.12) yields the equilibrium condition

mgt sin{gp — 0) = E3(I, — Iy)cos & sin . (241

Since we assume that the top is not a sieeping top, the right hand side of (2.41) is
non-zero. Thus, the equilibrium velocity ¢ satisfics
_ 2mgfsin(f — @)

2
C =T, -L)sn20 (242

The stability conditions for relative equilibria tilted about e, ar¢ obtained by
substituting (2.36) and (2.42) into (2.16). The equilibrium value of the locked inertia
tensor is

I(A,) =e; I, e, =1, sin’ 0 +1; cos? 8 = L(I, +1; + (I; — I,) cos 26). (2.43)
Hence, using (2.42), we see that

I, =gm, e, — £2I(A,)
%gf’- ((I; — I,) sin 26 cot(6 -~ ¢) — (I +1; + (I; — 1) cos 26)) (2.44)
= 18l +1, — @; — L)p(6, ¢))

where

_ sin(@ + ¢)

p(6, ¢) == —— . (2.45)
sin{d — @) -

The stability matrix is #, = diag [by, b,], where

by :=—8% -1, e, — T, =1 (1, + 1, ~ 21, — (I; — Ty)p(6, ) (2.46)

and

4(1, — I,) sin* 26
I, +1;+(1; — L) cos 20

= 1&, - Iz)( +cos 20 — p(8, ¢)). (2.47)

The steady rotation of the top is stable if b, and b, are both positive. Hence, if we
define

_ L+ =20 and 4(1, — I,)sin 26

: = cos 26 2.48
i -1, T L, A (G = L oos20 O (248)
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then the steady rotation is stable if

>,  and  min{r,7,} > p(0.8) (249)
or if

L>1L and p(0,¢) > max {z,,1,}. (2.50)

If ¢ =0, ie, if the reference centre of mass M lies on the principal axis of Il
with cigenvalue I, (and hence the spatial centre of mass m, lies along the principal axis
of I, with eigenvalue I{A,)), then the expressions appearing above are substantially
simplified. The equation (2.42) for the equilibrium velocity then takes the form

mgt

&=
(I; — I,) cosf

(2.51)
Hence, if I; > I,, then tilted relative equilibria with centre of mass along a principal
axis exist only for n/2 > § > —n/2, ie. the centre of mass is above the fixed point of
the top. On the other hand, if I, > I, then the centre of mass lies below the fixed
point, with 3n/2 > & > n/Z. The diagonal entries of the stabiiity matrix %e are given
by by = ¢3(I, —1,) and

bz _ ‘52(13 — Iz)

= o1 oodd [3(; — L) cos? 8 ~ 1,]. (2.52)
2 3

The condition &, > 0 yields I, > I;. To impose the condition b, > 0, we distinguish
two cases. If I; > I, > I;, then b, > 0 implies that 3(I, — I,) cos? @ > I,, which implies
that [, > 3I;/4 and

_bL
30— 1)

If I, > I, and I, > I3, then both b, and b, are positive for any angle 8, ie. this steady
motion of the top is stable.

cos? 8 > (2.53)

Remark: The Kouvalevskaya top: A special class of Kovalevskaya tops is determined by
the conditions I; =15 = 2T, and ¢ = 0. If § =0, then @, = diag [ — mgs, &*1, — mg¢|;
hence the top is formally unstable. If 6 = x, then &, = diag [mg¢, &I, + mg/]
is positive definite; hence the hanging Kovalevskaya top is stable for ail velocities.
Finally, if cos?@ # 1, then b, = ¢%(I, — I;) = —¢21, < O implies that the motion is
formally unstable. These results are given in Levi-Civita {(1901), We shall show in
section 4 that for ¢ satisfying 0 < cos?@ < 1/3, these relative equilibria are finearly
stable, even though they fail to be formally stable.

We summarize our resuits as follows:

Consider an asymmetric top, whose inertia tensor has eigenvalues 1,, 1,, and 15, and an
eigenvector e, (with eigenvalue 1, ) of ll, satisfying e, -g =e¢, m, =0. Let & denote the
angle in the plane orthogonal to e, between the axis of gravity g and the eigenvector of
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I, with eigenvalue 1, and let ¢ denote the angle in the same plane between m, and this
eigenvector, ie. m, ' g = mgf cos(¢p ~ ). The top can be maintained in steady rotation
about the axis of gravity e, with angular velocity & if either

0 =01 or £ = 2mg! sm(G.—— (f))'
(1, —1,) sin 20
The nonlinear orbital stability conditions for steady motion of the asymmetric top are
(i) 8 = ¢ = 0. Upright sleeping tops are nonlinearly orbitally stable if 1, is the
maximal eigenvalue of 1 and

mgd

2
J >I3_Im

where 1, :==max {I,,1,}.
(ii) @ =mn and ¢ =0. Hanging sleeping tops are stable if either 1, is the maximal axis
of inertia, or

mgl
-1

m

<

(iii) 8 % 0,7 and ¢ = 0. Tilted tops for which the centre of mass lies on the principal
axis of inertia with eigenvalue 1, are stable if either 1, is the maximal axis of inertia,
or

I

IL>1L,>1 and 1>cos’fd > —2-—.
3 2 1 3(13_12)

(iv) ¢ 0. Tilted tops for which the position vector of the centre of mass is orthogonal
to the principal axis e, are stable if

IL>1, and min {7,,1,} > p(6, ¢)

or if
I, >1, and p(0, ¢) > max {1,,7,}
where
__sin(@ +¢) _ L+1;=2]
PO =e—s T Lo
and

_ 4(1; = 1,)sin’ 20

= 20,
BT LT, roos20 O
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2.4. Stability of general relative equilibria

An arbitrary relative equilibrium can be viewed as a point on a curve of relative
equilibria parametrized by angular velocity. We shall characterize below all possible
sequences of stability transitions along such curves. We make use of equations (2.27)
and (2.26), which can be expressed in the form

~ 4(gmf sin 6)?
tr.%e = —m—-

(gmf)

~ E2(tr I, — 3I(A,)) — 2gm¢ cos §
(2.54)
=2 ——(x%a, + 2k cos O — 4sin*4)

and

4

det %, = i 5\ ) (4detW, —30(A,)sil,, +20(A,) e, ~T(A,)°)

) _ g gmf cos @
+ &gme (trh,, — 30(A,)) cos 0 + (gm¢ sin ) ( ~Yenm,) £2(A,) )

2
= —{g':f)- (’(20, — 30, +403) + %6, cosf + x — 4sin’ 6 cos0)

(2.55)

where si A := }((tr A)> — tr A%) for all three by three matrices M and

(i) the g,’s are the scaled invariants of the inertia tensor

rhyy ., _LtL+1
I(A,) TA,)
S silly 3 LI, + 1,1, + L],
PTIA) T T T IA)
detly, _ hbL
I{A,)? I(A,)?

-3

oy =

-3 (2.56)

0y =

where the I’s are the eigenvalues of I; (and hence of I, for ail A)

2 2 .
(ll) K= é ]I(Ae) — é Te ][ref?e
m mgft ]
(i) @ is the angle between m, and e,, ie. m,-¢; =mfcosf =y, M.

is the scaled kinetic energy

Expressions (2.55) and (2.54) are obtained by means of the identities

trS),. =trS—(v-Sv) (2.57)
detS|,. =siS — (v- Sv)trS +|Sv/* (2.58)

and

(v X S¥) - S(v X Sv) = (v- Sv)det §|,. —det S
= (v-S¥)(si§ — (v S¥) tr S +[Sv)*) —det§ (2.59)
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for any symmetric matrix § and unit vector v. Applying (2.58) and (2.57) to 0, |

and making use of the equilibrium identity (2.30), we see that u

det®, = &'det (I, |, _,. ) + & tr (W, |, _, ) + 172
= &Hsill, — AT, +1(A,)?) + (gmf sin 6)°

+ &, (trI, —HA,)) +17? (2.60)
= & (silly, — 20(A)tr D, +31(A,)%)
+ &gey-m (tr I, +1(A,)) + (gme)™ (2.61)

The identity (2.59) implies that

(63 x Ty e3) - €, (03 x II, &3}
= EHI(A )si Ty, — IAte T, + (AT, ey]* — det T, )
+ (gm, e, — EH(A,)) I, e;f (2.62)
= E(MA)si T, — A% tr T, —detl, +1I(A,)%)
(gm¢£)* cos O sin’ ¢
& '

Equation (2.55) follows directly from (2.60) and (2.62).

We now use the expressions (2.54) and (2.55) to obtain a rough general classification
of the possible behaviours of the system as the scaled kinetic energy x is increased.
The classifications are determined by applying the Routh-Hurwitz criteria to the
polynomials

+

P(x) == —a,k* — 2cos 8k +4sin’ 8 (2.63)
and
Py() := P’ 4+ 0, cos 0 x> + 1 — 4sin? G cos 0 (2.64)

where f :=2a, — 30, +40,.
The Routh—-Hurwitz criterion states that the number of roots of P, and P, in the
right half-plane are given by the number of sign changes in the sequences

g, +4psin’ 6

g,, cosf, —1 and B, 6, cosf,
oy

—cosf (2.65)

respectively.  (For a discussion of the Routh-Hurwitz criterion, see, for example,
Gantmacher (1989).)

For f cos & > 0, the Routh—Hurwitz criterion implies that P, has either one or three
positive real roots. For fcosf < 0, P, has either zero or two positive real roots. P,
is positive (negative) for sufficiently large x if § is positive (negative). For sufficiently
small x, P, is positive (negative) for cosd negative (positive). We next note that the
condition that the determinant have a local extremum, namely, that

38x? +20,kcosf+1=0 {(2.66)
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Table 1. Possible stability transitions for relative equilibria of general tops.

cosf > 0 cosf® < 0
<0 L IPI or INI PI
f>=0ando <0 IP,IPIPor INI{P P or PIP
f>0andg >0 IN PIN

cannot be satisfied by tops for which # and g, cos & are both positive, or
B> a'1 cos’ 8. (2.67)

For such tops, the determinant can change sign at most once.

Ignoring the special cases associated to simultaneous roots of P, and Py, or their
derivatives, we summarize the possible stability transitions in table 1. The entries of
the table are interpreted as follows: P (respectively N) indicates positive (respectively
negative) definiteness of 9?8, while I indicates indefiniteness of Q The transition
sequences read from left to right with increasing «.

{i) Negative definiteness of the second variation is possible only if either

_4oy

g, >0 or cos” 0 > 1
oy —

> 0. (2.68)

(i) Multiple changes of signature are possible only if

38

. 48 +a
cos’@ > = andeither ¢, >0 or cos’f > 1o

o2 Y (2.69)

For example, for > /3, 5, < 0, and cosf > 0, the only possible sequence is [P,

The second inequality in equation (2.68) is obtained by requiring that the roots of P, be
real. Condition (2.69) implies that the second sequence in (2.65) has three sign changes
and the polynomial (2.66) has real roots, i.e., that the polynomial P, has two positive
critical points.

Some fairly detailed information regarding the linear stability of the tops can be
obtained from table 1, making use of the following observations. Positive definiteness
of @ implies nonlinear, and hence linear, stability of the relative equilibrium. The
characterlstlc polynomial (4.18) for the linearized dynamics, which is derived in section
4, has both real and imaginary roots if det .93 is negatlve hence indefiniteness of .@
implies lincar instability, Negative deﬁnlteness of QBE can be associated with either
stability or instability. Some general conclusions regarding linear stability can be
summarized as follows:

{i) cos# > 0 implics that the top is unstable at sufficiently low velocities

(ii) cos # < 0 implies that the top is stable at sufficiently low velocities

{iii) # < 0 implies that the top is unstable at sufficiently high velocities

(iv) 8 > 0 and o, < 0 implies that the top is stable at sufficiently high velocities.

Remark: Many of the cases determined by the Routh-Hurwitz criterion can be ruled
out as possible sequences of behaviour by taking into account the fact that the trace
cannot change sign in a region where the determinant is positive; hence the transitions
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PN and NP cannot occur unless the trace and determinant are simultaneously equal to
zero. We let the letter Z denote the state 93 = 0. A further condition on the existence
of the transitions PN and NP is that the relevant root of Py also be a critical point of
P;. Degenerate cases, in which, for example, a critical point of P, is simultaneously a
root of P;, may result in the following sequences: IZI[, for # < 0 and cos® > 0; [ZIP,
IPZP, or INZP, for 8 > 0, g, < 0, and cosf > 0; and PZN, for 8 < 0, ¢, > 0, and
cosfl < Q.

3. Lagrange tops
We now consider a Lagrange top, i.c. a top satisfying
RL R =T 3.1)

for all rotations R about the axis M. Set R = exp(eﬁ), where exp denotes the
exponential map exp :so(3) — SO(3) given explicitly by Rodrigues’ formula

sin{jew|) - 2Sll'l 2(|wl/2) a2

|| |eo]?

Differentiating with respect to e, we see that (3.1) holds if and only if

expd =15+

(3.2)

sym [I.,M] =90, (3.3)

The symmetry condition (3.1) also implies that M is an eigenvector of L. Indeed,
since M is the axis of rotation of R, we have RM = M; thus (3.1) implies that
RL M =1I_,M, ie I M is also the axis of the rotation R. Hence I ;M = 1, M for
some 4,, € R. Moreover, the remaining two eigenvalues of L. are necessarily equal,
which can be shown as follows. If I has three equal eigenvalues, then there is
nothing to prove. If not, let 4 % 4,, be an eigenvalue of I ; with eigenvector x. The
vector x is not parailel to M; hence x and Rx are linearly independent. The symmetry
condition (3.1) implies that ARx = RE ,x = I ;Rx; hence Rx is a distinct eigenvector
with the same eigenvalue A. The reference symmetry condition (3.3} leads to the spatial
symmetry condition sym []I Affl] = 0. An analogous argument to that used for M and
H,.; shows that m is an eigenvector of the current spatial inertia tensor .

The Hamiltonian (1.27) associated to such a top is invariant not only under left, i.e.
spatial, rotations about the axis ey, but also under the right $? action of body rotation
through the angle ¢ about the axis M, given by

0-A:=Alexp(8 )7 (34)

where £ = Il M. Note that the induced action on the spatial representation (A, 7)
is (A, @) = (6-A,n) and the invariance condition for the Hamiltonian reads
H@® - A = H(A,n) for any 8 € S'. In this case, the full symmetry group of
the Hamiltonian is G = §' x §!, with Lie algebra g = R? and infinitesimal generator

(&, w)g(A) = E&A — wAL. (3.5)
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The locked inertia tensor I(A) : R? — R? is defined by the relationship

(1, 0) - A)E, ) = (FL((&, @) (A)), (1,{)p(A))
= (A(EATe; — wE), A(iATe; — (), (3.6)
=(ATe; — %) T nATe; — ()

using the left SO(3) invariance of the inner product {, ), the formula ATAT = Av,
{1.14), and (1.19). Hence

_ (e ALyATe; —es Al TN _ (e, Iye; —e; Iy
H(A)_( —e; Al X Z-I,x T\ —ey'Lis s-Is @7

where s '= AL
We are now ready to .determine the conditions of relative equilibrium for the
Lagrange top. The augmented potential takes the form

View A = AM - g — 1(£, ) - A€, ) (38)
with first variation

DVie (A} - 80A, = (ey x 80) - (gm, — £1, (Zey ~ ws,}) (39)
where 5, := A,Z. Hence the configuration A, is a relative equilibrium if and only if

gm, — (I, (Sey —ws,) =T e, (3.10)
where

r,:= (gme — &L, (Se; — wse)) "8y

(3.1
= mgls, & — (£,0) KA ) ).
While the. equilibrium conditions (3.10} can be expressed as two scalar equations
(namely, that the e; and e, components of the left hand side equal zero), we shall see
that, due to the symmetry of the Lagrange top, relative equilibria are determined by a
single non-trivial scalar equation.

We now discuss two distinct classes of relative equilibria for Lagrange tops:
precessing tops and sleeping tops. The motion of the spatial axis of symmetry of
a precessing top traces out a cone about the axis of gravity; the spatial axis of
symmetry s, of a sleeping Lagrange top coincides with the axis of gravity e;. It is
convenient to distinguish precessing and sleeping tops when considering the equilibrium
conditions; it is essential to distinguish them when performing the stability analysis.
The crucial distinction is the additional symmetry of the sleeping top: spatial rotations
about the axis of gravity are indistinguishable from body rotations about the axis of
symmetry. For example, a spatial rotation combined with a reverse body rotation
through the same angle fixes the slecping top. A stability analysis that neglects this
additional symmetry may vield overly restrictive stability conditions. We first treat the
case of a precessing top, using the standard stability algorithm, and then consider the
sleeping Lagrange top.
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3.1. The precessing Lagrange top

If the axis of gravity and the axis of spatial symmetry are distinct, i, s, # +e,, then
the group G acts freely in a neighbourhood of A,. The two-dimensional tangent space
g - A, to the group orbit is given by (3.5);

g+ A, =span{&A,,5,A,}. (3.12)

Since the group G is abelian, the augmented and amended potentials are G invariant
and g- A, lies in the kernel of the first and second variations of the modified potentials.
Thus the spatial representation of the space of non-trivial variations is spanned by
oA, = 08 A, where 80, = (e; x s,)/le; x s,], and A, is a relative equilibrium if and
only if the single scalar equation

DV )(A,) - 0A, =0 (3.13)

is satisfied.

We now show that any steadily precessing Lagrange top is orbitally nonlinearly
stable. As we did for the tilted asymmetric relative equilibria, we choose a coordinate
system that simplifies the necessary calculations. Set

e, X8,
e =00 =
! Y |e3xse|

and €, '=e, Xe,. (3.14)

Thus s, = Rye, for some ¢ # 0, n, where R, is given by (2.37). The symmetry
assumptions imply that the reference inertia matrix I has a double cigenvalue,
say 1), and a distinct eigenvalue, say I, and that sym|l, §,] = 0. Hence we set
I =diag[I;,I;,1;] and A, =R,.

Equation (3.7) implies that the equilibrium locked inertia tensor I{A,) is given by

_ (1;sin’0 +T,c05° 0 —I;cosd
fA,) = ( —I;cosf I, ’ (3.15)
The non-trivial equilibrium condition is given by
DV y(A,) - 6A, =sin 6'(52(13 —I,)cos@ — éwl; —mgt) =0 (3.16)

which is obtained by substituting m, = mfs, = m{/Rye; into (3.9). Neglecting for
the moment the solutions & = 0, n corresponding to the sleeping Lagrange top, the
equilibrivm condition (3.16) may be solved for @ to yield

UL, — —
© = E<{I; —I,)cosO mg{l (317)
¢l

Hence, FL((¢,w)g(A,)) is a precessing relative equilibrium if and only if @ satisfies
(3.17). The equilibrium condition (3.16) and the following stability result can be found

in Routh (1884, section 207), with the change of variables y =¢ and n = ¢ cos 6 — w.
The relative equilibrium with configuration A, is orbitally stable if

B,(50,,6A,) = DV, (A) (A, 5A.,)
+ (Dl 0y (A - 6A,) - TA,) (Dl 0y (A,) - 8A,) > 0 (3.18)
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where I, (A) = I(A)}({, @) is the locked momentum map for the G action. The
second variation of the augmented potential (3.8) takes the form

D?Vie o (AJOOA L ADA,} = —(ey x 30) - (220, +T,15)(e; x AB) (3.19)
where ', = —£?I, is determined using (3.11) and (3.17). Hence (3.19) implies that the
second variation of the augmented potential in the direction of the non-trivial mode
AA =2.A ig oiven hv
Ve Ry bt e i — N
DV 1 (AOA,,8A,)) = ~e, - (E°L, +T,13)e, = EX(I, — L;) sin? 6. (3.20)

The locked momentum map I , has first variation

(A _5};,\ — f2§(e3 X 56) ' ]I,\eey, _(1)(03 X 59) . HAgse\

Do . 120
R wyiter YVing \ _6(33 x 53) 'I[A,,se \F.any
In particular, for w given by (3.17),
mgd
DI,,(A,) - 3A, = Esin0 ( (I ~ 1) cosf - ‘cgf) (3.22)
3
and hence
(DTg oy(A,) - 8A) - I(A,) (DU, (A,) - 6A,)
2
= (I, cos? @ + I, sin? 0) — 2mg/ cos 6 + (ngglf ) . (3.23}
1
Thus, using (3.18), we obtain
£ 2
B,(0A,,0M,) = E21, — 2mgs cos O + ("gl)
i
1
= ar ( (£21, — mg£ cos ) + (mgé sin 6‘)2) >0 (3.24)
1

for all 8 # 0, n. It follows that all iilted Lagrange tops in steady precession are
nonlinearly stable modulo rotations about the axis of gravity and the axis of symmetry.

3.2. The sleeping Lagrange top

We consider a steady motion in which the axis of symmetry, the centre of mass vector,
and the axis of gravity all coincide. The spatial symmetry condition sym[F,5,] =0
implies that e; Is an eigenvector of I, . Hence we can assume without loss of generality
that I, is diagonal; the symmetry assumption then implies that I, = diag [II,I[,I3]
for some constants I,,I; € R.

As was previously discussed, the group G = S! x §' fails to act freely when the
axis of gravity and the spatial axis of symmetry coincide. In this case, s, = +e, and
hence m, = £mfe,. We shall analyse in detail the case s, = e, and simply present the
results for the case s, = —e;, which are derived analogously, at the end of the section.
If 5, = ¢;, then

(6, DplA,) =3& —8)A, =0, (3.25)
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hence the tangent space g - A, to the group orbit is only one-dimensional. This has the
crucial consequence that the inertia tensor is no longer invertible;

)= (oI )

—ey Al s, s,-I,s,

={ey-I, &) ( _11 _11) (3.26)

has a non-trivial kernel equal to span{(l, 1)}. Hence we no longer have a one to one
correspondence between angular velocities and angular momenta. Given 4 € R, define
v, = (4, A —1); it follows from (3.25) that the motion of the sleeping Lagrange top
determined by the infinitesimal generator £v; is the same as that generated by a pure
spatial rotation with angular velocity Ze,, regardless of the choice of A. Hence, when
considering a sleeping Lagrange top rotating with spatial angular velocity £, we are
free to choose an arbitrary value of A and take v, as the generator of the relative
equilibrium.

The reduced energy momentum method can still be applied to systems for which
the group action fails to be free; however, some slight modifications to the method are
required. The treatment of symmetric equilibria is described in Lewis (1991a); while
the definitions there are given for Lagrangian systems, they are readily translated into
the Hamiltonian context. For symmetric equilibria of a system with Hamiltonian of
the form ‘kinetic plus potential’, relative equilibria still correspond to critical points of
the augmented potential; the only change in the expression for the stability form #, is
in the momentum correction term. In the case of the sleeping Lagrange top, we shall
show that this change is, in fact, transparent. '

We consider the one-parameter family of augmented potentials V;, . Any sleeping
top is a relative equilibrium, since (3.21) implies that DI, ,,(A,) = 0 for any (¢, w) € R?
and A,e; = e;. Thus, using (3.9), we obtain

DVy, (A,) =mgl(Ae;) x &5 — Ev; - DI(A,)v; =0. (3.27)

We now determine the stability conditions. Since the tangent to the group orbit
g+ A, is one-dimensional if A, corresponds to a sleeping configuration of a Lagrange
top, even though g is two-dimensional, the space of non-trivial variations of V is two-
dimensional for such equilibria. We now briefly discuss the definition of the stability
form %, at a symmetric equilibrium. Since I{A,) is not invertible if the configuration
is symmetric, the inverse H(A,)~' appearing in {(2.7) must be replaced by a generalized
inverse ][U\:) l : range I(A,) — g/(ker I(A,)). However, since DI, (A,) = 0, the
stability form 28, associated to a sleeping Lagrange top is equal to the second variation
D? Ve,.(A,). Using (3.19) and (3.11), we see that

T, =mgt — &1, (3.28)
and hence

DV, (A)BBA, ABA,) = —(e; x 80) - [£2221,, +T,15] (e5 x AD)
= [E2(1; — A1) — mg?] (e; x 80) - (&5 x AD). (3.29)
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Hence DZVGH(AQ) is positive semi-definite, with kernel equal to span{é‘sAe}, for
iz <A< 2f, where

L+ /I — dmgcl, /£2
A= 3 iy (3.30)

£ 21,
he relative ﬂq‘dll brium is nonhnearl Stablc if we can find ar iy real number A such
that DZVE“(AE) is positive definite; this is clearly possible if 1F are real vatued and
distinct, ie, if '
dmgs1
i i (3.31)
I2
3

This is the well-known linear stability condition for an upright sleeping Lagrange top.
Condition (3.31) can also be derived by the energy-Casimir method, as in Holm et af
(1985), or by a linear stability analysis, as in section 4.

Remark: Note that if one ignores the symmetry of the equilibrium and considers only
the case 4 = 1 corresponding to a pure left rotation, then the apparent condition of
stability, associated to positive definiteness of (3.29), is

mgl
-1y

&> (3.32)
Clearly, failure to utilize all symmetries of the equilibrium can result in an overly

restrictive stability condition. {As the top approaches a planar disc ([; = 21,), the ¢
value for loss of stability coincides with the & value for a pure left rotation.)

The stability form for a hanging sieeping top is obtained by replacing # with —¢ in
(3.30). Setting A =0, we see that the hanging Lagrange top is always stable.

A Lagrange top with reference inertia tensor diag [11,11,13] tilted by an angle § #0, n
about the e axis with spatial (left ) angular velocity & and spin (right} angular velocity
@ remains in nonlinearly orbitally stable steady motion if

é {I; —I,)cosf — mg!
¢l

A sleeping top (8 = 0, 1) can be maintained in steady rotation at any angular velocity
£. The upright sleeping top, with 8 =0, is orbitally stable if

4mgf1
2y, IMECY
&> =

The hanging sleeping top, with 0 ==, is always stable.
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4, Linearized stability

The energy analysis provides sufficient conditions for orbital nonlinear stability of
relative equilibria. However, these conditions need not be necessary. If the energy
analysis fails, ie, if the stability form #, fails to be positive definite on some
complement to the tangent space g-A, to the group orbit, then it is necessary to consider
other criteria to determine the stability or instability of the relative equilibrium. In this
section, we consider the linear stability of relative equilibria. As was shown in section
3.2, in the case of a sleeping Lagrange top, the nonlinear stability conditions given
by the energy analysis coincide with the classical linear stability criteria. However,
indefiniteness of &, is not always a reliable indicator of linear instability. The non-
canonical structure of the reduced manifold can introduce ‘magnetic’ terms that may
shift the spectrum.

We do not carry out the linear stability analysis on the canonical equations of
motion (1.33) or (1.32); instead, we construct a reduced system of equations on a
manifold # that is isomorphic to the quotient manifold T*Q/S! and linearize this
reduced set of equations. In the process of this reduction, we perform a momentum
shift; the resulting linearized equations can be directly related to the stability matrix
.@e that appears in the energy stability analysis. The reduced variables are defined with
respect to the body frame of reference within a moving {rame with total momentum gu.
These variables are the unit direction of gravity y and the shifted momentum I, which
are related to the canonical variables by the mapping

Z,  (AAD - (,T1) = (ATe, TT - p{(A"e5)) (4.1)
where the vector field { : R* —» IR3 given by

L) =0 B)) Eoggy = I gy (4.2)

for I, :=y - Iy, satisfies

(A, kAL(ATe3)) = FL((T(A) '), (A)). (4.3)

(Note that I, is the body expression of the inertia tensor H(A).) The motivation for this

change of variables is discussed in section 6.2. The mapping (4.1) is invariant under
spatial rotations about the axis of gravity; in fact,

E,u(AlaAlﬁl) = E,u(AzaAzﬁz) = (ApI1) =Ry (AL IL) = (ReA, I1Y) (4.4)

for some rotation R, about e,. The set of all pairs (7, IT) makes up the Poisson reduced
manifold

2 ={00:y=1 MeR} ~s* xR’ (45)
It follows from (4.4) that the space 2 can be identified with the quotient manifold

T°Q/S.
The dynamics on # induced by the dynamics (1.32} on T"Q are given by

j=yx8 and f=0x8+yx (gM— L,y —¢rQ) 4.6)
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where

(i) Q :=I_MI is the shifted angular velocity in the body frame
(ii) & =1 '1t is the ‘background velocity’ associated to the momentum shift, i.c.

A =A(Q+£7) (4.7)
FI2N e e 4 W Ar—liw .2
(L Py (=0T My — 20, [l P|".

These equations are geometrically derived and motivated in section 6.2; this derivation
is not central to the remainder of the paper and may be skipped at the reader’s
discretion.

The linearized equations of motion associated to a relative equilibrium with angular
velocity ¢ are obtained by linearizing (4.6) at the pair (y,,0) associated to a relative
equilibrium with spatial coordinates (A, {Il, e;) and momentum yu = 1, &, yielding

oIl Ve X (Bea}’ - érv,nr_e%m) ‘ .
Ignoring the null vector (0,1 ;y,) associated to variations of the ‘background velocity’,
we see that the linearized dynamics are determined by the four by four matrix

_f(r, 0 0 I!
Lu = ( 0? x?e) (Be —{rh]III . 49)

Here 7', x, . and B, denote the restrictions to the orthogonal complement to y, of
i, 5., and the symmetric matrix

62 (41‘}:1(]11‘01'?2) ® (Mopy,) — Moy +I1r,13) —(gM-y)1, = 62 (]Iref - 2I],'V(: (?e)) + .1,
(4.10)

where the symmetric matrix

Vi) =17y — 2 ® L) (4.11)

is the matrix representation of the first variation of the map { and I, is given by (2.13).
The characteristic polynomial of the matrix Ly is

) = ﬁiﬁ (2 I 'det B + 22(E272 + (B,.S,)) +detB,) (4.12)
{4

where S, is the restriction of the linear mapping
T — 17, (eeg,) @ () @.13)

to the orthogonal complement to y,. The polynomial y has purely imaginary roots if
and only if B, has positive determinant and

&2 +(B,,S,) > 2,/I-1 det I ; det B,. (4.14)
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To relate the linear stability conditions as directly as possible to the energy stability
conditions derived in section 2.2, we can rewrite the characteristic polynomial (4.12) in
terms of the spatial variables as follows. Given A, € Q, let &, denote the restriction of
the mapping

I, —I(A,)"'(Tiy ;) @ (K, e5) (4.15)
to the e,—e, plane. Positive definiteness of I, implies that

on - F bm =H(A,) "det Tl (e; x 67) - U3 (e; X om) > 0 (4.16)
for all 7 in the e;—e, plane; hence &, is positive definite. Define

p, =1l —2I(A,) " [T, ey (4.17)

If y, = A.e;, then I(A) =1, p, =r,, and &, = A,S,AT. From (1.15) and (2.17) we

obtain I, = A0 AT and #, = A,B,Al. Hence the characteristic polynomial (4.12)
can be expressed in the form

IA)

M = GorT,

(A B(A)"det B, +22(8202 +(B,,%,)) +det B,). (4.18)

The energy analysis implies that positive definiteness of @e {equivalently, positive
semi-definiteness of 4,) is sufficient to guarantee linear stability of the relative
equilibrinm, while (4.18) implies that indefiniteness is sufficient to guarantee linear
instability. However, negative definiteness of %, need not imply instability. For certain
classes of tops, linear stability does imply positive semi-definiteness of #,, and hence
nonlinear stability. However, there are some classes of tops for which there exists a
range of angular velocities at which the top is lincarly stable, while %, is negative
semi-definite,

4.1. Linear stability of sleeping tops
If the equilibrium configuration A, is a sleeping top, ie, if e; is an eigenvector of I, ,
then the linear stability analysis is substantially simplified. If A, determines a slecping
top, then &, = II,, where I, denotes the restriction of I, to the e,—e, plane,

detl, = (A} det,, and e, =trll; — I{A,). 4.19)
In this case, the spatial form (4.18) of the characteristic polynomial simplifies to

1) = o (24 ety + (8% + (@, 1)) +det 3,) (4.20)
2

where &, is given by (2.17). If I, =diag [11,12,13] and m, = mfe;, then (4.20) can be
written as

10 = 7 (1= 1P

+ (mgf ~ 1,22 + (1, — 1)&%) (mgs — 1,42 + (I, —13)52)). (4.21)
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The characteristic polynomial (4.21) for the linearized equations of motion about an
upright sleeping top appears, with slightly different sign conventions, in Routh (1884,
section 212).

To simplify the analysis, we introduce the parameters

=0+ P = _2n;gt’
L 11, st (4.22)
= ¢ =

Note that the conditions 0 < 1, < I, +1, for all i, j, and k imply ¢ > 0 and 1—¢ > Jal.
We first assume that v is positive, ie. that the top is upright; a negative value of y
indicates that the top is hanging. The characteristic polynomial (4.21) of the linearized
equations takes the form

4
1 —o?

(02622 + 1 (v — (1 402 + 20— (1 +0)&)

x (1 — (1 — 0 + 20 — (1 =)&) | (4.23)

x4 =

with respect to these parameters. The eigenvalue transitions are determined by the
parameters o and ¢ that characterize the equilibrium inertia tensor. The regions
associated to distinct sequences of eigenvalue transitions are indicated in figure 1.

log =1

a,¢0=0 oblate prolate p=1

Figure 1. Regions in ‘top space’ for sleeping tops: the ¢—a plane.

The broken lines correspond to the limiting configurations in which one of the
principal axes has length zero. The vertical broken line represents discs rotating in the
plane; the diagonal broken line represents discs rotating about an out-of-plane axis.
The points (1,0) and (0,1} correspond to configurations with twe principai axes of zero
length. The line « = 0 consists of Lagrange tops; the point S = (1/2,0) corresponds
to a spherical top and the point K = (1/3,1/3) is the Kovalevskaya top. Regions 1-3
correspond to tops in rotation about the shortest principal axis (i.e., the axis of greatest
moment of inertia). Regions 4-6 correspond to tops rotating about the middle axis
and region 7 contains all tops in rotation about the longest axis. Note that only tops
in regions 1-3 can ever be stable according to the energy analysis.

Given a top in one of the regions described above, we can consider the possible
transitions of the eigenvalues of the linearized system as the angular velocity is
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decreased. The relevant values of £2 are defined as foliows:

Tt o= hd _ Mgl

T 120 +a -1,

U - _ _mgt

P A T 424
wio—a2 4. /(1 —a2) (0? — 0?)

+ _ AT V AN JAT 7

Tfs =

o(1 —¢)?
mgé (411, — () +1)I; +2/T L 2L — L)2L — L))
Bd, +1,-1y) '

The subscripts sf—f and f-s stand for ‘superfast—fast’ and ‘fast-slow’; the terminology
‘fast tops’ and ‘siow tops’ is traditional. The values t3_; correspond to vaiues of &2 at
which zero double eigenvalues occur. We shall show in section 5 that bifurcations to
tilted relative equilibria (moving without spin) occur when ¢2 = t3_;; tops for which
t} . and 15  take on distinct real values undergo a loss of stability when ¢2 =t}
and regain linear stability when £ =z . The values 1t correspond to values of &2
at which non-zero eigenvalues (necessarily double) occur. All upright sleeping tops are
linearly unstable for &2 < ;" .

The values t$ ; and tf are determined as follows: The eigenvalues of the linearized
system satisfy

1_wE2J/e
=_——"V 4.2
A 1— a2 (4.25)
where

w=yp—[(1—¢) +¢*—o’]¢ (4.26)
and

o =1y’ + ol — @)’ +¢*(1 — 9)’¢*

= (o1 = )& + Jap)” = (1 — D)@ +W)gwl’.

Non-zero double eigenvalues occur when ¢ =0, w # (; zero eigenvalues occur when
w? = 4o, equivalently when

det B, =6%((1 —2¢ — )& —y)((1 — 2@+ a)¢* —y) =0 .27

i.e., when the stability form £, is singular. The values tf are the roots of the equation
o =0; tF_; are the roots of the equation w? = 40.

For tops lying in region 1 and 2, all of the above values are positive, and are hence
attained by &2. For tops in regions 3 and 4, the values tf  are imaginary. We note that
o = (op/2)? = 0 when ¢ =0 and that

lp —o*| = \/(1 — o) (¢? — a?) (4.28)

implies that both roots of ¢ = 0 must have the same sign. Hence ¢ is negative, if ever,
only for &% between the two positive roots. In regions 4, 5 and 6, where 15 is neither
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the minimum nor the maximum eigenvalue of I, , 75 ¢ < 0; in these regions &2 cannot
attain the value 17 _;, hence the eigenvalues pass through zero only once, at 1} _. In
region 7 (I; < I, < I)), both 7 _; and 1 are negative, hence the eigenvalues never
pass through the origin. Along the straight line boundaries of the regions 1-7, the
behaviour resembles that of the region to the right of the boundary. Along the curve

o =1(1+49" — /8p2 +1) (4.29)

where @ and ¢ vanish simultaneously for &2 = t;_ = t}_, an entire window of
eigenvalue behaviour shown in figure 2 collapses to a quadrupie zero egigenvalue.
Note that this curve separates the region of parameter space for which the energy
stability criteria and the linear stability criteria agree from the region for which ‘linear
restabilization’ can occur. In regions 1, 6, and 7, the magnetic terms may dominate the
second variation %, for a range of angular velocities for which 4, is negative definite,
i.e. it is possible that

Ept > —(3,.1,) > 0. (4.30)

Looking at figure 1, we see that this is possible for relatively oblate or nearly symmetric
tops, i.e., tops for which g is sufficiently greater than |a/.

The Lagrange tops, which lic along the line « = 0, are distinct from the asymmetric
tops in the following respects: first, 1 ; = t;_, hence the ‘window of instability’
disappears and the eigenvalues of Lagrange tops in region 1 pass through zero only
once, remaining on the imaginary axis; second, the transition values tf simplify to
i, = w/(l — @) and 1, = 0, hence thc collapse of the four distinct imaginary
eigenvalues to two double real eigenvalues takes place at 2 =0 and the split to four
distinct real eigenvalues does not occur. The difference in behaviour between Lagrange
and asymmetric tops is an example of system symmetry breaking.

The eigenvalue transitions associated to each region in figure 1 are given in figures
2-4. The eigenvalue portraits are displayed from left to right in order of decreasing
angular velocity. We assume here that I} > I, and, hence, tf ¢ > 17 ¢ if I, > I,
then the appropriate portraits can be obtained by exchanging the labels 1} ¢ and t5_.
The numbers of the portrait sequences are associated to the numbers of the regions
in figure 1; the sequences labeled L 1 and L 7 are associated to the Lagrange tops
lying on the intersection of the line « = 0 with regions I and 7. The portrait sequence
labelled 1-2, respectively 5-6, describes the eigenvalue behaviour of tops lying on the
boundary of regions 1 and 2, respectively 5 and 6.

The eigenvalue behaviour along the boundaries of the regions is characterized as
follows: On the boundaries between regions 1 and 2 and regions 5 and 6, the lower
‘superfast-fast’ and upper ‘fast-slow’ transitions collide, as indicated in the eigenvalue
transition diagrams, Along the boundary of the regions 2 and 3, and regions 4 and 5,
i.e. where |x| = ¢, the eigenvalues have the form

2 -1
popFeBe=D gy 2o P g 431)
I+¢ 1—g
Hence no ‘fast-slow’ transition occurs along these boundaries and the eigenvalues
portraits along the 2-3 boundary (respectively 4-5 boundary) resemble the portraits
for region 3 (respectively 4). Along the 1-6, 2-5, and 3-4 boundaries, the upper
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Figure 2. Eigenvalue transitions for upright sleeping tops.

‘superfast-fast’ transition point tj_; occurs at infinite angular velocity; along the 6-7
boundary, the lower ‘superfast—fast’ transition point t_ occurs at infinite velocity.

Remark: A Hamiltonian-Hopf bifurcation occurs at the 17t transition for tops in
regions 1, 6 and 7 and for all Lagrange tops. The transition of double conjugate
purely imaginary eigenvalues to a conjugate quadruple of eigenvalues with non-zero
real part is a characteristic feature of Hamiltonian-Hopf bifurcation, however, some
non-degeneracy conditions must be checked to establish the actual occurence of a
bifurcation. (See Van der Meer (1985, 1990).) We do not carry out that analysis here.

The eigenvalue behaviour of the hanging sleeping top is far simpler than that of
the upright top. If v is negative, ¢ is positive for all values of «, ¢ and {. Hence the
‘fast-slow’ transitions never occur for hanging tops; the eigenvalues always consist of
purely real or purely imaginary pairs. Hence the detailed structure of the ‘top space’
given in figure 1 is no longer relevant; the sequences of eigenvalue transitions are
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L. - [ - - + - l ..+
T&-fzrs._f-f Tf-’-s 0
L 7. - + —_— I_
t -1 |
s 0

Figure 3. Eigenvalue transitions for upright sleeping Lagrange tops.

determined solely by the relative magnitudes of the principal axes of the inertia tensor.
As indicated by the energy analysis of section 2, hanging sleeping tops for which the
axis of rotation e, is the axis of maximal inertia, i.c., for which I, > I, and I; > I,, are
always stable, with purely imaginary eigenvalues. Tops for which I, is the middle axis,
ie. for which I, > I, > I, or I; > I, > I, are stable only for sufficiently small angular
velocities; the eigenvalues undergo a single ‘superfast-fast’ transition. Finally, if 1, is
the smallest axis of inertia, then the top is stable for sufficiently large or sufficiently
small angular velocities; both of the ‘superfast—fast’ transitions occur. The eigenvalue
transitions are given below; the eigenvalue portraits are displayed from left to right in
order of decreasing angular velocity.

N N e b
! REn Suidns Subvien ube R
Ts_f- "

+
f Teff ™ Toff

+
Tsf.f
Figure 4. Eigenvalue transitions for hanging sleeping tops.

The possible sequences of eigenvalue behaviour for sleeping tops are summarized
in tables 2 and 3.. The characteristics of the eigenvalues are indicated by the foilowing
conventions, where k and v are distinct non-zero real numbers:

IL:4ki,+vi DI:tki (double) IZ:1ki,0 (double)
RR:+k,+v DR:tx (double) ZR:%x,0 (double)
IR:+ki,+v Q:xx+vi ZZ:0 (quadruple).

For example, 11 indicates two distinct pairs of conjugate imaginary eigenvalues, while
DI indicates a conjugate pair of double imaginary eigenvalues, Q indicates a quartet.
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As in the preceding tables, the information is displayed from left to right in order of
decreasing velocity; the notation *> >’ denotes the range of angular velocities between
the specific left and right hand values; e.g., the third column describes the eigenvalue
behaviour of the top for angular velocities ¢ satisfying 7., > &2 > Tg_p The first
column describes the behaviour of tops for which &? > t}_,, while the last column
decribes tops for which 777 > ¢2. A dash indicates that the eigenvalue behaviour in
that velocity range is the same as that in the ajoining ranges.

Table 2. Eigenvalue sequences for an upright sleeping top.

Region\ &2 > ¢, >> f, »> . »> T, >

1 11 1Z IR 1Z I¥ DI Q DR RR
1-2 11 127 IR 27 —_ ZZ Q DR RR
2 I 1Z IR ZR RR DR Q DR RR
3 11 12 IR ZR RR _— — — —
4 —_ — IR ZR RR — — — —
5 —_ - IR ZR RR DR Q DR RR
5-6 —_— - IR ZZ — ZZ Q DR RR
6 - — IR IZ I DI Q DR RR
7 —_ — — — 1l DI Q DR RR
L1 11 1Z —_ 1Z 11 DI Q DR —_
L7 - — - - i DI Q DR —

Table 3. Eigenvalue sequences for a hanging sleeping top.

Region\¢é2 > ., >> 15, >

1,2,3,L1 - — — — 1T
4,56 —_ — IR IZ L1
7 I Iz IR 1Z 11
L7 I Iz — 1Z 11

4.2. Linear stability of a special class of tilted equilibria

We can express the characteristic polynomial {4.18) for the simple family of tilted
relative equilibria introduced in section 2.3 in terms of the parametrization given in
that section. Recall that these are relative equilibria for which the axis of gravity lies in
the plane determined by two of the principal axes of the inertia tensor; we restrict our
attention to the relative equilibria that satisfy the additional condition that the centre
of mass lies along one of these axes, specifically, that the angle ¢ determined by (2.3%)
equals zero. If I, _is given by (2.36), then ¥, = diag [I,, 7,], where
= bl _ LI,
B THA) T I, sin” 6 + 1, cos? #.32)

and p, =1, — 1, — I, +2¢,. Since #, = diag [b,, b,], where b; and b, are given by (2.46)
and (2.47), the characteristic polynomial y(2) satisfies

l .

) = — (ALt + 2 (81 ~ [ — L, + 2t + 1,b, +1,b;) + b, by)

—

1%s
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64

= Iz ((§)4117s + (%)2((11 — L =T +2t)* +1, ¢ +156) H¢6)

(4.33)

where ¢; 1= b,/£?. Hence the relative equilibrium is linearly stable if ¢, ¢, > 0 and

(I, — L, — L +21)" +1,¢, + 1.0, > 23/t 1, ¢y co {4.34)

©1)

(©,0)

©.-1) L’//

Figure 5. Regions in ‘top space’ for tilted relative equilibria; the p—x plane.

The bifurcation diagram for these tops is given in figure 5. The boundaries of
the regions are determined by the lines I, = 1,, I, = 3I3/4, and I, = [;. Note that
relative equilibria of this class do not exist if I, =1;. The centre of mass of a relative
equilibrium satisfying I, > I, sits above the fixed point of the top, i.c. satisfies cos § > 0,
while the centre of mass of a relative equilibrium satisfying I, > I, sits below the fixed
point. Unlike sleeping tops, the stability behaviour of the tilted tops depends on the
sign of a. As before, the eigenvalue diagrams in figure 6 are displayed form left to right
in order of decreasing angular velocity.

e o
II, IV. 4{7 o =0, + III, V. +

TFigure 6. Eigenvalue transitions for tilted tops.
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The relationship between formal and linear stability is much simpler for these
tilted tops than for the sleeping tops. We shall show that linear stability corresponds
to definiteness (either positive or negativej of the stability matrix L%e, while lincar
instability corresponds to indefiniteness of ée. In regions [11-VI, ée is either positive
definite or indefinite; hence our earlier discussion of the characteristic polynomial {4.12)
shows that formal stability and lincar stability coincide in these regions. In region 1, fée
is negative definite for sufficiently high velocities, as determined by (2.51) and (2.52},
and indefinite for lower velocities. The stability form #, is negative definite for all
relative equilibria with top shape parameters in region II

In general, negative definiteness of §Be can correspond to either linear stability or
instability. However, we shall show that for this family of relative equilibria, negative
definiteness implies linear stability. If we define

1=, =1, — I3 +21)* +1,¢, +1,c, and 14 =1 — 41,000, (4.35)

then the linear stability condition is equivalent to the condition that both 7, and T,
be positive. We shall derive parametrizations of cos?# and I, i = 1,2,3, which hold
whenever 4, is negative definite and use these parametrizations to show that 1, and 1,
are positive.

The equations ¢, =1, — I, and (2.52) imply that negative definiteness of 5&8 holds
for relative equilibria with ‘top shape parameters’ in region I of figure 5 and sufficiently
high velocity, ie. sufficiently small value of cos® #, and for all relative equilibria with
‘top shape parameters’ in region II of figure 5. We shall derive a parametrization of
cos’ 8 that holds for tops having negative definite second variation; we shall derive
distinct parametrizations of the eigenvalues I, of I, for such relative equilibria in
regions | and TI. Using (2.52), we scc that I; > I, and 0 > b, = &2¢, imply that
I > I, > 3(I; — I,) cos? 8. Hence there exists ¢, > 0 such that

1
3(1; —L)(1 +&)
In region I, the eigenvalues I, and I, satisfy the relationship 31,/4 > L,; in terms
of the parameters ¢ and « introduced in section 4.1, this inequality takes the form

« > (3 — 1)/2. Combining this with the general constraint 1 — ¢ > a derived in section
4.1, we see that

1 3—5¢
=-{3p— 437
* 2(3‘*” 1+1+sa) 37

cos’ # < (4.36)

for some g, > 0. The parameter ¢ attains its maximum value in region 1 when
1—¢ = (3p —1)/2, ic. when ¢ = 3/5. Since ¢ is always positive, we see that
(@, a) € region I implies that ¢ = 3/(5(1 +¢,)) for some &, > 0. Substituting these
values into the formulas for 7, and 14 yields rational functions with positive coefficients;
hence, since 4, &, &,, and £, 81 all positive, 7, and 74 are positive. These substitutions
are too unwieldy to be readily carried out by hand; however, they can easily be
performed using a symbolic computation language, such as Mathematica™,

An analogous argument can be applied to region I1. The constraint I > 1, > 31, /4
implies that (3¢ — 1)/2 > « > 2 — 1. The parameter ¢ satisfies 2/3 > ¢ > 1/3 in
region I, Hence {p,%) € region II implies that

1 1 l—¢
_1! A a=2p—t4+"% 438
? 3(1+(1 +£$)) o C T T Hrey) (4.38)

N 7



The heavy top: a geometric treatment 37

for some €, > 0, &, > 0. Once again, substituting these values into the expressions for
1, and 1,4 yields rational functions in §, ¢, ¢,, and &, with positive coefficients.

Remark: The Kovalevskaya top: Note that the special class of tilted Kovalevskaya tops
discussed in section 2.3, which satisfy I, = I; = 2I, and I M = I,M, have shape
parameters (¢,) = (1/3,1/3) and hence lie in region I The analysis given in section
2.3 shows that the stability matrix &, is indefinite, and hence the motion is unstable,
for &2 < 2v/3mge/ 1,. For &2 > 2/3mgt/ L, gﬂe is negative definite and thus the motion
is linearly stable. The lincar stability conditions can be stated in terms of the angle 8
as follows: the members of this class of tilted Kovalevskaya tops are linearly stable if
cos’ @ < 1/3 and unstable if cos? @ > 1/3. This result supplements those of Levi-Civita
(1901).

5. Bifurcations

A thorough analysis of the possible steady motions of a heavy top is presented in
Routh (1884). The heavy top is a sufficiently simple system that it is possible to
hypothesize the existence of a particular form of steady motion and then directly
determine when, if ever, such motions are possible. For more complicated systems,
it can be difficult to ‘guess’ a priori all possible relative equilibria—abstract results
that guarantee the presence (or absence) of particular features can greatly reduce the
amount of effort required to locate and characterize famiiies of relative equilibria.
Bifurcation theory makes possible the systematic identification of families of relative
equilibria; given some initial family of relative equilibria, one can test for the presence
of additional families branching from the initial family, An obvious disadvantage of
such an approach is its failure to detect isolated families of equilibria; the success of
the method depends on the identification of a sufficiently fertile initial branch. (The
topological methods of Smale (1970a, b), including the application of Morse theory
to the amended potential V,, are appropriate for the derivation of global information
and location of isolated families.) In the presence of symmetries, families of relative
equilibria are often organized about some symmetric branch of equilibria: highly
symmetric states are likely candidates for stable motions; once such a ‘trivial’ solution
branch has been found, branches of asymmetric relative equilibria can be detected
relatively easily by the local bifurcation analysis. In the present treatment, we make
use of only the continuous symmetries of the top; this appears to be sufficient to
easily obtain the results we seek. However, recent work by Harnad et al (1991) for
Hamiltonian systems with both continuous and discrete symmetries, as well the general
treatment of bifurcations of symmetric systems described by Golubitsky et al (1988),
strongly suggest that the explicit consideration of discrete symmetries can substantially
simplify the bifurcation analysis of more complicated systems. Near relative equilibria
having positive definite #,, the Moser—Weinstein theorem guarantees the existence of
relative periodic orbits. In fact, one can use discrete symmetries to obtain information
on the nature of these periodic orbits using the results of Montaldi et al (1990a,
b), as was done for planar coupled rigid bodies by Oh et al (1989). For details of
this sort of analysis, see Chong (1991). In the foilowing sections, we show that the
tilted steady motions discussed in section 2.3 and section 3 can be found by a simple
bifurcation analysis. In particular, we note that the steady precessing motions of
the tilted Lagrange top, which combine overall rotation and spin, bifurcate from the
steadily rotating sleeping Lagrange top.
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5.1. Bifurcations from asymmetric sleeping tops

We first consider bifurcations from the ‘sleeping’ configurations, ie. tops for which
the axis of gravity is an eigenvector of the equilibrium inertia dyadic, and then
show that no bifurcations from the branches of tilted equilibria to relative equilibria
occur. In this case, the axis of gravity e, is an eigenvector of the inertia dyadic;
we choose the remaining basis vectors so that the inertia dyadic is diagonalized, i.e.
I, =diag|l,,L,,1;].

" Recall the family of tilted tops for which the centre of mass lies on the principal
axis of inertia with eigenvalue I, that was discussed in section 2.3. If we fix all of the
parameters but the angle # and the angular velocity &, then these tops form branches
of relative equilibria parameterized by the angle 6 between m, and e;. As # tends
towards zero (respectively, m), the family of tops with inertia dyadic (2.36} limit to the
sleeping top with inertia dyadic diag [1},1,,15] and angular velocity &2 =mg¢/(1; —1,)
{respectively &2 =mgt/ (12 —13)). Analogously, there is a one-parameter family of
relative equilibria tiited through an angle 0 about the e, axis with angular velocity

2 _ mgeé
&= cos8(I; — I,) 61
that limits to the sleeping top with angular velocity &2 =+mgs/(I; —1,) as ¢
approaches 0 or z.

The sleeping tops with angular velocity ¢2 = +mg¢/(I; — L), where i = 1 or 2, lie
at the intersections of the curve of sieeping tops, parameterized by ¢ with 8 =0, with
the curves of tilted tops, parameterized by 4, with ¢ determined by (2.51). Thus these
tops are points of bifurcation. Given the branch of sleeping tops, the existence of the
branches of tilted relative equilibria is predicted by the singularity theory techniques
described in Golubitsky et al (1985). The underlying principle is the identification of
a simple normal form for the function or vector field in question. Possible directions
of bifurcation are determined by the Lyapunov-Schmidt reduction procedure; this
procedure determines a mapping from the kernel of the linearization of the original
mapping into the complement of the image of the linearized mapping. The solutions
along the new branch are tangent to the kernel; higher-order correction terms are
determined by computing higher-order derivatives of the reduced mapping.

The starting point for the bifurcation analysis in this case is the equation for a
relative equilibrium: DV:(A) = 0. Since the equilibrium equation is automaticaliy
satisfied on the tangent g - A to the group orbit, we can restrict our attention to a
complement of g - A. Considering (2.33), we see that the second variation DzVé(Ae)
changes signature as &2 passes through the values mg#/(I; — I,} and mgé/(I; —1,), with
null vectors in the direction of the e, and e, axes. In the case of a sleeping top with
critical angular velocity &, satisfying

mgt

2 _
A (52)

the reduced mapping takes ker D*V;(A)}/{(g - A,) =~ span{e;} into itself; hence the
reduced bifurcation problem is scalar. As before, let R, denote a rotation about e,.
Restricting the augmented potential to rotations about e, we see that

Ve(Rg) = $E3(I, + I + (I; — 1) cos 26) — mg¢ cos 6
= T(0) + higher-order terms (5.3)
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where

2 2 __ r2
T:(0) := (21, ~13)€3+%gf(3—§4—¢ 2 5“)92. (5.4)

Clearly, non-zero critical points of T, exist if and only if £2 > £2. The general theory
guarantees that the behaviour of the full bifurcation problem in a neighbourhood
of the possible bifurcation point is described qualitatively by the behaviour of the
truncated, reduced system; in particular, the existence of tilted relative equilibria for
&2 > £ follows from the existence of non-zero critical points of T;. The analysis at
the critical velocity £2 = mg¢#/(I; — I,) is analogous.

We now show that no secondary bifurcations, i.c., bifurcations from the branches
of tilted relative equilibria, occur. As was previousiy discussed, relative equilibria can
be characterized as critical points of the augmented potential Ve; new branches of
equilibria must be tangent to a null vector of the second variation of ¥, at the point
of bifurcation. On the other hand, reiative equilibria are also critical points of the
amended potential ¥, and, by the same reasoning, the second variation of V, in the
direction of the new branch must equal zero. Hence new branches must be tangent to
ker DI,(A,). Thus, ignoring the neutral modes associated to the action of the symmetry
group, the space of possible directions of bifurcation from a relative equilibrium rotated
from the vertical about the e, axis is given by

(ker DI, (A,))/(g, - A,) = span {1, e;,¢;} /span {e;} =span {e,} (5.5
since (2.36) implics that

I, e; = (0,(I, — I;) cos @sin 6,1, sin* 8 + I, cos® §) (5.6)
and hence span {I, e;.e;} =span {e,,e;}. However, (2.47) states that

D’V (A,)(ex ;) = DV, (A,) ey, €5) = EX(I, — 1)} > 0 (5.7)

so no bifurcation can occur.
We summarize our observations as follows:

Branches of tilted, steadily rotating relative equilibria with angular velocity

2 mgd ,
__mer —1, 5.
Sty yowr B ANEE (58)

where 8 denotes the angle between the axis of gravity and the centre of mass, bifurcate
Jrom the branch of sleeping top motions of a heavy top at the angular velocities
&2 = mgt/(I, — 1,). The tilted equilibria are stable for sufficiently small angles & and
no secondary bifurcations from these branches occur.
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5.2. Bifurcations from the sleeping Lagrange top

Associated to each angular velocity for which the sleeping Lagrange top is stabie, there
are two one-parameter familics of tilted precessing motions that limit to the steadily
rotating sleeping top with the specified velocity. These branches, like their asymmetric
counterparts, were identified by Routh (1884, sections 102 and 201). The branches that
bifurcate from the sleeping Lagrange top are characterized as follows: Assume that
the top has rotated out of the vertical by an angle §; ie, that the equilibrium inertia
dyadic is given by T, := R,diag [I,,1;,1,] R, where R, is given by (2.37). Replacing
¢ with {1 and w with £(4 — 1) in (3.16) and solving for i, we find that the top is a
relative equilbrium if and only if 1 = (6, &), where

I+ /13 —dmgsl, /&2
1(6,8) 3 3 mgtly /¢

= T (5.9)
for I; =1+ (I; —I;) cos 6. The results of section 3 show that the top tipped at an angie
 with left and right velocities +£(A(6, &), M0,£) — 1) is a stable relative equilibrium.
Note that the traditional concept of ‘transfer of stability’ need not apply to bifurcations
of symmetric relative equilibria; the sleeping top is unstable only for angular velocities
below those at which bifurcations occur. This is directly related to the non-uniqueness
of the variational characterization of relative equilibria, as is discussed below. Since
the second variation of the amended potential is always definite along these branches,
no secondary bifurcations can occur.

The bifurcations from the sleeping Lagrange top can be detected by singularity
theory methods, as was the case for asymmetric tops. The key to the analysis of
bifurcations of a symmetric top from the upright ‘sleeping’ state is the exploitation of
the fact that, while left rotations about the axis of gravity cannot be distinguished from
right rotations about the axis of symmetry as long as the top is in the upright state,
these motions are distinct as soon as the top is tipped out of the vertical. Hence, for a
tilted, precessing top, there is a unique pair (£, @) € g that yields the specified motion,
while for a sleeping Lagrange top, the curve {v, = (4,4 — 1) in g vields the specified
angular velocity ¢ for any value of 4. In section 3.2, we sought conditions under which
some value of 4 could be found for which V,, had a local minimum at the upright
top. The same conditions guarantee that two values of A exist for which DZV\{“(AQ) is
indefinite and thus indicate the possibility of a bifurcation.

This analysis follows a general technique for analysing bifurcations from symmetric
relative equilibria, ie. steady motions for which both the configuration and velocity
are fixed by some non-trivial group element, that is described in Lewis (1991b). The
following proposition provides sufficient conditions for the bifurcation of an entire
surface of relative equilibria from a single symmetric relative equilibrium.

Proposition 1. Assume there is an element ¢, € Q, algebra elements { and ¢ € g, a
differentiable function f : @ x span{{,a} — R, a differentiable one form h : @ — T*Q,
and a variation dq, € T, Q satisfying
() DV,{g)=f{g,mh(g) forallg € Q and y € span{{,a}
(i) h(g,) =0
{iii) D(h - 4,)(q,) - 6q, # 0.

Let I, denote the open set given by

I = {0 eR:o*[({ - 6°1,)° — (- 0%L,) (¢ - 8°,)] > —2(a- 6°L,)6%V } (5.10)
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where
8%V =DV (q,)(84,,84,) 621, = DI (g,)(54,,9q,), etc (5.11)

Then there is a tubular neighbourhood #° < @ x R of {g,} x I, and a function
A # — R such that FL{e({ + Alg,0)x),(q)) is a relative equilibrium for all
(g.0) € #.

Condition (iii) is to be interpreted as follows: Let v, be a vector field satisfying
v.(g,) = dq,; the condition that h(g,) = 0 implies that the first variation at g, of the
scalar function h,(g) = h(g) - v,(g) does not depend on the choice of v,. We denote
the variation Dh(q,) - 6q, by D(h - ¢,}(g,) - 8¢,. Proposition 1 is a special case of a
more general result in which it is not assumed that g, is a relative equilibrium for all
values of &; in that case, £ is viewed as a fixed parameter and A can be solved for as a
function of g alone. (See Lewis (1991b) for the proofs of these resuits.)

We now apply this result to sleeping Lagrange tops. Let I, = diag [II,II,I3].
Using the G invariance of ¥, ,, and the spatial representation

g A= {e,Ae;} (5.12)

DVieoy(A) - 63 = DV, ) (A) - Aey = 0. (5.13)
Hence the one form h given in the spatial representation by
hiA) '=e; X Aey (5.14)

satisfies DVie)(A} = f (AL (€, w)h(A) for some function f : SO(3)xR? — R. Clearly,
h(A,) =9 if and only if A, is a rotation about e,. In this case,

D(h-3)(A,) 80 =|e; x 3. (5.15)
Hence D(h- 30)(A,) - 80 # 0 for 50 ¢ span{e, }.

Let 49, be an arbitrary unit vector in the e,—e, plane. The second variation of the
inertia tensor in the direction of 30, is

DI(A,)(80,,00,) = (80, x &3) - (80, x I, ;) (_21 _01)

) B, (58 ,xg.q\(z. 0\
’ FAPR s 3’\0‘0}

- (2(13“;311) ‘013). (5.16)

We recall the algebra element v, = (4,4 — 1) introduced in section 3.2; v; = £({ + Aw)
for

{=(,-1) and a=(1,1). (5.17)
The relevant variations of the inertia components are

a- 820, =—21; {8, =<1, {870, =0. (5.18)
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The second variation of the potential is 62V = mg/. Hence, using (5.10), we see that

I ={¢ : &1 > 4l ;mgr}; (5.19)
i.e., bifurcations occur from all stable sleeping tops.
In summary:

Tilted spinning, precessing steady motions bifurcate from the branch of sleeping Lagrange
tops throughout the range of angular velocities for which the sleeping tops are stable.
These tilted motions are always stable.

6. Geometric derivation of the equations of motion

In this section, we derive the unreduced (body and spatial) and reduced equations
of motions. While these derivations may be of interest to the geometrically oriented
reader, a careful reading of this section is by no means necessary for a thorough
understanding of the earlier sections of the paper. The derivations of the spatial and
body equations (1.32) and (1.33) are included both for the sake of completeness and
to introduce the structures necessary for the derivation of the reduced equations. In
section 6.2, we attempt to motivate the construction of the shift map (4.1) and prove
that the reduced manifold £ defined in (4.5) is, in fact, a Poisson manifold.

6.1. Derivation of the body and spatial equations of motion

The sympiectic forms on SO(3)}xIR?, thought of as the trivialization of T* SO(3) via
left and right reduction, are

wgl(A, H)((A(@l,ml), (A(Sl(:)z, d1,)) =4I, - 6©, — 61, - 6@, +I1- (30, x 60,) (6.1)
and
wg(A, ﬂ)((éfélA, am,), (@ZA,(SRZ)) =omy - 0, —omy - 00, — m - (68, x 8,). (6.2)

(See Abraham and Marsden (1978), section 4.4 for the derivation of these forms.)
Denoting the Hamiltonian vector field X, defined by H and wy by

Xy(ATI) = (AX(A, II), Xy (A, TT) (6.3)
we see that (6.1) implies that

wg(A TD((AX (A, TT), X1r(A, T1)), (AS©, T1))
= oIl -XG(A,I'I) — XH(A,I'[) 60 +11 - (X@(A, Il) x 6@) (6.4)
= (IT x Xg(A,IT) — X;{A, IT)) - $© + X (A, II) - 11

If we define the functional derivatives Hg and Hp € R? of a function H : T°¢ — R
by

DH(A, (A8, 5TI) = Hg - 6@ + Hyy - 811 (6.5)
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for ail 6@, 8T € R, then the Hamiltonian vector field X y is determined by requiring
that the righthand sides of (6.5} and (6.4} be identical for all 3@ and &I € IR?, which
yields

Xy (ATI) = (AHp, T1 x Hy — Hg). (6.6)
The differential of the Hamiltonian (1.28) equals

DH(A,TI) - (A8O, 5TT)
= g(A6©®) e, M 4811 - 1 1T
= —g(y x M)- 60 +Q - 511 6.7)

Hence (6.0) yields the Hamiltonian vector field
XA I} =0Q and XgAIT) =gy x M +11 x Q. (6.8)

The body form (1.32) of the equations of motion follows from the relationship

similar manner. If the Ha mlltoman vector field associated to the spatial form of the
n

Hamiltonian, given in (1.27), is denoted by (Y,(A, 7)A, Y, (A, 7)), the
@5(A, TN To(A TIA, Yo (A, 7)), (0A, I7))
= —(n X Yy(A, 1) + Y, (A, 1)) - 0 + Y, (A, ) - 5. (6.10)

On the other hand, the first variation of the spatial form (1.27) of the Hamiltonian is

DH(A, ) - (B8A, 61)
=80m - g +6n - I3'm — Ln - BNGH, — 1,800 n
=mxg—-nxw te i 6.11)

Hence the right hand sides of (6.11) and (6.10) coincide for all variations 3@ and
ém € R? if and only if the spatial equations of motion (1.33) hold.

For a different derivation of the equations of motion (1.32) and {1.33), obtained by
means of the semi-direct product theory, see Marsden, Ratiu and Weinstein (1984).

6.2. Derivation of the reduced equations

The shifted reduced equations of motion (4.6) are constructed by Poisson reduction as
follows. We first express the symplectic structure on T'Q in terms of the left (body)
trivialization, ie. we identify a configuration-momentum pair (A, II,) € T°Q = T*
SO(3) with the pair {A,T1) € SO(3)xs0(3)" = SO(3)xR* determined by the relationship

f=A"0,. (6.12)

Recall from section 1.3 that in the body representation the Hamiltonian vector
field associated to a function F is given by (6.6). Therefore the Poisson bracket
{F,G} :=wg(Xp, X;) of two functions F, G : T°Q — IR is given by

{F,GHATI) =Gy - Fg — Fy - G — 1+ (Fy X Gy). (6.13)
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We now determine a one-parameter family of induced Poisson brackets on the
reduced manifold #. The brackets are parametrized by a momentum u € g* ~ R that
specifies a ‘momentum shift’ as follows. Associated to the action of a Lie group G on
a manifold Q is a momentum map J : T"Q — g°, where g* denotes the dual of the Lie
algebra of G; Noether's theorem guarantees that J is conserved by the Hamiltonian
dynamics associated to a G invariant Hamiltonian H on 7°Q. The momentum map
J: T*Q — R associated to the G action on T°Q is defined by

JAATD - & = (ATLEHAY) = ETT -5, (6.14)

where 7 = ATe,. The vector field { : R? — IR® given by (4.2) satisfies J(A, AL(y)) = 1.
Hence

AAD e I < (A A - ul())) € I710). (6.15)

Thus Z, maps the momentum level set J~ () to the level set J='(0). In particular,
since (2.2) implies that the body expression for a relative equilibrium in the level J=! ()
is

FL{Eg(A)) = FL(A, EAF) = (A, EA(I7)) = (A, uAL () (6.16)

it follows that relative equilibria are mapped to true equilibria by the appropriate shift
map. (The momentum shift is an essential ingredient in the cotangent bundle reduction
theorem.)

The induced Poisson bracket of functions on 2 = §2 x R? is defined as follows: A
function f : 2 — R induces a function F = f o £, on T"Q with functional derivatives

Fo =1, xy—pVMD f5 and Fn=fg (6.17)

where the matrix V{(y) is given by (4.11). Note that f, is defined modulo ¥, since

y € §? implies that all variations §y satisfy é7 -y = 0. However, the cross product
f, %y is well-defined, so Fg is well defined. The Poisson bracket of two such induced
functions has the form

{feZpgo X, HA T
=g {f, Xy —uVIDTIR) — fi (& x v — w(VED T gz)
— (T+u) - (55 % &) (6.18)
=7y (ggxf,—fx g,) —2ufg- skew[VC?]gﬁ — (M +u)- (fﬁ X g’ﬁ)

where (7, ﬁ) = )ZF(A, IT). Using the identities
2skew [SX] = (tr )% — Sx (6.19)
for all symmetric matrices § and 2l x € R* and

(V) =) ~20G) i) =—L0) (6.20)
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we obtain

2skew [VL (1) ] = (e VEGNT +L(y) = (div (@D T +L () (6.21)
where
div { () = Il Loy ~ 2L = L', (622)

is the usual divergence of a vector field on IR3. Hence the Poisson bracket { }‘1 on &
associated to the momentum g is given by

{£.8),0.TD) =y (g5 x f, — f x &) + (u(div Oy — 1) - (f5 x g5;)- (6.23)

Note that the bracket does not depend on the undetermined y component of the partial
derivatives f, and g,.

The dynamics on the reduced manifold 2 are determined by means of the Poisson
bracket {, }F and the induced Hamiltonian I?ﬂ associated to a specified momentum

4. The total energy I"-'Iu of the system with ‘background momentum’ g, in terms of the
reduced variables (y, 1), is given by

H (y,I'I) - n,efn+ +gy M. (6.24)

The reduced Hamiltonian satisfies the condition H L, = H and has partial derivatives
(ﬁu)r =gM—1- zﬂznreﬂ’ (modulo ) 6.25)
and
(H)g =01 =0 (6.26)
Thus

f={fH), =7 (@xf,—fzx (M- 20 Lyy)) + (udiv )y — 1) - (f5 x §)

=f,- (¥ x ﬁ) + f5- (v % (gM— 1= 20200y — u(div {}ﬁ) +1I x fi)
(6.27)

Setting £ = 1- 4 in (6.27), we obtain the reduced equations of motion (4.6).
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Appendix. The reduced energy-momentum method

Al. Glossary: Simple mechanical systems with symmetry

Q
P=T"Q
G

exp

int

Configuration space, with elements denoted by g € Q

Phase space. Points z = (g,p) € P are configurations and momenta

Lie group acting freely on @ on the left; the action of G on P is
symplectic, obtained by cotangent lifts

Lie algebra of G, with elements denoted by 5 € g

Exponential map exp : g — G satisfying f_s| ;" exple €) =

Dual of g, with clements denoted by £ € g'E_

Adjoint action of G on g; Ad,n = —| g(exp(e ng™ = [v.n]

de

Coadjoint action of G on g°; (Adg,u) n=p-Ady

Infinitesimal adjoint action of g on g; ad,n = §| oAd(exp(e it
Infinitesimal coadjoint action of g on g*; (ad,u) -n = - ad,n

Isotropy subgroup of g € g" under the coadjoint action

G, ={heG:Adyu=u}

Isotropy subalgebra of u € g" under the infinitesimal coadjoint action
g, ={n€g: adu=0}
Infinitesimal generator nolg) =

_oSXPlen) - q
Tangent to the orbit of the 1sotropy subgroup G,
gy_ qe_{r’Qqe neg#}CTeQ

Momentum map J : P — g*; J(g,p) 1 = (P, 7p(@))
G invariant Riemannian metric on Q

Locked inertia tensor I : @ — L(g,g"); (I(g)0) - 7 = {{no(@), {p(@)))
Locked momentum map I, : @ - g°; I (q) = I{q)¢

Legendre transformation FL : TQ — T°Q; (FL(v,),w,) = {(v,,w,))
G-invariant potential energy V : Q —» R )
Hamiltonian function H : P — R; H(q,p) = %”FL”(p)“ +Vig)
Augmented potential ¥V, : 0 — R; V,(q) =V {g) — 3¢ Lg)¢
Amended potential V, : Q = R; V,(q) = V(g) + lu T gu
Stability two form B, : T, @ x T, 0 > R

'@e(acb Aq) = D2 V.f (qe)(5Q’ AQ) + (D]If(qe) ) 5‘]) ’ H(qe)‘l(Dné (qe) ' AQ)
Generalized Arnold form & :gx g - R

() =ad;p- (lig,) "adyu +ad, (l(g,) "' 1)
Space of ‘internal’ variations

2 = {09 € T,Q : Ug,) "' (DL, (q,) - 69) € 8, }

A2, Summary of the method

An element z, € P is a relative equilibrium if the trajectory z, passing through z,
determined by the Hamiltonian dynamics satisfies

7, =expltd) 2,

for some ¢ € g. Since the G action is free, z, € T, Q satisfies the above equation if and
only if z, := FL(,(q,.)) and ¢, is a critical point of V. The equilibrium configuration
g, 1s also a critical point of v, for pu :==1:(q,).
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The relative equilibrium z, is (formally) stable modulo G, if D? V.iq,) = @, is
positive semi-definite, with kernel g, - ¢,. (If the configuration space Q is isomorphic
to the symmetry group G, e.g., in the free rigid body, then the relative equilibrium is
(formally) stable if &, is either positive or negative definite.) The stability conditions
can be decomposed into ‘rigid’ and ‘internal’ conditions as follows. The stability form

A, is positive semi-definite with kernel g, - g, if and only if the restriction of #, to

the space 2;;, of ‘internal’ variations is positive semi-definite with kernel g, - ¢, and the
generalized Arnold form ./ is positive semi-definite with kernel g,. If the symmetry
group G is abelian, as in the case of the heavy top, then g = g, for all values of p;
hence, in this case, the ‘rigid’ stability conditions are trivially satisfied and 2,,, = 7, Q.
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